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The aim of this thesis is to introduce the reader to the fascinating world of affine
monoids and, thereby, to present some results. The main parts are the description
of an algorithm for the computation of the Hilbert basis and the Hilbert series of
the integral closure of an affine monoid, as well as two theorems on the growth of
the Hilbert function.

All the background information needed to understand and appreciate our con-
siderations is developed in detail. This background material also forms a basis
for studying other aspects of affine monoids, their algebras and Hilbert functions.
Prerequisities for reading the thesis are modest: standard linear algebra, basic cal-
culus, elementary point set topology and some higher algebra will suffice.
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Römer, supplied valuable information; Antje Blomeyer cared for the final schedule
of the thesis; and my family and friends backed me up in many different ways.

Special thanks go to my doctoral advisor, Professor Winfried Bruns: he offered
me, coming from outwards, the opportunity to earn a doctorate in Osnabrück; he
was prepared to help and to discuss at any time; he read through several drafts of
the thesis and suggested many essential improvements; and, not least, he cared for
a pleasant working atmosphere up to the very end.

Osnabrück, March 2003 ROBERT KOCH
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1. Introduction

Assume we are given a finitely generated rational ‘cone’ in R3, that is, the set

C = R+(x1, . . . ,xm) = {a1x1 + · · ·+amxm : ai ∈ R+}

of all R+-linear combinations of the vectors x1, . . . ,xm ∈ Z3. The central object of
investigation now is the monoid

S̄ = C∩Z3

of all lattice points in the cone; naturally, two batteries of questions arise:
(1) Is S̄ finitely generated, that is, an ‘affine monoid’?
(1′) If so, how to find a system of generators?
(2) Under which conditions does there exist a unique minimal system of genera-

tors?
(2′) And if it exists, how to find this ‘Hilbert basis’ of S̄?

Among other things, we shall discuss these problems in the present work. As
we shall see, question (1) can always be answered affirmatively, and as for ques-
tion (2), we shall state a necessary and sufficient condition. Also, the more con-
structive questions (1′) and (2′) will be treated in detail.

Of course, the reader now asks himself what the bar in the name of S̄ stands
for. We immediately clarify this here: namely, we normally start with the affine
monoid

S = N(x1, . . . ,xm) = {a1x1 + · · ·+amxm : ai ∈ N}

that is generated by x1, . . . ,xm. Then C is the cone generated by S, and S̄ is the
‘integral closure’ of S (in Z3).

We also mention yet another example that also gives a good impression of the
environment in which this work is placed: imagine a 2-dimensional convex poly-
gon whose vertices are integral; how to find all lattice points that are contained in
it? Of course, there are bounds for the coordinates, and one could start a naive
procedure which tests all the lattice points from the respective rectangle for being
contained in the polygon. But as one can easily imagine, upon considering exam-
ples in higher dimension, a lot of needless points are tested, and each single test is
rather time-consuming.

The computer program NORMALIZ proceeds essentially more effective. By
embedding the polygon P⊆ R2 in level 1 into the space next in size,

P̃ := {(y,1) ∈ R3 : y ∈ P} ,

the task is reduced to problem (1′) above: namely, once a generating system of the
monoid S̄ of all lattice points in the cone

C = R+(x1, . . . ,xm)

(whose generators x1, . . . ,xm ∈ Z3 now are given via the vertices y1, . . . ,ym of P)
is known, the lattice points y ∈ P precisely appear in the form x = (y,1) among
the generators of S̄. A central part of this thesis is dedicated to the algorithm
that is used by NORMALIZ for computing the generators of S̄. We avoid testing
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2 1. Introduction

unnecessary points (that are not at all contained in C), and rather determine the
generating lattice points directly.

In these introductory examples, we have already touched most of the central
objects of the thesis: convex polytopes, finitely generated cones, affine monoids,
their integral closure and the Hilbert basis. We shall now outline the arrangement
of our studies.

1.1. Overview. The present work consists of five mathematical sections: the next
three sections provide the foundations, and also contain already some more special
statements; then the two main sections follow, containing our own considerations
and results. Subsequently, we sketch the content of each section.

Section 2 contains a general introduction to convex geometry. After affine and
convex sets and their faces, we consider the three central classes: convex poly-
topes, polyhedral sets and (finitely generated) cones. We shall study the faces of
these objects in more detail and ask for existence and uniqueness of minimal rep-
resentations. We shall also investigate the dual cone of a cone and describe the
Fourier-Motzkin elimination for cones. We close the section with an analysis of
positive cones and the connection to convex polytopes; not least, we discuss the
construction of triangulations.

Section 3 then introduces the central objects of this thesis, namely, the affine
monoids. Two constructions starting with an affine monoid are crucial: on the one
hand, we associate a polyhedral cone and thereby have access to the theory of the
previous section, which yields a geometric description of the normalization of an
affine monoid; on the other hand, we associate an affine algebra and, thereby, open
the gate to commutative algebra. At the end of the section, we investigate positive
affine monoids and the standard embedding; this leads to Hilbert bases.

Section 4 introduces graded monoids and rings and the respective modules.
This allows us to define the Hilbert function and the Hilbert series for these objects,
so that we can state their properties in the homogeneous and positively graded case,
respectively. This leads to Hilbert polynomials and Hilbert quasi-polynomials. We
are particularly interested when the degrees of the partial polynomials of such a
quasi-polynomial coincide; therefore, we shall state a sufficient condition for this
to happen. We end the section by describing the Stanley decomposition of an affine
algebra.

Section 5 now describes a proper application of the theory, namely, an al-
gorithm for the computation of the normalization of affine monoids. The algo-
rithm has been implemented, in the computer program NORMALIZ, and outputs
the Hilbert basis and the Hilbert function of the normalization (if the monoid is
positive). Note that there are lots of applications of NORMALIZ: it computes the
lattice points in a lattice polytope, the integral closure of a monomial ideal, and it
would be possible to extend it to solve Diophantine systems of linear inequalities.

Section 6 finally takes up again the notion of multigraded Hilbert functions and
delves into it: we investigate the effect of the growth of the Hilbert function along
arithmetic progressions (within the grading set) on global growth. This study is



1.2. Notation and conventions 3

motivated by the case of a finitely generated module over a homogeneous ring:
there, the Hilbert function grows with a degree which is well determined by the
degree of the Hilbert polynomial (and the Krull dimension). Our study requires
some particular resources which we shall develop over the section.

1.2. Notation and conventions. A semigroup (S,+) is a set S, together with an
associative operation +. S is an Abelian (or commutative) semigroup if the op-
eration + is commutative. S is called a monoid if there exists a neutral element
0 ∈ S with respect to the operation +. A ring (R,+, ·) is always assumed to be
commutative with unit element 1; more precisely, we require that

(1) (R,+) is an Abelian group with neutral element 0 ∈ R,
(2) (R, ·) is an Abelian monoid with neutral element 1 ∈ R, and
(3) the law of distributivity holds.

As usual, the kernel of a structure homomorphism ϕ is the set of those elements
that are mapped to 0; we write kerϕ for this set. Note that, in the case of monoids,
the kernel does not characterize the injectivity of the homomorphism.

With N we denote the additive monoid

N = {0,1,2, . . .}

of natural numbers. Z is the ring of integers, and Q and R denote the fields of ra-
tional and real numbers, respectively. We will sometimes need to refer to two im-
portant submonoids: Q+ and R+ denote the additive submonoids of non-negative
rational and real numbers, respectively.

The symbol ‘⊆’ will stand for ‘is a subset of’; strict inclusions are denoted by
the symbol ‘$’. In order to indicate that a union of sets is disjoint, we use the
symbol ‘]’. The cardinality of a (possibly infinite) set X is denoted by cardX . For
two subsets X ,Y of an additive monoid V , we define the (Minkowski) sum to be

X +Y := {x+ y : x ∈ X , y ∈ Y} .

Note that V usually will be a finite dimensional vector space over R.
Since they shall be used frequently, we also mention here two further symbols,

introduced in the subsequent sections: C∗ denotes the dual cone of a cone C, and S0
denotes the group of units of a monoid S. Note that, by abuse of notation, M0 also
denotes the 0-th graded component of a graded module M; however, the respective
meaning will always be clear from the context.

Finally, as for ordered lists, we shall stick to the following conventions:
(1) Arabic numerals are used for (independent) conditions, typically in a defini-

tion; also, they are sometimes used for indicating different steps, typically in
a proof;

(a) Latin letters are used for (independent) statements, typically in a theorem;
(i) Roman numerals are used for equivalent statements, typically in a theorem.

Most of the terminology is explained in the text; for unexplained terminology,
we refer the reader to the textbooks listed in the bibliography at the end of the
thesis.



2. Convex geometry

This section provides the basic facts from the theory of convex geometry. After
investigating general properties of affine and convex sets and their faces, we turn
our attention to those three classes that are central for our work: the convex poly-
topes (with finite internal representation), the polyhedral sets (with finite external
representation) and the cones (without finiteness requirements at first). As for these
classes, we ask for existence and uniqueness of minimal representations, and we
explore the connections: we shall see that the convex polytopes are precisely the
bounded polyhedral sets, and that a cone is finitely generated if and only if it is
polyhedral. Therefore, the class of polyhedral sets proves to be the one in which
all relevant objects are contained. Consequently, we also study the facial structure
of these sets in more detail.

We shall also investigate the dual cone of a cone and describe the Fourier-
Motzkin elimination for cones. Finally, we establish a connection between positive
polyhedral cones and convex polytopes, via a cross-section. Another important
construction is the triangulation of a polyhedral cone: it plays a crucial role in
practically computing the Hilbert basis and Hilbert series in Section 5.

We introduce most of the notions on our own and actually presume only basic
knowledge from elementary set-theoretic topology and linear algebra. Throughout
this section, the standard space Rn is equipped with the Euclidean scalar product
(and the Euclidean norm); therefore, whenever talking about (right) angles and
lengths, we refer to it.

Recommendable references for this section are the books of Brøndsted [Br] and
McMullen and Shephard [MS].

2.1. Affine sets. An affine subspace of Rn is either the empty set /0 or a translate
of a linear subspace, that is, a subset A = x + L where x ∈ Rn and L is a linear
subspace of Rn. By an affine set (or affine space) we mean an affine subspace of
some Rn.

A subset A of Rn is an affine subspace if and only if a1x1 + a2x2 ∈ A for all
x1,x2 ∈ A and all a1,a2 ∈ R with a1 + a2 = 1. When x1 and x2 are distinct points
from Rn, then the set

`(x1,x2) := {a1x1 +a2x2 : a1,a2 ∈ R, a1 +a2 = 1}= {(1−a)x1 +ax2 : a ∈ R}

is called the line through x1 and x2. With this notation, a set A is affine if and only
if the line through any two points of A is contained in A.

An affine combination of points x1, . . . ,xm from Rn is an R-linear combination
a1x1 + · · ·+ amxm where a1 + · · ·+ am = 1. It is clear that a set A is affine if and
only if any affine combination of points from A is again in A.

Note that the intersection of any family of affine subspaces of Rn is again an
affine subspace of Rn. (Here it is important to accept /0 as an affine subspace.)
Therefore, for any subset M of Rn there is a smallest affine subspace containing M,
namely, the intersection of all affine subspaces containing M. This affine subspace
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2.1. Affine sets 5

is called the affine hull of M, and is denoted by affM. A more explicit description
of the affine hull is the following: since the set of all affine combinations of points
from M is affinely closed, we have

affM =

{ m

∑
i=1

aixi

∣
∣
∣ m ∈ N, ai ∈ R,

m

∑
i=1

ai = 1, xi ∈M
}

.

The vectors x1, . . . ,xm from Rn are said to be affinely independent if, for coef-
ficients a1, . . . ,am ∈ R with a1 + · · ·+ am = 0, the equation a1x1 + · · ·+ amxm = 0
is only possible for a1 = · · · = am = 0. This notion is motivated by the following
fact: affine independence of points x1, . . . ,xm is equivalent to the condition that any
point x∈ aff(x1, . . . ,xm) has a unique representation as an affine linear combination
of x1, . . . ,xm. Note that this is also equivalent to saying that none of the points is an
affine combination of the remaining points, or to saying that one (equivalently: all)
of the (m−1)-tuples

x1− xi , . . . , xi−1− xi , xi+1− xi , . . . , xm− xi

is linearly independent.
An affine basis of an affine space A is an affinely independent family x1, . . . ,xm

of points from A such that A = aff(x1, . . . ,xm). Note that an affine basis may contain
the zero vector (namely, when A is a linear space). The dimension of a non-empty
affine space A is the dimension of the linear subspace L in a representation A =
x+L. (Since L is unique, dimA is well-defined.) We set dim /0 =−1. Therefore, if
x1, . . . ,xm is an affine basis of A, then dimA = m−1. Yet in other words, we have
dimA = d if and only if the maximal number of affinely independent vectors from
A is d +1.

The 0-dimensional affine spaces are the one-point sets. The 1-dimensional
affine spaces have already been mentioned: these are precisely the lines `(x1,x2).
Finally, an (n− 1)-dimensional affine subspace of an n-dimensional affine space
A, where n ≥ 1, is called a hyperplane in A. Most frequently, we will consider
hyperplanes in A = Rn. If A is an affine subspace of Rn, then the hyperplanes in
A are precisely the sets A∩H, where H is a hyperplane in Rn such that A∩H is a
non-empty proper subset of A.

For later purposes, we define the dimension of a subset M of Rn to be the di-
mension of the affine hull of M, that is, dimM := dim(affM). It is convenient to
call M a d-set in order to indicate that d is the dimension of M. We also introduce
two notions which will frequently be used throughout the text: the relative interior
of M, relintM for short, refers to the interior of M, when viewed within its affine
hull affM; likewise, we define the relative boundary, relbdM, of M.

Let A be an affine subspace of Rn. A mapping ϕ : A→ Rm is called an affine
mapping if it preserves affine combinations, that is,

ϕ
( n

∑
i=1

aixi

)

=
n

∑
i=1

aiϕ(xi)
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whenever ∑i ai = 1. When ϕ is affine, then ϕ(A) is an affine subspace in Rm. When
A = x+L, where L is a linear subspace of Rn, then a mapping ϕ : A→ Rm is affine
if and only if there exists a linear mapping Φ : L→ Rm and a point y ∈ Rm such
that ϕ(x+ z) = y+Φ(z) for all z ∈ L. Note that affine mappings are continuous.

An affine mapping ϕ : A→R is called an affine form on A. For each hyperplane
H in A, there is a non-constant affine form ϕ on A such that H = ϕ−1(0). And
conversely, ϕ−1(0) is a hyperplane in A for each non-constant affine form ϕ on A.
In the most important case, namely, when A = Rn, any affine form ϕ : Rn→ R has
a representation ϕ = c+Φ, for some c ∈ R and a linear form Φ on Rn. Note that c
and Φ are uniquely determined by ϕ .

2.2. Convex sets. In this subsection we shall introduce the notion of a convex set,
and we shall prove some basic facts about such sets.

A subset C of Rn is called a convex set if a1x1 +a2x2 belongs to C for all x1,x2 ∈
C and all a1,a2 ∈ R+ with a1 +a2 = 1. When x1 and x2 are distinct points from Rn,
then the set

[x1,x2] := {a1x1 +a2x2 : a1,a2 ∈ R+, a1 +a2 = 1}= {(1−a)x1 +ax2 : a ∈ [0,1]}

is called the closed segment between x1 and x2. Half-open segments ]x1,x2], [x1,x2[
and open segments ]x1,x2[ are defined analogously. With this notation, a set C is
convex if and only if the closed segment between any two points of C is contained
in C.

For example, the affine subspaces of Rn, including /0 and Rn itself, are convex;
in particular, linear subspaces are convex. Likewise any (closed or open) halfspace
is convex.

The image of a convex set under an affine mapping is again convex. In particu-
lar, translates of convex sets are again convex.

By a convex combination of points x1, . . . ,xm from Rn we mean a linear combi-
nation a1x1 + · · ·+ amxm, where a1, . . . ,am ∈ R+ and a1 + · · ·+ am = 1. Note that
every convex combination is also an affine combination. Clearly, a subset C of Rn

is convex if and only if any convex combination of points from C is again in C.
It is clear that the intersection of any family of convex sets in Rn is again convex.

Therefore, for any subset M of Rn there is a smallest convex set containing M,
namely, the intersection of all convex sets in Rn containing M. This convex set is
called the convex hull of M, and is denoted by convM. It is well known that convM
also has a more explicit description, namely, it is the set of all convex combinations
of points from M:

convM =

{ m

∑
i=1

aixi

∣
∣
∣ m ∈ N, ai ∈ R+,

m

∑
i=1

ai = 1, xi ∈M
}

.

In some sense, this is the construction of convM ‘from the bottom’.
It is clear that conv(x + M) = x + convM for any point x and any set M. More

generally, we have conv(ϕ(M)) = ϕ(convM) when ϕ is an affine mapping.
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Up to now there has been complete analogy with the concepts of linear and
affine subspaces in Rn, respectively. The concept of a basis of a linear or affine
subspace, however, has no analogue for convex sets in general. Still, we have the
following substitute.

Proposition 2.2.1: For any subset M in Rn, the convex hull of M is the set of all
convex combinations ∑m

i=1 aixi such that x1, . . . ,xm are affinely independent vectors
from M.

Proof: We shall prove that, if a point x is a convex combination of m points
x1, . . . ,xm from M which are affinely dependent, then x is already a convex com-
bination of m− 1 of the points x1, . . . ,xm. Repeating this argument if necessary,
we eventually arrive at a representation of x as a convex combination of affinely
independent vectors from M.

So, suppose that we have a convex combination

x =
m

∑
i=1

aixi ,

where x1, . . . ,xm ∈ M are affinely dependent. If some ai is 0, then x is already a
convex combination of m−1 of the points x1, . . . ,xm. Hence we may assume that
all ai are > 0. The affine dependence means that there are real numbers bi, not all
0, such that

m

∑
i=1

bixi = 0 and
m

∑
i=1

bi = 0 .

Combining the equations, we see that for any real c we have

x =
m

∑
i=1

(ai−bic)xi and
m

∑
i=1

(ai−bic) = 1 .

We now simply seek a value of c (in fact, a positive value) such that ai−bic≥ 0 for
all i, with equality holding for at least one i. Clearly, we have ai−bic > 0 for any
c > 0 when bi ≤ 0. And when bi > 0, we have ai−bic≥ 0 provided that c≤ ai/bi,
with ai− bic = 0 if and only if c = ai/bi. Noting that we must have bi > 0 for at
least one i, we see that

c := min{ai/bi | bi > 0}

fulfils the requirements.

The following corollary is known as Carathéodory’s Theorem.

Corollary 2.2.2: For any subset M of Rn with dimM = d, the convex hull of M is
the set of all convex combinations of at most d +1 vectors from M.

Proof: It suffices to note that, by definition of the dimension, d +1 is the maximal
number of affinely independent points from M.
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We conclude this subsection with an important application of Carathéodory’s
Theorem.

Proposition 2.2.3: For any compact subset M of Rn, the convex hull convM is
again compact.

Proof: Let d := dimM and

N := {(a0, . . . ,ad) ∈ Rd+1
+ : a0 + · · ·+ad = 1} .

Clearly N is compact. Now define a mapping f : Md+1×N→ Rn by

f ((x0, . . . ,xd),(a0, . . . ,ad)) :=
d

∑
i=0

aixi .

Clearly f is continuous, and by Carathéodory’s Theorem, the image of f is pre-
cisely the convex hull convM of M. But since M and N are compact, so too is
Md+1×N. The assertion now follows from the fact that the image of a compact set
under a continuous mapping is again compact.

2.3. Supporting hyperplanes of closed convex sets. It is intuitively clear that, if
x is a relative boundary point of a convex set C, then there is a hyperplane H passing
through x such that C is contained in one of the (closed) halfspaces determined by
H. This motivates the following notion.

Let C be a non-empty closed convex set in Rn. By a supporting hyperplane of
C we mean a hyperplane H in Rn such that C∩H is non-empty, and C is contained
in one of the closed halfspaces determined by H. Occasionally, we may also say
that H supports C.

Recall that H has the form H = x0 + L, with a fixed point x0 ∈ H and a linear
subspace L of dimension n− 1. It is well known that L can be represented as the
kernel of a linear form ϕ ∈ (Rn)∗. But then we have

H = {x ∈ Rn : ϕ(x) = c} ,

where we have defined c := ϕ(x0). Now the two (closed) halfspaces associated
with H are

H+ := {x ∈ Rn : ϕ(x)≥ c} and H− := {x ∈ Rn : ϕ(x)≤ c} .

Without loss of generality, we may always assume that when H is a supporting
hyperplane of C, then C is contained in H+.

Our objective in this subsection is to show the existence of supporting hyper-
planes which separate a point x ∈ RnrC from C. In order to prove this result
(Lemma 2.3.3), we associate with x a ‘nearest point’ xC from C.

Let x ∈ RnrC be a given point. Since C is non-empty, there exists a (closed)
ball B = B(x,r) with centre x and radius r such that C′ :=C∩B is non-empty. Since
C is closed, C′ is compact. Therefore the infimum

dist(x,C) := inf
y∈C
‖x− y‖= inf

y∈C′
‖x− y‖
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is attained, and is finite and strictly positive. It is called the distance of x from
C. The infimum is attained for a unique point xC from C; in fact, suppose it were
attained at two distinct points xC and x′C, so that ‖x− xC‖ = ‖x− x′C‖. Since C

x′C

xx′′

xC

Figure 1

is convex, the mid-point x′′ = (xC + x′C)/2 of the segment [xC,x′C] belongs to C,
and since the triangle with vertices x,xC,x′′ is right-angled at x′′ (see Figure 1), we
conclude that

‖x− x′′‖< ‖x− xC‖ ,

which contradicts the choice of xC. Here is a first summary:

Lemma 2.3.1: Let C be a non-empty closed convex set in Rn, and x ∈RnrC. Then
the distance of x from C,

dist(x,C) = inf
y∈C
‖x− y‖ ,

is finite and strictly positive, and the infimum is attained at a unique point xC ∈C.

As a consequence of the lemma, the mapping πC : Rn→C, given by

πC(x) :=

{

x for x ∈C ,

xC for x /∈C ,

is well-defined; it is called the (nearest point) projection on to C. In the following,
we use the notation

`+(x1,x2) := x1 +R+(x2− x1) ,

where x1,x2 are two distinct points from Rn; it is the halfline starting at x1 and
passing through x2. The following lemma shows that πC is constant on the halflines
`+(xC,x). Note that xC 6= x for x /∈C.

Lemma 2.3.2: Let x ∈ RnrC and y ∈ `+(xC,x). Then we have yC = xC.

Proof: For y = xC or y = x, the assertion is obvious. Therefore assume that y 6= xC,
y 6= x, and yC 6= xC. If y ∈ ]xC,x[, then we have

‖x− yC‖ ≤ ‖x− y‖+‖y− yC‖ by the triangle inequality
< ‖x− y‖+‖y− xC‖ by definition of yC

= ‖x− xC‖ since y ∈ ]xC,x[ ;
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but this contradicts the definition of xC.
It remains to do the case y /∈ [xC,x]. Then we must have x ∈ ]xC,y[. Let x′ be the

intersection of the segment [xC,yC] with the line through x parallel to `(y,yC). (See

xC x y

x′

yC

Figure 2

Figure 2; note that the figure is again close to reality, in the sense that all of the
points lie in an affine space of dimension 2.) We have ‖y− yC‖< ‖y− xC‖, by our
assumption. Since the triangles with vertices xC,x′,x and xC,yC,y, respectively, are
similar by construction, it follows that ‖x−x′‖< ‖x−xC‖. But this contradicts the
definition of xC, since x′ lies in the segment [xC,yC], hence in C by convexity.

Now comes the first main result of this subsection; it is a special case of the
Hahn-Banach Separation Theorem (where two disjoint closed convex sets are con-
sidered). It will be an important argument for the main result in the next subsec-
tion. Recall that we have equipped Rn with the standard scalar product, so that it is
possible to measure angles.

Lemma 2.3.3: Let C be a non-empty closed convex set in Rn, and let x ∈ RnrC.
Then the hyperplane H through xC and perpendicular to `(xC,x) supports C.

Proof: Since xC ∈ C∩H, C∩H is non-empty, and it remains to show that C is
contained in one of the closed halfspaces determined by H. In fact, we will show
that C⊆ H+ if x ∈ H−.

So suppose to the contrary that we can find a point z in C∩ (H−rH), that is,
a point z lying in the same open halfspace as x. Then the hyperplane through z, nor-

xC x y

z

H
Figure 3
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mal to `(z,xC), will meet `+(xC,x) in a point y (see Figure 3). Now by Lemma 2.3.2,
xC = yC, and since the triangle with vertices xC,y,z is right-angled at z, we have

‖y− z‖< ‖y− xC‖= ‖y− yC‖ .

This contradicts the definition of yC.

Lemma 2.3.4: (Busemann-Feller-Lemma) Let C be a closed convex set in Rn.
Then the nearest point projection πC : Rn → C is Lipschitz with constant 1, that
is,

‖πC(x)−πC(y)‖ ≤ ‖x− y‖

for all x,y ∈ Rn. In particular, πC is uniformly continuous.

Proof: We use the notation xC = πC(x), yC = πC(y). Clearly, we may assume that
xC 6= yC. Let ` be the line through xC and yC. We denote by HxC

and HyC
the

hyperplanes perpendicular to ` through xC and yC, respectively. We choose an
orientation such that xC ∈ H+

yC
and yC ∈ H+

xC
.

Now, for any point z in the interior of the stripe H+
xC
∩H+

yC
, the foot z0 ∈ ]xC,yC[

xC

yC

z0 z

`

HxC

HyC

Figure 4

of the orthogonal projection of z on ` is contained in C; moreover,

‖z− z0‖< ‖z− xC‖ and ‖z− z0‖< ‖z− yC‖ .

(See Figure 4.) This shows that x and y cannot lie in int(H+
xC
∩H+

yC
). Also, for any

point z ∈H−yC
, we have

‖z− yC‖< ‖z− xC‖ ,

again by elementary geometry. This shows that x cannot lie in H−yC
, and it follows

that x ∈ H−xC
. Likewise, y ∈ H−yC

. But then

‖x− y‖ ≥ dist(HxC
,HyC

) = ‖xC− yC‖ .

Proposition 2.3.5: Let C be a closed convex set in Rd, and let x ∈ relbdC be a
relative boundary point. Then there exists a supporting hyperplane of C passing
through x.
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Proof: It suffices to do the case where dimC = d. We choose a sequence Bn =
B(x,rn) of d-balls in Rd, with centre x and decreasing radii rn = 1/n. Since x is on
the boundary of C, there exists a sequence of points xn ∈ BnrC. Clearly, we have
xn→ x as n→∞. And since the nearest point map πC is continuous (Lemma 2.3.4),
we also have πC(xn)→ πC(x) = x.

Therefore it is possible to find a (d−1)-sphere S in Rd that encloses all points
which have occurred up to now. For every n ∈ N, let yn be (the point in) the
intersection of S with the halfline `+(πC(xn),xn). Note that yn is well-defined and
πC(yn) = πC(xn), by Lemma 2.3.2.

But since S is compact, there exists a convergent subsequence of (yn), which
converges to some point y ∈ S. We may assume that yn→ y. Again by the conti-
nuity of πC, we conclude that πC(yn)→ πC(y), and since limit points are unique,
we see that πC(y) = πC(x) = x. Since we assume that x /∈ S, we have x 6= y, and
therefore y /∈ C. Now it is easy: the hyperplane through x and perpendicular to
`(x,y) supports C, by Lemma 2.3.3.

2.4. Faces of closed convex sets. In this subsection, we shall introduce certain
‘extreme’ convex subsets of a closed convex set C, called the ‘faces’ of C. As a
main application, we will study the facial structure of a convex polytope in more
detail in the next subsection.

In the following, let C be again a closed convex set in Rn, and let d denote
the dimension of C. (Recall that this means d = dim(affC).) Recall also that a
hyperplane H in Rn is a supporting hyperplane of C if it intersects C in at least one
point, and C is contained in one of the closed halfspaces determined by H.

Definition 2.4.1: Let H be a supporting hyperplane of the closed convex set C.
Then the set C∩H is called a face of C.

For technical reasons, it is convenient to include among the faces of C two
further faces, namely, the empty set /0 and C itself. These are called the improper
faces of C; all other faces are called proper faces. The set of all faces of C is
denoted by

�
(C). It is a partially ordered set (with respect to inclusion), and is

called the face lattice of C.
Note that there is a formal problem in connection with the definition of a proper

face of C, namely, that it depends on the choice of the particular affine space con-
taining C. If C is ‘initially’ lying in Rn, we would like to be free to consider it as a
subset of any affine subspace A of Rn containing affC. We can, however, easily get
away with this difficulty, since the hyperplanes in A are precisely the non-empty
intersections A∩H, where H is a hyperplane in Rn not containing A.

Recall that if F is a face of C and dimF = j, then F is also called a j-face of
C. The 0-faces of C are called vertices, and the set of all vertices of C (regarded
as points) is denoted by vertC. The 1-faces of C are called edges, and the (d−1)-
faces are called facets of C. Thus vertices and facets of C are proper faces of the
least and greatest possible dimension, respectively.
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Being the intersection of two closed convex sets, every face is closed and con-
vex itself. Therefore it makes sense to talk about a ‘face of a face’ (of a closed
convex set).

Lemma 2.4.2: Let C be a closed convex set in Rn. Let F and G be faces of C such
that F ⊆G. Then F is a face of G.

Proof: There is nothing to show if F is an improper face of C. So we may assume
that F = C∩H, where H is a supporting hyperplane of C and, therefore, also of G.
But then F = G∩H, which proves the lemma.

It is worth noting that the converse of Lemma 2.4.2 is false for closed convex
sets in general. As Figure 5 illustrates, F := {x} can be a face of G := [x,y], and

x y

C

Figure 5

G a face of C, although F is not a face of C. However, for a more special class
of closed convex sets, namely, the polyhedral sets, the converse of Lemma 2.4.2 is
true (see Proposition 2.7.5).

Lemma 2.4.3: Let C be a closed convex set in Rn, and let F1, . . . ,Fm be faces of C.
Then the intersection

F := F1∩·· ·∩Fm

is a face of C, too.

Proof: It obviously suffices to show the lemma for m = 2 and dimC = n. If F1 or
F2 is an improper face of C, then the assertion is clearly valid. So we assume F1
and F2 to be proper faces of C, given as intersections Fi =C∩Hi, i = 1,2, where the
Hi are hyperplanes in Rn such that C ⊆H+

i . Then we have F = C∩H1∩H2, and if
F = /0, then there is nothing to show. (F is an improper face of C then.) So assume
that there exists x0 ∈ F . Without loss of generality, we may even assume that
x0 = 0 ∈ F . (A translation of the coordinate system affects neither the hypothesis
nor the assertion.) Then there are linear forms ϕ1,ϕ2 on Rn, both non-zero, such
that

Hi = {x ∈ Rn : ϕi(x) = 0} and H+
i = {x ∈ Rn : ϕi(x)≥ 0}

for i = 1,2.
It is clear that the sum ϕ := ϕ1+ϕ2 is a non-trivial linear form on Rn. (ϕ1 +ϕ2 =

0 implies H+
2 = H−1 , and then C is contained in H+

1 ∩H−1 = H1.) We find

ϕ(x) = ϕ1(x)+ϕ2(x)≥ 0



14 2. Convex geometry

for all x ∈C. Therefore H := {x ∈ Rn : ϕ(x) = 0} is a supporting hyperplane of C
in Rn. (Note that 0 ∈C∩H.) Moreover, for x ∈C, we have ϕ(x) = 0 if and only if
ϕ1(x) = ϕ2(x) = 0; this implies that

C∩H = C∩H1∩H2 = F ,

and so F is a face of C.

The following lemma shows that proper faces are always contained in the (rel-
ative) boundary of C; intuitively, this is clear.

Lemma 2.4.4: Let C be a closed convex set in Rn.
(a) Let F be a proper face of C. Then F is contained in relbdC, the relative

boundary of C.
(b) Conversely, any point x ∈ relbdC is contained in some proper face of C.

Proof: It suffices to prove the lemma in the case where dimC = n.
(a) There is a supporting hyperplane H of C, such that F = C∩H (and C is

contained in H+). Now let x ∈ F . Then x lies in C, and therefore either in its
interior, or on the boundary. Assume that, in contrast to the assertion, x ∈ intC.
Then there exists a (closed) n-ball B = B(x,r) in Rn, with centre x and radius r > 0,
which is contained in C, hence also in H+. But this is impossible, since the centre
x lies in H.

(b) is just a reformulation of Proposition 2.3.5.

Note that, in the proof, neither closedness nor convexity of C have been used.
Faces of a closed convex set have yet another nice property: their relative interior
(that is, relative to their affine hull) is never empty.

Lemma 2.4.5: Let C be a closed convex set in Rn, and let F be a non-empty face
of C. Then relintF is also non-empty.

Proof: We have already mentioned that F is (closed and) convex again. Let d be
the dimension of F , and let x0, . . . ,xd be affinely independent points in F . Now
define x := 1/(d + 1) · (x0 + · · ·+ xd). We have x ∈ F , by convexity. It is easy to
see that there is an n-ball B = B(x,r) such that

B∩ affF ⊆ F .

Since the left-hand side is a d-ball with centre x in affF , this shows that x∈ relintF .

Lemma 2.4.6: Let C be an n-dimensional closed convex set in Rn. Let F be a face
of C, and let x ∈ relintF. Then F is the smallest face of C containing x; in other
words, if G is a face of C with x ∈ G, then F ⊆ G.
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Proof: G is non-empty, since x∈G; and for G =C, the assertion is true. Therefore,
we may assume that G is a proper face, and as such, it has a representation G =
C∩H with a supporting hyperplane H of C. Choose an orientation such that C is
contained in the halfspace H+. Let d = dimF . Then, since x ∈ relintF , there is a
d-ball B with centre x which is contained in F . But then B is also contained in C,
hence in the halfspace H+. Since the centre x of B lies in the bounding hyperplane
H, this is only possible if the whole ball B is contained in H. (Note that this implies
d < n, hence F 6= C.) It follows that affB = affF is contained in H, and so F ⊆ H.
Since F ⊆C anyway, we have shown that F ⊆ G.

2.5. Convex polytopes. In this subsection, we investigate a special class of closed
convex sets, namely the polytopes. The main result will be that a polytope is the
convex hull of its vertices.

By a (convex) polytope we mean the convex hull of a non-empty finite set of
points x1, . . . ,xm in Rn. Clearly, if P is a polytope, then any translate x + P of P is
also a polytope; this follows from the fact that x + convM = conv(x + M). More
generally, the image of a polytope under an affine mapping is again a polytope;
this follows from the fact that ϕ(convM) = convϕ(M) whenever ϕ is an affine
mapping. A polytope P which can be presented as the convex hull of affinely
independent points x1, . . . ,xm is called a simplex.

Since finite sets are compact, we obtain as an immediate consequence of Propo-
sition 2.2.3 that polytopes are always compact.

Corollary 2.5.1: Any convex polytope P in Rn is a compact set.

As a first approach to our main objective, we prove that the face lattice
�

(P)
of P is finite.

Proposition 2.5.2: Let P be a convex polytope, given as the convex hull of the
points x1, . . . ,xm in Rn. Then any face F of P is the convex hull F = convM of a
subset M ⊆ {x1, . . . ,xm}. In particular, each face of P is a convex polytope itself,
and P has only a finite number of faces.

Proof: Let H be an arbitrary supporting hyperplane of P, given by the equation
ϕ(x) = c, for some linear form ϕ on Rn and some c∈R. Without loss of generality,
we may assume that x1, . . . ,xr lie in H, and that xr+1, . . . ,xm lie in the open halfspace

intH+ = {x ∈ Rn : ϕ(x) > c} .

Then we have ϕ(xi) = c for i = 1, . . . ,r, and ϕ(xi) = c+di for i = r +1, . . . ,m, for
some di > 0. Now let x be an arbitrary point of P; then x is a convex combination

x =
m

∑
i=1

aixi
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of the points x1, . . . ,xm, with ai ∈ R+ and ∑m
i=1 ai = 1, of course. Then we have

ϕ(x) =
m

∑
i=1

aiϕ(xi) =
m

∑
i=1

aic+
m

∑
i=r+1

aidi = c+
m

∑
i=r+1

aidi .

The point x lies in H if and only if ϕ(x) = c, that is, if and only if ∑m
i=r+1 aidi = 0;

since di > 0 for all i≥ r +1, this means that ai = 0 for i = r +1, . . . ,m, or, in other
words, that x is a convex combination of x1, . . . ,xr only. We conclude that

H ∩P = conv(x1, . . . ,xr) ,

and so the face H ∩P is the convex hull of the set M = {x1, . . . ,xr}.

We are now in a position to state the main result of this subsection. It shows
that a polytope is ‘spanned’ by its extremal points (which is intuitively clear), and
is known as Minkowski’s Theorem.

Proposition 2.5.3: Any convex polytope P is the convex hull of its vertices, that is,

P = conv(vertP) .

Proof: Let P be the convex hull of the points x1, . . . ,xm in Rn. We may assume that
this is a minimal choice of points, in the sense that the polytopes

Pi := conv(x1, . . . ,xi−1,xi+1, . . . ,xm)

do not coincide with P for i = 1, . . . ,m. (This is due to the fact that convM =
conv(M∪{x}) if x ∈ convM.) The remainder of the proof consists in showing that

vertP = {x1, . . . ,xm} .

By Proposition 2.5.2, any 0-dimensional face of P has the form conv(xi) = {xi};
therefore, the inclusion vertP⊆ {x1, . . . ,xm} is clear.

In order to prove the other inclusion, consider any point xi, and the polytope
Pi. Then xi ∈ RnrPi, and so there is a nearest point x0

i ∈ Pi with respect to xi. By

x0
i

xi

H H ′

Pi

Figure 6

Lemma 2.3.3, the hyperplane H ′ through x0
i and normal to `(x0

i ,xi) supports Pi, and
therefore, all the points x1, . . . ,xi−1,xi+1, . . . ,xm lie in the closed halfspace bounded
by H ′ which does not contain xi (see Figure 6). Let H be the hyperplane through
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xi parallel to H ′. Then x1, . . . ,xm all lie in one of the closed halfspaces determined
by H, say H+, and so P ⊆ H+. Since xi ∈ H ∩P, we conclude that H supports
P. Further, it is clear that no other of the points x1, . . . ,xm lies in H, and so by
Proposition 2.5.2,

H ∩P = conv(xi) = {xi} .

Hence the point xi is a vertex of P.

The set X spanning a given polytope P is of course not unique (except when P
is a 1-point set); in fact, one may always add any points from P. However, there
is a unique minimal set X , namely, the set of vertices of P, already found in the
preceding proposition.

Lemma 2.5.4: Let P be a convex polytope and X a subset of P. Then P = convX
if and only if vertP⊆ X.

Proof: The ‘if’ has been shown in Proposition 2.5.3. For the ‘only if’, suppose
that there is a vertex v of P which is not in X . Then X is a subset of Pr{v}, and
since Pr{v} remains convex, it follows that convX is also a subset of Pr{v}.

2.6. Polyhedral sets. In the previous subsection we have introduced the geomet-
ric objects which have a finite ‘internal’ representation, namely, the convex poly-
topes. In this subsection we shall study the objects which have a finite ‘external’
representation, that is, which are intersections of a finite number of closed halfs-
paces.

A subset Q of Rn is called a polyhedral set (or polyhedron) if Q is the in-
tersection of a finite number of closed halfspaces, the empty intersection being
interpreted as the polyhedral set Q = Rn.

Every hyperplane H in Rn is the intersection of the two closed halfspaces deter-
mined by H, and every proper affine subspace A of Rn is the intersection of a finite
number of hyperplanes in Rn. Therefore every affine subspace in Rn is polyhedral.

Clearly, the intersection of a finite number of polyhedral sets is again polyhe-
dral; in particular, the faces of a polyhedral set are again polyhedral. Likewise, any
translate of a polyhedron is again a polyhedron. Note that a polyhedron is closed
and convex, but may be unbounded.

The main basic fact in polytope theory now is that the polytopes are precisely
the bounded polyhedrons. This confirms, in fact, one’s intuitive picture of a convex
polytope. We start by showing the following proposition.

Proposition 2.6.1: Let P be a convex polytope in Rn. Then P is a bounded poly-
hedral set.

Proof: First, it is evident that P is bounded, and it remains to show that P can
be represented as a polyhedral set. Suppose, without loss of generality, that P is
an n-polytope in Rn. Let vertP = {x1, . . . ,xm}, and let F1, . . . ,Fs denote the facets
of P. (According to Proposition 2.5.2, there are only finitely many vertices and
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facets.) Then associated with each facet Fi is a supporting hyperplane Hi such that
Hi∩P = Fi and P⊆ H+

i . Therefore, it is clear that

P⊆ H+
1 ∩·· ·∩H+

s .

The proof of the proposition depends upon proving that, in fact,

P = H+
1 ∩·· ·∩H+

s .

So suppose that there exists a point x ∈ H+
1 ∩ ·· · ∩H+

s , with x /∈ P. Let D be
the union of the affine subspaces of Rn spanned by at most n points, one of which
is x, and the remaining n− 1 are vertices of P. Then D is a finite union of affine
subspaces of dimension at most n− 1, and because dimP = n, this implies that
intP * D. Hence we can find a point y ∈ intP with y /∈ D.

Since y ∈ intP, and x /∈ P, there exists a unique point z ∈ bdP such that

[x,y]∩bdP = {z} ,

by the convexity of P. By Lemma 2.4.4, z is contained in some proper face of P.
We shall show that z belongs to a facet of P, since it does not belong to any face of
lower dimension. For suppose that z belonged to a j-face of P (with 0≤ j≤ n−2).
Then, by Carathéodory’s Theorem 2.2.2, z lies in some simplex of dimension r≤ j
whose vertices w0, . . . ,wr are vertices of P. Thus

z ∈ conv(w0, . . . ,wr) ,

and so, because r < n− 1, we deduce that z is contained in one of the affine sub-
spaces from D. As x is contained in each of these subspaces, this implies that y∈D,
which is a contradiction.

So, let the facet to which z belongs be Fi. Then z ∈ Hi, and since y ∈ intP ⊆
intH+

i , we deduce that x /∈ H+
i . But this contradicts our initial assumption that

x ∈ H+
1 ∩·· ·∩H+

s , whence it follows that

P = H+
1 ∩·· ·∩H+

s ,

as desired.

Our next goal is to show the converse of Proposition 2.6.1. To this end, let
H1, . . . ,Hs be hyperplanes in Rn, and let Q be an n-polyhedron in Rn, given as the
intersection

Q = H+
1 ∩·· ·∩H+

s (1)

of the halfspaces H+
i .

Clearly, we may suppose that none of the halfspaces H+
i is redundant, in the

sense that the polyhedral sets

Qi :=
⋂

j 6=i

H+
j

do not coincide with Q for any i = 1, . . . ,s. In this case, the representation (1) of Q
is called irreducible. Note that Q⊂ Qi, whence the polyhedron Qi has dimension
n, too.
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As a first step towards the converse of Proposition 2.6.1, we show that the
halfspaces in an irreducible representation of Q are uniquely determined by Q.
So, consider the sets Fi := Hi∩Q = Hi ∩Qi for i = 1, . . . ,s. It is easy to see that
Fi is non-empty for all i; for if Hi ∩Qi = /0, then, since the polyhedral set Qi is
convex and therefore connected, it is contained either in H+

i , or in H−i . In the
former case, we conclude that Q = Qi, which contradicts the irreducibility of the
representation (1). In the latter, we find that Q ⊆ Hi, which is impossible due to
the dimension. Therefore, we have shown that Q∩Hi is non-empty; since Q is
contained in H+

i , we conclude that Hi supports Q, and that Fi is a face of Q.
In the following proposition, we show even more, namely, that Fi is a facet of

Q; the proposition can be taken as an analogue of Minkowski’s Theorem 2.5.3,
which dealt with representations of convex polytopes.

Proposition 2.6.2: Let H1, . . . ,Hs be hyperplanes in Rn. Let

Q = H+
1 ∩·· ·∩H+

s

be an irreducible representation of an n-polyhedron Q in Rn. Then the following
statements hold:

(a) The hyperplane sections Fi = Q∩Hi, i = 1, . . . ,s, are facets of Q.
(b) Every facet F of Q coincides with one of the facets Fi, i = 1, . . . ,s.

In particular, Q has only a finite number of facets, and an irreducible representa-
tion of Q is uniquely determined by Q, via its facets.

Proof: (a) We have already shown above that Fi is a face of Q; it remains to show
that it has dimension n−1. For this, we consider the interior of Fi, relative to Hi.
This is precisely the set fi := Hi∩ intQi. We claim that this set is non-empty; for if
Hi∩ intQi = /0, then, since intQi is convex and therefore connected, it is contained
either in H+

i , or in H−i . But then also Qi is contained either in H+
i or in H−i , which

leads to the same contradictions as above. (Above, we have started with Qi instead
of intQi.)

Now, since there is a point x ∈ fi, there is also an n-ball B = B(x,r) with centre
x and radius r which is contained in Qi. But then the (n−1)-ball B′ := B∩Hi (with
centre x) is contained in Fi, and so dimFi = n−1.

(b) It follows immediately from the representation of Q that

intQ = intH+
1 ∩·· ·∩ intH+

s .

Since Q is closed, this implies that

bdQ = QrintQ = Q∩
s⋃

i=1

Hi =
s⋃

i=1

Fi .

Now let F be a facet of Q, given as the intersection F = H ∩Q of Q with a
supporting hyperplane H in Rn (where Q ⊆ H+). Since F is non-empty, so is
relintF (by Lemma 2.4.5). So choose some point x in relintF . Then x lies in the
boundary of Q, since F ⊆ bdQ by Lemma 2.4.4. Thus x ∈ Fi for some i. But then
F is contained in Fi, since, by Lemma 2.4.6, F is the minimal face of Q which
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contains x. This implies an inclusion H ⊆ Hi of the affine hulls, which must be an
equality in view of their dimensions. Therefore, it turns out that F = Fi.

In the proof of part (b), the following lemma has already been shown.

Lemma 2.6.3: Let Q be a polyhedral set in Rn. Then relbdQ, the relative bound-
ary of Q, is precisely the union of all facets of Q.

The following proposition is another main result of this subsection; namely, it
is the converse of Proposition 2.6.1.

Proposition 2.6.4: Let Q be a bounded polyhedral set in Rn. Then Q is a convex
polytope.

Proof: Let H1, . . . ,Hs be hyperplanes in Rn, such that

Q = H+
1 ∩·· ·∩H+

s

is the intersection of the corresponding halfspaces. Without loss of generality, we
may suppose that this representation is irreducible, and that Q has dimension n.

Then the sets
Fi := Hi∩Q =

⋂

j 6=i

(Hi∩H+
j )

are precisely the facets of Q, as shown in Proposition 2.6.2. Also, since (for i 6= j)
Hi∩H+

j is either the whole of Hi, or a closed halfspace in Hi, we see that Fi is itself
a bounded polyhedral set in Hi.

We now use induction on the dimension n. The proposition clearly holds if
n = 1, so assume that it holds in any dimension ≤ n− 1. Since dimFi = n− 1, it
follows that Fi is a convex polytope, and so by Minkowski’s Theorem 2.5.3,

Fi = conv(vertFi) .

Now let V be the finite set of all vertices of the facets Fi,

V =
s⋃

i=1

vertFi .

Since V is contained in Q, and Q is convex, we conclude that convV is also con-
tained in Q.

We now show that Q = convV ; hence it follows that Q is a convex polytope. In
fact, for any point x ∈ Q, there are two possibilities:

(1) x ∈ bdQ. Then, by Lemma 2.6.3, x ∈ Fi for some i, and since the vertices of
Fi all belong to V , it follows that x ∈ convV .

(2) x ∈ intQ. Let ` be any line through x. Then ` meets bdQ in precisely
two points (since Q is convex), say x0 and x1. Now x0 ∈ bdQ, and so, as in (1),
x0 ∈ convV . Likewise x1 ∈ convV , and since x∈ [x0,x1], we deduce that x∈ convV
again.
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We summarize Propositions 2.6.1 and 2.6.4.

Corollary 2.6.5: A subset P of Rn is a convex polytope if and only if it is a bounded
polyhedral set.

We end this subsection with another separation lemma. We have already seen
in Lemma 2.3.3 that a point x which lies outside a closed convex set C can be
separated from C by a hyperplane. If we are dealing with a whole sequence of
points and a polyhedral set, we can expect even more:

Lemma 2.6.6: Let Q be a polyhedral set in an R-vector space V , and (xn)n∈ � a
sequence of points in VrQ which converges to some point x∈Q. Then there exists,
for all n� 0, a supporting hyperplane Hn of Q such that xn ∈ intH−n and x ∈ Hn

(and Q⊆ H+
n ).

Proof: We start by choosing hyperplanes h1, . . . ,hs in V such that

Q = h+
1 ∩·· ·∩h+

s

is the intersection of the respective halfspaces. Without loss of generality we may
assume that x ∈ hi for i = 1, . . . ,r and x ∈ inth+

i for i = r + 1, . . . ,s. Since xn→ x
as n→ ∞, we also have xn ∈ inth+

i for i > r and n large enough, say n ≥ n0. But
by hypothesis, the sequence (xn) runs outside Q, and it follows that (r ≥ 1 and)
xn /∈ h+

1 ∩ ·· · ∩h+
r for n ≥ n0. So if xn /∈ h+

i (for some 1 ≤ i ≤ r), we may choose
Hn := hi.

As the proof shows, it is also possible to choose a fixed hyperplane which sep-
arates infinitely many points xn from Q. In particular, we obtain the following
statement.

Corollary 2.6.7: Let Q be a polyhedral set in V , and y,z ∈ V with y /∈ Q, z ∈ Q.
Let x be that point in Q where the halfline `+(y,z) (in its natural parametrization)
enters Q. Then there exists a supporting hyperplane H of Q such that x ∈ H and
y ∈ intH−.

Proof: Define the sequence

xn :=
1
n
· y+

(

1−
1
n

)

· x ∈ [y,x[

for n > 0; then xn /∈ Q, and the sequence converges to x. Now apply the lemma (or
the above remark) and use the fact that, when H is a supporting hyperplane of Q,
then xn ∈ intH− implies that y ∈ intH− as well.
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2.7. Faces of polyhedral sets. We now investigate the facial structure of polyhe-
dral sets more closely. We have already seen that a convex polytope has only a
finite number of faces (Proposition 2.5.2). So one natural question which arises is:
does the respective statement also hold for the more general class of polyhedral
sets? Here is the answer:

Lemma 2.7.1: Any polyhedral set Q has only a finite number of faces, and each
proper face is a face of some facet of Q.

Proof: We have seen in Proposition 2.6.2 that Q has only finitely many facets.
So assume that F 6= /0 is a face of Q of dimension ≤ d− 2, where d denotes the
dimension of Q. Now choose x ∈ relintF (which is possible by Lemma 2.4.5).
Since F is a proper face of Q, it is contained in relbdQ (by Lemma 2.4.4), and
hence, so is x. But then x lies in some facet G of Q (Lemma 2.6.3), and it follows
that the whole face F is contained in G (Lemma 2.4.6), and is therefore also a face
of G (Lemma 2.4.2). Now the lemma follows easily, by induction on d.

Corollary 2.7.2: Let Q be a polyhedral set in Rn, and x ∈ Rn. Then there exists an
n-ball B = Bε(x) with centre x such that B intersects Q only in faces G for which
x ∈ G. Furthermore, if x lies in the relative interior of some face F of Q, then B
intersects Q only in faces G for which F ⊆ G.

Proof: Due to the finite number of faces, it suffices to show: if G is a face of Q
with x /∈ G, then the distance of x from G is strictly positive; but this has been
observed in Lemma 2.3.1. The additional statement is an immediate consequence
of Lemma 2.4.6.

Imagine a polyhedron in R2: each vertex is the intersection of two edges; like-
wise, for a 3-polyhedron in R3, each edge is the intersection of two facets. This
observation can be generalized:

Lemma 2.7.3: Let Q be a polyhedral set in Rn, let G be a facet of Q, and let F be
a facet of G. Then F is the intersection of two facets of Q.

Proof: Suppose that dimQ = n, and that the representation

Q = H+
1 ∩·· ·∩H+

s

of Q as an intersection of halfspaces (in Rn) is irreducible. Then, by Proposi-
tion 2.6.2, the facets Fi of Q are precisely the intersections of Q with the bounding
hyperplanes Hi = relbdH+

i . In particular, we have

G = Q∩Hi =
⋂

j 6=i

(Hi∩H+
j )

for some i. Clearly, Hi∩H+
j is either the whole of Hi or a halfspace in Hi: the empty

set is excluded, since the representation of Q was assumed to be irreducible. (Also,
G would be empty then.) By leaving out superfluous sets, we obtain an irreducible
representation of the polyhedral set G as an intersection of halfspaces in Hi. (If
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G = Hi, then there is nothing to show.) Therefore, again by Proposition 2.6.2, F
is the intersection of G with a relative bounding hyperplane relbd(Hi∩H+

j ) (for a
suitable j):

F = G∩ relbd(Hi∩H+
j ) = G∩Hi∩H j = Q∩Hi∩H j = Fi∩Fj .

This proves the lemma.

Recall from Lemma 2.4.3 that the intersection of faces is again a face of Q. As
one expects, the dimension decreases:

Lemma 2.7.4: Let Q be a polyhedral set of dimension n in Rn, and F1,F2,F3 facets
of Q. Then the following hold:

(a) If F1 6= F2, then dim(F1∩F2)≤ n−2.
(b) If F1,F2,F3 are pairwise distinct, then dim(F1∩F2∩F3)≤ n−3.

Proof: (a) This is an immediate consequence of the fact that the intersection of two
different hyperplanes has dimension at most n−2. (In fact, the dimension equals
n−2, unless the intersection is empty.)

(b) Unfortunately, the intersection of three different hyperplanes may have di-
mension n− 2; therefore, we have to reason more precisely here, using the sup-
porting property of the hyperplanes. First, we may assume that F1 ∩ F2 ∩ F3 is
non-empty, and by a translation of the coordinate system, we achieve that 0 ∈
F1∩F2 ∩F3. Then the respective supporting hyperplanes Hi = affFi are given by
the vanishing of a linear form ϕi, for i = 1,2,3. By (a), we have

dim(H1∩H2∩H3)≤ dim(H1∩H2) = n−2 .

Now assume that, in contrast to the assertion, dim(H1∩H2∩H3) = n−2. Then
the equation of H3, ϕ3(x) = 0, does not affect the linear system H1∩H2 (of rank
2), so that there is a dependency

ϕ3 = a ·ϕ1 +b ·ϕ2 (2)

with a,b ∈ R. Using Lemma 2.4.5 and Corollary 2.7.2, we choose, for i = 1,2,3,
a point xi ∈ relintFi and find that

ϕi(xi) = 0 and ϕ j(xi) > 0

for j 6= i. Evaluating (2) on x1,x2,x3, we successively obtain b > 0, a > 0 and,
finally, a contradiction.

The following proposition shows that the relation of being a face is transitive
on the set

�
(Q) of all faces of a polyhedron Q.

Proposition 2.7.5: Let Q be a polyhedral set in Rn, let G be a face of Q, and F a
face of G. Then F is a face of Q, too.
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Proof: We may suppose that both F and G are proper faces. We claim that F is
the intersection of (finitely many) facets of Q; by Lemma 2.4.3, this proves the
proposition. We prove our claim by induction on d := dimQ. For d = −1,0,1,
the claim is obvious. So assume that 2 ≤ d ≤ n, and that the claim holds for all
polyhedral sets of dimension d− 1. Since G is assumed to be proper, we have
0 ≤ dimG < d. Choose x ∈ relintG (which is possible by Lemma 2.4.5). Then
x lies in the relative boundary of Q (Lemma 2.4.4), hence in some facet Fi of Q
(Lemma 2.6.3). But then, by Lemma 2.4.6, we find that G is contained in Fi, and
by Lemma 2.4.2, G is even a face of Fi. Now the induction hypothesis, applied
to the polyhedral set Fi of dimension d− 1, tells us that F is the intersection of
finitely many facets of Fi. But then, by Lemma 2.7.3, F is also a finite intersection
of facets of Q. This proves our claim.

Corollary 2.7.6: Every polyhedral set Q is the disjoint union

Q =
⊎

F∈ � (Q)

relintF

of the relative interiors of all its faces.

Proof: The assertion amounts to saying that every point x ∈ Q is contained in the
relative interior of precisely one face F of Q.

We show first the existence of such a face F . If x∈ relintQ, then we choose F =
Q, of course. So assume that x ∈ relbdQ. Then, by Lemma 2.6.3, x is contained
in a facet G of Q. Since this is a polyhedral set of lower dimension, we can show
by induction that there exists a face F of G such that x ∈ relintF . But in fact, by
Proposition 2.7.5, F is also a face of Q.

The face F is uniquely determined by x; namely, it is the smallest face of Q
(with respect to inclusion) such that x ∈ relintF , cf. Lemma 2.4.6.

The rest of this subsection is dedicated to the following observation (and its
consequences): for a 3-polyhedron in R3, each vertex is contained in an edge, and
each edge is contained in a facet. More generally, the following lemma holds.

Lemma 2.7.7: Let Q be a polyhedral set, and let Fj ⊆ Fk be two faces of Q, of
dimensions j and k, respectively. Then there are faces Fi, j < i < k, of Q such that

Fj ⊆ Fj+1 ⊆ ·· · ⊆ Fk−1 ⊆ Fk

and dimFi = i for all i.

Proof: By Lemma 2.4.2, Fj is a face of Fk. Suppose that it is a proper face; then,
by Lemma 2.7.1, Fj is a face of some facet Fk−1 of Fk. Now the lemma follows at
once, by induction on k.

Note that the lemma also applies when Fj = /0 and Fk = Q; it then yields a
maximal chain of faces of Q. The lemma allows the following conclusion; it is
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a characterization of the ‘subfacets’ of Q, which will play a crucial role for the
investigations in Section 5.

Corollary 2.7.8: Let Q be a polyhedral set of dimension n, and F a face of Q.
Then F has dimension n−2 if and only if it is contained in precisely two facets of
Q (and is the intersection of these).

Proof: Suppose first that F has dimension n− 2. Then there exists a facet G of
Q which contains F (Lemma 2.7.7). Therefore, F is a facet of G (Lemma 2.4.2),
so that Lemma 2.7.3 applies and yields that F is the intersection of two (different)
facets of Q. Clearly, F is contained in these two facets. For reasons of dimension,
F cannot be contained in yet another facet. (The intersection of three different
facets has dimension at most n−3, by Lemma 2.7.4.)

Conversely, suppose that F is the intersection of the facets G,G′ of Q, and is
not contained in any other facet of Q. Since G and G′ are different facets, the
dimension of F is at most n−2. So there exists an (n−2)-face F ′ of Q such that
F ⊆ F ′ ⊆ G (Lemma 2.7.7). Therefore, F ′ is contained in (and the intersection of)
precisely two facets of Q (by the already proven part of the corollary). But these
facets must be G and G′, since these are the only facets in which F is contained.
This implies that F = G∩G′ = F ′, and so dimF = n−2.

Note that the corollary confirms one’s intuitive picture of a 3-dimensional poly-
hedron (or polytope) P in R3: each edge is in fact contained in precisely two facets
(which in turn uniquely determine the edge, via intersection). However, a simi-
lar criterion for the lower-dimensional faces does not hold: a vertex of P may be
contained in an arbitrary number of facets (and edges).

2.8. Cones. By a cone in a real vector space V ∼= Rn we mean a subset C 6= /0
which is closed under linear combinations with non-negative real coefficients. C is
finitely generated if there exist x1, . . . ,xm ∈C such that

C = R+(x1, . . . ,xm) :=
{ m

∑
i=1

aixi

∣
∣
∣ ai ∈ R+

}

.

The set R+(x1, . . . ,xm) is the cone generated by x1, . . . ,xm; it is the smallest cone
which contains x1, . . . ,xm.

Note that a cone C is a convex set; it always contains the origin 0. If C is finitely
generated, it is even a closed convex set (see Corollary 2.9.3), and the whole theory
of Subsections 2.3 and 2.4 applies.

If the cone C is generated by vectors with rational or, equivalently, integral
coordinates, then C is called rational. Note that C need not be finitely generated
for this.

A cone C ⊆V generates an R-vector subspace

RC =

{ m

∑
i=1

aixi

∣
∣
∣ m ∈ N, ai ∈ R, xi ∈C

}
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of V ; since 0 is contained in any cone, the affine hull affC and the linear hull RC
of C coincide. Therefore there is also equality of the dimensions:

dimC = dim(affC) = dimRC .

Note that any supporting hyperplane H of a cone C must contain 0, that is, H is
a linear hyperplane in V . In fact, let H be given by the equation ϕ(x) = c, for some
linear form ϕ on V and some c ∈ R; we have to show that c = 0. Now C∩H 6= /0
means that there is a point x0 ∈ C such that ϕ(x0) = c; and C ⊆ H+ means that
ϕ(x) ≥ c for all x ∈C. Since 0 ∈C, we already see that c ≤ 0. But since x0 ∈C,
we also have 2x0 ∈C; therefore

c≤ ϕ(2x0) = 2ϕ(x0) = 2c ,

and it follows that c≥ 0 as well. This observation has an immediate consequence
for the face lattice

�
(C) of C.

Lemma 2.8.1: Let C be a cone in Rn. Then the following statements hold:
(a) Any supporting hyperplane H of C is a linear subspace of Rn.
(b) C has at most one vertex, namely, the origin 0.

Proof: (a) has been shown above. For (b), it suffices to note that if a supporting
hyperplane H shares a point x 6= 0 with C, then H and C already share the halfline
`+(0,x).

2.9. Dual cones. For a cone C in a real vector space V ∼= Rn, one defines the dual
cone by

C∗ = {ϕ ∈V ∗ : ϕ(x)≥ 0 for all x ∈C} .
Note that C∗ is in fact closed under addition and multiplication with scalars from
R+. A linear form ϕ ∈ C∗ is called a dual form of C. Evidently, each dual form
defines a face of C, by intersecting it with the respective hyperplane. Those dual
forms which define a facet of C are uniquely determined up to a positive real num-
ber, and are called the support forms of C; we will refine this notion previous to
Lemma 2.9.7.

It is an important fact that C∗ is finitely generated if C is so. We will now give
a constructive proof of this fact; the algorithm is known as the Fourier-Motzkin
elimination for cones [Zi, Section 1.3].

So let x1, . . . ,xm ∈Rn. We want to find the dual cone of C = R+(x1, . . . ,xm). We
can assume that Rn is generated by x1, . . . ,xm as a vector space (that is, dimC = n).

So we first search for n vectors among x1, . . . ,xm that form a basis of Rn, say
x1, . . . ,xn. For each i = 1, . . . ,n, we compute a linear form ϕi such that ϕi(xi) > 0,
ϕi(x j) = 0 for j 6= i. Clearly, ϕi is uniquely determined up to a positive factor. One
also checks immediately that ϕ1, . . . ,ϕn are a basis of (Rn)∗, and generate the dual
cone of C0 = R+(x1, . . . ,xn). (Obviously, one can choose ϕ1, . . . ,ϕn as the dual
basis of x1, . . . ,xn.) We now describe how the dual cone changes if we enlarge C
by another generator.



2.9. Dual cones 27

Proposition 2.9.1: Let x1, . . . ,xm,y ∈ Rn be such that x1, . . . ,xm generate Rn as a
vector space. Suppose that ϕ1, . . . ,ϕt generate the dual cone of C = R+(x1, . . . ,xm).
For each pair (i, j), i, j = 1, . . . , t, with ϕi(y) > 0 and ϕ j(y) < 0, we set

ψi j := ϕi(y) ·ϕ j−ϕ j(y) ·ϕi .

Then the dual cone of C̃ = C + R+y is generated by the ψi j and those ϕk with
ϕk(y)≥ 0.

Proof: We have to show that

C̃∗ = R+

{
ψi j : ϕi(y) > 0, ϕ j(y) < 0

}
+R+{ϕk : ϕk(y)≥ 0} .

The inclusion ‘⊇’ is clear: C̃ is generated by the vectors x1, . . . ,xm,y, and

ψi j(xr) = ϕi(y)
︸︷︷︸

>0

·ϕ j(xr)
︸ ︷︷ ︸

≥0

−ϕ j(y)
︸ ︷︷ ︸

<0

·ϕi(xr)
︸ ︷︷ ︸

≥0

≥ 0

for r = 1, . . . ,m. Furthermore, ψi j(y) = 0 by definition, and for the ϕk, there is in
fact nothing to show.

Now consider the converse inclusion, and let ϕ ∈ C̃∗. Then ϕ(y) ≥ 0 and ϕ ∈
C∗, whence

ϕ = a1ϕ1 + · · ·+atϕt

for some a1, . . . ,at ∈ R+. We may assume that al > 0 for all l. If ϕl(y)≥ 0 for l =
1, . . . , t, then we are done. Therefore assume that ϕl(y) < 0 for some l, say ϕt(y) <
0. We will replace the summand atϕt in the above representation of ϕ by a suitable
linear combination of the ψi j and the ϕk (with non-negative real coefficients). In
order to enable an inductive argument, we assume right away that

ϕ = a1ϕ1 + · · ·+atϕt +∑bi jψi j

with al > 0 and bi j ≥ 0. Since ϕ(y) ≥ 0 and ϕt(y) < 0, there must exist some ϕl
such that ϕl(y) > 0. Let exactly ϕ1, . . . ,ϕs satisfy this inequality, and consider the
linear forms

ψit = ϕi(y) ·ϕt−ϕt(y) ·ϕi

for i = 1, . . . ,s. We may substitute

ϕt =
1

ϕi(y)
· (ψit +ϕt(y) ·ϕi)

in the representation of ϕ .
But since it is not clear which i to choose for the substitution, we do it slightly

more generally: consider c1, . . . ,cs ∈ R+ such that ∑i ci = 1; then

ϕt =
s

∑
i=1

ciϕt =
s

∑
i=1

ci

ϕi(y)
· (ψit +ϕt(y) ·ϕi) .

Substituting this in the representation of ϕ yields new coefficients

b′it = bit +
ciat

ϕi(y)
≥ bit
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for the ψit , and

a′i = ai +
ciatϕt(y)

ϕi(y)

for the ϕi, i = 1, . . . ,s. We have a′i ≥ 0 if and only if

ci ≤−
aiϕi(y)
atϕt(y)

;

hence the ci can be chosen suitably if and only if

−
s

∑
i=1

aiϕi(y)
atϕt(y)

≥ 1 .

But this inequality follows immediately from

0≤ ϕ(y) = a1ϕ1(y)+ · · ·+atϕt(y)≤ a1ϕ1(y)+ · · ·+asϕs(y)+atϕt(y) .

Note that some of the generators of the dual cone may be superfluous. However,
for our current purposes, it is not necessary to find a minimal system of generators;
we are content with a finite one. For a discussion about the minimal system, we re-
fer the reader to Subsection 5.1 and, in particular, Lemma 5.1.2. Also, a geometric
explanation of the algorithm can be found there. (Of course, also some generators
of the original cone may be superfluous; but the algorithm above evidently detects
such a generator y.)

The following proposition now justifies calling C∗ the ‘dual’ cone.

Proposition 2.9.2: Let C be a cone in the real vector space V .
(a) The bidual cone C∗∗ is the (standard) topological closure of C in V (if we

identify V with its bidual V ∗∗ via the natural isomorphism).
(b) If C is finitely generated, then so is C∗; moreover, C∗∗ = C. If, in addition, C

is also rational, then so is C∗.

Proof: (a) Since linear forms are continuous, the standard topological closure C̄ is
contained in C∗∗ = {x ∈V : ϕ(x)≥ 0 for all ϕ ∈C∗}.

For the converse inclusion, consider x ∈ C∗∗. Evidently, C̄ is again a cone; in
particular, it is a convex set. If x /∈ C̄, then the Hahn-Banach Separation Theorem
(Lemma 2.3.3) yields a linear form ϕ such that ϕ(x) < 0 and ϕ(y)≥ 0 for all y∈ C̄.
(Note that supporting hyperplanes of cones are linear subspaces, by Lemma 2.8.1.)
But then ϕ ∈C∗, and we obtain a contradiction.

(b) If C is finitely generated, then C is closed, and therefore C∗∗ = C by (a).
The remaining statements are immediate consequences of Proposition 2.9.1 (which
provides an inductive argument).

Part (b) of the proposition can be stated as follows: let C be a finitely generated
cone, then C∗ is also finitely generated, say

C∗ = R+(ϕ1, . . . ,ϕs) .
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It follows that

C = C∗∗ = {x ∈V : ϕi(x)≥ 0 for all i = 1, . . . ,s} .

Summing up, we have just seen that finitely generated cones are polyhedral
sets; even more: they can be represented as an intersection of linear halfspaces. (A
halfspace H+ ⊆ V is called linear if 0 ∈ H.) Such cones will be called linearly
polyhedral cones for a moment. As one expects, there is no need to distinguish
between (ordinary) polyhedral cones and linearly polyhedral cones, and we will
use this notion only in the following corollary.

Corollary 2.9.3: For a cone C in V , the following statements are equivalent:
(i) C is finitely generated.

(ii) C is linearly polyhedral.
(iii) C is polyhedral.
(iv) C is closed, and C∗ is finitely generated.

In this case, C is rational if and only if C∗ is rational.

Proof: The implications (i)⇒ (ii) and (i)⇒ (iv) have been shown above, and the
implication (ii)⇒ (iii) is clear.

For (iii)⇒ (ii), assume that

C = H+
1 ∩·· ·∩H+

s

is an irreducible representation of C, with halfspaces H+
i ⊆ V . Since 0 ∈C, affC

is a linear subspace in V , and we may assume that dimC = dimV is maximal. But
then the Hi are supporting hyperplanes, by Proposition 2.6.2, and by Lemma 2.8.1,
they are linear subspaces in V .

Finally, we prove the implications (ii)⇒ (iv)⇒ (i). By hypothesis, there is a
(not necessarily irreducible) representation

C = H+
1 ∩·· ·∩H+

s ,

with linear halfspaces H+
i = {x ∈V : ϕi(x)≥ 0}, defined via linear forms ϕi ∈V ∗.

Now consider the subcone C′ := R+(ϕ1, . . . ,ϕs) in V ∗; its dual cone is

(C′)∗ = {x ∈V : ϕ(x)≥ 0 for all ϕ ∈C′}
= {x ∈V : ϕi(x)≥ 0 for all i = 1, . . . ,s}= C ,

the original cone C. Dualizing once more yields (C′)∗∗ = C∗. Since C′ is finitely
generated by definition, we find that C′ = (C′)∗∗ = C∗, by Proposition 2.9.2 (b).
Hence C∗ is finitely generated, and by the same proposition, C∗∗ is also finitely
generated. But C∗∗ = C, by part (a) of this proposition. (Note that C is closed,
being a polyhedral set.)

The additional statement on rationality is clear.

The corollary indicates why finitely generated cones appear in linear optimiza-
tion, where constraints are given by linear inequalities.
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For us, the dual representation of finitely generated cones also has many advan-
tages. For instance, it allows the following immediate conclusions.

Corollary 2.9.4: Let C and C′ be finitely generated cones in V . Then the sum
C +C′ and the intersection C∩C′ are again finitely generated cones.

Proof: The statement on the sum follows directly from the definition, and the state-
ment on the intersection follows from Corollary 2.9.3.

Furthermore, the dual representation offers an efficient method to prove the
following lemmas. The first states that halflines running in a ‘bad’ direction will
eventually leave a (possibly shifted) cone.

Lemma 2.9.5: Let C be a finitely generated cone in V , and let a,b ∈ V, b 6= 0.
Then the halfline `+(a,a+b) starting in a and running through a+b intersects the
cone C

(a) in a bounded (possibly empty) segment [x1,x2] if b /∈C;
(b) not at all if there exists a supporting hyperplane H of C such that a ∈ intH−

and b ∈C∩H (and C ⊆ H+).

Proof: (a) The intersection of the two closed convex sets `+(a,a + b) and C is
closed and convex itself. Since it is contained in the halfline, it therefore suffices to
prove boundness. By Corollary 2.9.3, C is linearly polyhedral, so that there exist
linear forms ϕ1, . . . ,ϕm ∈V ∗ such that

C = {x ∈V : ϕi(x)≥ 0 for i = 1, . . . ,m} .

Since b /∈C, there is (at least) one linear form among the above, say ϕi, such that
ϕi(b) < 0. The points x on the halfline `+(a,a+b) have a representation x = a+t ·b
with t ∈ R+. But then

ϕi(x) = ϕi(a)+ t ·ϕi(b)→−∞
as t→ ∞, so that the halfline eventually must leave the cone (if it has ever met it).

(b) By Lemma 2.8.1, the hyperplane

H = {x ∈V : ϕ(x) = 0}

is the kernel of a suitable linear form ϕ on V . Now everything is easy: by hypoth-
esis, we have ϕ(a) < 0, ϕ(b) = 0 and ϕ(C) ⊆ R+. For any point x = a + t · b on
the halfline, this yields

ϕ(x) = ϕ(a)+ t ·ϕ(b) = ϕ(a) < 0 ,

so that it is impossible for x to lie in the cone C.

Lemma 2.9.6: Let C be a polyhedral cone in V , given by dual forms ϕ1, . . . ,ϕt .
Let y ∈V , z ∈C and ϕ ∈C∗ be such that ϕ(y) < 0 and ϕ(z) = 0. Then also

ϕi(y) < 0 and ϕi(z) = 0

for some i.
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Proof: This is easy: since C∗ is generated by ϕ1, . . . ,ϕt , we may, without loss of
generality, assume that

ϕ = a1ϕ1 + · · ·+auϕu

with ai > 0 for i = 1, . . . ,u. Now ϕ(z) = 0 implies that ϕi(z) = 0 for all i = 1, . . . ,u,
and ϕ(y) < 0 implies that ϕi(y) < 0 for some of these i.

For the rest of this subsection, let C be a rational polyhedral cone in V = Rn.
Assume in addition that C has full dimension (that is, dimC = n), and that the
representation

C = H+
1 ∩·· ·∩H+

s

of C as an intersection of linear halfspaces H+
i = {x ∈V : ϕi(x)≥ 0} is irreducible.

As mentioned earlier, the (linear) hyperplanes Hi = {x∈V : ϕi(x) = 0} are uniquely
determined by C then: they correspond to the facets of C (Proposition 2.6.2). More-
over, the linear forms ϕi are uniquely determined up to a positive real number, and
since they are rational, there is a unique representation with coprime integers. With
such a representation, the ϕi are called the support forms of C. These considera-
tions lead to the following

Lemma 2.9.7: Let C be an n-dimensional rational polyhedral cone in Rn, and let
σ1, . . . ,σs be its support forms. Then

C =
s⋂

i=1

{x ∈ Rn : σi(x)≥ 0} ,

and this representation is irreducible.

2.10. Positive cones. Let C be a cone in the finite dimensional real vector space
V . We call C positive if the origin 0 is the only invertible element in C. In other
words, this means that C does not contain a whole line (through the origin). Yet in
other words, positivity of C is characterized by the fact that the group of units, that
is,

C0 := {x ∈C :−x ∈C} ,
is the trivial group. Note that C0 is the unique maximal R-vector subspace of C.

Now let C be an n-dimensional rational polyhedral cone in Rn, given as an
intersection

C = {x ∈V : σi(x)≥ 0 for all i = 1, . . . ,m} ,

where σ1, . . . ,σm ∈C∗ are the support forms of C. They define a linear map σ =
(σ1, . . . ,σm) : Rn→ Rm whose kernel is

kerσ = {x ∈ Rn : σi(x) = 0 for all i}= C0 ,

the group of invertible elements in C.
This proves already part of the following lemma.
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Lemma 2.10.1: Let C be an n-dimensional rational polyhedral cone in Rn. Then
the following statements are equivalent:

(i) C is positive.
(ii) C0 = {0}.

(iii) σ is injective.
(iv) C∗ has dimension n.
(v) 0 is a vertex of C.

Proof: It only remains to connect (iv) and (v) with the other statements.
First we show (ii)⇔ (iv). Let x ∈V . It is clear that both x and−x lie in C if and

only if ϕ(x) = 0 for all ϕ ∈C∗. (Recall that C∗∗ = C, by Proposition 2.9.2.) Now
such an element x 6= 0 exists if and only if dimC∗ < n.

Now we show (iii)⇒ (v). Let H be the hyperplane in Rn, given by (the vanish-
ing of) the linear form ϕ := σ1 + · · ·+σm. Then C ⊆ H+ and

C∩H = kerσ = {0} .

Finally, let us prove (v)⇒ (ii). Let H be a supporting hyperplane of C, given
by a linear form ϕ , such that C ⊆ H+ = {x : ϕ(x) ≥ 0} and C∩H = {0}. Now
let x ∈ Rn be such that both x and −x lies in C. Then ϕ(x) = 0 and x ∈ H, and so
x = 0.

Condition (v) explains why positive cones are also called ‘pointed cones’, or
‘cones with apex 0’, by some authors. As an immediate consequence of the lemma,
we note that, for a polyhedral cone C of maximal dimension, the dual cone C∗ is
always positive (since C∗∗ = C).

For a positive rational polyhedral cone C (of full dimension), the mapping σ :
Rn → Rm arising from the support forms of C defines an embedding C ↪→ Rm

+;
hence σ (or more precisely, its restriction to C) is called the standard embedding
of C. To a certain degree, this observation also explains the notion of positivity:
via this embedding, C can be viewed as a subcone of the positive orthant Rm

+.
Our next goal in this subsection is to associate a polytope Q with a positive

polyhedral cone C ⊆ V . (V denotes a real vector space of finite dimension n.) For
this purpose, we may again assume that C has maximal dimension, that is, dimC =
n. The construction of Q is established via the linear form ϕ = σ1 + · · ·+σm which
has already appeared in the above proof. Note that ϕ 6= 0; otherwise we would
have σi(x) = 0 for all i and all x ∈ C, which would imply σi = 0 for all i, since
dimC = n.

This time we consider the hyperplane H := {x ∈ V : ϕ(x) = 1}. (In the above
proof, we have taken the hyperplane parallel to H, through the origin 0.) It is clear
that the intersection

Q := C∩H

is a polyhedral set. But even more: for any x ∈ Q, we have σi(x) ≥ 0 for all
i and ϕ(x) = 1, which implies that 0 ≤ σi(x) ≤ 1 for all i. It follows that the
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monomorphism σ sends Q into the unit cube [0,1]m (in Rm). This can only happen
if Q is bounded.

Let us summarize our considerations.

Lemma 2.10.2: Let C be a positive polyhedral cone in V . Then there exists a
hyperplane H in V , not containing the origin 0, and such that the intersection
Q = C∩H is a (non-empty) convex polytope. If, in addition, C is rational, then H
can be chosen rational, so that Q becomes a rational convex polytope.

In the situation of the lemma, the hyperplane H is called transversal to C, and
the polytope Q is called a cross-section of C. Cross-sections are introduced be-
cause their facial structure is closely related to the facial structure of C (as one can
imagine).

We start with a preparatory lemma.

Lemma 2.10.3: (a) There is a bijection between the set
�

= {R+x : x ∈C, x 6= 0}

of halflines in C and the polytope Q, given by the assignment R+x 7−→ Q∩
R+x.

(b) For any subset X ⊆ Q, we have

R+X = R+(convX) =
⋃

x∈convX

R+x .

(c) C =
⋃

x∈Q R+x.

Proof: (a) For any x∈C, x 6= 0, we must have σi(x) > 0 for at least one i. Therefore
there is precisely one value of t ∈ R+ such that ϕ(tx) = 1. So the mapping

r :
�
→ Q , R+x 7−→ Q∩R+x ,

is well-defined, and the mapping

e : Q→
�

, x 7−→ R+x ,

obviously behaves inversely to r.
(b) The first equality is clear, by definition of the two sets. It is also clear that

the third set is contained in R+(convX). In order to prove the remaining inclusion,
choose a point

x = a1x1 + · · ·+amxm

in R+X (with ai ∈ R+ and xi ∈ X). If a := ∑ai = 0, then x = 0; otherwise, we find
that x0 := x/a is contained in convX , and x = ax0 is contained in the halfline R+x0.

(c) is just a consequence of (a) and (b).
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Proposition 2.10.4: Let C be a positive polyhedral cone in V , and let Q be a cross-
section of C. Then the mappings

r :
�

(C)r{ /0} −→
�

(Q) , r(F) := F ∩Q ,

e :
�

(Q)−→
�

(C)r{ /0} , e( f ) := R+( f ) ,

are mutually inverse isomorphisms of partially ordered sets. Moreover, dimr(F) =
dimF−1 for all faces F 6= /0 of C.

Proof: First we show that the ‘restriction map’ r is well-defined, that is, F ∩Q is
a face of Q for any face F of C. This is easy: let H be a hyperplane in V such that
C⊆H+ and C∩H = F . Then h := H∩affQ is a hyperplane in affQ (since affQ is
a hyperplane in V not containing 0), and it follows from C ⊆ H+ that Q ⊆ h+, by
intersecting with affQ. Furthermore, the intersection

Q∩h = Q∩H = Q∩H ∩C = Q∩F

leads to r(F), whence h supports Q at the face r(F).
The next point is the well-definedness of e, the ‘extension map’: choose a face

f of Q, and a hyperplane h in affQ such that Q⊆ h+ and Q∩h = f . Then, clearly,
0 is not contained in h, and the affine hull

H := aff(h∪{0}) = R(h∪{0}) = R(h)

is a linear hyperplane in V ; in particular, dimH = dimh + 1. Note also that the
intersection H ∩Q = h leads back to h. Then, since Q ⊆ h+ ⊆ H+ (we define H
to induce this orientation), it is an immediate consequence of Lemma 2.10.3 that
C is contained in the halfspace H+. Moreover, R+( f ) is contained in C∩H, since
f is contained there. For the other inclusion, choose x ∈ C∩H; without loss of
generality, we may in addition assume that x ∈ Q. But then x ∈ f . Summing up,
we have shown that H supports C at the face e( f ) = R+( f ).

The remaining statements of the proposition are clear: using Lemma 2.10.3, we
see that e and r are mutually inverse, and as for the statement on the dimensions,
this amounts to showing that

dim(R f ) = dim(aff f )+1

for all faces f of Q. But this follows from the fact that aff f ⊆ affQ does not contain
the origin.

We finish this subsection by discussing minimal ‘internal’ and ‘external’ rep-
resentations of a positive polyhedral cone: are they uniquely determined and how
do we find them? To some extent, the following proposition (and its proof) is
a summary of the most important statements of this section. As one expects,
it refers to the one-dimensional and the one-codimensional faces of C (called
‘edges’ and ‘facets’, respectively). Recall that C has only a finite number of faces
(Lemma 2.7.1).
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Proposition 2.10.5: Let C be a polyhedral cone in V .
(a) Suppose that C is positive. Then a subset X of C is a minimal generating set

of C if and only if X contains exactly one vector xE 6= 0 from each edge E of
C (and no other vectors).

(b) (Weyl’s Theorem) Suppose that dimC = dimV. Then there is exactly one
irreducible representation of C as an intersection of halfspaces, namely the
one where each halfspace H+

F is associated with a facet F of C (by requiring
that the bounding hyperplane HF of H+

F is the affine hull of F).

Proof: (a) It is clear that any element of a generating set may be replaced by a
positive real multiple. Therefore, we may choose the generators in a cross-section
Q of C. So let X be a subset of Q. We now characterize when X generates the
whole cone C: by Lemma 2.10.3, this happens if and only if

C =
⋃

x∈Q

R+x =
⋃

x∈convX

R+x ,

and this in turn is equivalent to the condition that Q = convX . Now the theory of
convex polytopes comes into play: by Lemma 2.5.4, this equality holds if and only
if vertQ ⊆ X . Clearly, the unique minimal choice for this is X = vertQ. Recall
now that the vertices of Q correspond to the edges of C, by Proposition 2.10.4.
This proves part (a).

(b) is just a repetition of Proposition 2.6.2.

2.11. Simplicial cones and triangulations. In this subsection we introduce the
notion of a triangulation of a finitely generated cone C. Its basic building blocks
are the simplicial cones. Triangulations play a crucial role for the computation of
the normalization of an affine monoid; see Section 5.

A cone δ in an R-vector space V is called simplicial if it is generated by linearly
independent vectors. As an immediate consequence, we see that simplicial cones
are always positive.

Moreover, the faces of a simplicial cone δ are extremely easy to determine:
suppose that δ is generated by n linearly independent vectors x1, . . . ,xn in Rn.
As outlined previous to Proposition 2.9.1, the dual basis ϕ1, . . . ,ϕn of the basis
x1, . . . ,xn generates the dual cone δ ∗ of δ . In fact, each dual form ϕi leads to a
facet

δi = {x ∈ δ : ϕi(x) = 0}= R+(x1, . . . ,xi−1,xi+1, . . . ,xn)

of δ , which is again a simplicial cone. Proceeding by induction, one obtains the
following lemma.
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Lemma 2.11.1: Let δ be a simplicial cone, generated by linearly independent
vectors x1, . . . ,xn. Then the faces of δ are precisely the simplicial cones R+(E), E
running through the subsets of X := {x1, . . . ,xn}. In particular, there is a bijection
between the face lattice

�
(δ ) of δ and the power set � (X) of X.

Now we introduce the main notion of this subsection: a triangulation of a cone
C in V is a family ∆ of finitely many simplicial subcones such that

(1) C =
⋃

δ∈∆ δ ,
(2) the faces of each δ ∈ ∆ are themselves members of ∆, and
(3) the intersection of each pair δ ,ε ∈ ∆ is a face of both δ and ε .

Due to (2), it evidently suffices to know the maximal subcones of ∆. The reader
may recall that a family ∆ of finitely many simplices which satisfies only (2) and
(3) is known as a simplicial complex in algebraic topology.

Before clarifying the existence of triangulations for certain cones (namely, the
finitely generated ones), we discuss some fundamental properties of triangulations.
For instance, we obtain a disjoint decomposition of the cone, which will be an
important fact when computing the Hilbert function of affine monoids in Subsec-
tion 5.2.

Lemma 2.11.2: Let ∆ be a triangulation of the cone C. Then the following hold:
(a) For each δ ∈ ∆, we have

δ =
⊎

ε∈∆
ε⊆δ

relintε .

(b) C is the disjoint union
C =

⊎

δ∈∆

relintδ .

Proof: (a) By Corollary 2.7.6, δ is the disjoint union of all its faces ε ∈
�

(δ ), and
by the definition of a triangulation, we have

�
(δ ) = {ε ∈ ∆ : ε ⊆ δ} .

(For ε in the right-hand set, consider the intersection with δ .)
(b) It follows from (a) that C is the union of the relative interiors of all δ ∈ ∆; it

remains to show that this union is disjoint. So let x be a common point of relintδ
and relintε for some cones δ ,ε in ∆. Then x is contained in δ ∩ ε , and by (3),
this intersection is a face of δ (and ε). Since δ is the smallest face of δ which
contains x (Lemma 2.4.6), we find that δ is contained in δ ∩ε ; therefore δ ∩ε = δ .
Analogously, one finds that δ ∩ ε = ε .

Another nice property of a triangulation of a cone C is that it also induces a
triangulation of the faces of C:
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Lemma 2.11.3: Let ∆ be a triangulation of the cone C, and F a face of C. Then

F =
⋃

δ∈∆
δ⊆F

δ .

Proof: We may assume that F is a proper face of C; so write F = C∩H with a
supporting hyperplane H of C. Using property (1) of the triangulation, this leads
to

F =
⋃

δ∈∆

(δ ∩H) .

Now, if δ ∩H is non-empty, then H supports δ , and δ ∩H is in ∆, being a face of
δ . From this, the assertion follows.

We now turn our attention to the main result of this subsection. Let C be a
finitely generated cone in Rn. Proposition 2.9.1 is a constructive algorithm for
computing the dual forms of C, that is, generators of the dual cone C∗. We shall
develop an analogous algorithm for computing a triangulation of C. (In fact, this
relies on the Dual Cone Algorithm.)

We start just as previous to the proposition: we may assume that dimC = n,
and can then find n linearly independent vectors x1, . . . ,xn among the generators of
C. These vectors generate a simplicial subcone C0 of C and form a basis of Rn;
the dual basis ϕ1, . . . ,ϕn generates the dual cone of C0 and, therefore, leads to an
external representation

C0 = {x ∈ Rn : ϕi(x)≥ 0 for i = 1, . . . ,n}

of C0. Moreover, a triangulation of C0 is obviously given by ∆0 :=
�

(C0), the face
lattice of C0. We now describe how to extend the triangulation if we enlarge a cone
C by another generator.

Proposition 2.11.4: Let C be an n-dimensional cone in Rn, given internally by
generators x1, . . . ,xm and externally by dual forms ϕ1, . . . ,ϕt . Let ∆ be a triangu-
lation of C. Then, for y ∈ Rn, a triangulation of the cone C̃ = C +R+y is given by

∆̃ := ∆∪
{

δ +R+y : δ ∈ ∆ and ϕi(δ ) = {0}, ϕi(y) < 0 for some i
}

.

We postpone the proof of the proposition; instead, we first draw the desired
conclusions and give a geometric explanation of the algorithm.

Corollary 2.11.5: For each finitely generated cone C, there is a triangulation ∆
such that each simplicial subcone δ ∈ ∆ is generated by some of the generators
of C.

Note that, if y is already contained in C (so that C̃ = C), then the triangulation
∆ remains unchanged. We may therefore suppose that y /∈ C; then the following
notion makes sense: a subset X of C is visible from y if, for each x ∈ X , the line
segment [y,x] from y to x intersects C exactly in x. One now obtains a triangulation
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of C̃ by joining ∆ with the set of all cones δ +R+y where δ ∈ ∆ is visible from y;
exactly these cones δ are selected in Proposition 2.11.4.

Using the notion of visibility, we also give a brief sketch of part (1) of the
proof (which deals with the covering property of the triangulation): given a point
x ∈ C̃rC, the halfline from y through x meets the cone C in a point z which is
visible from y; the visible area of C is triangulated by (a subset of) ∆, and so z is
contained in a visible cone δ ∈ ∆, whence x is contained in the cone δ +R+y, being
a convex combination of y and z. This idea is formalized in the following proof.

Proof of Proposition 2.11.4: First of all, note that ∆̃ is finite, since ∆ is so. More-
over, ∆̃ again consists of simplicial cones, since each ‘new’ cone δ +R+y (if any)
involves a simplicial subcone δ which is contained in some hyperplane Hi = {x :
ϕi(x) = 0} (while y is not). Subsequently, we check the three properties from the
definition of a triangulation; note that, in any case, we may, and do, assume that
y /∈C.

(1) By definition, it is clear that each δ̃ ∈ ∆̃ is contained in C̃. So let x ∈ C̃; we
have to find a simplicial subcone δ̃ ∈ ∆̃ which contains x. For this, we may assume
that x /∈C. Then there is a representation

x = a1x1 + · · ·+amxm +by

with ai ≥ 0 and b > 0. Upon defining z := 2(a1x1 + · · ·+amxm) ∈C and replacing
y with y/2b, we have reached a situation where

x =
1
2

y+
1
2

z

is the mid-point of the segment [y,z]. Now, since y /∈C, z ∈C and C is convex, the
halfline `+(y,z) starting in y and passing through z enters C in a point z′. Note that
x is also a convex combination of y and z′ now; since this is the only property of x
which will be important at the end, we may (and do) assume that z = z′.

By Corollary 2.6.7, there exists a supporting hyperplane H of C which contains
z and separates y from C. Let ϕ be the respective dual form of C; then, with respect
to its behaviour on the points y and z, ϕ may be replaced with one of the dual forms
ϕ1, . . . ,ϕt , that is, ϕi(y) < 0 and ϕi(z) = 0 for some i (Lemma 2.9.6). Let F denote
the respective face of C, that is,

F = {v ∈C : ϕi(v) = 0} .

We then have z ∈ F , and by Lemma 2.11.3, we find some δ ∈ ∆, δ ⊆ F , which
contains z. Therefore, ϕi(δ ) = {0} and

x ∈ conv(y,z)⊆ δ +R+y .

This shows that C̃ is covered by the simplicial cones in ∆̃.
(2) Now we show that the faces of a simplicial cone δ̃ ∈ ∆̃ are again in ∆̃. For

δ̃ ∈ ∆, this is clear. So suppose that δ̃ = δ +R+y for some δ ∈ ∆ with ϕi(δ ) = {0}
and ϕi(y) < 0 (for some i). Now let X be a set of linearly independent generators
of δ . Then the faces of δ̃ are precisely the cones R+(E) with a subset E of X ∪{y},
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by Lemma 2.11.1. But this yields cones of the form δ ′ or δ ′+R+y, where δ ′ is a
face of δ . Thus δ ′ is in ∆, and each face of δ̃ is in ∆̃.

(3) We finally show that, for each pair δ̃ , ε̃ ∈ ∆̃, the intersection is a face of both
δ̃ and ε̃ . If δ̃ , ε̃ ∈ ∆, then this is the respective property of ∆. So let δ̃ = δ +R+y
and ε̃ = ε ∈ ∆ (with ϕi(δ ) = {0} and ϕi(y) < 0 for some i). Since δ̃ is simplicial
and ϕi(ε)⊆ R+, it follows that

δ̃ ∩ ε̃ = δ ∩ ε ,

and this is a common face of δ and ε , hence also of δ̃ and ε̃ .
Finally, let δ̃ = δ +R+y and ε̃ = ε +R+y (with δ ,ε ∈∆, ϕi(δ ) = {0}, ϕi(y) < 0,

ϕ j(ε) = {0} and ϕ j(y) < 0 for some i, j). We claim that

δ̃ ∩ ε̃ = (δ ∩ ε)+R+y ,

by which everything is proven. The inclusion ‘⊇’ is clear, the main point being the
reverse inclusion. So choose x ∈ δ̃ ∩ ε̃ , say

x = xδ +ay = xε +by

with xδ ∈ δ , xε ∈ ε and a,b ∈ R+. Evaluating the linear forms ϕi and ϕ j on x, we
obtain the equations

a ·ϕi(y) = ϕi(xε)+b ·ϕi(y) and ϕ j(xδ )+a ·ϕ j(y) = b ·ϕ j(y) .

But now, dividing by the negative numbers ϕi(y) and ϕ j(y), respectively, yields
that

a = b+
ϕi(xε)

ϕi(y)
≤ b and b = a+

ϕ j(xδ )

ϕ j(y)
≤ a ;

hence a = b and xδ = xε ∈ δ ∩ ε .
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In this section we finally introduce the central objects of our work, namely, the
affine monoids. They are the discrete analogues of finitely generated cones. In
fact, we shall also establish the connection between these two classes (Gordan’s
Lemma). But at least as important is the bridge between affine monoids and their
algebras; it opens the gate to the essentially richer theory of rings, and from there,
we shall transfer a number of results to the theory of monoids.

We end the section by investigating positive affine monoids. We shall work out
the correspondence with positive polyhedral cones, and via the standard embed-
ding, we shall (affirmatively) answer the question about existence and uniqueness
of a minimal generating system, the Hilbert basis.

As an alternative source for the topics of this section, we recommend the books
by Bruns and Herzog [BH] and Ewald [Ew].

3.1. Affine monoids. We start by introducing some notions. Finitely generated
free Abelian groups are called lattices in the following. Of course, these are exactly
the ones which are isomorphic to Zn for some n ∈ N (by the structure theorem
for finitely generated Abelian groups). An affine monoid is a finitely generated
submonoid S of some lattice L; finitely generated means that there exist finitely
many elements v1, . . . ,vm ∈ S such that the monoid generated by v1, . . . ,vm, which
we denote by

N(v1, . . . ,vm) := Nv1 + · · ·+Nvm ,

coincides with S. We emphasize that the adjective ‘affine’, when used in conjunc-
tion with monoids and submonoids, always includes the property of being finitely
generated.

It is easy to see that submonoids of Z are always affine.

Lemma 3.1.1: Let S be a submonoid of Z. Then S is a union of finitely many
arithmetic progressions, that is, there are finitely many ai,bi ∈ S, i = 1, . . . ,r, such
that

S =
r⋃

i=1

(ai +Nbi) .

In particular, S is affine.

Proof: We may assume that S 6= 0.
(1) If S contains (strictly) positive and negative integers, then S is a subgroup of

Z: choose a = min{n > 0 : n ∈ S} and b = max{n < 0 : n ∈ S} and consider a+b;
it turns out that a =−b. So S = Za in this case.

(2) Now assume that S is contained in N. In this case, we fix some d ∈ S,
d > 0. In every residue class a + Zd, a = 0, . . . ,d − 1, one then chooses da =

40
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minS∩ (a+Zd). This results in a representation

S =
d−1⋃

a=0

(da +Nd)

(where the union is even disjoint).
(3) If S⊆ Z−, then −S⊆ N, which leads back to the discussion in step (2).

Note that submonoids of Z2 need no longer be finitely generated: consider, for
example, the subset

S := {(0,0)}∪{(x,y) ∈ N2 : y > 0} ;

clearly, S is a submonoid, but is not finitely generated.
Now let S be an affine submonoid in the lattice L. We write ZS for the group

generated by S (within L):

ZS =

{ m

∑
i=1

aivi

∣
∣
∣ m ∈ N, ai ∈ Z, vi ∈ S

}

.

Note that ZS fulfils a universal property which characterizes it up to isomorphism:
every monoid homomorphism from S to a group can be extended to ZS in a unique
way. From this point of view, ZS is the group of differences of S. Any element
x ∈ ZS can be represented as x = s− t for some s, t ∈ S. If S is also contained in a
lattice L′, then, by the universal property, the groups ZS and (ZS)′ generated by S
in L and L′, respectively, are naturally isomorphic. Furthermore, since L is finitely
generated free Abelian, we have ZS ∼= Zr for some r (uniquely determined by S). r
is called the rank of S:

rkS := rkZS .

We introduce abbreviations for the Q- and the R-vector spaces generated by S
(within Rn if S⊆ Zn):

QS :=
{ m

∑
i=1

aivi

∣
∣
∣ m ∈ N, ai ∈ Q, vi ∈ S

}

∼= Q⊗ � ZS ,

RS :=
{ m

∑
i=1

aivi

∣
∣
∣ m ∈ N, ai ∈ R, vi ∈ S

}

∼= R⊗ � ZS .

As above, we prefer this ‘explicit’ point of view. The construction is, of course,
independent of the chosen lattice L (in which S is contained); in fact, QS and RS
again satisfy universal properties which determine them up to isomorphism. By
construction, we have natural inclusions

S = NS⊆ ZS⊆ QS⊆ RS

and equalities

r = rkS = rkZS = dim � QS = dim � RS .

So S is a submonoid of ZS, ZS is a subgroup of QS, and QS is a Q-vector subspace
of RS.
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Let S further on be an affine submonoid of the lattice L. An element x ∈ L is
called integral over S if c ·x∈ S for some c∈N, c > 0. The set of all such x is called
the integral closure S̄L of S in L. Clearly S⊆ S̄L. In the case where equality S = S̄L
holds, we say that S is integrally closed in L. Obviously, S̄L is again a submonoid
of L. As we shall see in Lemma 3.1.2, it is even finitely generated (since S is so),
and can be described geometrically.

We introduce special terminology for the lattice L = ZS: in this case, the inte-
gral closure S̄ = S̄ � S is called the normalization of S, and S is normal if S = S̄. Note
that there is no dependency on the lattice in which S is originally contained.

Let S be a submonoid of the lattice L. Then the associated cone, that is, the
cone

C(S) := R+S =

{ m

∑
i=1

aivi

∣
∣
∣ m ∈ N, ai ∈ R+, vi ∈ S

}

generated by S in the real vector space V = RL, is always rational. It is finitely
generated if S is so. Note that the converse is also true; see Corollary 3.3.7.

Lemma 3.1.2: Let L = Zn be the standard lattice.
(a) (Gordan’s Lemma) Let C ⊆ Rn be a finitely generated rational cone. Then

the associated semigroup S(C) := L∩C is an affine monoid, and is integrally
closed in L.

(b) Conversely, let S be an affine submonoid of L. Then S̄L = L∩C(S), and S̄L is
again an affine monoid.

Proof: (a) Set S = S(C) for short. By assumption, C is generated by finitely many
vectors v1, . . . ,vm ∈ L. Let v ∈ S. Then v = a1v1 + · · ·+amvm with ai ∈ R+. There-
fore we can write

v =
m

∑
i=1

a′ivi +
m

∑
i=1

a′′i vi ,

where a′i ∈ N and a′′i ∈ R, 0 ≤ a′′i < 1. We have v′′ := ∑a′′i vi ∈C∩L = S. But v′′

also lies in the bounded set B = {∑bivi : 0≤ bi < 1}. Therefore L∩B is finite, and
S is generated by the finite set

(L∩B)∪{v1, . . . ,vm} .

That S = S̄L is quite evident: let x ∈ S̄L, that is, x ∈ L and c · x ∈ S for some c > 0.
But then cx ∈C, hence x ∈C∩L = S.

(b) Since S is finitely generated, C(S) is a finitely generated rational cone.
Therefore (a) applies and yields that the monoid S′ := L∩C(S) is finitely gener-
ated and integrally closed in L. But S⊆ S′, hence S̄L ⊆ S′. The converse inclusion
follows from the following lemma. In fact, let S = N(v1, . . . ,vm) with vi ∈ L, and
let v ∈ S′. Then v ∈ Q+(v1, . . . ,vm) by the lemma, and multiplying by a common
denominator c > 0 yields cv ∈ S.
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Lemma 3.1.3: Let v1, . . . ,vm ∈ Zn. Then

Zn∩R+(v1, . . . ,vm)⊆ Q+(v1, . . . ,vm) .

Proof: Let v = a1v1+ · · ·+amvm ∈Zn with ai ∈R+. Then the (Diophantine) system
of linear equations

x1v1 + · · ·+ xmvm = v

(with n equations and m indeterminates x1, . . . ,xm) is soluble over R, hence also
soluble over Q (by Gaussian elimination). Since Q is dense in R, the rational
solution space L � is dense in L � , the set of solutions over R. Therefore it is even
possible to find a solution x ∈ Qm

+.

Note that, upon replacing Zn with Qn in Lemma 3.1.3, there is equality

Qn∩R+(v1, . . . ,vm) = Q+(v1, . . . ,vm) .

In fact, this is an immediate consequence of Lemma 3.1.3: simply replace the vi
and a vector v ∈ Qn ∩R+(v1, . . . ,vm) by suitable positive multiples civi and cv in
Zn.

We end this subsection with a final remark: the monoids S(C) = L∩C associ-
ated with finitely generated rational cones C are always normal (independent of the
chosen lattice L, provided that RL⊆ RC). Conversely, every normal affine monoid
S has such a representation, since S = S(C(S)) (within the lattice L = ZS).

3.2. Faces of affine monoids. The aim of this subsection is to extend the notion of
a face from polyhedral cones (and closed convex sets in general) to affine monoids.

So let S be an affine monoid, and C = C(S) the cone of S. Clearly, C is rational
and polyhedral and has only a finite number of faces (Lemma 2.7.1). The intersec-
tion of a face F of C with the monoid S, FS := F ∩S, will henceforth be referred to
as a face of S. The faces of S are collected in the finite set

�
(S) := {FS : F ∈

�
(C)} .

Note that each face of S is a discrete set by definition, and that the improper faces
/0 and S are again included here.

Recall that the faces of a convex polytope are again convex polytopes (Propo-
sition 2.5.2). For polyhedral sets, this is clear by definition, as well as it is for
cones and monoids. But what about the property of being finitely generated? The
following lemma states that these properties are as well inherited by the faces:
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Lemma 3.2.1: Let S be an affine monoid, generated by the vectors v1, . . . ,vs, and
C the cone of S. Let F be a non-empty face of C and FS the respective face of S.
Assume that, among the generators of S, precisely v1, . . . ,vr are contained in F.
Then

F = R+(v1, . . . ,vr) and FS = N(v1, . . . ,vr) .

In particular,
(a) F is a finitely generated rational subcone of C,
(b) FS is an affine submonoid of S,
(c) F is the cone of FS and
(d) there is a bijection between the faces of C and the faces of S.

Proof: If F is an improper face of C, then there is nothing to show. So write F =
C∩H with a supporting hyperplane H of C, and let H be given by the vanishing of
a linear form ϕ (Lemma 2.8.1). Now, if an arbitrary point x = ∑s

i=1 aivi, ai ∈ R+,
from C is also contained in H, then all the coefficients ar+1, . . . ,as must be zero.

Literally the same argument holds for S (and FS).

We should mention that there is, of course, an equivalent way of introducing
the faces of an affine monoid S, namely, along the same lines as for closed convex
sets (and cones, in particular): a subset of S is a face of S if and only if it is the
intersection of S with a supporting hyperplane of S (where supporting hyperplanes
are defined in the usual way). This characterization relies on the fact that support-
ing hyperplanes of S are linear subspaces (which can be shown just as for cones,
see Lemma 2.8.1); therefore, a hyperplane H supports S if and only if it supports
C(S).

The natural next step is to define the relative interior of a face FS of S. We
simply set

relintFS := S∩ relintF = FS∩ relintF

(where F = C(FS) denotes the respective face of the cone C(S), as described in
Lemma 3.2.1). Recall that, if F is non-empty, then relintF is also non-empty
(Lemma 2.4.5). The same holds true for FS:

Lemma 3.2.2: Let FS be a non-empty face of the affine monoid S. Then the relative
interior of FS is also non-empty.

Proof: Fix the notation from Lemma 3.2.1, so that

F = R+(v1, . . . ,vr) and FS = N(v1, . . . ,vr) .

It is clear then that the sum v1 + · · ·+vr of the generators is a relative interior point
of F , and hence also of FS.
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3.3. Affine monoid algebras. Now let K be a field, and S again a submonoid of
a lattice L. (S need not yet be finitely generated at this point.) We write K[S] for
the monoid algebra corresponding to S, that is, the K-vector space with basis X v,
v ∈ S. These elements of K[S] are called monomials. A general element of K[S] is
of the form

a1Xv1 + · · ·+amXvm ,

where m ∈ N, ai ∈ K, and vi ∈ S. The additive structure of K[S] is clear, and
the multiplicative structure arises in a natural way from the law for monomials:
Xv ·Xv′ = Xv+v′ (where ‘+’ denotes the monoid operation, as usual). For example,
K[Zn] is isomorphic to the Laurent polynomial ring K[X±1

1 , . . . ,X±1
n ] if we let Xi

correspond to the i-th element ei of the canonical basis of Zn; similarly, K[Nn] is
isomorphic to the ordinary polynomial ring K[X1, . . . ,Xn].

An inclusion S ⊆ Zn of monoids induces an inclusion K[S]⊆ K[Zn] of the cor-
responding K-algebras. Therefore, K[S] is an integral domain. Analogously, the
inclusion S⊆ ZS yields an inclusion K[S]⊆K[ZS]; but then K[S] and K[ZS] clearly
have the same field � of fractions. It follows that the Krull dimension of K[S] co-
incides with the rank of S (see [Ma] or [BH] for the notion of Krull dimension):

Lemma 3.3.1: For a submonoid S of a lattice L, we have dimK[S] = rkS.

Proof: This is clear by the above remarks, for if ZS ∼= Zr, then

dimK[S] = tr.degK � = dimK[ZS] = dimK[Zr] = r .

But there are much more connections between S and K[S]. We next investigate
the property of being finitely generated.

So let S = N(v1, . . . ,vr) be a finitely generated (affine) monoid. Then the corre-
sponding monoid ring is

K[S] =

{ m

∑
i=1

aiX
bi

∣
∣
∣ m ∈ N, ai ∈ K, bi ∈ S

}

.

We claim that K[S] is a finitely generated K-algebra, namely, we have

K[S] = K[X v1, . . . ,X vr ] .

The inclusion ‘⊇’ is clear; for the other inclusion, it suffices to show that X v ∈
K[Xv1, . . . ,X vr ] for v ∈ S. But write v = n1v1 + · · ·+nrvr with ni ∈ N, then

Xv = (Xv1)n1 · · ·(X vr)nr ∈ K[Xv1, . . . ,X vr ] .

Therefore the property of being finitely generated is transferred from monoids to
the corresponding monoid rings. The following proposition says that the converse
is also true.

Proposition 3.3.2: Let S be a submonoid of a lattice L, and K[S] the corresponding
monoid ring (where K is a field). Then the following are equivalent:

(i) S is a finitely generated monoid.
(ii) K[S] is a finitely generated K-algebra.



46 3. Affine monoids and their algebras

Proof: The implication (i)⇒ (ii) has been shown above. So let K[S] be generated
as a K-algebra by finitely many (finite) sums ∑aiX

bi. Then K[S] clearly is as well
generated by all monomials X v1, . . . ,X vr occurring in all these sums. We claim that
S = N(v1, . . . ,vr), hence S is finitely generated. In order to see this, choose v ∈ S.
Then there exists a polynomial f ∈ K[X1, . . . ,Xr] such that

Xv = f (X v1, . . . ,X vr) .

Since all the monomials Xw, w ∈ S, are K-linearly independent (by construction of
K[S]), the right-hand side of this equation must be reducible to a single summand

f (Xv1, . . . ,X vr) = a · (X v1)n1 · · ·(X vr)nr

(with a ∈ K, ni ∈ N). But then a = 1 and v = n1v1 + · · ·+nrvr ∈ N(v1, . . . ,vr).

The algebras K[S], where K is a field and S is an affine monoid, are called affine
monoid algebras (or affine monoid rings). Proposition 3.3.2 states, in particular,
that these algebras are always finitely generated.

Corollary 3.3.3: Affine monoid algebras are Noetherian integral domains.

For further properties of finitely generated K-algebras, see Subsection 4.1 (in
particular, Proposition 4.1.3).

Our next goal is to establish the link between the normality of an affine monoid
S and the normality of the corresponding affine monoid algebra K[S]. As we shall
see (Proposition 3.3.4), these properties are equivalent, too. We start with a re-
minder of the respective notions from the theory of rings.

Let R⊆ R′ be two integral domains. As is generally known, an element x ∈ R′

is called integral over R if there exists a monic polynomial f ∈ R[X ] such that
f (x) = 0. Those elements in R′ which are integral over R form a subring R̄R′; it is
called the integral closure of R in R′. In the particular case when R′ = FracR is the
field of fractions of R, the integral closure is referred to as the normalization R̄ of
R; accordingly, R is called normal if it coincides with its normalization.

We return to affine monoid algebras and so consider the ring R = K[S], where
K is a field and S an affine monoid. It is not hard to see that normality of R entails
normality of S: let v ∈ ZS and c · v ∈ S for some c > 0. Then X v ∈ FracR and
(Xv)c ∈ R. Now, if R is normal, it follows already that X v ∈ R, so that v ∈ S.

Proposition 3.3.4: Let S be an affine monoid and K[S] the corresponding monoid
algebra (with a field K). Then the following are equivalent:

(i) S is normal.
(ii) K[S] is normal.

Proof: The implication (ii)⇒ (i) has just been observed. So we now assume that
S is normal. Without loss of generality, we may further assume that ZS = Zn. By
Lemma 3.1.2, we then have

S = C(S)∩Zn ,
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where C(S) denotes the associated cone of S. This is a finitely generated rational
cone, and within Rn, it has full dimension. Let σ1, . . . ,σm be the support forms of
C(S), so that

C(S) = {x ∈ Rn : σi(x)≥ 0 for all i = 1, . . . ,m} ,

by Lemma 2.9.7. Note that each support form σi is rational (even integral). Now
let

H+
i := {x ∈ Rn : σi(x)≥ 0}

be the rational halfspace defined by σi, and Hi the bounding rational hyperplane.
We consider the sublattice Li := Hi ∩Zn. Hi has Q-dimension n− 1, thus Li

has rank n− 1. Then the factor group Zn/Li has rank 1, and since this group is
torsion-free (if v ∈ Zn is not in Li, then neither is any positive multiple of v), it is
an infinite cyclic group. Therefore, there is a vector v ∈ Zn such that

Zn = Li⊕Z · v ;

we may assume that v ∈ H+
i . Therewith, we find that the (normal) affine monoid

Si := H+
i ∩Zn

has a direct sum decomposition Si = Li⊕Nv. We conclude that the affine monoid
algebra

K[Si] = K[Li⊕Nv]∼= K[Zn−1⊕N]

is factorial and, hence, also normal. But since S = S1∩·· ·∩Sm, the algebra

K[S] = K[S1]∩·· ·∩K[Sm]

is normal as well. This proves the proposition.

We note an immediate conclusion.

Corollary 3.3.5: K[S̄] is the normalization of K[S], and is a finitely generated
K[S]-module.

Proof: By Lemma 3.1.2 and Proposition 3.3.2, K[S̄] is a finitely generated K-
algebra, so more than ever a finitely generated K[S]-algebra. One can choose the
generators monomially; obviously, they are integral over K[S] then. Therefore,
K[S̄] is a finitely generated K[S]-module.

This proof already gives a first impression how fruitful the interplay between
the categories of affine monoids on the one hand and affine monoid algebras on
the other hand can be. Also, the following proposition has a nice combinatorial
analogue; originally, it was stated and proven by Artin and Tate [AT, Theorem 1]
from whom we quote.

Proposition 3.3.6: Let R0 be a Noetherian ring, R a finitely generated R0-algebra
and A an intermediate algebra such that R is a finitely generated A-module. Then
A is a finitely generated R0-algebra.
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Proof: Write R = R0[x1, . . . ,xn] = Ay1 + · · ·+Aym. Then there exist expressions of
the form

xi =
m

∑
j=1

ai jy j , i = 1, . . . ,n , ai j ∈ A , (3)

yiy j =
m

∑
k=1

bi jkyk , i, j = 1, . . . ,m , bi jk ∈ A . (4)

Let A0 be the R0-algebra generated by the ai j and the bi jk. Clearly, A0 is Noetherian
and contained in A.

An element of R is a polynomial in the xi with coefficients in R0. Substituting
(3) and making repeated use of (4) shows that

R = A0y1 + · · ·+A0ym ,

so that R is a finitely generated A0-module. Hence A is also a finitely generated
A0-module, and, therefore, is a finitely generated R0-algebra.

The following corollary is a nice application of some of the preceding proposi-
tions.

Corollary 3.3.7: Let S be a submonoid of a lattice L. Then the following state-
ments are equivalent:

(i) S is finitely generated.
(ii) S̄ is finitely generated.

(iii) C(S) is finitely generated.

Proof: The implication (i)⇒ (iii) is clear, while (iii)⇒ (ii) immediately follows
from Lemma 3.1.2. It remains to prove the implication (ii)⇒ (i). So suppose
that S̄ is finitely generated, and choose a field K. Then K[S̄] is a finitely gener-
ated K-algebra (Proposition 3.3.2), and according to Proposition 3.3.6 (and Corol-
lary 3.3.5), so too is K[S]. But then S is finitely generated, again by Proposi-
tion 3.3.2.

The next lemma continues the series of interaction of affine monoids and their
algebras. It states that each affine monoid is ‘almost normal’.

Lemma 3.3.8: Let S be an affine monoid. Then there exists some s0 ∈ S such that

s0 + S̄⊆ S .

In other words, in the region of the ‘shifted’ cone s0 +C(S), S contains all lattice
points (from ZS).

Proof: We consider the corresponding affine monoid algebras K[S] and K[S̄]. By
Corollary 3.3.5, K[S̄] is a finitely generated K[S]-module. Using the abbreviation
Q := K[S̄]/K[S] for the factor module, we have a short exact sequence

0−→ K[S]
i
−→ K[S̄]

p
−→ Q−→ 0
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of finitely generated K[S]-modules, where i is the inclusion map and p the canoni-
cal projection. Obviously, the subset

	
:=

	
(K[S]) := {X s : s ∈ S}

of all monomials in K[S] is a multiplicative submonoid, and since localization is
exact, we obtain a short exact sequence

0−→ K[S] 
 i �
−→ K[S̄] 
 p �

−→ Q 
 −→ 0

of K[S] 
 -modules. But clearly, we have

K[S] 
 = K[ZS] = K[S̄] 
 ,

so that the inclusion map i 
 has turned to identity. But this means that Q 
 = 0,
and since Q is finitely generated, it is annihilated by a single monomial X s0 ∈

	
.

This in turn means that
X s0 ·K[S̄]⊆ K[S] .

This is the ring-theoretic view of the assertion; the assertion follows immediately
from it. (In fact, both statements are equivalent.)

We consider the following example: let S be the affine submonoid

S = N
(
(2,0) , (2,1) , (2,2) , (3,1)

)

of N2. In Figure 7, the four generators are highlighted, and the ‘first’ elements of S

Figure 7

(with small values of the coordinates) are plotted. One finds that

ZS = Z2, C(S) = R+((1,0),(1,1)) and S̄ = N((1,0),(1,1)) .

S is not normal, but for s0 := (3,1), we have s0 + S̄⊆ S.
The reader should notice that, in this example, S̄ is covered by S and three more

hyperplanes (which are lines here, of course). This holds true in any case:
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Corollary 3.3.9: Let S be an affine monoid in Zn. Then there exist finitely many
hyperplanes H1, . . . ,Hu in Rn such that S̄ is covered by S and these hyperplanes:

S̄⊆ S∪H1∪·· ·∪Hu .

In other words, S and S̄ differ only in H1, . . . ,Hu.

Proof: It is clear that we may assume that S has rank n. Then the cone C(S) is an
n-dimensional rational polyhedral cone in Rn, and as such, it has a well-defined set
of support forms σ1, . . . ,σs, for which

C(S) = {x ∈ Rn : σi(x)≥ 0 for i = 1, . . . ,s}

(Lemma 2.9.7). Now choose s0 ∈ S according to Lemma 3.3.8, and suppose we are
given a point x ∈ S̄ which is not contained in s0 +C(S). Since

s0 +C(S) = {x ∈ Rn : σi(x)≥ σi(s0) for i = 1, . . . ,s} ,

and since each σi maps S̄ to N, we obtain an integral double inequality

0≤ σi(x) < σi(s0)

for some i. Therefore, S̄ is covered by s0 + S̄ (which in turn is covered by S) and
the hyperplanes

Hi j := {x ∈ Rn : σi(x) = j}
for i = 1, . . . ,s and j = 0, . . . ,σi(s0)−1.

Using the same ideas as in this proof, we even obtain a more general result:

Corollary 3.3.10: Let S be an affine monoid in Zn, and t ∈ Zn a point. Then any
two of the following sets differ in only finitely many hyperplanes:

S , t +S , S̄ , t + S̄ .

Proof: Corollary 3.3.9 proves the assertion for the two sets S and S̄, and then also
for t +S and t + S̄; in order to prove the assertion for S̄ and t + S̄, one argues along
the same lines as in the proof of Corollary 3.3.9 (the role of s0 is then taken by
t).

We continue with general theory. In analogy with the respective notion in ring
theory, we define: a subset I of an (affine) monoid S is called an ideal (in S) if
S + I ⊆ I. (The sum denotes the Minkowski sum of the sets.) Note that S always
contains two trivial ideals, namely, the empty set and S itself. In Lemma 3.3.8, we
have seen that the set

condS S̄ := {s ∈ S : s+ S̄⊆ S}
is non-empty; clearly, condS S̄ is an ideal in S (and also in S̄). It is called the
conductor ideal of S̄ in S. The analogy between ideals in S and monomial ideals
in K[S] is established as follows: let I be an arbitrary subset of S and K(I) the K-
vector subspace of K[S] which is generated by the monomials X a, a ∈ I. Then I is
an ideal in S if and only if K(I) is an ideal in K[S].
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Likewise, we also introduce the more general notion of a module over a monoid
at this point: let S be an affine monoid in a lattice L. Then a subset T ⊆ L is called
an S-module if S + T ⊆ T . Of course, every ideal I of S can also be viewed as
an S-module. In particular, the empty set and S itself are S-modules again. The
link between S-modules and K[S]-modules is the following: a subset T ⊆ L is an
S-module if and only if the K-vector subspace K(T ), which is generated by the
respective monomials Xa, a ∈ T , in K[L], is a K[S]-module.

Besides the two trivial S-modules and the conductor ideal, we know yet another
S-module, namely, the normalization S̄ of S. We have seen that K[S̄] is a finitely
generated K[S]-module (Corollary 3.3.5). But then the generators can even be
chosen monomially, that is, there are monomials X a1, . . . ,Xan (with ai ∈ S̄) such
that

K[S̄] = Xa1 ·K[S]+ · · ·+Xan ·K[S] .

It follows that
S̄ = (a1 +S)∪·· ·∪ (an +S) .

We introduce a notion for this situation: an S-module T is finitely generated if it
is the union of finitely many cyclic S-modules a+S, a∈ T . As we have seen (in the
case of T = S̄), this property is transferred from the S-module T to the K[S]-module
K(T ), and vice versa.

Lemma 3.3.11: For an affine monoid S, the normalization S̄ is a finitely generated
S-module.

3.4. Positive monoids. Let S be a monoid. Then the invertible elements of S
form a subgroup S0. It is the largest group contained in S. In analogy with the
corresponding notion for cones, we say that S is positive if S0 = 0. In the affine
case (where S is contained in some lattice), S0 has a geometric description as

S0 = {v ∈ S :−v ∈ S} ,

since the inverse element −v can be found in the group ZS of differences of S.
Here, S0 is a subgroup of ZS, and ZS/S0 carries a group structure again.

We consider an example, namely, the submonoid

S = N
(
±(2,0) , (1,1) , (0,1)

)

in Z2. Its group of differences is ZS = Z2, and its group of units is S0 = Z · (2,0);
therefore, the group ZS/S0 = Z/2×Z is not torsion-free. Note that S is not normal.
As we shall see now, there is a connection between these two properties.

To this end, let S be a normal affine monoid. We choose some v ∈ ZS such that
v̄ is a torsion element in the group ZS/S0. This means that c · v̄ = 0̄ for some c ∈ N,
c > 0. Therefore cv ∈ S0, so that both cv ∈ S and−cv ∈ S. But since S is normal, it
follows that v ∈ S and −v ∈ S, whence v̄ = 0̄. Therefore ZS/S0 is torsion-free, and
we have already shown part of the following lemma.
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Lemma 3.4.1: Let S be a normal affine monoid of rank r. Then the following
statements hold:

(a) The factor group ZS/S0 is torsion-free.
(b) S0

∼= Zs for some s ∈ N, s≤ r.
(c) ZS/S0

∼= Zr−s.

Proof: (a) has been shown above. (b) is clear from the inclusion S0 ⊆ ZS∼= Zr.
(c) We apply the structure theorem for finitely generated Abelian groups to

ZS/S0: by (a), there is no torsion part, and the exact sequence

0−→ S0 −→ ZS−→ ZS/S0 −→ 0

shows that ZS/S0 has rank r− s.

Now let S be a monoid, and let S1,S2 be submonoids. Then we write

S = S1⊕S2

and say that S is the (inner) direct sum of S1 and S2 if, for every v ∈ S, there exist
unique elements v1 ∈ S1 and v2 ∈ S2 such that v = v1 + v2. Note that this implies
S = S1 + S2 and S1 ∩ S2 = {0}, whereas the converse implication is not true for
monoids in general. (For groups, both conditions are equivalent, of course.) If S is
normal, then S splits into a direct sum of S0 and a positive normal submonoid.

Proposition 3.4.2: Let S be a normal affine monoid. Then S = S0⊕ S′ with a
positive normal submonoid S′ of S.

Proof: Let r = rkS and s = rkS0 be as in Lemma 3.4.1. By the Elementary Di-
visors Theorem, there exists a basis v1, . . . ,vr of ZS, and a1, . . . ,as ∈ N, such that
a1v1, . . . ,asvs is a basis of S0. Then

ZS/S0
∼= Zr−s×Z/a1×·· ·×Z/as ,

and Lemma 3.4.1 implies that a1 = · · · = as = 1. Therefore ZS = S0⊕U for the
group U := Z(vs+1, . . . ,vr).

Now we show that this decomposition of ZS induces a corresponding one of S.
For this, we consider the submonoid S′ := S∩U of S and claim that

(1) S′ is positive,
(2) S′ is normal, and
(3) S = S0⊕S′.

For (1), let x ∈ S′ such that −x ∈ S′, too. But then both x ∈ S and −x ∈ S, hence
x ∈ S0∩U = {0}.

For (2), choose x ∈ ZS′ such that cx ∈ S′ for some c > 0. Since ZS′ ⊆U ⊆ ZS,
and S is normal, this immediately implies that x ∈ S∩U = S′.

For (3), let x ∈ S. The main point is to show the existence of a representation
x = v + w with v ∈ S0 and w ∈ S′; uniqueness is inherited from ZS. But since
S⊆ ZS = S0⊕U , we find v ∈ S0 and w ∈U such that x = v+w. Then −v ∈ S and
w = x− v ∈ S, hence w ∈ S′, as desired.
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We now leave the area of direct sum decompositions of normal affine monoids,
and turn to the question how one can check the positivity of a (not necessarily
normal) affine monoid S. The following lemma gives an answer: as one expects,
positivity of S is determined by the associated cone C(S). The lemma can be seen
as an analogue of Lemma 2.10.1 which characterizes positive cones.

Lemma 3.4.3: For an affine monoid S, the following statements are equivalent:
(i) S is positive.

(ii) S̄ is positive.
(iii) C(S) is positive.

Proof: The implications (iii)⇒ (ii)⇒ (i) are clear, due to inclusions.
The implication (i)⇒ (ii) is easy to see: choose x ∈ S̄ such that −x ∈ S̄, too.

Then both cx and −cx are in S for some common c > 0. This implies that cx = 0
(since S is assumed to be positive), hence x = 0.

Finally, let us prove the implication (ii)⇒ (iii). We consider all objects within
the R-vector space RS generated by S. There, the rational polyhedral cone C :=
C(S) has full dimension, and via its support forms σ1, . . . ,σm, there is a represen-
tation

C = {x ∈ RS : σi(x)≥ 0 for all i = 1, . . . ,m}
(see Lemma 2.9.7). The group of units C0 then is

C0 = {x ∈ RS : σi(x) = 0 for all i = 1, . . . ,m} ,

that is, the kernel of the rational (even integral) linear map σ = (σ1, . . . ,σm) : RS→
Rm. It follows that C0 = R(v1, . . . ,vt) is an R-vector subspace of RS, generated by
rational basis vectors v j ∈QS. Clearly, we may even assume that v j ∈ ZS. But then
the vectors

±v j ∈C0∩ZS⊆C∩ZS = S̄

are both contained in the normalization S̄, and since this was assumed to be posi-
tive, it follows that v j = 0 for each j. Therefore C0 = 0.

A short analysis of the proof shows that we have actually established a stronger
result.

Lemma 3.4.4: For the groups of units of an affine monoid S and the associated
cone C = C(S), we have C0 = R(S0).

Now let S be a positive affine monoid. As we have just seen, the cone C(S)
then is positive, too. Anyway, C(S) is rational and polyhedral, and if we confine
ourselves to the vector space RS, then it is also full-dimensional. In this case, there
is a unique set σ1, . . . ,σm of (integral) support forms, and the respective R-linear
map σ = (σ1, . . . ,σm) : RS→ Rm is injective (Lemma 2.10.1). In Subsection 2.10,
we have already defined the standard embedding σ |C : C ↪→ Rm

+ of C into Rm
+.

Since σ is even integral (that is, σ can be restricted to an injective homomorphism
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σ | � S : ZS→ Zm of groups), it also induces an embedding σ |S : S ↪→ Nm; this is
called the standard embedding of the positive affine monoid S into Nm.

We take the liberty of anticipating the following section: due to the embedding
S ↪→ Nm and the ‘total degree’ homomorphism Nm→ N (which assigns the sum of
the coordinates to a vector), we arrive at a homomorphism deg : S→ N of positive
affine monoids. We have deg(x) = 0 if and only if x = 0 (which, of course, does
not mean that deg is injective). Furthermore, each fibre

Sn := deg−1(n) = {x ∈ S : deg(x) = n}

(with n ∈ N) is finite, and we have Sm + Sn ⊆ Sm+n. In this case, the monoid S =
⊎

n∈ � Sn is positively graded (via deg), and Sn is the n-th graded component of S.
We will introduce the more general notion of a G-graded monoid in Subsection 4.1
(where G denotes an affine monoid). We record:

Lemma 3.4.5: Every positive affine monoid S has a positive grading

S =
⊎

n∈ �
Sn

with S0 = {0} and finite components Sn, n ∈ N.

At the end of this section, we ask about minimal internal representations of a
positive affine monoid S: does there exist a unique minimal set of generators of
S? As we shall see in a moment, this is in fact true; in doing so, the standard
embedding of S will be very helpful.

But first, we introduce another notion: an element v ∈ S, v 6= 0, is called irre-
ducible (in S) if an equation v = v1 +v2 with elements v1,v2 ∈ S is only possible for
v1 = 0 or v2 = 0. It is clear that this notion makes sense for positive monoids only.
Of course, an element v ∈ S, v 6= 0, is irreducible in S if and only if the respective
monomial X v is irreducible in K[S]. (K denotes an arbitrary field.)

Now comes the promised statement as for minimal generation of S. It is an
analogue of the respective proposition for cones (Proposition 2.10.5). Here, the
irreducible elements of S play a crucial role.

Proposition 3.4.6: For a positive affine monoid S, the following statements hold:
(a) S has only finitely many irreducible elements.
(b) S has a unique minimal generating set, namely, its irreducible elements.

Proof: We use the degree homomorphism deg : S→N introduced above. It follows
easily that each element v of S is the sum of irreducible elements, by induction on
the degree of v. Therefore, S is generated by its irreducible elements, and since S
has a finite system of generators, and every system of generators must contain the
irreducibles (by definition of irreducibility), their number is finite.

We end this subsection with the following definition: the unique minimal gen-
erating set of a positive affine monoid S is called the Hilbert basis of S, and is
denoted by HilbS.
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In this section we initiate the notion of grading for rings and modules; the ob-
jects introduced in the previous section, that is, affine monoids (and their modules),
are well-suited as grading sets. For graded objects, the Hilbert function and Hilbert
series are defined. With these notions at hand, we can state the well-known results
on the Hilbert function of homogeneous and, more generally, positively graded
rings (and their modules). This naturally leads to Hilbert polynomials and Hilbert
quasi-polynomials.

We are particularly interested in the degrees of the partial polynomials of such
a quasi-polynomial. In the cases that are relevant to us, these degrees will be equal;
this is an essential basis for our studies in Section 6. We end the current section
with another preparatory work for Section 6: we reduce the Hilbert function of an
affine algebra to that of a direct sum of shifted polynomial rings; this procedure is
known as the Stanley decomposition of an affine algebra.

Recommendable references for this section are the textbooks by Bruns and Her-
zog [BH], Matsumura [Ma] and Eisenbud [Ei].

4.1. Graded monoids, rings and modules. In this subsection we shall investigate
monoids, rings and modules which, like a polynomial ring, admit a decomposition
of their elements into homogeneous components. Throughout this subsection, G
denotes an affine monoid.

Definition 4.1.1: A G-graded ring is a ring R, together with a decomposition R =
⊕

g∈G Rg (as an Abelian group) such that Rg ·Rg′ ⊆ Rg+g′ for all g,g′ ∈ G.
A G-graded R-module is an R-module M, together with a decomposition M =

⊕

g∈G Mg (as an Abelian group) such that Rg ·Mh ⊆Mg+h for all g,h∈G. One calls
Mg the g-th graded (or homogeneous) component of M.

The elements x ∈Mg are called homogeneous (of degree g). According to this
definition, the zero element is homogeneous of arbitrary degree. The degree of
x is denoted by degx. An arbitrary element x ∈ M has a unique representation
x = ∑g∈G xg as a finite sum of homogeneous elements xg ∈Mg. The summands xg

are uniquely determined by x, and are called the homogeneous components of x.
In order to get used to working with gradings, we show that the unit element

1 ∈ R is homogeneous of degree 0: write 1 = x1 + · · ·+ xn with homogeneous ele-
ments xi 6= 0 of different degrees di ∈G. Multiplying by an arbitrary homogeneous
element x 6= 0 of degree d yields

x = xx1 + · · ·+ xxn .

Since, on the left-hand side, there is only one summand (of degree d), the same
must happen on the right-hand side; but there, the degrees of the summands are
d + d1, . . . ,d + dn, pairwise distinct. Therefore, all but one of these summands
vanish, and the remaining summand, say xx1, equals x and has degree d. It follows
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that d1 = 0 and di 6= 0 for i 6= 1. This in turn enforces the equation

x = xx1

for all homogeneous elements x∈R, whence it even holds for arbitrary x∈R (since
each element is a finite sum of its homogeneous components). Thus x1 = 1.

Summing up, we have shown that R0 is a subring of R. Clearly, each graded
piece Mg of a G-graded R-module M is an R0-module, and M =

⊕
Mg is a direct

sum decomposition of M as an R0-module.
We mention the most common example of a graded ring, namely, the polyno-

mial ring R = K[X1, . . . ,Xn] over a field K. It is usually made into an N-graded ring
by defining the degree of a monomial X a1

1
· · ·Xan

n to be the total degree a1 + · · ·+an;
however, R has other useful gradings. For example, R has a natural Nn-grading in
which Xa1

1
· · ·Xan

n has degree (a1, . . . ,an); in this case, dimK Rg = 1 for all g ∈ Nn,
and R is isomorphic with the monoid ring K[Nn] (which originally constitutes the
construction of R). Alternatively, giving each of the Xi some suitable weight di ∈N
and letting the monomial X a1

1
· · ·Xan

n have weight a1d1 + · · ·+ andn defines another
N-grading on R.

Definition 4.1.2: Let R be a G-graded ring, and let M and N be G-graded R-
modules. An R-linear map ϕ : M → N is called homogeneous of degree d ∈ G
if ϕ(Mg) ⊆ Nd+g for all g ∈ G. It simply is homogeneous if it is homogeneous of
degree 0.

Let M be a G-graded R-module, and N a submodule of M. N is a G-graded
submodule if it is a G-graded module such that the inclusion map N ↪→ M is ho-
mogeneous. This is equivalent to saying that Ng = N ∩Mg for all g ∈ G. Yet in
other words, N is a graded submodule of M if and only if N is generated by those
homogeneous elements of M which belong to N. In particular, if x ∈ N, then all
homogeneous components of x belong to N. Furthermore, M/N =

⊕
Mg/Ng car-

ries a natural G-grading. If ϕ is a homogeneous map between graded modules,
then the kernel and the image of ϕ are graded submodules.

We extend the notion of grading to the category of monoids.
Let S be an (additive) monoid. If there exists a disjoint decomposition S =

⊎

g∈G Sg such that Sg + Sg′ ⊆ Sg+g′ for all g,g′ ∈ G, then we call S a G-graded
monoid, and Sg the g-th graded (or homogeneous) component of S. For example,
S is trivially G-graded by defining S0 := S and Sg := /0 for all g 6= 0. Indicating the
other extreme case, G itself can be G-graded via Gg := {g} for g ∈ G. Recall the
notion of a positively graded monoid, already introduced in Subsection 3.4: this
means that G = N, S0 = {0} and that each component Sn is finite.

We also recall some terminology from Subsection 3.3: if S is a submonoid of
G, then a subset T ⊆ G is called an S-module if S + T ⊆ T (including the case
T = /0). T is finitely generated if there exist t1, . . . , tn ∈ T such that T =

⋃

i(ti +S).
If S is finitely generated and T is a finitely generated S-module, then every S-
submodule T ′⊆ T is also finitely generated. For example, this follows immediately
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by ‘linearization’ with coefficients in a field K: the K-vector space M := K(T ) ⊆
K[G] is a finitely generated module over the Noetherian ring R := K[S], and so
all its submodules are finitely generated over R. For K(T ′), this implies the finite
generation of T ′ over S.

First we note a result on the finite generation of certain subalgebras of G-graded
algebras and submodules of G-graded modules.

Proposition 4.1.3: [BG, Theorem 4.4.1] Let G be an affine monoid, S an affine
submonoid of G, and T ⊆ G a finitely generated S-module. Furthermore, let R be
a Noetherian G-graded ring and M a finitely generated G-graded R-module. Then
the following statements hold:

(a) R0 is a Noetherian ring, and each graded component Mg, g ∈ G, of M is a
finitely generated R0-module.

(b) A :=
⊕

s∈S Rs is a finitely generated R0-algebra.
(c) N :=

⊕

t∈T Mt is a finitely generated A-module.
In particular, R is a finitely generated R0-algebra.

Proof: (a) In order to see that R0 is Noetherian, choose an ascending chain

I0 ⊆ I1 ⊆ . . .⊆ In ⊆ . . .

of ideals in R0, and extend it to an ascending chain

J0 ⊆ J1 ⊆ . . .⊆ Jn ⊆ . . .

of ideals in R (by setting Ji := R · Ii). Since R is Noetherian by assumption, the latter
chain is stationary. We now show that I = RI ∩R0 for any ideal I of R0; then the
former chain of ideals of R0 must be stationary as well. But this equality is easily
checked: the inclusion ‘⊆’ is clear, and for the reverse inclusion, one chooses
an arbitrary element x = a1r1 + · · ·+ akrk in RI, with G-homogeneous elements
ai ∈ I ⊆ R0 and ri ∈ Rdi

; requiring x to be additionally contained in R0, we may
assume that all of the ri have degree 0, that is, each ri is contained in R0. But then
x ∈ I, since I is an ideal in R0.

Similarly, one checks that RM′ ∩Mg = M′ for each R0-submodule M′ of Mg.
Therefore, ascending chains of such submodules M′ of Mg are stationary. This
shows that the R0-module Mg is Noetherian and finitely generated.

(b) For the rest of the proof, we may, and do, assume that G is a group, say
G = Zm. (Replace G with its group of differences, and fill in the new components
of R and M trivially, if any.)

First we do the case in which S is integrally closed in Zm. Let ϕ : Zm→ Z be a
non-zero linear form. It induces a Z-grading on R whose components are given by

R′n :=
⊕

g∈ϕ−1(n)

Rg .

Let R′ denote R with this Z-grading. Now set R′+ :=
⊕

n≥0 R′n and define R′− analo-
gously. By [BH, Theorem 1.5.5], R′0 is Noetherian, and both R′+ and R′− are finitely
generated R′0-algebras. On the other hand, R′0 is a (kerϕ)-graded ring in a natural
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way, and by induction on m, we conclude that R′0 is a finitely generated R0-algebra.
(Note that kerϕ ∼= Zm−1.)

At this point, it follows in particular that R is a finitely generated R0-algebra;
note that this is the assertion if S = Zm. Otherwise S = Zm∩C(S) (by Lemma 3.1.2),
and the rational polyhedral cone C(S) has at least one supporting hyperplane. Then

S = {x ∈ Zm : ϕi(x)≥ 0 for i = 1, . . . ,u}

with u ≥ 1 and (non-zero) integral linear forms ϕi : Rm → R (Lemma 2.9.7). In
order to see that A is a finitely generated R0-algebra, we use induction on u, and
the induction hypothesis applies to R′ :=

⊕

s∈S′ Rs, where

S′ := {x ∈ Zm : ϕi(x)≥ 0 for i = 1, . . . ,u−1} .

In particular, R′ is Noetherian, since so is R0 by (a). Applying the above argument
with ϕ = ϕu, one concludes that

R′+ =
⊕

s∈S′
ϕ(s)≥0

Rs = A

is a finitely generated R0-algebra.
In the general case for S we denote by S′ the integral closure of S in Zm. Then

A′ :=
⊕

s∈S′ Rs is a finitely generated algebra over the Noetherian ring R0, as we
have already shown. In particular, A′ is also a finitely generated A-algebra. It is
not hard to check that, in addition, A′ is integral over A: in fact, let x ∈ Rs for some
s ∈ S′; then cs ∈ S for some c > 0, and therefore, xc is contained in Rcs (and A).
It follows that A′ is a finitely generated A-module. Now Proposition 3.3.6 implies
that A is a finitely generated R0-algebra.

(c) By hypothesis, T is the union of finitely many translates t + S. Therefore,
we may assume that T = t + S. Passing to the shifted module M(−t), given by
M(−t)g = Mg−t , we may even assume that T = S. Now the proof follows the same
pattern as that of (b). In order to deal with an integrally closed submonoid of G =
Zm, one notes that M+ is a finitely generated module over R+, where ‘+’ denotes
the positive part with respect to a Z-grading (induced by a linear form ϕ : Zm→ Z).
This is shown as follows: the extended module RM+ is finitely generated over R,
and any of its generating systems E ⊆M+, together with finitely many components
Mn, n ≥ 0, generates M+ over R+; furthermore, the Mn are finitely generated over
R0 by (a).

For the general situation, we consider N ′ defined analogously as A′. It is a
finitely generated A′-module, by the previous argument. Since A′ is a finitely gen-
erated A-module, N ′ is finitely generated over A, and thus so is its submodule
N.

The proposition has a purely combinatorial consequence which will be very
important in the following.
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Corollary 4.1.4: In the lattice L, let S and S′ be affine submonoids, T a finitely
generated S-module and T ′ a finitely generated S′-module. Then the following
hold:

(a) S∩S′ is an affine monoid, and
(b) T ∩T ′ is a finitely generated (S∩S′)-module.

Proof: We choose a field K of coefficients and set R = K[S′], M = K(T ′). Then
the hypotheses of Proposition 4.1.3 are satisfied, which therefore implies the finite
generation of

A =
⊕

s∈S

Rs = K[S∩S′] and N =
⊕

t∈T

Mt = K(T ∩T ′)

as a K-algebra and an A-module, respectively. (Note that R0 = K.) However, finite
generation of the ‘linearized’ objects is equivalent to that of the combinatorial ones
(Proposition 3.3.2).

4.2. Hilbert functions and Hilbert series. In this subsection L denotes a lattice.
Let R =

⊕
R` be a Noetherian L-graded ring, and M =

⊕
M` a finitely generated

L-graded R-module. Then, by Proposition 4.1.3, each M` is a finitely generated R0-
module. Suppose further that R0 is a finitely generated K-algebra, for some field
K. Then each M` is a K-vector space, and we can define the Hilbert function. Note
that M` may have infinite K-dimension in general; but in the particular case when
R0 is a finitely generated K-module, the dimension will be finite.

Definition 4.2.1: The numerical function

H(M, ·) : L→ N∪{∞}, H(M, `) := dimK M` ,

is called the (L-graded) Hilbert function of M. In addition, if the Hilbert function
is finite, then we define the (L-graded) Hilbert series of M to be the formal series

HM(X) := ∑̀
∈L

H(M, `) ·X ` ∈ N � L  .

For the Hilbert function and Hilbert series, there are lots of classical statements;
we shall present some of them in Subsections 4.3 and 4.4. For a more complete
collection, we refer the reader to the textbook [BH, Chap. 4].

But before investigating the Hilbert function of certain rings and modules, we
turn our attention to affine monoids again, and introduce the notion of Hilbert
function also for this class. As we shall see, the Hilbert function of an affine
monoid coincides with the Hilbert function of the respective affine monoid algebra;
therefore, the Hilbert functions share each of their properties.

So let A be an affine monoid and ϕ : A→ L a homomorphism. Then ϕ induces
an L-grading on A:

A =
⊎

`∈L

A` with A` := ϕ−1(`) = {a ∈ A : ϕ(a) = `} .
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The (L-graded) Hilbert function of A (with respect to ϕ) now is defined to be the
numerical function

H(A, ·) : L→ N∪{∞}, H(A, `) := cardA` .

Upon using the field K and considering the corresponding affine monoid algebra
R := K[A], we can relate the Hilbert functions of A and R: namely, R is L-graded
in a natural way,

R =
⊕

`∈L

R` with R` := K(A`) =
⊕

a∈A`

K ·Xa ;

it is obvious now that the L-graded Hilbert function of R coincides with the L-
graded Hilbert function of A.

Next we fix some t ∈ L and consider a shifted copy A(−t) of A: its `-th graded
component A(−t)` := A`−t corresponds to the `-th graded component

R(−t)` = R`−t =
⊕

a∈A`−t

K ·Xa

of R(−t), so that the respective Hilbert functions coincide again. Note that A(−t)
is a cyclic A-module (with generator 0 in degree t), just as R(−t) is a (free) cyclic
R-module (with generator 1 in degree t). Upon defining the shifted homomorphism
ψ : A→ L, ψ(x) := t +ϕ(x), we can express the Hilbert function of A(−t) as

H(A(−t), `) = cardA`−t = card{a ∈ A : ϕ(a) = `− t}= cardψ−1(`) .

This suggests calling it also the Hilbert function of ψ ; in fact, we shall use this
speech in Section 6, and write ψ = t +ϕ for short.

Finally we note: if we are given several affine monoid homomorphisms ϕi :
Ai → L and shifts ti ∈ L, i = 1, . . . ,r, then the Hilbert function of

⊎r
i=1 Ai(−ti)

(which is defined in an obvious way) precisely corresponds to the Hilbert function
of

⊕r
i=1 Ri(−ti).

4.3. Homogeneous rings and the Hilbert polynomial. Throughout this subsec-
tion, we will assume that R = K[x1, . . . ,xm] is a finitely generated Z-graded K-
algebra, with homogeneous generators xi of degree 1. (Note that R0 = K now.) In
this case, the N-graded ring R is called homogeneous.

We say that a numerical function f : Z→ Z is of polynomial type (of degree d)
if there exists a polynomial p ∈ Q[X ] (of degree d) such that f (n) = p(n) for all
n ∈ Z, n� 0. With this terminology at hand, we can now quote the main result of
this subsection, which dates back to Hilbert.

Proposition 4.3.1: Let R =
⊕

n∈ � Rn be a homogeneous K-algebra (with R0 = K
a field), and M =

⊕

n∈ � Mn a finitely generated Z-graded R-module of Krull di-
mension d. Then the Hilbert function H(M, ·) of M is of polynomial type of degree
d−1.

Proof: See [BH, Theorem 4.1.3].
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It is clear that the polynomial PM ∈Q[X ] (of degree d−1) for which H(M,n) =
PM(n) for all n� 0 is uniquely determined by M. It is called the Hilbert polynomial
of M. A note on the degree of the zero polynomial: in the proposition, this degree
is defined to be −1; however, we shall frequently set the degree to −∞.

We mention the most prominent example, namely, the polynomial ring R =
K[X1, . . . ,Xm], N-graded by the total degree, where K is a field. The number of
monomials of total degree n is

(m+n−1
m−1

)
: this follows from the bijection

{(a1, . . . ,am) ∈ Nm : a1 + · · ·+am = n}
←→ {(b1, . . . ,bm−1) ∈ Nm−1 : 0≤ b1 < b2 < · · ·< bm−1 ≤ n+m−2} ,

given by








b1
b2
b3
...

bm−1









:=









a1
a1 +a2 +1

a1 +a2 +a3 +2
...

a1 +a2 + · · ·+am−1 +m−2









.

Therefore, we have

H(R,n) = dimK Rn =

(
m+n−1

m−1

)

for all n≥ 0, and the right-hand side is PR(n). Thus

PR(X) =

(
X +m−1

m−1

)

=
(X +m−1)(X +m−2) · · ·(X +1)

(m−1)!

=
1

(m−1)!
·Xm−1 +(lower terms) .

4.4. Positively graded rings and Hilbert quasi-polynomials. Let R =
⊕

Rn be
an N-graded ring such that R0 = K is a field, and R = K[x1, . . . ,xm] is a finitely gen-
erated K-algebra, generated by homogeneous elements xi of degree di > 0. Such
K-algebras will be called positively graded. Note that R is Noetherian, by Hilbert’s
Basis Theorem.

Now let d > 0 be a common multiple of the degrees d1, . . . ,dm, and define
S := K[Rd]. Clearly, S is a dN-graded K-subalgebra of R; however, note that S 6=
⊕

n∈d � Rn in general, that is, the graded components of S are note necessarily those
of R (but proper subsets). The equality

S = K[xa1
1
· · ·xam

m : a1d1 + · · ·+amdm = d]

shows that S is a finitely generated K-algebra, hence Noetherian (again by Hilbert’s
Basis Theorem).

So we already have shown part of the following lemma.
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Lemma 4.4.1: Let R =
⊕

n∈ � Rn = K[x1, . . . ,xm] be a positively graded K-algebra
(with R0 = K a field), and set S = K[Rd], where d is a common multiple of the
degrees of the generators xi. Then

(a) S is a Noetherian dN-graded K-algebra, finitely generated by elements of
degree d, and

(b) R is a finitely generated S-module.

Proof: (a) has been shown above, and for (b), one checks that the finite set

{xa1
1 · · ·x

am
m : 0≤ ai <

d
di

for i = 1, . . . ,m}

generates R as an S-module: clearly, xd/di
i

is homogeneous of degree d, whence it
is contained in S for all i.

Now let M =
⊕

Mn be a finitely generated Z-graded R-module. Then, by
Lemma 4.4.1 (b), M is also finitely generated as an S-module. Next we define
some S-submodules of M, namely,

N j :=
⊕

i≡ j (d)

Mi =
⊕

n∈ �
M j+dn

for j = 0, . . . ,d− 1. Being a finitely generated module over the Noetherian ring
S, M is Noetherian, and each of the N j is a finitely generated S-module. Recalling
that S is dN-graded (and finitely generated by elements of degree d over S0 = K)
and observing that N j is ( j + dZ)-graded, we can regrade S and N j in such a way
that S becomes N-graded homogeneous (all generators now have degree 1) and N j
turns into a finitely generated Z-graded S-module. (Effectively, we have replaced
d with 1.)

We have therefore arrived at a situation where Hilbert’s Proposition 4.3.1 ap-
plies and yields that the (original) Hilbert function H(N j, ·) of N j is of polynomial
type (on the residue class j + dZ; it vanishes elsewhere, of course). Let Pj ∈ Q[X ]

be the Hilbert polynomial of N j on j+dZ. Then, since M =
⊕d−1

j=0 N j, we find that,
for all n� 0,

H(M,n) =







P0(n) if n ∈ dZ ,

P1(n) if n ∈ 1+dZ ,
...

...
Pd−1(n) if n ∈ d−1+dZ .

For obvious reasons, the function Q : Z→ Q, defined via the right-hand side for
all n ∈ Z, is called a quasi-polynomial (of period d); likewise, in our situation, the
Hilbert function H(M, ·) of M is said to be of quasi-polynomial type (with period
d).

We summarize our considerations.
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Proposition 4.4.2: Let R =
⊕

n∈ � Rn = K[x1, . . . ,xm] be a positively graded K-
algebra (with R0 = K a field), d a common multiple of the degrees of the xi and
M =

⊕

n∈ � Mn a finitely generated Z-graded R-module. Then the Hilbert function
H(M, ·) of M is of quasi-polynomial type with period d.

Clearly, this proposition generalizes Hilbert’s Proposition 4.3.1, and since the
quasi-polynomial Q satisfying H(M,n) = Q(n) for all n� 0 is uniquely deter-
mined by M, it is called the Hilbert quasi-polynomial QM of M. We will some-
times write QM = (P0, . . . ,Pd−1) in order to specify the partial polynomials Pj of
the quasi-polynomial QM.

After these more theoretical considerations, it is time to present an example:
let us determine the Hilbert function and quasi-polynomial of the polynomial ring
R = K[X1,X2], where degX1 = 1 and degX2 = 2. Clearly, for n ∈ N even, we have

H(R,n) = dimK Rn = card{(a1,a2) ∈ N2 : a1 +2a2 = n}=
n
2

+1 .

(This is the number of possible choices for a2.) Similarly, for n ∈ N odd, one finds
H(R,n) = (n−1)/2+1. Consequently, the Hilbert quasi-polynomial

QR(n) =







n+2
2

for n≡ 0 (mod 2) ,

n+1
2

for n≡ 1 (mod 2) ,

coincides with the Hilbert function H(R,n) for all n≥ 0.
Having this example in mind, we return to general theory: when dealing with

Hilbert quasi-polynomials, it is natural to ask what can be said about the degrees
of the polynomials being involved. Since the degree of a Hilbert polynomial is
directly determined by the Krull dimension of the respective module (namely,
degPM = dimM−1; see Proposition 4.3.1), we first quote a result on the invariance
of the dimension under certain ring extensions.

Lemma 4.4.3: Let S ⊆ R be an extension of Noetherian rings such that R is a
finitely generated S-module. Then, for any ideal I of R, dimR/I = dimS/(I∩S).

Proof: See [BH, Corollary A.8]. (Note at this point that R is a finitely generated
S-module if and only if R is integral over S and finitely generated as an S-algebra.)

Now let R, d, S, M, N j and Pj (for j = 0, . . . ,d− 1) be as earlier in this sub-
section. As an immediate consequence of the lemma, we see that dimS = dimR
(choose I = 0), and that the R-module M, which can also be viewed as a module
over S, has a well-defined Krull dimension, independent of the base ring: choosing
I = AnnR M yields

dim(R) M = dimR/I = dimS/(I∩S) = dim(S/AnnS M) = dim(S) M .
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At this point, the modules N j come into play: each of them is a finitely generated
S-module, and since M =

⊕

j N j, we have AnnS M =
⋂

j AnnS N j, which further
yields that

dimM = dim(S/
d−1⋂

j=0

AnnS N j)

= max{dim(S/AnnS N j) : 0≤ j < d}= max{dimN j : 0≤ j < d} .

The second equality results from Lemma 4.4.5 below, by induction on d. But
before stating and proving the lemma, we recall that dimN j = degPj + 1 for each
j and sum up the above considerations.

Proposition 4.4.4: Let the assumptions and the notation be as above. Then

max{degPj : 0≤ j < d}= dimM−1 .

For an ideal I in a ring R, we define V (I) to be the variety of I, that is, the set
of all prime ideals of R that contain I. Due to the correspondence of the (prime)
ideals in R/I and the (prime) ideals in R that contain I, the variety of I is useful for
the computation of dimR/I. Namely, we obtain the following lemma.

Lemma 4.4.5: Let R be a commutative ring, and I,J ideals in R. Then V (I∩ J) =
V (I)∪V (J); in particular,

dimR/(I∩ J) = max{dimR/I , dimR/J} .

Proof: Clearly, any prime ideal p of R containing I or J also contains I ∩ J; and
conversely, if p contains I∩ J, then p also contains the product ideal I · J, whence I
or J is contained in p (since p is prime).

Recall the above example: we had dimM = 2 and degP0 = degP1 = 1. So
yet another question arises, concerning the degrees of the Pj: when does degPi =
degPj for all i, j? In this case, we refer to the common degree of the polynomials
P0, . . . ,Pd−1 as the degree of the quasi-polynomial QM. Before stating a sufficient
condition for this to happen, we remind the reader of yet another notion: for a
module M over a ring R, an element a ∈ R is called M-regular if it acts as a non-
zerodivisor on M, that is, the equation ax = 0 (with x ∈ M) is possible only for
x = 0.

Proposition 4.4.6: Let the assumptions and the notation be as in Proposition 4.4.2,
and assume in addition that there exists a homogeneous M-regular element a ∈ R
of degree 1. Then all the polynomials Pj have the same degree and the same lead-
ing coefficient. In particular, the Hilbert quasi-polynomial QM of M has degree
dimM−1.
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Proof: First of all, the multiplication map µa : M → M, µa(x) := ax, is K-linear
and injective: linearity is evident, and ker µa = {x ∈M : ax = 0}= {0}, due to the
M-regularity of a. Furthermore, since a is homogeneous of degree 1, so too is µa.
Therefore, all the restrictions Mn

a·
−→ Mn+1, n ∈ Z, of µa are K-monomorphisms.

This in turn implies that dimK Mn ≤ dimK Mn+1 for all n ∈ Z, which means that the
Hilbert function H(M, ·) is monotonic increasing:

H(M,n)≤ H(M,n+1)≤ ·· · ≤ H(M,n+d−1)≤ H(M,n+d) .

For n� 0 and n≡ 0 (mod d), this results in a chain

P0(n)≤ P1(n+1)≤ ·· · ≤ Pd−1(n+d−1)≤ P0(n+d)

of inequalities for the partial polynomials of the Hilbert quasi-polynomial.
Now assume that Pj has leading term a jX

m j , that is, Pj = a jX
m j +(lower terms)

for each j. Then the above chain yields the following chain for the leading terms
with respect to n:

a0nm0 4 a1nm1 4 · · · 4 ad−1nmd−1 4 a0nm0 ,

which is valid for all n� 0, n≡ 0 (mod d). This is possible only if mi = m j and
ai = a j for all i, j. (Divide by a0nm0 and send n→ ∞.) So all the polynomials Pj
have the same leading term. The additional statement on the degree of QM is clear,
by Proposition 4.4.4.

Note that the requirement for the degree of a can be weakened. A simple anal-
ysis of the proof shows that the proposition remains true if a has a degree which
has no common divisor with d; then the multiplication map µa, when applied to
the component Mn, reaches components Mi in every residue class modulo d.

In our example, where M = R = K[X1,X2], one can choose a = X1; this is a
homogeneous non-zerodivisor of degree 1 in R.

4.5. Initial ideals and the Hilbert function. In this subsection we consider a
G-graded K-algebra A = K[x1, . . . ,xn], generated by homogeneous elements xi of
degrees di ∈ G. (G denotes an affine monoid and K a field.) Clearly, A has a
representation

A∼= R/I

as a residue class ring of the polynomial ring R = K[X1, . . . ,Xn], for some ideal I of
R. By assigning Xi the degree di, R turns into a G-graded ring, I is a homogeneous
ideal and the above isomorphism has degree 0. Therefore, it induces an isomor-
phism of K-vector spaces in each G-degree, and the respective Hilbert functions of
A and R/I coincide.

This motivates the study of the ring R/I. Since the monomials in R are assumed
to be G-homogeneous, we may at first equip R with the finest possible grading,
namely, the natural Nn-grading. Due to the monoid homomorphism ϕ : Nn → G,
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given by the assignment ei 7→ di, every G-graded component of R is a direct sum
of Nn-graded components:

R =
⊕

g∈G

Rg with Rg =
⊕

a∈ � n

ϕ(a)=g

K ·Xa .

Here we use the following abbreviation: if a = (a1, . . . ,an) ∈ Nn, then Xa denotes
the monomial Xa1

1
· · ·Xan

n .
We start with two lemmas which deal with monomial and initial ideals. They

will prove very helpful in the reduction process of the main theorem in Section 6.
An ideal J in R is called a monomial ideal if it is generated by monomials in the
variables X1, . . . ,Xn; since R is Noetherian, finitely many monomials always suffice
to generate J.

Lemma 4.5.1: Let R = K[X1, . . . ,Xn] be a polynomial ring over the field K, and let
J = (Xa1, . . . ,Xam) be a monomial ideal in R (with ai ∈ Nn). Then, for any f ∈ R,
the following are equivalent:

(i) f ∈ J.
(ii) Every monomial of f is a multiple of one of the monomials X ai.

Proof: The implication (ii)⇒ (i) is clear. For the other implication, write f = f1 ·
Xa1 + · · ·+ fm ·Xam with fi ∈ R. Now it suffices to observe that, in every polynomial
fi ·X

ai, every monomial is divisible by X ai.

Corollary 4.5.2: (a) The set
	

(J) of all monomials in J is a K-basis of J.
(b) The set

	
(R)r

	
(J) of all monomials not contained in J forms a K-basis of

R/J. (Actually, of course, one has to take the residue classes of the monomials
modulo J.)

The next lemma deals with monomial orders and initial ideals. A total order >
on the set

	
(R) of all monomials in R is called a monomial order on R if, for all

monomials m1,m2,n ∈
	

(R) such that m1 > m2 and n 6= 1, we have m1n > m2n >
m2. It is worth noting that, due to the latter double inequality, any monomial order
is Artinian, that is, descending chains of monomials eventually are stationary; this
enables us to use the induction principle in the context of monomials.

Three important monomial orders in practice are the lexicographic (‘lex’), the
homogeneous lexicographic (‘hlex’) and the reverse lexicographic order (‘rlex’),
respectively. For instance, the homogeneous lexicographic order >hlex is given by

Xa >hlex Xb :⇐⇒ a >hlex b

:⇐⇒ |a|> |b| or

{

|a|= |b| and ai > bi for the
first index i such that ai 6= bi .

(Here a,b ∈ Nn, and |a|= a1 + · · ·+an denotes the total degree of a and X a.)
If > is a monomial order, then, for any polynomial f ∈ R, we define the initial

term in( f ) of f to be the greatest term of f with respect to the order >, that is,
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the one where the greatest monomial is involved. For an ideal I of R, we write
in(I) for the (monomial) ideal generated by the elements in( f ), f ∈ I. This ideal
is called the initial ideal of I. Note that it is finitely generated. As the following
lemma shows, the transition from an arbitrary ideal to its initial ideal is of funda-
mental importance: initial ideals are very useful for the computation of the Hilbert
function.

Lemma 4.5.3: Let R = K[X1, . . . ,Xn] be a polynomial ring over the field K, and
I any ideal in R. Furthermore, let > be a monomial order on

	
(R), and define	

:=
	

(R)rin(I) to be the set of all monomials not contained in the initial ideal
of I. Then the following statements hold:

(a)
	

forms, modulo in(I), a K-basis of R/ in(I).
(b) (Macaulay)

	
forms, modulo I, a K-basis of R/I.

Proof: (a) is an immediate consequence of Corollary 4.5.2 (b).
(b) First, we show that

	
is K-linearly independent. Let m1, . . . ,mr ∈

	
, and

assume that there is a dependency f := a1m1 + · · ·+ armr ∈ I with ai ∈ K∗. This
implies that in( f ) ∈ in(I). Since in( f ) = aimi for some i, this is a contradiction.

Now we show that
	

generates R/I (as a K-vector space). This in turn means
to prove the inclusion R ⊆ K ·

	
+ I (where K ·

	
stands for the K-vector space

generated by
	

). So choose f ∈ R arbitrarily. Since > is a total order on
	

(R),
we may use induction on the position of in( f ) in the chain of all monomials of R.
For f = in( f ) = 0 there is nothing to show, so suppose that f 6= 0 and in( f ) = a ·m
(for some a ∈ K and m ∈

	
(R)).

If m /∈ in(I), then am ∈ K ·
	

, and it suffices to deal with f̃ := f −a ·m; since
in( f̃ ) < in( f ), it follows that f̃ ∈ K ·

	
+ I (by the induction hypothesis), whence

f ∈ K ·
	

+ I also.
Now suppose that m ∈ in(I). Then there exists a polynomial g ∈ I such that

m = in(g). Therefore f̃ := f −a ·g has an initial term less than in( f ). This implies
that f̃ ∈ K ·

	
+ I, and then f ∈ K ·

	
+ I again.

The lemma states, in particular, that the K-vector spaces R/I and R/ in(I) are
isomorphic, and that their Hilbert functions (with respect to K-dimension) coin-
cide. The next lemma finally clarifies how to determine the Hilbert function of
R/ in(I).

Lemma 4.5.4: Let K be a field, R = K[X1, . . . ,Xn] a polynomial ring over K, Zn-
graded in the usual way, and J = (Xa1, . . . ,Xam) a monomial ideal.

Then there exists an isomorphism

R/J ∼=
⊕

i

(R/pi)(−di)

of Zn-graded K-vector spaces, with finitely many prime ideals pi in R, each gener-
ated by some of the indeterminates, and suitable shifts di ∈ Zn.
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Proof: R carries the natural Zn-grading, with respect to which J is a graded ideal.
Therefore the K-vector space V := R/J can also be viewed as an Zn-graded R-
module. Suppose that V 6= 0. Then there exists a prime ideal p ∈ AssV (since R
is Noetherian). By a generalization of [BH, Lemma 1.5.6], p is even Zn-graded.
(This lemma remains true for G-graded rings and modules whenever the monoid G
can be totally ordered, with an order compatible with the operation on G; clearly,
such an order on G corresponds to a monomial order on the monoid ring K[G].)
Therefore p is generated by monomials, and since it is prime, it is even generated
by indeterminates.

The lemma cited above also tells us that, in a representation p = AnnR x̄ (with an
element x ∈ R and x̄ := x + J), we may assume x to be homogeneous with respect
to the Zn-grading. So let d = degx ∈ Zn be the degree of the monomial (or term) x.
Then the mapping

R(−d)→V , a 7→ a · x̄ ,

is R-linear of degree 0, hence induces an isomorphism (R/p)(−d)→ Rx̄ of Zn-
graded R-modules. Note that this in turn induces an isomorphism of K-vector
spaces in each Zn-degree.

Now define the ideal J′ := J +(x) of R and the K-vector space V ′ := R/J′. Since
J′ is generated by monomials, both J ′ and V ′ are Zn-graded R-modules. Choosing
suitable sets of monomials in R, we find an isomorphism

V ∼= V ′⊕ J′/J

of K-vector spaces which retains this property in each Zn-degree (Corollary 4.5.2).
Since there is an isomorphism

J′/J = R · x̄∼= (R/p)(−d)

(of Zn-graded R-modules), the lemma follows: if V ′ = 0, we are done anyway;
and if V ′ 6= 0, we may apply an inductive argument: the sequence V,V ′,V ′′, . . .
corresponds to a chain

J ⊆ J′ ⊆ J′′ ⊆ . . .

of ideals in the Noetherian ring R, hence must become stationary.

The lemma remains true if we replace Zn with an arbitrary lattice L; the only
requirement on L is that all monomials are homogeneous in the L-grading. In fact,
the lemma and the following corollary are equivalent, and are known as the Stanley
decomposition of R/J.

Corollary 4.5.5: Let L be a lattice, K a field, R = K[X1, . . . ,Xn] an L-graded poly-
nomial ring such that all monomials are homogeneous, and J = (X a1, . . . ,Xam) a
monomial ideal.



4.5. Initial ideals and the Hilbert function 69

Then there exists an isomorphism

R/J ∼=
⊕

i

(R/pi)(−di)

of L-graded K-vector spaces, where the pi are finitely many prime ideals in R, each
generated by some of the indeterminates, and the di are suitable shifts in L.

Proof: By hypothesis, the L-grading of R can be refined to the standard Zn-grading,
so that there is a homomorphism deg : Zn→ L of groups. Applying Lemma 4.5.4,
we obtain an isomorphism of Zn-graded K-vector spaces (and shifts in Zn), which
then induces an isomorphism of L-graded K-vector spaces (and shifts in L), via the
degree homomorphism.



5. Computing the normalization of an affine monoid

Let L be a sublattice of Zn for some n, and S an affine monoid in L. Recall that
the integral closure of S in L is given by

S̄L = {x ∈ L : mx ∈ S for some m ∈ N, m > 0} ,

including the normalization S̄ of S, for the choice L = ZS. We have also seen that
the integral closure can be described geometrically: we have S̄L = L∩C, where
C = C(S) denotes the cone generated by S in the vector space Rn (Lemma 3.1.2).
Note that, by the same proposition, S̄L is itself finitely generated. Moreover, it is
positive if S is so (Lemma 3.4.3). In this case, S̄L has a unique minimal generating
set, namely, its finitely many irreducible elements (Proposition 3.4.6); this set is
referred to as the Hilbert basis, Hilb S̄L, of S̄L.

For the computation of Hilb S̄L, the computer program NORMALIZ [BK] has
been developed. It has already proved very useful in various investigations; see
Villarreal [Vi]. In particular, it has played a crucial role in finding a counterexample
to the Unimodular Covering Conjecture and the discrete Carathéodory property of
normal affine monoids (Bruns and Gubeladze [BG2], Bruns et al. [BGHMW]). It
is the purpose of this section to explain the algorithm used by NORMALIZ; the text
is based on the article [BK2]. Most likely, all the ideas involved have appeared
elsewhere, and we do not claim originality for them.

5.1. Computing the Hilbert basis. We start with an overview of this subsection.
After having mentioned some applications of NORMALIZ, we analyze in more de-
tail which of the lattice points in the cone C suffice to generate the integral closure
of S in L. Then a reduction step follows: we shall see that, after performing a base
change, we have to compute the integral closure of the affine monoid S of rank n
in Zn. Since the best way to test a lattice point x ∈ Zn for being contained in C is
via the dual representation, we then discuss how to determine the support forms
of C. In fact, NORMALIZ computes a triangulation of C along with the support
forms. Therefore, the final topic is how to find those lattice points in each simpli-
cial subcone of the triangulation that are necessary for the generation of the integral
closure.

Applications of the program. In its present version, NORMALIZ requires the gen-
erators of S as input and allows only the choices L = ZS or L = Zn. These choices
for L cover almost all potential applications; we mention two of them. Note that
we have predefined special working modes for these purposes; see the documenta-
tion [BK].

Suppose first that we are given a lattice polytope, that is, a polytope P in Rn

which is generated by lattice points, say x1, . . . ,xm ∈ Zn. We wish to compute
all lattice points in P. This turns out to be a task that is connected with the in-
tegral closure of an affine monoid: let S be the monoid generated by the vectors
(x1,1), . . . ,(xm,1) in Zn+1; then, for a lattice point x in P, the vector (x,1) obviously
belongs to Hilb S̄ � n+1, the Hilbert basis of the integral closure of S in Zn+1.

70
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Now consider a monomial ideal I in the polynomial ring R = K[X1, . . . ,Xn] over
a field K, say I = (Xa1, . . . ,Xam). The task is to compute the integral closures of
I and its Rees algebra. For this, one starts as in the case of a lattice polytope and
embeds the exponent vectors a1, . . . ,am into Nn+1 (by adding a final coordinate
1); this amounts to multiplying the generators of I by an additional indeterminate.
Furthermore, one adds the vectors e1, . . . ,en of the canonical basis of Zn+1; these
vectors represent the indeterminates X1, . . . ,Xn. At this point, the task is again
performed by computing the integral closure of an affine monoid (in Zn+1).

For further applications, see Villarreal’s book [Vi], and Bruns, Gubeladze and
Trung [BGT].

Finiteness of the integral closure. We have already mentioned the importance of
Lemma 3.1.2. We extend it to the following lemma, which is also a more precise
rendering of Lemma 3.3.11.

Lemma 5.1.1: Let S be an affine submonoid of the lattice L ⊆ Zn. Then S̄L is a
finitely generated S-module; in fact, if x1, . . . ,xm are generators of S, then S̄L =
⋃

z(z+S), where z runs through the finite set

parL(x1, . . . ,xm) := L∩{a1x1 + · · ·+amxm : ai ∈ [0,1[} .

In particular, this set, together with the vectors x1, . . . ,xm, generates S̄L (as a
monoid).

Proof: Actually, this has already been shown in the proof of Lemma 3.1.2: we
have

S̄L = L∩C(S) = L∩R+(x1, . . . ,xm) = N(x1, . . . ,xm)+parL(x1, . . . ,xm) ,

where the sum is the Minkowski sum of the two sets.

The notation ‘par’ (introduced by Sebö [Se]) is suggested by the fact that the
elements of parL(x1, . . . ,xm) are exactly the lattice points in the semi-open paral-
lelepiped spanned by x1, . . . ,xm. One should note that the coefficients ai may as
well be chosen in Q∩ [0,1[; see Lemma 3.1.3.

In principle, Lemma 5.1.1 tells us how to determine the generators of S̄L: we
only need to search these elements in a bounded subset of Zn. However, it is
difficult to generate the candidates in an effective way without some preparations.

Reduction to a full rank embedding. In the first step we reduce the problem to
computing the integral closure of S in a lattice L′ such that rkL′ = rkS. (Recall that
rkS = rkZS, by definition.)

Applying the Elementary Divisors Algorithm, one finds a basis e1, . . . ,en of Zn

and integers α1, . . . ,αn such that fi = αiei, i = 1, . . . , rkL, is a basis of L. After a
linear transformation we can assume that L = Zn, and that we have to compute the
integral closure of S in Zn. Henceforth the index L will therefore be dropped.

The Elementary Divisors Algorithm is applied again in order to find a basis
f1, . . . , fn of Zn and integers β1, . . . .βr, r = rkS, such that β1 f1, . . . ,βr fr is a basis
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of ZS. The integral closure of S in Zn evidently coincides with the integral closure
of S in L′ = Z( f1, . . . , fr). Consequently, we may further assume that rkS = n.

It is clear that, at the end of all the computations, the linear transformations
inverse to those above have to be applied in order to rewrite the output in the
coordinates of the input.

The program NORMALIZ allows for L only Zn or ZS. Therefore, one applica-
tion of the Elementary Divisors Algorithm is sufficient: if L = Zn, then one chooses
L′ = Z( f1, . . . , fr), and if L = ZS, one has to take L′ = Z(β1 f1, . . . ,βr fr).

To sum up, we are now in a position where we have to compute the integral
closure of the affine monoid S ⊆ Zn of rank n in the lattice L = Zn. As observed
several times already, this amounts to computing the lattice points in the cone C =
C(S). Unfortunately, testing a lattice point x∈ Zn for being contained in C is a hard
task if only the generators of C are known; the test is much easier if one has a dual
representation of the form

C = {x ∈ Rn : σi(x)≥ 0 for i = 1, . . . ,s} (5)

at hand.

The Dual Cone Algorithm. Fortunately, the cone C of S is a finitely generated
rational cone of dimension n in V = Rn, and the bulk of the theory in Section 2
applies: by Corollary 2.9.3, C is in fact polyhedral, and due to rationality, there
is a unique irreducible representation (5) of C, where σ1, . . . ,σs are the support
forms of C (Lemma 2.9.7, Proposition 2.10.5). A brief reminder: a support form
σF of C is characterized by the facts that the respective hyperplane H (given by
the vanishing of σF) leads to a facet F of C, and that σF has a representation with
coprime integers. Next we discuss how to compute the σF .

Namely, the preparations for this purpose have been made: since C is finitely
generated, so too is the dual cone

C∗ = {ϕ ∈V ∗ : ϕ(x)≥ 0 for all x ∈C} ,

and C coincides with its bidual C∗∗ (upon identifying V with its bidual V ∗∗; see
Proposition 2.9.2). In the language of dual objects, a (finite) system of generators
of C∗ is equivalent to a polyhedral representation of C; and a minimal system of
generators then corresponds to an irreducible polyhedral representation. (Note that
C∗ is positive since C has full dimension.)

The algorithm for the computation of the dual cone starts just as previous
to Proposition 2.9.1: we first search for n linearly independent vectors x1, . . . ,xn

among the generators of C (or S, respectively); these constitute a basis of V then.
We compute the respective dual basis ϕ1, . . . ,ϕn of V ∗ and therewith have also
found a generating system of the dual cone of C0 = R+(x1, . . . ,xn). This initializa-
tion is useful because it simultaneously starts a triangulation of the cone C. This
triangulation will be needed for the computation of the Hilbert basis.

Proposition 2.9.1 now offers a constructive algorithm for finding a generating
system of the dual cone if one adds another generator y of C (or S): suppose that
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ϕ1, . . . ,ϕt generate the dual cone of D = R+(x1, . . . ,xm); for each pair 1 ≤ i, j ≤ t
with ϕi(y) > 0 and ϕ j(y) < 0, set

ψi j := ϕi(y) ·ϕ j−ϕ j(y) ·ϕi ;

then the dual cone of D̃ = R+(x1, . . . ,xm,y) is generated by the ψi j and those ϕk
such that ϕk(y)≥ 0. Clearly, this enables an inductive proceeding, and after finitely
many steps we have integrated all generators of C (or S, respectively); at this point,
a generating system of C∗ has been found.

One should note that all computations can be performed with integers: since
S ⊆ Zn, the generators of C can be chosen to be lattice points, and therefore, it
is possible to find an integral representation of all linear forms in each inductive
step. This is precisely what NORMALIZ does, and even more: it always clears
denominators and removes common divisors during its computations, therewith
producing the most effective (and unique) representation of each linear form.

The second, and final, remark refers to selecting a minimal generating system
of C∗: of course, we wish to omit superfluous linear forms in order to prevent un-
necessary computations when testing lattice points for being contained in C later
on. In the initial step the generators ϕ1, . . . ,ϕn of (C0)

∗ are minimally chosen al-
ready: obviously, each ϕi belongs to a facet of C0. The following lemma clarifies
which of the dual forms (found in an inductive step) belong to a facet.

Lemma 5.1.2: Let D be an n-dimensional cone in Rn, generated by the vectors
x1, . . . ,xm from Zn. Let ϕ1, . . . ,ϕt be the support forms of D, corresponding to its
facets F1, . . . ,Ft . Suppose further that the ψi j have been computed as in Propo-
sition 2.9.1, and have (been replaced by) a representation with coprime integers.
Then, for y ∈ Zn, the support forms of D̃ = D+R+y are given by

(1) those ψi j such that Fi∩Fj * Fk for k 6= i, j, and
(2) those ϕk such that ϕk(y)≥ 0.

Proof: We have to show that, in (1) and (2), precisely those dual forms which
belong to a facet of D̃ are chosen from the generating system of D̃∗. So let Hi j and
Hk denote the respective hyperplanes in Rn (given by the vanishing of ψi j and ϕk,
respectively), and Gi j and Gk the respective faces of D̃. (Note that we only consider
indices k with ϕk(y)≥ 0 here.)

Our task now is to clarify that (or when) these faces contain n− 1 linearly
independent vectors from D̃; of course, it suffices to search for these vectors among
the generators x1, . . . ,xm,y (Lemma 3.2.1). As for the faces Gk, this is immediate:
one already finds n−1 linearly independent vectors among x1, . . . ,xm, since ϕk is a
support form of D.

Finally, let us consider the faces Gi j. Obviously, we have ψi j(y) = 0, so that y
is contained in Gi j. In order to decide which of the other generators x1, . . . ,xm of D̃
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are also contained in Gi j, the intersection of Gi j and D suffices:

D∩Gi j = {x ∈ D : ψi j(x) = 0}

= {x ∈ D : ϕi(x) = ϕ j(x) = 0}= D∩Hi∩H j = Fi∩Fj .

Since y is not contained in Hi, whereas the intersection of Hi j and D is (as we have
just seen), we find that

dimGi j = dim(Fi∩Fj)+1 .

Consequently, Gi j is a facet of D̃ if and only if dim(Fi ∩Fj) = n− 2. By Corol-
lary 2.7.8, this happens if and only if the condition in (1) is satisfied.

Before continuing, we offer a geometric interpretation of the procedure. To this
end, we remind the reader of a notion introduced in Subsection 2.11: we say that
a subset X of D is visible from y if, for each x ∈ X , the line segment [y,x] from y
to x intersects D exactly in x. It is geometrically evident that one finds the facets
of D̃ by taking first those facets of D that do not separate y from D, and second
those hyperplanes that pass through y and the (n−2)-dimensional faces of D that
bound the part of D that is visible from y. Exactly these hyperplanes are specified
by Proposition 2.9.1 and Lemma 5.1.2: an (n− 2)-dimensional face is contained
in exactly two facets, and it bounds the visible area if exactly one of these facets is
visible from y.

However, the question remains how to efficiently check the condition in item (1)
in the lemma. The best way to do this is via an ‘incidence matrix’ which looks like
the following:

x1 · · · xm

ϕ1
... (= 0) or (> 0)

ϕt

The entries are obtained by evaluating each support form of D on all the generators;
note that this yields non-negative integers in our setup. The face Fi ∩ Fj of D
is generated by those vectors xk for which ϕi(xk) = ϕ j(xk) = 0, and NORMALIZ
selects the respective columns (submatrix) of the matrix. Now, condition (1) is
checked by searching for another, third, row of zeros in this submatrix.

Once the dual cone, equivalently, the support forms, of C have been computed,
we can decide whether the original monoid S is positive: by Lemma 3.4.3, this
happens if and only if C is positive, and by Lemma 2.10.1, this is equivalent to the
fact that C∗ has dimension n.

Thus, at this point NORMALIZ tests whether S is positive. If not, it stops. It
would not be difficult to extend the program in such a way that it covers the general
case. Let U be the kernel of the homomorphism σ = (σ1, . . . ,σs) : Zn→ Zs. Then
the image T of S in Zn/U is a positive affine monoid. It is enough to lift the Hilbert
basis of T̄ back to Zn, because S̄ is generated by U and preimages of the Hilbert
basis of T̄ . (We are still assuming that S⊆ Zn has rank n.)
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At this point we can also discuss how to find the irreducible elements of S̄, and
thus Hilb S̄, once a system of pairwise distinct generators x1, . . . ,xm 6= 0 of S̄ is
known: xi is irreducible if xi−x j /∈ S̄ for all j 6= i. This criterion holds for arbitrary
S; however, the condition xi− x j /∈ S is difficult to verify in general. For S̄, it is
easy: we simply test whether the condition σF(xi− x j) ≥ 0 is violated for at least
one facet F of C.

To sum up, we are now in a position where we can efficiently test a lattice point
x ∈ Zn for being contained in S̄ (or C); however, we still do not know how to pro-
duce a system of generators of S̄ (apart from the information given in Lemma 5.1.1).
We would still be forced to start a naive search for the lattice points in C (or a
bounded part of it); in order to avoid this, we decompose C into simplicial sub-
cones.

Computing the triangulation. The notion of a triangulation ∆ of C has been intro-
duced in Subsection 2.11. The most important property that we need here is the
covering property: C is the union of all cones δ ∈ ∆. Therefore, the search for
lattice points in C is reduced to the search in each simplicial subcone δ . Recall
also that there is a triangulation ∆ such that each δ ∈ ∆ is generated by some of the
generators of C (or S, originally); see Corollary 2.11.5.

We mention a computational aspect: since a triangulation ∆ is uniquely de-
termined by its maximal members (with respect to inclusion), it suffices to save
those δ ∈ ∆ such that dimδ = n. Therefore, the triangulation can be described by
a list of n-tuples of vectors in Zn, where each n-tuple contains the generators of an
n-dimensional simplicial cone.

We briefly recall the construction of ∆: let x1, . . . ,xm ∈ Zn be the generators
of C. In the computation of the dual cone C∗ we have started with a simplicial
subcone C0 generated by a linearly independent subset of {x1, . . . ,xm}. It has a
trivial triangulation by its faces (including C0 itself). From then on, an inductive
procedure starts, as described in Proposition 2.11.4; this procedure runs hand in
hand with the Dual Cone Algorithm. (Of course, NORMALIZ uses the support
forms, rather than arbitrary dual forms, when applying Proposition 2.11.4.)

With the notation of Lemma 5.1.2, the ‘new’ n-dimensional simplicial subcones
found in an inductive step are generated by y and the (n− 1)-dimensional visible
cones δ ′ in the triangulation ∆′ of D. Such a subcone δ ′ is visible if and only if it
lies in a facet of D that is visible from y, and the visible facets F are characterized
by the fact that ϕF(y) < 0. This makes it easy for NORMALIZ to find the new n-
dimensional members of the triangulation, since the support forms of D are known.
(However, note that a facet of D itself is not simplicial in general, and even if it is:
∆′ may subdivide it, if the given generating set of D is not minimal; see Figure 8.)

For purposes of efficiency, especially when the Hilbert series is to be computed
(see Subsection 5.2), we subdivide the triangulation into blocks and subblocks; in
fact, this subdivision plays a crucial role for the performance of NORMALIZ, but is
not of fundamental importance for the algorithm. Every block consists of exactly
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those simplicial cones found in an inductive step, as described above. That is,
whenever a new generator y has to be integrated, a new block starts and collects all
simplicial cones which are constructed due to y (and which, in particular, contain
y). The vector y is then called the characteristic vector of the block. A similar, but
slightly more difficult operation leads to subblocks within the blocks.

In the example in Figure 8 (imagine the picture as a cross-section of the cones),
the triangulation of the cone D generated by x1, . . . ,x5 consists of three blocks al-
ready, each of them containing only one maximal simplicial cone. Now, upon

x1

x2

x3

x4

x5

y

Figure 8

adding a further generator y, a fourth block starts, containing precisely two maxi-
mal simplicial cones δ1 and δ2, namely, those generated by (x1,x3,y) and (x3,x5,y).
(The other members of this block are those faces of δ1 and δ2 which contain y.)
Here, y is the characteristic vector of the fourth block.

Let us sum up again: suppose that we have found a system of generators for
the monoid δ ∩Zn for each δ in a triangulation ∆ of C. Then the union of all these
systems obviously generates S̄. We have already constructed a triangulation ∆, and
each δ ∈ ∆ is specified by a set of integral, linearly independent vectors generating
δ . It only remains to find the generators of S̄ if S is simplicial.

Simplicial cones. Let x1, . . . ,xn be linearly independent elements of Zn, let C be
the cone spanned by them and S the affine monoid they generate. Then, according
to Lemma 5.1.1, S̄ = C∩Zn is generated by x1, . . . ,xn themselves and the set

par(x1, . . . ,xn) = Zn∩{q1x1 + · · ·+qnxn : qi ∈ [0,1[} .

Lemma 5.1.3: The set par(x1, . . . ,xn) contains exactly one representative from
each residue class of Zn modulo U := Z(x1, . . . ,xn). Therefore,

cardpar(x1, . . . ,xn) = card(Zn/U) = |det(x1, . . . ,xn)| .

Moreover, S̄ is the disjoint union of the sets z+S, z ∈ par(x1, . . . ,xn).

Proof: The first statement is evident, and it implies the first equation. The second
equation results from the Elementary Divisors Theorem. That S̄ is the union of the
sets z + S has been shown in Lemma 5.1.1, and that the union is disjoint follows
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immediately from the fact that the z ∈ par(x1, . . . ,xn) represent different residue
classes.

In the language of commutative algebra: let K be a field; then par(x1, . . . ,xn) is
a basis of the free K[S]-module K[S̄], and K[S] is actually a polynomial ring over
K.

Together with x1, . . . ,xn, the set par(x1, . . . ,xn) generates S̄. Therefore, it is
enough to find an efficient method for producing par(x1, . . . ,xn) from x1, . . . ,xn.

First one applies the Elementary Divisors Algorithm to find a basis u1, . . . ,un of
Zn, and positive integers λ1, . . . ,λn such that λ1u1, . . . ,λnun is a basis of ZS. Clearly
d := |det(x1, . . . ,xn)| = λ1 · · ·λn, and dZn ⊆ ZS, since Zn/ZS is a direct sum of n
cyclic groups of orders λ1, . . . ,λn.

The residue classes of Zn modulo ZS are represented by the vectors

u = b1u1 + · · ·+bnun, bi = 0, . . . ,λi−1, i = 1, . . . ,n.

Each such vector u has a representation u = a1x1 + · · ·+ anxn with rational coeffi-
cients ai. Now we set qi := ai−baic, so that u′ := q1x1 + · · ·+ qnxn represents the
residue class of u and belongs to par(x1, . . . ,xn). Note that d is a suitable common
denominator for the ai, since dZn⊆ ZS. Therefore one can keep all the coefficients
integral by first passing to du and dividing by d at the end.

5.2. Computing the Hilbert series. Because of the embedding σ : S→ Ns via its
support forms, each positive affine monoid S can be positively graded, that is, there
exists a monoid homomorphism deg : S→ N such that deg(x) = 0 if and only if
x = 0. Then K[S] is a positively graded K-algebra (where K is an arbitrary field). If
deg is the restriction of a Z-linear form on L (and it always is after multiplication
by a positive integer), then S is a graded submonoid of S̄L. If, in addition, S is
generated by all x ∈ S with deg(x) = 1, then we say that S is homogeneous with
respect to L (and simply homogeneous if L = ZS). In this case NORMALIZ can
compute the Hilbert function of S̄L, given by

H(S̄L,k) = card{x ∈ S̄L : deg(x) = k} .

We start by recalling some facts from Subsection 4.2 and, thereby, connecting this
notion with its use in commutative algebra.

The Hilbert series of an affine monoid. Suppose that A is a positively graded affine
monoid; one has fixed a homomorphism deg : ZA→ Z such that deg(A)⊆ N and 0
is the only element of A having degree 0. Then the set Ak = {x ∈ A : deg(x) = k}
is finite for each k ∈ N (Lemma 3.4.5), and we can consider the Hilbert function,
H(A,k) = cardAk, and the Hilbert series,

HA(X) =
∞

∑
k=0

(cardAk) ·X
k ,

of A. If K is a field, then the monoid algebra K[A] inherits the grading, and the
Hilbert series of A is just the Hilbert series of K[A]. Therefore, HA(X) has all the
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properties that are known for Hilbert series of positively graded K-algebras (see
[BH, Chap. 4]). In particular, HA(X) represents a rational function,

HA(X) =
Q(X)

(1−Xd1) · · ·(1−Xdn)
,

where Q(X) is a polynomial, n = rkA, and d1, . . . ,dn are positive integers.
The situation further simplifies if A is almost homogeneous. This means that

there exists an affine submonoid A0 ⊆ A which is generated by elements of degree
1 and over which A is a finitely generated module, that is, there exist x1, . . . ,xm ∈ A
such that A =

⋃m
i=1(xi + A0). Then K[A] is a finitely generated module over the

homogeneous ring K[A0], and therefore, HA(X) can be represented in the form

HA(X) =
Q(X)

(1−X)n .

For k� 0, the Hilbert function H(A,k) is given by the Hilbert polynomial PA(k);
see Subsection 4.3. It is a polynomial of degree n− 1 with leading coefficient
e(A)/(n−1)!, where e(A) = Q(1) is the multiplicity of A.

In NORMALIZ the role of A0 is played by the given affine monoid S, and that of
A is played by the integral closure S̄. (We assume, as before, that S⊆ Zn, rkS = n,
and the integral closure is taken with respect to Zn.) We want to compute the
Hilbert series of S̄. In principle this would be possible for the general case, but so
far it has only been implemented in the almost homogeneous case (simply called
‘homogeneous’ in the NORMALIZ documentation), and from now on we restrict
ourselves to this case.

Computing the Hilbert series. NORMALIZ has computed a triangulation ∆ of the
cone C generated by S such that each simplicial cone δ ∈ ∆ is generated by ele-
ments of S; by assumption, these elements have degree 1 in S̄. The triangulation
defines a disjoint decomposition

C =
⊎

δ∈∆

relintδ ;

see Lemma 2.11.2. We set

ωδ := Zn∩ relintδ .

It then follows that
HS̄(X) = ∑

δ∈∆
Hωδ

(X) ,

where the terms on the right-hand side are defined in an obvious way.
Therefore, in order to compute HS̄(X), two tasks have to be carried out, namely,

(1) the decomposition of C into the cones δ ∈ ∆, and
(2) the computation of Hωδ

(X) for each δ ∈ ∆.
The most time consuming part of NORMALIZ is step (1) because of the extreme

combinatorial complexity of triangulations in general: recall that NORMALIZ only
saves the maximal (that is, n-dimensional) simplicial cones in ∆; the problem that
arises when running through these maximal members δ of ∆ is to decide whether
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or not a face of δ has already been considered before. (Note that δ has 2n faces,
by Lemma 2.11.1.)

Of course, for the computation of the Hilbert basis, it is enough to consider
the maximal simplicial cones in ∆, and it would be foolish to insist on a disjoint
decomposition. (Some vectors are tested more than once for being members of the
Hilbert basis if they belong to two or more maximal simplicial subcones; but this
effect is negligible.)

However, as for the Hilbert series, one cannot avoid the disjoint decomposition.
To this end, we have introduced the subdivision of the list of maximal simplicial
cones into blocks and subblocks; see the example in Figure 8. Assume that we have
to process a maximal simplicial cone δ from block B. Then, by construction, we
only have to investigate those faces ε of δ which contain the characteristic vector
y of B; moreover, if ε has been accounted before, then this must have happened
within B. In particular, when δ happens to be the first member of B, then all these
faces ε have to be accounted. (There are 2n−1 such faces.) Thus, using the concept
of blocks and characteristic vectors reduces the investigation to the current block
and speeds up the computation considerably.

As for step (2), we denote by x1, . . . ,xr the linearly independent degree 1 ele-
ments of S that generate the cone δ ∈ ∆. The monoid Sδ they generate is free, and
so HSδ

(X) = 1/(1−X)r. Furthermore, in analogy with Lemma 5.1.3, one has a
disjoint decomposition

ωδ =
⊎

x∈par′(x1,...,xr)

(x+Sδ ) ,

where
par′(x1, . . . ,xr) := Zn∩{q1x1 + · · ·+qrxr : qi ∈ ]0,1]} .

Therefore

Hωδ
(X) =

∑r
k=1(cardBk) ·X

k

(1−X)r ,

where Bk := {x ∈ par′(x1, . . . ,xr) : deg(x) = k}.

Final remarks. (a) Often one is only interested in a single numerical invariant,
namely the multiplicity e(S̄). (It coincides with the multiplicity of S if ZS = Zn;
in general one has e(S̄) = e(S) · card(Zn/ZS).) The different maximal simplicial
cones in the triangulation intersect each other only in lower-dimensional cones,
so that the leading coefficient of the Hilbert polynomial can be calculated without
taking care of the lower-dimensional cones. Then

e(S̄) = ∑
δ∈∆

dimδ=n

e(S̄δ ) ,

where S̄δ = δ ∩Zn. Let x1, . . . ,xn be the linearly independent degree 1 generators
of δ . Then Sδ = N(x1, . . . ,xn) is a free affine monoid and therefore of multiplic-
ity 1. The integral closure S̄δ is a free Sδ -module (Lemma 5.1.3), and therefore, its
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multiplicity coincides with the number of elements in its basis par(x1, . . . ,xn). To
sum up,

e(S̄δ ) = card(par(x1, . . . ,xn)) = |det(x1, . . . ,xn)| .

Therefore it is not necessary to compute the Hilbert basis in order to find the mul-
tiplicity. We offer the option ‘-v’ for NORMALIZ. It restricts all computations to
multiplicities and those data which determine the triangulation.

The letter ‘v’ has been chosen since the multiplicity of S can be interpreted as
the normalized volume of the polytope spanned by the generators of S in the hyper-
plane of degree 1 elements. Thus, ‘normaliz -v’ can be used for the computation
of volumes of lattice polytopes.

(b) It is not necessary to compute par′(x1, . . . ,xr) separately. In fact, we have
y ∈ par′(x1, . . . ,xr) if and only if

(x1 + · · ·+ xr)− y ∈ par(x1, . . . ,xr) .

We use this observation as follows.
The n-dimensional simplicial cones δ ∈ ∆ are scanned for the computation of

the Hilbert basis. Suppose that δ is spanned by the degree 1 elements x1, . . . ,xn.
Then the elements x∈ par(x1, . . . ,xn) are computed since they are candidates for the
Hilbert basis. We can write x = q1xi1

+ · · ·+qrxir with 0 < qi < 1. For each subset
J⊆{1, . . . ,n}with {i1, . . . , ir}⊆ J, the vector ∑ j∈J x j−x belongs to par′(x j : j ∈ J),
and all the vectors necessary for the computation of the Hilbert series are produced
by this method.

(c) We have discussed above how to compute the numerator polynomial

Q(X) = h0 +h1X + · · ·+hn−1Xn−1

in the Hilbert series HS̄(X) = Q(X)/(1−X)n of S̄. (In fact, in order to see that Q(X)

has no higher terms, one can write the Hilbert series of S̄ as an alternating sum of
Hilbert series HS̄δ

, where each Sδ is a free monoid, as above; by Lemma 5.1.3, the
claim is clear for each summand HS̄δ

.) The coefficients occurring here constitute

the h-vector (h0, . . . ,hn−1) of S̄. It is clear that, with the h-vector at hand, one can
determine the Hilbert polynomial PS̄ of S̄, and in fact, the h-vector even provides
information about from when on the Hilbert function and the Hilbert polynomial
coincide: in our situation, we always have H(S̄,k) = PS̄(k) for k≥ 0.



6. Growth of Hilbert functions

We now turn our attention to the growth of the Hilbert function of certain mod-
ules. This study is motivated by the following observations. Let R be a homo-
geneous (N-graded) K-algebra and M a finitely generated Z-graded R-module of
Krull dimension d > 0. Then, according to Proposition 4.3.1, the Hilbert function
of M is of polynomial type of degree d−1. In particular, there is a constant c > 0
such that

H(M,n)≥ c ·nd−1

for all n ∈ Z, n� 0. Loosely speaking, we could say that the Hilbert function
grows ‘with degree d−1’.

Now, more generally, suppose that the K-algebra R is Zm-graded, and that we
are given a finitely generated Zm-graded R-module M. The question is: are there
again constants c > 0 and d ≥ 0 such that

H(M, `)≥ c · ‖`‖d

for all `∈Zm, ‖`‖� 0 (for which M` 6= 0)? In any case, it is easy to see that one can
no longer take d = dimM−m; namely, consider the example R = M = K[X ,Y,Z],
Z2-graded by setting degX := (1,0) and degY := degZ := (0,1). Then, for n ∈ N,
we have

M(n,0) = K ·Xn and M(0,n) = K(Y iZ j : i+ j = n) ,

so that H(M,(n,0)) = 1 and H(M,(0,n)) = n + 1. Consequently, we arrive at
estimates

H(M, `)≥ 1 · ‖`‖0 and H(M, `)≥ 1 · ‖`‖1

for ` ∈ N×{0} and ` ∈ {0}×N, respectively. Note that the exponents here are
best, although dimM = 3. In addition, we observe another effect: the degree of
growth may depend on the direction in which the Hilbert function is examined.

The aim of this section is to show a result that can, loosely speaking, be stated
as follows: if the Hilbert function grows with a certain (fixed) degree d along
each arithmetic progression in the grading monoid, then it globally grows with de-
gree d. Originally, this study was motivated by a result of Bruns and Gubeladze
[BG, Theorem 4.4.3]; it concerns the growth of Hilbert functions of certain multi-
graded modules and algebras. Roughly speaking, it says that the Hilbert function
takes values≤C only at finitely many graded components, provided that this holds
along each arithmetic progression in the grading monoid. This theorem can be
applied to the problem of finding the minimal number of generators of divisorial
ideals (representing the full divisor class group Cl(R) of an affine monoid algebra
R = K[S]): this problem is transformed into a statement on a multigraded Hilbert
function which can be controlled along arithmetic progressions. Our intention now
is to generalize [BG, Theorem 4.4.3].

6.1. The main theorems. Let K be a field and L = Zm a lattice. Let R be a Noe-
therian L-graded K-algebra for which R0 is a finitely generated K-algebra, and M
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a finitely generated L-graded R-module. Let H be the L-graded Hilbert function of
M, that is, H(M, `) := dimK M` for all ` ∈ L.

Now choose a,b ∈ L, b 6= 0, and consider the ring R(b) and its module M(a,b),
defined as

R(b) :=
⊕

g∈ � b

Rg and M(a,b) :=
⊕

g∈a+ � b

Mg ,

respectively. By Proposition 4.1.3, R(b) is a (finitely generated) positively graded
K-algebra, and M(a,b) is a finitely generated R(b)-module. Hence Proposition 4.4.2
applies and yields that the Hilbert function of M(a,b) is of quasi-polynomial type. As
we shall see in Subsection 6.3 (Lemma 6.3.3), the respective quasi-polynomial has
a well-defined degree d, namely, d = dimM(a,b)−1. Note that we are in a position
to determine this degree, since the Krull dimension is computable in principle.
Since the Hilbert functions of M and M(a,b) coincide on a+Nb, we conclude that

H(M,a+nb)≥ c(a,b) ·nd

for all n ∈ N, n� 0, with a positive constant c(a,b) depending only on a and b.
Conversely, note that if this inequality holds for some d ∈ N, then we must have
dimM(a,b) ≥ d +1.

We introduce one more notion: the support of R in L, SuppL R, is the set of those
degrees ` ∈ L in which R is occupied, that is, such that R` 6= {0}. Likewise, we
define the support SuppL M of M in L. The next theorem is our main result on the
growth of Hilbert functions. It generalizes [BG, Theorem 4.4.3] and answers the
question to what extent local growth (along arithmetic progressions) determines
global growth. Note that we do not assume that R0 = K; the graded components of
R and M may have arbitrary (possibly infinite) K-dimension.

Theorem 6.1.1: Let K be a field and L = Zm a lattice. Let R be a Noetherian L-
graded K-algebra for which R0 is a finitely generated K-algebra, and M a finitely
generated L-graded R-module. Let S be an affine submonoid of L which contains
SuppL R, and T a finitely generated S-submodule of L which contains SuppL M.
Finally, let H be the L-graded Hilbert function of M, that is, H(M, `) := dimK M`

for all ` ∈ L.
Now suppose that there exists an integer d ≥ 0 such that

H(M,a+nb)≥ c(a,b) ·nd

for all a ∈ T, b ∈ S, b 6= 0, and n� 0, where c(a,b) > 0 is a constant depending
on a and b only. Then there exists a constant c > 0 such that

H(M, t)≥ c · ‖t‖d

for all t ∈ T , ‖t‖� 0, where ‖ ·‖ represents an arbitrary norm on Rm.

Note that the hypothesis on the growth of H along arithmetic progressions can
be stated equivalently as follows: for each t ∈ a+Nb, ‖t‖� 0, we have

H(M, t)≥ c(a,b) · ‖t‖d ;
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in fact, ‖a + nb‖ = n · ‖a/n + b‖, and the latter factor converges to the positive
value ‖b‖ for n→∞. The reader may find the following corollary useful; since we
restrict ourselves to as few objects as possible, it may offer a better understanding
of the context at first.

Corollary 6.1.2: Let K be a field. Let R be a Noetherian Zm-graded K-algebra
with R0 = K, and M a finitely generated Zm-graded R-module. Finally, let H be the
Zm-graded Hilbert function of M, that is, H(M, `) := dimK M` for all ` ∈ Zm. Now
suppose that there exists an integer d ≥ 0 such that

H(M,a+nb)≥ c(a,b) ·nd

for all a,b ∈ Zm, b 6= 0, and n� 0. Then there exists a constant c > 0 such that

H(M, `)≥ c · ‖`‖d

for all ` ∈ Zm, ‖`‖� 0.

Proof of Theorem 6.1.1: We use induction on m. In the case when m = 1, we use
Lemma 3.1.1: S is a finite union of arithmetic progressions, hence so is T , say
T =

⋃

i(ai +Nbi). Therefore, in this case, the assertion is covered by the hypothesis
of the theorem: the constant c can be chosen as the minimum of the finitely many
constants c(ai,bi). Note here that, in principle, the general case is handled in the
same way.

As a first step, we want to extend the hypothesis on the Hilbert function from
a ‘1-dimensional’ condition to a ‘1-codimensional’ condition by an application of
the induction hypothesis.

So let L′ be a sublattice of L with rkL′ < m, pick some `0 ∈ L and define

S′ := S∩L′ , T ′ := T ∩ (`0 +L′) , R′ :=
⊕

g∈L′
Rg and M′ :=

⊕

g∈`0+L′
Mg .

By Corollary 4.1.4, S′ is an affine monoid, and T ′ a finitely generated S′-module.
Moreover, Proposition 4.1.3 implies that R′ is a finitely generated R0-algebra and
M′ is a finitely generated R′-module. Clearly, the support of R′ is contained in S′,
and the support of M′ is contained in T ′. (Note that M′ can be viewed as an L′-
graded module.) By definition of M′, the Hilbert functions of M and M′ coincide
on `0 +L′. Therefore,

H(M′,a+nb)≥ c(a,b) ·nd

for all a ∈ T ′, b ∈ S′, b 6= 0, and n� 0, with a positive constant c(a,b). The
induction hypothesis now implies that

H(M, t) = H(M′, t)≥ c(`0,L
′) · ‖t‖d (6)

for all t ∈ T ′, ‖t‖� 0, with a positive constant c(`0,L
′) depending on `0 and L′. We

shall fall back on condition (6) later on. At first, we show that R may be replaced
with a polynomial ring, and M with a direct sum of shifted polynomial rings; this
procedure often is referred to as the Stanley decomposition in the literature (see,
for instance, [Va, Sec. 1.4]).
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By Proposition 4.1.3 (b), R is a finitely generated R0-algebra (since L itself is a
finitely generated monoid), and thus a finitely generated K-algebra. We represent
R as the residue class ring of an L-graded polynomial ring P = K[X1, . . . ,Xr] in a
natural way. Note that, in particular, the monomials in P are homogeneous in the
L-grading.

Now we show that P0 inherits the property of being a finitely generated K-
algebra (by hypothesis, R0 has this property). Both the set

	
(P) of all mono-

mials in P and the set
	

(P̂) of all monomials in the Laurent polynomial ring
P̂ = K[X±1

1 , . . . ,X±1
r ] is an affine monoid (the former is isomorphic to Nr, the latter

to Zr). Now P̂ also carries a natural L-grading, and the kernel of the degree homo-
morphism deg :

	
(P̂)→ L is (a subgroup and) again an affine monoid. Being the

intersection of the two affine monoids
	

(P) and ker(deg), the set
	

(P0) of all
monomials in P0 is a finitely generated monoid, by Corollary 4.1.4. This shows that
P0 is a finitely generated K-algebra. Thus we may assume that R itself is generated
by finitely many algebraically independent elements as a K-algebra.

Since M is finitely generated, there is a filtration

0 = M0 ⊆M1 ⊆ . . .⊆Mt = M

where each successive quotient Mi+1/Mi is a cyclic L-graded R-module, that is,

Mi+1/Mi
∼= (R/Ii)(−si)

with an L-graded (annihilator) ideal Ii in R and a shift si ∈ L. This isomorphism of
L-graded R-modules induces an isomorphism of K-vector spaces in each L-degree.
As far as the Hilbert function is concerned, we can therefore replace M by the direct
sum of these cyclic modules. After the introduction of a monomial order, we can
even replace R/Ii by R/ in(Ii), where in(Ii) is the initial ideal (see Lemma 4.5.3 and
recall that the monomials are homogeneous in the L-grading). By Corollary 4.5.5,
we may finally replace R/ in(Ii) by a direct sum of modules (R/pi j)(−di j), where
the pi j are prime ideals in R, each generated by some of the indeterminates, and the
di j are shifts in L.

Altogether this reduces the problem to the case in which the K-vector space M
is isomorphic to a direct sum of vector spaces Ri(−ti), where Ri is a polynomial
ring generated by indeterminates with degrees in L, and ti a shift in L. Further-
more, we can use that the Hilbert function of M satisfies condition (6). The Hilbert
function now counts the total number of monomials in each degree. Replacing the
monomials by their exponent vectors, we can deduce the theorem from the next
one.

However, it may be useful to recall the notion of Hilbert function of an affine
monoid, as introduced in Subsection 4.2. So let ϕ : A→ S be a homomorphism of
affine monoids, and S a submonoid of the lattice L; then ϕ induces an L-grading
on A and R := K[A], such that the L-graded Hilbert function of A,

H(A, `) = cardA` = cardϕ−1(`) ,
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coincides with the L-graded Hilbert function of R. Likewise, for a shift t ∈ L, the
Hilbert functions of A(−t) and R(−t) coincide, and are given by

H(A(−t), `) = cardA`−t = cardψ−1(`) ,

where ψ : A→ L is the shifted homomorphism ψ := t + ϕ . This justifies calling
it also the Hilbert function of ψ . Finally, if we are given several affine monoid
homomorphisms ϕi : Ai→ S and shifts ti ∈ L, i = 1, . . . ,r, then the Hilbert functions
of

⊎r
i=1 Ai(−ti) and

⊕r
i=1 Ri(−ti) coincide. With these considerations in mind, we

can state the combinatorial analogue of Theorem 6.1.1, and a generalization of
[BG, Theorem 4.4.4]:

Theorem 6.1.3: In the lattice L = Zm, let S be an affine submonoid and T a finitely
generated S-submodule. Furthermore, for i = 1, . . . ,r, let Ai be an affine monoid
and ϕi : Ai → S a homomorphism. Let t1, . . . , tr ∈ L and ψi : Ai → L, ψi(x) :=
ti + ϕi(x). Finally, define the amalgamation ψ :=

⊕
ψi :

⊎
Ai→ L and its Hilbert

function H(y) := cardψ−1(y) for y ∈ L.
Now suppose that there exists an integer d ≥ 0 such that

H(t)≥ c(w,W ) · ‖t‖d

for all w ∈ L, all subgroups W in L with rkW < m, and all t ∈ T ∩ (w +W) with
‖t‖ � 0 (where c(w,W) > 0 is a constant depending on w and W, and ‖ ·‖ repre-
sents an arbitrary norm on Rm). Then there exists a constant c > 0 such that

H(t)≥ c · ‖t‖d

for all t ∈ T , ‖t‖� 0.

The proof of Theorem 6.1.3 will be prepared in the following subsections; it
can finally be found in Subsection 6.6. In order to point out the structure of the
proof and to indicate the connections with the subsequent subsections, we include
a short summary of the proof at this point.

In a first step one shows that it suffices to prove the theorem in a special case:
one may assume, essentially, that the groups of differences of S and the ϕi-images
Si coincide with the ambient lattice L. Among other things, we must clarify that
a certain subset of a sublattice U of L generates the whole lattice U again. We
will investigate this in Subsection 6.2. Additionally, we may assume that the affine
monoid S coincides with T and is positive; therefore, we are interested in covering
S by objects for which we can control the degree of growth of the Hilbert function.

In the second step we then show some covering properties of the normalization
S̄ of S. In fact, S̄ is covered by the normalizations S̄i of the images of the map-
pings ϕi (what can be seen without further resources). But instead, we argue more
precisely in order to cover S̄ by some hyperplanes (which do not require further
attention, due to the hypothesis) and the normalizations of certain submonoids S(n)

i
(for which it is possible to control the degree of growth of the Hilbert function).
Subsection 6.3 is dedicated to the analysis of the degree of growth, and Subsec-
tion 6.4 then explicitly describes the construction of the submonoids S(n)

i
.
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In the third and last step, we compile all our considerations: it only remains
to check the effect (on the growth of the Hilbert function) of the shifts ti of the
homomorphisms ϕi, as well as the shifts between S and the cyclic components of
T . The respective statements are presented in Subsection 6.5 (and also already in
Subsection 6.2).

6.2. Some linear algebra. At some points in our work, we will need the following
facts from elementary linear algebra.

Lemma 6.2.1: Let � be a system of rational equalities and inequalities, given in
matrix form as

A · x = b , C · x≥ d ,

where A ∈ Qm×n, b ∈ Qm, C ∈ Qk×n, and d ∈ Qk. (The vector inequality is to
be read componentwise.) Let x ∈ Rn be a solution of � . Then there exist rational
solutions, arbitrarily close to x; that is, for any ε > 0, there exists a solution x′ ∈Qn

of � such that ‖x− x′‖< ε .

Proof: We may assume that x solves the inequalities strictly, that is, Cx > d. Recall
that solvability of Ax = b over Q and over R is equivalent. Therefore, let the rational
solution space of Ax = b be given by rational parameters λi. Then x is obtained by
a certain choice λi = ri of real values ri ∈ R. Next we observe that the solution
space of Cx > d is an open subset in Qn (or Rn, respectively; the adjective ‘open’
refers to the standard topology). Thus choosing the parameters λi to be rational
values qi ∈ Q, closely enough to ri, will lead to a solution x′ ∈ Qn of both Ax = b
and Cx > d, as desired.

Lemma 6.2.2: Let L be a lattice of rank m, S⊆ L an affine submonoid and U ⊆ ZS
a subgroup of rank m. Then Z(S∩U) = U.

Proof: The inclusion ‘⊆’ is clear (since U is a group). For the other inclusion, we
first note that we may assume that ZS = L = Zm (since S and U are contained in
ZS). Now choose a basis u1, . . . ,um of U , and choose s0 ∈ S such that s0 + S̄ ⊆ S
(according to Lemma 3.3.8). Next define the cone C := C(S) of S and the (closed)
parallelepiped

P := {a1u1 + · · ·+amum : ai ∈ [0,1]}

that is spanned by u1, . . . ,um. The point now is that there exists some s ∈ Rm such
that the shifted parallelepiped s+P is contained in the intersection

I := (s0 +C)∩ (s0−u1 +C)∩·· ·∩ (s0−um +C)

of shifts of the cone C. (Note that P is bounded and that I contains a shifted copy
of C, since dimC = m.)

By definition of P, the set s + P intersects the lattice U in (at least) a point u0.
It follows that u0 is also contained in S:

u0 ∈ I∩U ⊆ (s0 +C)∩ZS = s0 +(C∩ZS) = s0 + S̄⊆ S .
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Likewise, we see that u0 ∈ s0−ui +C for i = 1, . . . ,m, so that

u0 +ui ∈ (s0 +C)∩U ⊆ S .

Since this sum is contained in U anyway, we conclude that each ui = (u0 +ui)−u0
is contained in the group of differences of S∩U .

The following two lemmas deal with the equivalence of functions on a lattice
L. Let f ,g : L→ R+ be two functions on L; then f ,g are equivalent (on L) if there
exist positive real numbers c,c′ such that

c · f (x)≤ g(x)≤ c′ · f (x)

for all x ∈ L. If this double inequality only holds for almost all x ∈ L (that is, only
for ‖x‖ � 0), then f and g are equivalent almost everywhere.

Lemma 6.2.3: Let U ⊆ L be two lattices of equal ranks. Let ‖ · ‖,‖ · ‖′ be norms
on RL and RU, respectively. Then ‖ ·‖ and ‖ ·‖′ are equivalent on U.

Proof: This is easy: the inclusion U ⊆ L of lattices implies an inclusion RU ⊆
RL of R-vector spaces, and the equality rkU = rkL of ranks implies an equality
dim� RU = dim � RL of dimensions; therefore RU = RL. Now the assertion is a
well-known fact from linear algebra.

Lemma 6.2.4: Let L be a lattice, u ∈ L and ‖ ·‖ a norm on RL. Then the functions
‖ · ‖ and ‖ ·−u‖ are equivalent almost everywhere, that is, there are constants
c,c′ > 0 such that

c · ‖x‖ ≤ ‖x−u‖ ≤ c′ · ‖x‖
for all x ∈ L, ‖x‖� 0. In fact, one can choose c = 1/2 and c′ = 2.

Proof: For ‖x‖ ≥ 2‖u‖, we have

‖x‖ ≤ 2‖x‖−2‖u‖= 2(‖x−u+u‖−‖u‖)≤ 2‖x−u‖ .

And if ‖x‖ ≥ ‖u‖, then ‖x−u‖ ≤ ‖x‖+‖u‖ ≤ 2‖x‖.

6.3. A single homomorphism. In this subsection, we consider two affine monoids
A and S, connected via a surjective homomorphism ϕ : A→ S; in addition, we as-
sume that S is positive. (Note that assuming ϕ to be surjective is no restriction,
upon replacing S with imϕ .) Recall now that the S-graded Hilbert function of A is
given by

H : S→ N∪{∞}, H(s) := cardϕ−1(s) .

We start by investigating when the Hilbert function is finite; it turns out that this
happens precisely when kerϕ = {0}. Note that this does not imply the injectivity
of ϕ since we are dealing with monoids.

Lemma 6.3.1: (a) If the kernel of ϕ is trivial, then H(s) is finite for all s ∈ S;
otherwise, H(s) = ∞ for all s ∈ S.

(b) For any two elements s,s′ ∈ S, there is an inequality H(s)≤ H(s+ s′).
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Proof: (a) Suppose first that the kernel of ϕ is trivial. Since S is positive, there
exists a positive grading S =

⊎

n∈ � Sn such that all components Sn are finite, and
S0 = {0} (Lemma 3.4.5). Let A be generated by a1, . . . ,an. Then S is generated by
the images si := ϕ(ai). We may assume that ai 6= 0 for all i. Therefore degsi > 0
for all i. Now let s ∈ S and a ∈ ϕ−1(s), say a = ∑λiai with λi ∈ N. This implies
that s = ∑λisi and degs = ∑λi degsi. But this equation admits only a finite number
of values for the λi.

Now suppose that ϕ(a) = 0 for some a∈A, a 6= 0. Then the kernel of ϕ contains
the infinite set Na, and so H(0) = ∞. The assertion now follows from (b).

(b) It suffices to note here that a fixed preimage a′ ∈ A of s′ (which exists, since
ϕ is surjective) induces an injective mapping ϕ−1(s)−→ ϕ−1(s+ s′), given by the
assignment a 7→ a+a′.

We remind the reader of some notions and results, introduced in Subsection 4.4:
a function Q̃ : Z → Q is of quasi-polynomial type (of degree d) if it coincides
with a quasi-polynomial Q(n) (of degree d) for all n ∈ Z, n� 0; we have seen
in Proposition 4.4.2 that the Hilbert function of a finitely generated module over a
positively graded K-algebra is of quasi-polynomial type.

We continue our investigations by considering special sequences σ within the
positive affine monoid S.

Definition 6.3.2: Let a,b ∈ S, b 6= 0, and let σ(a,b) be the arithmetic progression
σ(a,b) := a+Nb in S. We say that σ(a,b) has degree d ∈N if the Hilbert function
H(a+nb) is of quasi-polynomial type of degree d (with respect to the variable n).

We note an immediate consequence which links the results of this subsection
with the main theorem (Theorem 6.1.3): the arithmetic progression σ(a,b) has
degree ≥ d if and only if there exists a constant c > 0 such that

H(a+nb)≥ c ·nd

for all n� 0. Moreover, since ϕ is supposed to be surjective, we could even
assume that this inequality holds for all n≥ 0.

The next lemma is crucial for our investigations; it shows that the progressions
σ(a,b) do in fact have a certain degree.

Lemma 6.3.3: Let ϕ and H be as above, and suppose that H is finite. Let a,b∈ S,
b 6= 0. Then the following statements hold:

(a) A′ := ϕ−1(Nb) is an affine submonoid of A.
(b) σ(0,b) has degree d := rkA′−1.
(c) σ(a,b) too has degree d.

Proof: (a) Note first that the finiteness of the Hilbert function implies that the
kernel of ϕ is trivial (Lemma 6.3.1). Now fix a field K and recall that the affine
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monoid algebra R := K[A] is S-graded in a natural way,

R =
⊕

s∈S

Rs with Rs :=
⊕

α∈A
ϕ(α)=s

K ·Xα ,

such that the S-graded Hilbert functions of A and R coincide. With respect to this
grading, we have R0 = K, since kerϕ = {0}. Now, by Proposition 4.1.3, the K-
algebra

R′ :=
⊕

s∈ � b

Rs =
⊕

n∈ �
Rnb

is finitely generated, and is therefore positively graded (in the sense of Subsec-
tion 4.4). Since R′ = K[A′] by definition, the property of being finitely generated is
inherited by A′ (Proposition 3.3.2).

(b) This is an immediate consequence of Proposition 4.4.6 and Lemma 3.3.1
now (note that Rb 6= {0} since ϕ is surjective):

degσ(0,b) = dimR′−1 = rkA′−1 .

(c) Here we consider the R′-module

M′ :=
⊕

s∈a+ � b

Rs =
⊕

n∈ �
Ra+nb

for which the same arguments as in (a) and (b) apply: it is finitely generated over
R′ (Proposition 4.1.3), and therefore

degσ(a,b) = dimM′−1 ,

by Proposition 4.4.6. Finally, it is clear that dimM ′= dimR′, since AnnR′M
′= {0}.

(R is an integral domain.)

We note an immediate, but very helpful consequence.

Corollary 6.3.4: Let b ∈ S, b 6= 0, and d ∈ N. Then the following are equivalent:
(i) σ(0,b) has degree d.

(ii) σ(a,b) has degree d, for some a ∈ S.
(iii) σ(a,b) has degree d, for every a ∈ S.

This motivates, and establishes, the following definition which extends the no-
tion of degree from arithmetic progressions to elements of S.

Definition 6.3.5: An element b ∈ S, b 6= 0, has degree d if one of the (equivalent)
conditions (i)–(iii) in Corollary 6.3.4 is satisfied, that is, we define

degb := degσ(0,b)

if the Hilbert function is finite; otherwise, we set degb := ∞.

We have just seen that affine shifts a ∈ S do not affect the degree of growth
of the Hilbert function in direction of b ∈ S. We will now compare the degree of
growth with respect to different directions b,b′ ∈ S.
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Lemma 6.3.6: Let ϕ : A→ S be a surjective homomorphism of affine monoids
with S positive, and H : S→ N the S-graded Hilbert function of A. Let F be a face
of S and b,b′ relative interior points of F. Then the following hold:

(a) degb = degmb for any integer m > 0.
(b) degb = degb′.

Proof: (a) Obviously, A′′ := ϕ−1(Nmb) is a submonoid of A′ := ϕ−1(Nb); there-
fore rkA′′ ≤ rkA′ and degmb≤ degb, by Lemma 6.3.3. Equality holds because, on
the other hand, H(b)≤ H(mb), by Lemma 6.3.1 (b).

(b) Since F is itself an affine monoid (Lemma 3.2.1), we may assume that
F = S. (Otherwise, consider the restriction ϕ ′ : A′→ F of ϕ to the monoid A′ :=
ϕ−1(F); although irrelevant, A′ can be shown to be affine, see Lemma 6.5.1.) Ac-
cording to Lemma 3.3.8, there exists an element s0 ∈ S such that the ‘shifted’
normalization s0 + S̄ is contained in S.

Now let C denote the cone of S. By hypothesis, b′ is contained in the relative
interior of C, and in view of (a), we may replace b′ by an arbitrary multiple mb′,
m > 0. We may therefore assume that

b′−b− s0 ∈C∩ZS = S̄

(imagine a dual representation of C and note that each dual form takes strictly
positive values on b′). It follows that b′′ := b′−b is contained in S, and so

H(b′) = H(b+b′′)≥ H(b) ,

by Lemma 6.3.1. This implies that degb ≤ degb′, and by symmetry, the assertion
follows.

Part (b) of the lemma enables us to define the degree of a face F of S. Recall
that, if F is non-empty, then relintF is also non-empty (Lemma 3.2.2).

Definition 6.3.7: The degree of a non-empty face F 6= {0} of the positive affine
monoid S is defined to be the degree of any of its relative interior points. The
degree of a non-empty face F 6= {0} of the cone C(S) is defined to be the degree
of the respective face FS of S.

So far we have only considered points b,b′ ∈ S for which the degree has shown
to be equal. In the following situation, one will possibly have inequality.

Lemma 6.3.8: Let ϕ : A→ S be a surjective homomorphism of affine monoids with
S positive, and H : S→ N the S-graded Hilbert function of A. Let F,G be faces of
S such that F ⊆G. Then degF ≤ degG.

Proof: By restriction arguments (as in the proof of Lemma 6.3.6), we may assume
that G = S. So choose b ∈ relintF and b′ ∈ relintS. An easy check yields that
we have already shown the desired inequality, degb≤ degb′, again in the previous
proof (under even weaker assumptions, namely, that b ∈ S only).
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6.4. Affine monoids with least degree. Let ϕ : A→ S continue to be a surjec-
tive homomorphism of affine monoids with S positive. As we have just seen in
Lemma 6.3.8, an inclusion F ⊆G of faces of S leads to an inequality degF ≤ degG
of the corresponding degrees. We introduce a special notion if there is a lower
bound.

Definition 6.4.1: Let d ∈ N, d ≤ degS. An affine submonoid S′ of S has least
degree d (with respect to ϕ) if, for any face F ′ of S′, one has degF ′ ≥ d.

We illustrate this notion with an example, already mentioned in the introduction
to this section: consider the homomorphism ϕ : N3→ N2, given by

ϕ(e1) = e1 , ϕ(e2) = ϕ(e3) = e2 .

This assignment also defines the extension ϕ̄ : Z3→Z2 to the groups of differences.
Hence we have ker ϕ̄ = Z(e2− e3). By Lemma 6.3.3, we have

degσ(0,b) =

{

0 if b ∈ Ne1r{0} ,
1 if b ∈ N2rNe1 ,

so that the two faces Fx = Ne1 and Fy = Ne2 of N2 have the degrees degFx = 0 and
degFy = 1, respectively. Therefore, the whole monoid S := N2 has degree 1, but
not all of its faces have this degree (with respect to ϕ).

Fx

Fy

Sn

Figure 9

We now define a sequence of submonoids of S as follows: first, for all n ∈
N, n > 0, let Cn be the cone generated by the vectors e2 and e1 + 1/n · e2 in R2;
then, with Cn at hand, define the monoid Sn := Cn∩ S. Figure 9 visualizes these
objects for the value n = 4. Note that each Sn is finitely generated (by Gordan’s
Lemma 3.1.2) and has least degree 1. Obviously, the Sn form an ascending chain
S1 ⊆ S2 ⊆ ·· · of submonoids of S, and any affine submonoid S′ of S with least
degree 1 must be contained in some Sn.

This example motivates the following construction. Let ϕ : A→ S continue to
be a surjective homomorphism of affine monoids with S positive. Note that we
do not assume that S is normal. Let d ∈ N, d ≤ degS. We will now construct a
sequence S1 ⊆ S2 ⊆ ·· · of submonoids Sn of S such that

(1) every Sn has least degree d, and



92 6. Growth of Hilbert functions

(2) every submonoid S′ ⊆ S with least degree d is contained in some Sn.
For this, consider the associated cone C := C(S) of S. Since S is positive, so too

is C (Lemma 3.4.3). Now let Q⊆ RS be a fixed rational cross-section of C (which
exists by Lemma 2.10.2). Recall that Q is a rational convex polytope and that
there is a bijection between the faces of Q and the faces of C (Proposition 2.10.4).
In particular, the vertices of Q correspond to the edges of C. Due to the further
correspondence of

�
(C) and

�
(S) (Lemma 3.2.1), we may assign the degree of

the respective face of S to each face F of Q; in particular, we define
�

+(Q) := {F ∈
�

(Q) : degF ≥ d}

to be the set of all ‘good’ faces of Q.
Now, for every F ∈

�
+(Q) (which is a rational convex polytope by itself), we

do the following: first, we fix some rational point zF ∈ relintF . Note that zF has
degree ≥ d, by definition. In a second step we define, for each vertex xF of F , a
sequence (x(n)

F
)n>0 of rational points

x(n)
F := xF +

1
n
· (zF− xF) =

1
n
· zF +

(

1−
1
n

)

· xF ∈ [zF ,xF [ .

Note that x(n)
F
→ xF as n→ ∞, and that x(n)

F
is contained in the relative interior of

F . Therefore, x(n)
F

has degree ≥ d. Furthermore, we see that x(n)
F

is the image of xF
under the dilation δ with centre zF and factor 1−1/n.

Next we define the rational convex polytope

Qn := conv
(
x(n)

F : F ∈
�

+(Q), xF ∈ vertF
)
,

for each n > 0. Note that Qn is a subpolytope of Q, and that all the points zF are
contained in Qn. This can be seen as follows: since any polytope is the convex hull
of its vertices (Proposition 2.5.3), we have

zF ∈ F = conv(xF : xF ∈ vertF) ;

applying δ yields that

zF = δ (zF) ∈ conv(x(n)
F : xF ∈ vertF) .

Now let Cn denote the cone generated by Qn in RS, that is,

Cn := R+

(
x(n)

F : F ∈
�

+(Q), xF ∈ vertF
)

for n > 0. We note that Cn is a finitely generated rational subcone of C. Finally, let
Sn := S∩Cn be the corresponding submonoid of S.

Figure 10 illustrates the procedure: it shows the cross-section Q of a rational
polyhedral cone C (with dimC = 3), originally given by an affine monoid S. The
vertices v1, . . . ,v6 of Q correspond to the edges E1, . . . ,E6 of C. We will identify
corresponding faces of Q and C, respectively, and assume that only v2 and v6 have
degree ≥ d. This implies that [v1,v2], [v2,v3], [v1,v6] and [v5,v6] also have degree
≥ d. As for the faces [v3,v4] and [v4,v5], we assume that these have degree less
than d. Therefore, one chooses relative interior (‘central’) points

z2 = v2, z6 = v6, z12, z23, z56, z16 and zQ ,
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v1

v2 v3

v4

v5v6

Q

zQ

z12

z23

z56

z16

Q2

Figure 10

as indicated. Then, for n = 2, the cone C2 is generated by the mid-points of the
segments between these central points and the vertices; these mid-points are plotted
without caption, in order to keep a clearly arranged figure. The intersection S2 of
S and C2 then has least degree d. Note that, in this example, v1 is replaced by
three points, and v4 is replaced by a single point in the interior of C. So, loosely
speaking, the effect is as follows: we cut off all the ‘bad’ faces of C (but none of
the ‘good’ ones).

The following proposition now states that the sequences (Cn) and (Sn) have the
desired properties.

Proposition 6.4.2: Let ϕ : A→ S be a surjective homomorphism of affine monoids
with S positive, and let d ∈ N, d ≤ degϕ S. Let C = C(S) be the cone generated by
S. Then the sequences constructed above have the following properties:

(a) (Cn)n>0 is an ascending sequence of finitely generated rational subcones of
C such that

⋃

n>0

Cn =
⋃

F∈ � +(C)

relintF .

(
�

+(C) denotes the set of those faces F of C for which degF ≥ d.)
(b) (Sn)n>0 is an ascending sequence of affine submonoids of S such that each Sn

has least degree d.

Proof: Before proving (a) and (b), we show that each halfline R+x(n)
F

contains a
non-trivial point from S: since x(n)

F
is a rational point in C, we find that

c · x(n)
F ∈C∩ZS = S̄

for some c > 0, and then c′ · x(n)
F
∈ S for some c′ > 0. By Lemma 2.5.4 and Propo-

sition 2.10.4, the edges of Cn are among the halflines R+x(n)
F

. Therefore, the edges
of Cn have degree ≥ d (with respect to ϕ), and by Lemma 6.3.8, we conclude that
each face of Cn has least degree d.

(a) By definition, each Cn is a finitely generated subcone of C. The sequence
(Cn) is ascending since it follows from the definition that the point x(n)

F
is contained
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in the segment [zF ,x(n+1)
F

]. (In fact, a detailed calculation yields that

x(n)
F =

1
n2 · zF +

n2−1
n2 · x(n+1)

F .)

But this segment clearly is contained in the convex cone Cn+1.
It remains to show the set-theoretic statement on the ‘limit’ of the sequence

(Cn). The inclusion ‘⊆’ is immediate: any point x ∈
⋃

Cn has degree at least d and
is contained in C; but since C decomposes as

C =
⊎

F∈ � (C)

relintF

into disjoint parts (Corollary 2.7.6), the inclusion follows.
Now let x ∈ relintF for some F ∈

�
+(C); since we have to detect x in a cone

Cn, we may assume that F ∈
�

+(Q) (multiply x by a suitable positive real number).
Now recall that x(n)

F
is the image of xF under the dilation δ with centre zF ∈ F and

factor 1−1/n. Therefore, the convex polytope

Pn := conv(x(n)
F : xF ∈ vertF)

is the image of F under δ . It is clear now that the ascending sequence (Pn) of
convex polytopes will eventually cover every relative interior point of F : consider
polyhedral representations of F and Pn (with linear inequalities), and use the fact
that the relative interior point x satisfies the inequalities for F strictly.

(b) Being the intersection of the two monoids S and Cn, each Sn clearly is a
submonoid of S. As for finite generation, we reason as follows: S̃ := ZS ∩Cn

is finitely generated (by Gordan’s Lemma 3.1.2), and hence so is Sn = S∩ S̃ (by
Corollary 4.1.4). It remains to see that Sn has least degree d. But in the preliminary
remark, we have already shown that each face of Cn has least degree d.

Corollary 6.4.3: Let ϕ : A→ S be a surjective homomorphism of affine monoids
with S positive, and d ∈N, d≤ degϕ S. Let C be the cone of S, and F a face of C with
degF ≥ d. Finally, let (Cn) be a sequence of subcones of C as in Proposition 6.4.2,
and let x be a relative interior point of F.

Then there exists a neighbourhood U = Uε(x) of x in C which is contained in
Cn for sufficiently large n. In particular, Cn is a neighbourhood of x in C for n� 0.

Proof: By Corollary 2.7.2, there exists a ball B with centre x such that B intersects
C only in faces G for which F ⊆ G. Note that degG ≥ d for these faces G, by
Lemma 6.3.8. Due to Corollary 2.7.6, the intersection U of B and C can then be
expressed as

U = B∩C =
⋃

G∈ � +(C)

(B∩ relintG)⊆
⋃

G∈ � +(C)

relintG .

Clearly, U is a neighbourhood of x within C. In order to push it into Cn, it is
convenient to argue via convexity: by re-choosing B (or the underlying metrics),
we may assume that B is a convex polytope; then so too is U (Corollary 2.6.5), and
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it suffices to locate its finitely many vertices in some Cn. But since each vertex is
contained in the relative interior of some face G ∈

�
+(C), we only have to apply

Proposition 6.4.2 now.

The following lemma states that, when the monoid S has least degree d, then
the Hilbert function globally grows with degree d:

Lemma 6.4.4: Let ϕ : A→ S be a surjective homomorphism of affine monoids
such that S ⊆ Zm has least degree d with respect to ϕ , and let H be the S-graded
Hilbert function of A. Then there is a constant c > 0 such that

H(x)≥ c · ‖x‖d

for all x ∈ S.

Proof: By hypothesis, there exists, for each b ∈ S, b 6= 0, a constant c(b) > 0 such
that

H(nb)≥ c(b) ·nd

for all n∈N. (We may assume that this holds for all n since ϕ is surjective.) Now S
is finitely generated, say by b1, . . . ,br 6= 0, and we shall show that c can be chosen
via the constants c(b1), . . . ,c(br). In fact, let x ∈ S, say x = n1b1 + · · ·+ nrbr with
ni ∈ N. By Lemma 6.3.1, we have

H(x)≥ H(nibi)≥ c(bi) ·n
d
i

for all i; therefore, it remains to show that there is a constant γ > 0 such that ni ≥
γ · ‖x‖ for at least one i. But in fact, one can choose any γ < 1/(‖b1‖+ · · ·+‖br‖);
namely, by the triangle inequality, we have

‖x‖ ≤ n1‖b1‖+ · · ·+nr‖br‖ .

The situation becomes particularly interesting when not only one homomor-
phism ϕ is involved. We will investigate this in the proof of Theorem 6.1.3 in
Subsection 6.6.

6.5. Shifted homomorphisms. Let ϕ : A→ S be a surjective homomorphism of
affine monoids, where S is a submonoid of a lattice L that has rank m.

Now consider an affine submonoid U of L. It defines a submonoid S′ := S∩U
in L. We may restrict ϕ via its image to S′ and A′ := ϕ−1(S′). This leads to the
mapping ϕ ′ : A′→ S′, another surjective homomorphism of affine monoids, as the
following lemma shows. Note that, by definition, the L-graded Hilbert functions
of A and A′ coincide on S′.

Lemma 6.5.1: Both S′ and A′ are finitely generated, that is, affine monoids.

Proof: The assertion is clear for S′, in view of Corollary 4.1.4. We may therefore
write S′ = ∑Nsi, with finitely many si ∈ S′.
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As for A′, we consider the extension ϕ̄ : ZA→ ZS, and its kernel ker ϕ̄ . Since
ZA is a finitely generated free Abelian group, so too is ker ϕ̄ , and thus ker ϕ̄ is also
finitely generated as a monoid. Hence

ϕ̄−1(S′) = ∑Nai +ker ϕ̄

is a finitely generated monoid (where we have chosen ai ∈ϕ−1(si) arbitrarily). This
finally implies that this also holds for A′ = A∩ ϕ̄−1(S′), again by Corollary 4.1.4.

Now fix some shift t ∈ L, and define the mapping ψ : A→ L, ψ(x) := t +ϕ(x).
We will subsequently write ψ = t +ϕ for short, and ψ will be called a shifted ho-
momorphism. As shown in Subsection 4.2, the L-graded Hilbert function H : L→N
of A(−t) is given by H(y) = cardψ−1(y) for y ∈ L. Due to this connection and for
simplicity, we will refer to H also as the Hilbert function of ψ . Furthermore, we
fix some point u ∈ L and consider the cyclic U-module V := u+U in L.

In the next part of this subsection, we shall consider the following problem:
find t ′1, . . . , t

′
n ∈ V such that the amalgamation ψ ′ := ψ ′1⊕ . . .⊕ψ ′n of the shifted

homomorphisms ψ ′i = t ′i + ϕ ′ has a Hilbert function H ′ which is equivalent to the
Hilbert function H of ψ on V . Note that the Hilbert function H ′ of ψ ′ is the sum
of the Hilbert functions of the mappings ψ ′i ; and recall from Subsection 6.2 that
equivalence of H and H ′ on V means that there are positive constants c1 and c2
such that

c1 ·H(y)≤ H ′(y)≤ c2 ·H(y)

for all y ∈V .
In order to construct the t ′i as desired, it is recommendable to switch over to the

corresponding objects in the category of modules over rings. So we fix an arbitrary
field K, and define the monoid ring R = K[A]. Since A is finitely generated, R is
Noetherian. It carries a natural L-grading, induced by the homomorphism ϕ . As
for the module, we consider a shifted copy of R, namely M = R(−t). It is a finitely
generated L-graded R-module, and its L-graded Hilbert function coincides with the
Hilbert function of ψ (as seen previous to Theorem 6.1.3).

Now comes the crucial step. Since U is a finitely generated submonoid of L, the
R0-algebra R′ :=

⊕

y∈U Ry is a U-graded Noetherian ring (Proposition 4.1.3), and
coincides with the monoid ring K[A′]. And since V is a cyclic U-module by defini-
tion, the same proposition also implies that M ′ :=

⊕

y∈V My is a finitely generated
(V -graded) R′-module. So, if m′1, . . . ,m

′
n ∈ M′ denotes a homogeneous system of

generators of M′ over R′, of degrees t ′1, . . . , t
′
n ∈ V , we obtain a homogeneous and

surjective homomorphism

M̃ :=
n⊕

i=1

R′(−t ′i)−→M′ , ei 7−→ m′i .
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In order to see that the t ′i perform what we want, we note that there are inequalities

H(M′,y)≤ H(M̃,y) =
n

∑
i=1

H(R′(−t ′i),y)≤ n ·H(M′,y)

for all y ∈ V ; the last inequality is due to the fact that the above homomorphism
is injective on every direct summand R′(−t ′i). Now the observation is complete
because, for y ∈ V , we have H(M′,y) = H(M,y) = H(y), and H(M̃,y) = H ′(y) is
the Hilbert function of ψ ′ = ψ ′1⊕ . . .⊕ψ ′n.

Summing up, we have shown the following proposition.

Proposition 6.5.2: Let S be an affine submonoid of the lattice L, and let ϕ : A→ S
be a homomorphism of affine monoids. Furthermore, let t,u ∈ L be elements and
U an affine submonoid of L, and choose ϕ ′ : A′→ S′ to be the restriction of ϕ to
S′ := S∩U. Then, with respect to the Hilbert function on V = u +U, the shifted
homomorphism ψ = t + ϕ is equivalent to an amalgamation ψ ′ of finitely many
shifted homomorphisms ψ ′i = t ′i +ϕ ′.

In the final part of this subsection, we shall compare the Hilbert functions of
a homomorphism ϕ and a corresponding shifted homomorphism ψ = t + ϕ . This
study is necessary since, in the main theorem, both the assumption and the assertion
refer to the Hilbert function of shifted homomorphisms, whereas in Subsections 6.3
and 6.4, we have considered homomorphisms only. Nevertheless, we shall be able
to use these results; namely, we have the following link:

Lemma 6.5.3: Let ϕ : A→ S be a homomorphism of affine monoids and S a sub-
monoid of the lattice L. Let t ∈ L be a shift, and ψ = t +ϕ a shifted homomorphism.
Let Hϕ and Hψ denote the respective Hilbert functions, that is,

Hϕ(x) := cardϕ−1(x) and Hψ(x) := cardψ−1(x)

for all x ∈ L. Finally, let d ∈ N and X be a subset of L. Then the following are
equivalent:

(i) There is a constant c > 0 such that Hϕ(x)≥ c · ‖x‖d for x ∈ X, ‖x‖� 0.
(ii) There is a constant c′ > 0 such that Hψ(x)≥ c′ · ‖x‖d for x ∈ t +X, ‖x‖� 0.

Proof: By definition of ψ , we have

Hψ(x) = cardψ−1(x) = cardϕ−1(x− t) = Hϕ(x− t)

for x ∈ L. The assertion now follows from Lemma 6.2.4: for instance, suppose (i)
to be true, and choose x ∈ t +X with ‖x‖� 0; then x = t +x′ for some x′ ∈ X with
‖x′‖� 0, whence

Hψ(x) = Hϕ(x′)≥ c · ‖x′‖d ≥ c′ · ‖x‖d

for a suitable constant c′ > 0.
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6.6. Proof of the main theorem. Finally, we are now in a position to prove the
main theorem from Subsection 6.1.

Theorem 6.1.3: In the lattice L = Zm, let S be an affine submonoid and T a finitely
generated S-submodule. Furthermore, for i = 1, . . . ,r, let Ai be an affine monoid
and ϕi : Ai → S a homomorphism. Let t1, . . . , tr ∈ L and ψi : Ai → L, ψi(x) :=
ti + ϕi(x). Finally, define the amalgamation ψ :=

⊕
ψi :

⊎
Ai→ L and its Hilbert

function H(y) := cardψ−1(y) for y ∈ L.
Now suppose that there exists an integer d ≥ 0 such that

H(t)≥ c(w,W ) · ‖t‖d

for all w ∈ L, all subgroups W in L with rkW < m, and all t ∈ T ∩ (w +W) with
‖t‖ � 0 (where c(w,W) > 0 is a constant depending on w and W, and ‖ ·‖ repre-
sents an arbitrary norm on Rm). Then there exists a constant c > 0 such that

H(t)≥ c · ‖t‖d

for all t ∈ T , ‖t‖� 0.

For convenience and to simplify matters, we introduce some abbreviations. We
denote the images of the homomorphisms ϕi : Ai→ S by Si. Clearly, each Si is an
affine monoid. Another important tool for the proof will be the set

I := Imax :=
{

i ∈ {1, . . . ,r} : rkSi = m
}

of those indices i such that Si has maximal rank m. With this setup in mind, the
proof of Theorem 6.1.3 can now be carried out in three steps.

Step 1: Reduce to the case when ZSi = L for i ∈ I, T = S is positive and m > 1.

Suppose that rkSi = m for at least one i, so that the index set I is non-empty.
Then the intersection

U :=
⋂

i∈I

ZSi

defines a subgroup of ZS (and of L) of rank m. Since L consists of only finitely
many residue classes modulo U , we may choose some u ∈ L and restrict the search
for the constant c to the residue class V = u +U , or, more precisely, to the region
T ′ := T ∩V . We can now use Corollary 4.1.4 to see that S′ := S∩U is an affine
monoid and that T ′ is a finitely generated S′-module.

Next we consider the restrictions ϕ ′i : A′i→ S′i, as described in Subsection 6.5:
their images are S′i := Si∩U , and they are defined on the monoids A′i := ϕ−1

i (S′i).
Recall that ϕ ′i is a surjective homomorphism of affine monoids. By Proposi-
tion 6.5.2, there are, for every i, finitely many shifted homomorphisms ψ ′i j =
t ′i j +ϕ ′i : A′i→V such that the associated Hilbert functions Hi and ∑ j H ′i j are equiv-
alent on V . But then the Hilbert functions H = ∑i Hi and H ′ = ∑i, j H ′i j, correspond-
ing to the amalgamations of the ψi and the ψ ′i j, respectively, are also equivalent
on V . This shows that Theorem 6.1.3 is equivalent to its version for the objects
(L,S′,T ′,H ′) (instead of (L,S,T,H)).
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Another shift by the common value −u leads to mappings ψ ′′i j = ψ ′i j − u :
A′i→U . In view of Lemma 6.2.4, we obtain another equivalent version of Theo-
rem 6.1.3, namely for the objects (U,S′, T ′′ := T ′− u , H ′′). Note that, according
to Lemma 6.2.2, we have ZS′ = ZS′i = U for all i ∈ I. Therefore, we may restrict
the proof of the theorem (in its original version) to the case where ZSi = L for all
i ∈ I.

Since T is finitely generated, it suffices to find a constant c for each cyclic part
t + S of T . Now, by Lemma 6.2.4, both the assumption and the assertion of the
theorem are invariant under a shift of the coordinate system; therefore, we may
assume that T = S.

Finally, note that L can be written as a union of finitely many positive affine
submonoids U ′ (choose U ′ = Nm and so on). Therefore, it will clearly suffice to
find a constant c for a submonoid S′ := S∩U ′ of S = T . Now, S′ is a positive
affine submonoid of L (Corollary 4.1.4), and we may again consider the restricted
homomorphisms ϕ ′i : A′i→ S′i for S′i := Si∩U ′, as already done above (in a different
situation in detail). By Lemma 6.5.1, each ϕ ′i is a surjective homomorphism of
affine monoids, and by Proposition 6.5.2, each shifted homomorphism ψi = ti +ϕi,
when considered with respect to its Hilbert function on U ′, is equivalent to an
amalgamation of finitely many shifted homomorphisms ψ ′i j = t ′i j + ϕ ′i . As above,
this leads to an equivalence (on U ′) of the Hilbert functions of the amalgamations
of the ψi and the ψ ′i j, respectively, and shows that it suffices to prove the theorem
only in the particular case when S = T is a positive affine submonoid of L.

Since the case m = 1 has already been treated in the proof of Theorem 6.1.1,
we may assume that m > 1.

We prepare the next step by introducing some further notation: for i = 1, . . . ,r,
the cone generated by Si will be denoted by Ci. Since Si is affine, each Ci is a
rational polyhedral subcone of C := C(S), the cone generated by S. Note that
dimCi = m for i ∈ I, and dimCi < m for i /∈ I. For i /∈ I, it will prove convenient
to choose linear hyperplanes Vi in Rm which contain the respective cone Ci (and
the monoid Si). Recall that a bar is used to denote normalization, that is, integral
closure within the group of differences. So, for example, we have

S̄ = {x ∈ ZS : ax ∈ S for some a > 0} .

By Lemma 3.1.2, we can express S̄ = C∩ZS as the set of all (ZS-)lattice points in
C, and so, by Step 1, we have S̄i = L∩Ci for all i ∈ I.

We remind the reader of the notion of degree of the monoid Si: it is defined
to be the degree (with respect to ϕi) of any progression a + Nb with a ∈ Si and
b ∈ relintSi (Corollary 6.3.4, Lemma 6.3.6). Moreover, the degree is monotonic
increasing with respect to inclusions (Lemma 6.3.8). So, in view of Lemma 6.5.3,
we may clearly omit those ϕi such that degi Si < d, and do therefore assume that
degi Si≥ d for all i = 1, . . . ,r. (We emphasize that, throughout this subsection, degi
refers to the degree of growth with respect to the homomorphism ϕi, as discussed
in Subsection 6.3.) Now consider, for every homomorphism ϕi, the sequences
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(C(n)
i

) and (S(n)
i

) of finitely generated cones and monoids, respectively, as con-
structed in Subsection 6.4. Recall that, by Proposition 6.4.2, C(n)

i
converges to

⋃

F∈ � +(Ci)
relintF as n→ ∞, and that each S(n)

i
has least degree d.

Step 2: For n� 0, show that

S̄⊆
⋃

i∈I

S̄(n)
i ∪

⋃

i/∈I

Vi . (7)

We argue via contradiction and, therefore, assume that the set

Cr
⋃

i∈I

C(n)
i r

⋃

i/∈I

Vi

is non-empty for all n. Since S is positive (Step 1), so too is C (Lemma 3.4.3); thus
we may fix a rational cross-section Q of C (Lemma 2.10.2), and can then find a
sequence (xn) of rational points

xn ∈ Qr
⋃

i∈I

C(n)
i r

⋃

i/∈I

Vi .

Since Q is compact, there exists a limit point

x ∈Qrrelint
⋃

i∈I

Ci ⊆ Qr
⋃

i∈I

relintCi .

By omitting points if necessary, we may assume that xn→ x as n→ ∞. For i ∈ I,
we have x /∈ relintCi, so that either x /∈Ci or x ∈ bdCi. Let us re-choose x according
to Lemma 6.2.1: this yields a rational point x′ ∈Qr

⋃

i∈I relintCi satisfying exactly
the same coincidences as x (with respect to all cones Ci). Recall that we can even
choose x′ arbitrarily close to x. Using the rational points xn and x′, our strategy now
is to construct a progression σ in S which violates the hypothesis for the degree
of growth. For this, we preliminarily fix some n� 0 (in fact, we will specify the
requirements for n later on). Since xn and x′ are rational points in C, we can find
positive integers c and c′ such that

a := c · xn and b := c′ · x′

lie in S. Now we consider the arithmetic progression

σ := a+N ·b

in S. For this progression and each i, we shall show that

degi(σ − ti) < d . (8)

Using Lemma 6.5.3, we see that the degree of growth of Hψi
along σ is less than

d. This is clearly in contrast to the hypothesis of the theorem (choose w = a and
W = Zb). In order to show inequality (8), we distinguish three cases.

Case 1: i ∈ I and x /∈ Ci. This is an easy case. Since x′ satisfies the same
coincidences as x, neither x′ nor the directional vector b are contained in Ci. Con-
sequently, σ − ti = a− ti + Nb intersects the cone Ci only in a finite number of
points (Lemma 2.9.5). More than ever, the intersection of σ − ti and Si is finite.
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Therefore, we have degi(σ − ti) = −∞. By the way, note that the choice of the
starting point a of σ is irrelevant in this case.

Case 2: i ∈ I and x ∈ bdCi. By Corollary 2.7.6, there exists a (unique) face
F 6= {0} of Ci such that x ∈ relintF . Note that also b,x′ ∈ relintF , and by Corol-
lary 6.3.4, we have degi(σ − ti) ≤ degi F . (Actually, there is equality here, or the
degree on the left equals −∞.) So if degi F < d, the desired contradiction is imme-
diate, and we may (and do) suppose that degi F ≥ d. Now we recall Corollary 6.4.3:
for n large enough, C(n)

i
is a neighbourhood of x in Ci. But since xn has been chosen

outside C(n)
i

, we may also assume that xn lies outside Ci.
At this point, Lemma 2.6.6 is useful: there exists a supporting hyperplane H of

Ci such that xn ∈ intH− and x ∈ H (and b,x′ ∈ H). Therefore, upon choosing the
factor c large enough, the point

a− ti = c · xn− ti
is contained in the interior of H− as well. But then Lemma 2.9.5 helps again: the
halfline a− ti + R+b does not meet the cone Ci at all. Thus σ − ti and Si do not
intersect, and (8) follows.

Case 3: i /∈ I. This case is easy again. By choice, xn is not contained in Vi
(neither in Ci, in particular). By varying c, we again achieve that

a− ti = c · xn− ti
neither is contained in Vi. Now elementary linear algebra yields that the halfline
a−ti +R+b meets the hyperplane Vi at most once. So once more, we have degi(σ−
ti) =−∞.

Step 3: Deduce the assertion of the theorem.

This is easy now, after Step 2 has been performed. As mentioned earlier,
each S(n)

i
has least degree d with respect to ϕi (Proposition 6.4.2). Therefore, by

Lemma 6.4.4, there is a constant ci > 0 such that

Hϕi
(x)≥ ci · ‖x‖

d

for all x ∈ S(n)
i

, ‖x‖ � 0. Then, in turn, Lemma 6.5.3 provides a constant c′i > 0
such that

Hψi
(x)≥ c′i · ‖x‖

d

for all x ∈ ti + S(n)
i

, ‖x‖ � 0. But the sets ti + S(n)
i

and S̄(n)
i

differ in only finitely
many hyperplanes (Corollary 3.3.10), and all these hyperplanes (found for i ∈ I),
together with the hyperplanes Vi (for i /∈ I), are covered by the hypothesis of the
theorem. Summing up, we have covered the right-hand side in (7), and the proof
of the theorem is complete.
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