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Chapter 1

Introduction

An increasing number of photonic applications based on nonlinear effects are routinely in
use, but for other desired and in principle possible new commercial devices, light induced
nonlinear effects are too small. For known materials the time constants, their long-term
stability or other properties are not sufficient and thus often the demands of light intensity
or power are too high. Thus the field of nonlinear interactions is still in rapid progress and
new applications with strong economic and social implications can be expected.

In the current work we focused on studying the ferroelectric Tungsten-Bronze structure
Strontium-Barium-Niobate (SBN) crystal. Many interesting properties of this material
were earlier reported in the literature [1–6]. Nevertheless a new effect -we called it domain-
induced-second-harmonic-generation (DISHG) [7]- was discovered, which not only explains
the mechanism of the second harmonic generation in this material but also extends the
potential nonlinear-optical applications of SBN.
Using the particularities of the second harmonic generation in this material, cylindrically
polarized light can be obtained in a very easy manner. It was shown in the literature [8–12]
that due to its high symmetry light with this polarization state can be better focused than
in all other cases. Up to now this is the easiest way to obtain such a polarization state,
thus a patent was applied for in this direction [13]. Several devices where the focusing
quality of the light is of great importance like in the case of confocal microscopy or optical
memory devices represents potential applications.
Beside the potential new applications the DISHG opens the possibility to investigate im-
portant characteristics of the ferroelectric domains of the SBN crystal.

Beside the introduction section where this overview of the work is presented there are six
more chapters in the structure of the thesis.
The second chapter describes the SBN crystal. The structure is presented and several
properties, important for this work, are shown.
In the third chapter an introduction in the field of nonlinear optics is made. All known
SHG mechanisms are briefly summarized and all their requirements are pointed out. The
importance of the refractive index in the phase-matching process is shown.
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Chapter - 1.0

The next chapter presents measurements of the refractive index for the whole composition
range and from infrared to near ultraviolet. As results of the measurements one can con-
clude that no known SHG scheme can be held responsible for the harmonic generation in
the case of the SBN crystal.
The fifth chapter presents observations of the SHG experiments. The observed light pat-
terns strongly indicate that some phase-matching process must be considered even if the
refractive index measurements and the known SHG schemes could not explain it. Fur-
ther, in the same chapter, a new mechanism to explain the observations is presented. The
needle-like domain structure of the crystal is considered to play an active role in the second
harmonic process. Thus the new mechanism is called domain-induced-second-harmonic-
generation (DISHG). Results of two experiments confirming the new model are presented.
This chapter ends with a brief description of the focusing of the cylindrically polarized
light and a description of potential application.
Chapter number six presents applications of the DISHG made to determine characteris-
tics of the crystal. From the inflection point of the second-order nonlinear susceptibility
as function of temperature the ferroelectric-paraelectric phase transition temperature is
determined. Size-characteristics of the ferroelectric domains are further investigated. The
development of the crystal domains from the as-grown to electrically-poled state is an-
alyzed. Particular aspects of the relaxor phase transition of the SBN crystal are also
investigated using DISHG.
The last chapter summarizes all important results of the work.
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Chapter 2

Structure of the
Strontium-Barium-Niobium Crystal

2.1 Introduction

Due to its outstanding photorefractive, electrooptic, nonlinear optic and dielectric prop-
erties, strontium barium niobate, SrxBa1−xNb2O6 -henceforth denoted as SBN, is one of
the most interesting materials in these fields. Potential applications include pyroelec-
tric detection [1], holographic data storage [2], surface acoustic wave devices [14], phase
conjugation [15], generation of photorefractive solitons [16], quasi-phase-matching second-
harmonic generation [17] and electro-optic modulation [18]. These materials belong to the
extensively studied class of relaxor ferroelectrics [19,20] for which the characteristics of the
ferroelectric phase transition (its smearing and temperature) and, hence, all the parameters
are governed by the composition, i.e. the [Sr]/[Ba] ratio.

2.2 SBN Growth and Structure

The SBN crystals are grown by the Czochralski method. For this work all crystals were
grown in the crystal growth laboratory of the Osnabrück University. As growth parameters
one can mention that the vertical temperature gradient in the furnace was about 1◦C/cm.
The seed crystal was air-cooled and continuously rotated with 28 cycles per minute. The
crystals are grown in the c-direction and pulled-out with a speed of 0.4 to 0.8 mm/h. The
obtained crystals were around 5 mm in width and up to 10 cm in length [21].

The structure of the SBN crystals was investigated in a number of works [3–6]. Figure
2.1 shows the projection of the SBN structure onto the (c)-plane, which was proposed by
Jamieson et al. [3]. The SBN structure is build up of two types of crystallographically
independent NbO6 octahedra joined via oxygen corners into a three-dimensional network.
As follows from all the structural investigations [3–6], in the SBN structure the narrowest
channels with a triangle cross-section (channels C in Fig. 2.1 and Fig. 2.2) are empty, the
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Chapter - 2.2

Figure 2.1: Projection of the (Sr,Ba)Nb2O6 structure onto the (c)-plane. One can see
the two types of NbO6 octahedra denoted with B. The narrowest triangle cross-section
channels are denoted with C. The intermediate diameter tetragonal cross-section channels
are labelled with A2. The largest diameter pentagonal channels are marked with A1.

tetragonal channels A2 with an intermediate diameter are occupied only by the Sr atoms,
and the largest channels A1 with a pentagonal cross-section are filled by Ba and Sr atoms.

According to the phase diagram [21] and the data obtained in [3–6], the SBN crystals of
the structural type under consideration exist in the composition region Sr0.32Ba0.68Nb2O6

to Sr0.82Ba0.18Nb2O6 and show a tetragonal symmetry with the space group P4bm and
belong to the Tungsten-Bronze (TB) group. The pioneering work by Jamieson et al. [3] was
devoted to the structural analysis of the Sr0.75Ba0.25Nb2O6 compound. It was demonstrated
that the Ba atoms located only in the large channels occupy their own fourfold site with an
occupancy factor of 34.4%. The same sites are 50.3% filled by Sr atoms. Therefore, each
of these crystallographic sites is randomly occupied by the Ba and Sr atoms with a total
occupancy factor of 84.7%. The remaining Sr atoms occupy twofold sites in the tetragonal
channels with an occupancy of 82.2%. For different [Sr]/[Ba] ratio the occupancy of the
channels will change. In the case of the congruently melting composition x = 0.61 the
medium-size channels are occupied 72.5% by the Sr atoms. The rest of the Sr atoms and
Ba atoms occupy the large five-fold channels.
One can see that none of the channels at none of the compositions is completely filled.
Thus the structure is called unfilled and several properties of the material are influenced
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Chapter - 2.2

Figure 2.2: Detailed view of the structural-channels in the SBN crystal. The narrowest
triangle cross-section channels are denoted with C. The intermediate diameter tetragonal
cross-section channels are labelled with A2. The largest diameter pentagonal channels are
marked with A1.

by this fact [22,23]. X-ray diffraction measurements [24] revealed the tetragonal structure
of the material P4bm. The unit cell parameters vary almost linearly with composition
(Dissertation M. Ulex), a = 12.488 to 12.412 Å and c = 3.974 to 3.905 Å for x = 0.32 to
0.82.
At room temperature the crystal is in a ferroelectric phase with the point group 4 m m.
At higher temperature, depending on the [Sr]/[Ba] ratio, a ferroelectric-paraelectric phase
transition will bring the crystal into a centrosymmetric phase characterized by the point
group 4/m m m. Due to the fact that both phases of the crystal are tetragonal the
ferroelectric domains in this material are always parallel or antiparallel to the fourfold
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axes (180◦ domains).

2.3 Limitations

Certain properties of the SBN crystal limit its applicability in some fields of optics or
nonlinear-optics. The investigation of the optical quality of the crystal, done with an opti-
cal microscope, revealed some typical patterns classified as stress in the crystal. In Fig. 2.3
a microscopic picture of the (c)-plane of an SBN crystal between crossed polarizers is pre-
sented. The pattern seen in this image seems to come from the stress in the material
imposed during its growth. Different parameters of the growth-process could not eliminate
this unwanted feature. It must be mentioned that this striations are present only in the
non-congruent compositions. The congruently melting composition can be grown with a
high optical quality.

Figure 2.3: Microscopic image of the (c)-plane of an SBN:45 crystal between crossed po-
larizes.

SBN is part of the large family of Tungsten-Bronze ferroelectric crystals. In the entire class
its birefringence is one of the smallest. The direct consequence of this is the impossibility
of collinear phase-matched second harmonic generation. Thus efficient frequency-doubling
of an infrared laser is not possible with this material. Nevertheless its particular needle-like
domain structure enables second harmonic generation in this material which represents a
potential for a new sort of applications [7].
The irreproducibility of several properties of the crystal, like the electrical conductivity
which can vary in a large spectrum for the same composition from one growth to another
represent another limitation of this material. Doping the crystal with rare-earth elements
may be a solution for this problem. Thus many studies of doped SBN have been made and
many are still in progress.
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Even so, with this limitations the SBN crystal is one of the most important and widely
investigated member of all Tungsten-Bronze ferroelectric compounds.
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Chapter 3

Optical Nonlinearities and Harmonic
Generation

”Physics would be dull and life most unfulfilling if all physical phenomena
around us were linear. Fortunately, we are living in a nonlinear world. While
linearization beautifies physics, nonlinearity provides excitement in physics.”

Y.R.Shen in The Principles of Nonlinear Optics

3.1 Optical Nonlinearities

Nonlinear effects in optics offer the possibility of generating or manipulating light in almost
any manner. The laser itself, producing light not available in nature, is the most obvious
example.
Because of the extremely small photon-photon interaction cross-section the direct influence
of one light beam on another is not practical with today’s light sources. Therefore the
nonlinearity is achieved via the nonlinear interaction of light with matter. In comparison
to linear optics both the real and the imaginary part of the refractive index, or in other
words both the conventional refractive index n and the absorption coefficient α become
functions of the light intensity I or more precise of the electric field E(r, t)

n = f{I, λ, φ} = f{E(r, t), λ, φ} (3.1)

α = f{I, λ, φ} = f{E(r, t), λ, φ} (3.2)

and thus they become functions of space, wavelength, time and polarization, dependent on
the incident light.

8
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Matter Light Useful description

Nonresonant (transparent) Incoherent Maxwell’s equations
Nonresonant (transparent) Coherent Maxwell’s equations

Resonant (absorbing) Incoherent Rate equations
Resonant (absorbing) Coherent Density matrix formalism

Table 3.1: Types of nonlinear optical interactions of light with matter

Therefore in nonlinear optics the light has to be characterized very carefully to avoid
unwanted side effects in applications and to exclude measurement errors, e.g. in nonlinear
spectroscopy. The superposition of light in matter will produce new physical effects in
the nonlinear regime. All the properties of the newly generated light can be completely
different from the properties of the incident beam.
An increasing number of photonic applications based on these nonlinear effects are routinely
in use, but for other desired and in principle possible new commercial devices, light induced
nonlinear effects are too small. For known materials the time constants, their long-term
stability or other properties are not sufficient and thus often the demands of light intensity
or power are too high. Thus the field of nonlinear interactions is still in rapid progress and
new applications with strong economic and social implications can be expected.

3.1.1 General Classification

There are three useful approaches to the description of the nonlinear interaction of light
with matter or more precisely for the nonlinear modification of matter by light. One can
use Maxwell’s equation as the fundamental concept with the nonlinear polarization Pnl;
the second is based on a quantum mechanical density matrix formalism; and the third
neglects the coherent terms in the density matrices and results in rate equations for the
population density Ni (Table 3.1).
The first approach is especially useful for nonresonant (elastic) interaction in which the
light is not absorbed by the matter. The density matrix is useful for resonant, coherent
interaction. In this case the discrete structure of the energy levels of the matter and their
phase-dependent occupation during the light wave period may be important for an exact
description. Unfortunately this formalism does not allow the description of systems with
many energy levels. In this case the description with rate equations may be a useful tool
for the analysis of the nonlinear resonant interactions.
The incoherent nonresonant interaction occurs e.g. in the self-focusing of light and coher-
ent nonresonant interactions are e.g. used for frequency conversion. Resonant interaction,
which mean absorption or emission of the light in material, is achieved incoherently in non-
linear spectroscopy and applications such as e.g. passive Q-switching. Resonant coherent
interaction, in which the matter oscillates in phase with the light, takes place in very fast
or high intensity or coherent experiments, as, e.g. self induced transparency. Besides these
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extreme cases all kinds of mixed interactions are possible.

3.1.2 Nonresonant Interactions

Nonresonant interactions are most useful for e.g. wavelength conversion of laser light,
wave mixing and optical phase conjugation. Because of the negligible absorption almost
no energy will be stored in the material. Thus they can be applied for high average powers
with high efficiencies.
The nonresonant nonlinear interaction may be understood as the reaction of the electric
dipoles built by electrons and the positively charged atomic cores in the matter under the
influence of high electric fields. For small fields the elongation will be small and thus the
back driving force will change linearly with the elongation in this first order approach, as
in classical mechanics. With strong electric fields the elongation will be increased and the
force will become a nonlinear function of the elongation.
With conventional light sources the electric fields are in the range of 100 V/m and the
resulting elongation is smaller than 10−16 m which is small compared to atomic or molecular
diameter of 10−10...10−7 m. With laser radiation electric field values of more than 106 V/m
can be achieved and thus nonlinear effects are possible.
These nonlinear effects will be a function of the electric fields of the incident light with
increasing exponent starting with 1 for linear interactions, to 2 as the next approximation
and so on. For better understanding the resulting effects can be classified for this exponent
of the nonlinearity as a function of the incident field as follows:

Second-Order Effects

• sum and difference frequency generation

• second harmonic generation (SHG)

• optical parametric amplification (OPA, OPO)

• Pockels effect

• electro-optic beam deflection

• optical rectification

Third-Order Effects

• third harmonic generation (THG)

• Kerr effect

• self-focusing

• self-diffraction

10
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• self-phase modulation

• solitons

• four-wave mixing (FWM)

• optical phase conjugation (PC)

Higher-Order Effects

• high harmonic generation

All these effects are based on the nonlinear modulation of the dielectric constant of the
material by the incident light as a result of the strong forces from the interaction of the
electric light field vector with the electrons of the matter. These forces drive the electrons
out of the harmonic potential and generate anharmonic effects. Mixed cases and noninteger
exponents are possible.

3.1.3 Nonlinear Polarization of the Medium

Based on Maxwell’s equations the reaction of matter under the influence of the electric field
of the light E(r′, t′) can be described by the polarization P(r, t). The linear interaction is
described as the proportional increase of the polarization as a function of the electric field
amplitude [25–28]

P(r, t) = ε0

∫ ∞

−∞
χ(1)(r − r′, t − t′) · E(r′, t′)dr′dt′ (3.3)

where χ(1) is the linear susceptibility of the medium. Usually monochromatic plane waves
are assumed, E(k, ω) = E0(k, ω)exp(ik · r− iωt), then a Fourier transformation applied to
Eq. 3.3 yields

P(k, ω) = ε0χ
(1)(k, ω)E(k, ω) (3.4)

with

χ(1)(k, ω) =
∫ ∞

−∞
χ(1)(r, t)exp(−ikr + iωt)drdt (3.5)

The dependence of χ on k is only weak, in nearly all practical cases it can be neglected.
In the nonlinear case, P can be expanded into a power series of E

11
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P(r, t) = ε0

∫∞
−∞ χ(1)(r − r′, t − t′) · E(r′, t′)dr′dt′

+ ε0

∫∞
−∞ χ(2)(r − r1, t − t1; r − r2, t − t2) · E(r1, t1) · E(r2, t2)dr1dt1dr2dt2

+ ε0

∫∞
−∞ χ(3)(r − r1, t − t1; r − r2, t − t2; r − r3, t − t3) · E(r1, t1)·

E(r2, t2) · E(r3, t3)dr1dt1dr2dt2dr3dt3

+ ...
(3.6)

where χ(n) is the nth-order nonlinear susceptibility. As in the linear case, the problem can
be Fourier transformed. Yet, for E now a sum of monochromatic plane waves should be
assumed

E(r, t) =
∑

i

E(ki, ωi) (3.7)

yielding for the polarization

P(k, ω) = P(1)(k, ω) + P(2)(k, ω) + P(3)(k, ω) + ... (3.8)

with

P(1)(k, ω) = ε0χ
(1)(k, ω) · E(k, ω)

P(2)(k, ω) = ε0χ
(2)(k = ki + kj, ω = ωi + ωj) · E(ki, ωi) · E(kj, ωj)

P(3)(k, ω) = ε0χ
(3)(k = ki + kj + kl, ω = ωi + ωj + ωl) · E(ki, ωi)·

·E(kj, ωj) · E(kl, ωl)

(3.9)

The χ(n)(k, ω) can be expressed in a similar way as in the linear case as integrals over the
respective χ(n)(r, t). Again, the dependence on k can be neglected. χ(n) is an (n + 1) -
rank tensor representing material properties. Using Einstein’s summation convention, the
above equations may be rewritten in component form, e. g.

P
(2)
k (ω) = ε0χ

(2)
kmn(ω = ωi + ωj)Em(ωi)En(ωj) (3.10)

3.1.4 The Phase Matching Problem

The fundamental waves generate an oscillating polarization through the medium which
oscillates with ω. The phases at different locations are defined and connected by the fun-
damental waves travelling through the medium. That means that the polarization wave
travels through the medium at a velocity v(ωi, ωj) for the fundamental frequencies ωi, ωj .

12
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The local polarization at every location acts as a source of electromagnetic dipole ra-
diation. The generated free waves, yet, travel through the medium at a velocity v(ω)
characteristic for their own frequency ω.

The velocities are defined by the respective refractive indices and - due to the dispersion
present in all materials - generally are different. In an extended medium the two relevant
waves - polarization wave and generated free wave - thus come out of phase after a typical
distance commonly referred to as coherence length. The sum free wave is amplified due to
constructive interference up to this coherence length, then attenuated due to destructive
interference. No efficient generation of nonlinear radiation seems to be possible. Yet, there
are some solutions to the problem.

3.1.5 Structural Symmetry of Nonlinear Susceptibilities

The susceptibility tensors must remain unchanged upon symmetry operations allowed for
the medium. This reduces the number of independent and nonzero elements. The most
important conclusion from this property is that for all centrosymmetric crystals and for all
isotropic media (gases, liquids, amorphous solids) all tensor elements of the even-order sus-
ceptibility tensors (χ(2), χ(4), ...) must be zero. Thus, e. g., no second harmonic generation
can be observed in such media. Odd-order susceptibility tensors, yet, will be non-zero and
will provide nonlinear effects. Using gases or metal vapors, e. g., only odd-order harmonics
can be produced.

3.1.6 Permutation Symmetry of Nonlinear Susceptibilities

When tensors are multiplied with vectors, usually the order of the vector multiplication can
be changed. In nonlinear optics it should not matter which of the fundamental fields is the
first to be multiplied. From this, permutation symmetry for the nonlinear susceptibilities
follows, for the second order

χ
(2)
ijl (ω1, ω2) = χ

(2)
ilj (ω2, ω1) (3.11)

Besides this trivial one, a more general permutation symmetry can be defined due to time
reversal symmetry resulting in relations like

χ
(2)∗
ijl (ω = ω1 + ω2) = χ

(2)
jli (ω1 = −ω2 + ω) = χ

(2)
lij (ω2 = ω − ω1) (3.12)

Time reversal symmetry can be applied as long as absorption can be neglected.

If the dispersion of χ can also be neglected, then the permutation symmetry becomes
independent of the frequencies. Consequently, then a very general permutation symmetry
exists between different elements of χ: elements remain unchanged under all permutations
of the Cartesian indices. This so-called Kleinman’s conjecture or Kleinman symmetry [29]

13
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reduces the number of independent elements further. Yet, it should be noted that it’s a
good approximation only at frequencies far from resonances such that dispersion really can
be neglected.

3.1.7 Symmetry in the case of Strontium Barium Niobate

In the ferroelectric phase at room temperature Strontium Barium Niobate has the point
symmetry group 4mm. The symmetry operations present in the point group include

4 :







x → y
y → −x
z → z













x → −x
y → −y
z → z













x → −y
y → x
z → z







m :







x → −x
y → y
z → z













x → x
y → −y
z → z







m :







x → y
y → x
z → z













x → −y
y → −x
z → z







(3.13)

The tensor elements transform like products of the respective coordinates, they must re-
main unchanged under all the transformations listed. The mirror plane m1 changes x into
−x or y into −y, thus all elements with an odd number of indices 1 or an odd number of
indices 2 have to be zero. The mirror plane m2 transforms x to y and y to x, thus elements
where 1s are replaced by 2s have to be equal.

For the second order susceptibility tensor for second harmonic generation, e. g., we arrive
at the nonzero elements

χ311 = χ322, χ333, χ131 = χ113 = χ232 = χ223 (3.14)

All other elements must be zero. Kleinman symmetry further reduces the number of
independent elements to two (χ311 and equivalent, and χ333).

3.1.8 Contraction of Indices

Especially for the susceptibility tensor for second harmonic generation it is common to
write it in a different form. As the last two indices can be exchanged, there are 18 different
elements left from the full set of 27. These 18 are written as a 2-dimensional matrix
dij [27, 28, 30] , the last two indices kl of the elements χikl are contracted to one index j
such that

11 → 1, 22 → 2, 33 → 3, 23, 32 → 4, 13, 31 → 5, 12, 21 → 6 (3.15)
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Using this matrix form of the susceptibility tensor, the second harmonic polarization is
written as







P (2)
x (2ω)

P (2)
y (2ω)

P (2)
z (2ω)





 = ε0







d11 d12 d13 d14 d15 d16

d21 d22 d23 d24 d25 d26

d31 d32 d33 d34 d35 d36





 .





















E2
x(ω)

E2
y(ω)

E2
z (ω)

2Ey(ω)Ex(ω)
2Ex(ω)Ez(ω)
2Ex(ω)Ey(ω)





















(3.16)

Then the symmetry considerations in the case of SBN will lead to the following relations
between the d tensor elements.

d31 = d32 = d15 = d24, d33 (3.17)

Finally the SBN’s d tensor is of the form:

dij =







0 0 0 0 d15 0
0 0 0 d24 0 0

d31 d32 d33 0 0 0





 (3.18)
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3.2 Harmonic Generation

One of the most important nonlinear optical processes for technical applications is the
generation of harmonics from laser light. We will discuss here second-harmonic generation,
widely used for producing visible and near ultraviolet coherent light.

3.2.1 Second-Harmonic Generation

Second-harmonic generation (SHG) was the first experiment in the history of nonlinear
optics carried out by Franken et al. [31] soon after the invention of the Ruby laser [32].
Presently it is one of the main applications of nonlinear optics, maybe the only really
important one. In the preceding chapter some important points concerning the nonlinear
susceptibility were presented. The general symmetry arguments have to be adopted in
a suitable way for SHG. The responsible tensor is of third rank, materials for SHG thus
must be non-centrosymmetric. For practical reasons, usually the d-tensor described is used
instead of the more general χ-tensor.

The local second harmonic polarization can be calculated according to Eq. 3.9. For the
generated second-harmonic intensity, yet, we face the phase-matching problem shortly
discussed. Fig. 3.1 visualizes the principle.

x
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E
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P
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E
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E
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x
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3
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(2)

E
(2)

E
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Figure 3.1: Fundamental wave E(1), induced second-harmonic polarization P(2), and second
harmonic waves E(2), generated at the positions x1, x2, and x3 in a nonlinear material
for two different cases. Left: second-harmonic waves travel at the same velocity as the
fundamental wave, all are in-phase throughout. Right: different velocities, the usual case,
mismatch between the phases of the second-harmonic waves E(2).

Due to dispersion present in all materials, waves of different frequencies travel at different
velocities, yielding a phase-mismatch between second-harmonic waves generated at differ-
ent positions in a nonlinear material. To get the total second-harmonic intensity produced,
we have to integrate over the generated waves taking into account the different velocities.
For simplicity were omit all rapidly oscillating factors and calculate only the phase-factors
with respect to x = 0. For E(1)(x) and P (2)(x) can be written
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E(1)(x) = E(1)(0) · e−ik1x,

P (2)(x) = χ · E(1)(x) · E(1)(x) = χ · E(1)(0) · E(1)(0) · e−i2k1x

(3.19)

Taking P (2) as driving force in a wave equation for E(2) yields

E(2)(x) = K · P (2)(x) = K · E(1)(0) · E(1)(0) · e−i2k1x (3.20)

where the K it contains all necessary constants like nonlinear susceptibility or refractive
indices.

E(2) now travels through the material with a velocity characteristic for the frequency
ω2 = 2ω1 and wave vector k2. Thus at an arbitrary position x′ where we could measure
the second-harmonic

E(2)(x′) = E(2)(x) · e−ik2(x′−x) = K · E(1)(0) · E(1)(0) · e−ik2x′

· e−i(2k1−k2)x (3.21)

Assuming a homogeneous material for 0 < x < L, E
(2)
total can be found integrating Eq. 3.21

over the length of the interaction between the fundamental light and the material

E
(2)
total(x

′) = K · E(1)(0) · E(1)(0) · e−ik2x′ ∫ L
0 e−i(2k1−k2)xdx

= K · E(1)(0) · E(1)(0) · e−ik2x′ 1
i∆k

[

ei∆kL − 1
]

= K · E(1)(0) · E(1)(0) · e−ik2x′

· ei∆k

2
L 1

i∆k

[

ei∆k

2
L − e−i∆k

2
L
]

= K · E(1)(0) · E(1)(0) · e−ik2x′

· ei∆k

2
L · sin(∆kL/2)

∆k/2

(3.22)

with

∆k = k2 − 2k1 =
2π

λ2

n(ω2) − 2
2π

λ1

n(ω1) =
4π

λ1

(n(ω2) − n(ω1)) (3.23)

λ1 and λ2 = λ1/2 are the wavelengths of the fundamental and second harmonic waves,
respectively, in vacuum.

Often a characteristic length, the so-called coherence length Lc, is defined. Yet one has to
be careful as two different definitions are used - the length after which the sine reaches its
maximum or the length after which the sine changes sign. Thus it may be defined as

either Lc =
π

∆k
or Lc =

2π

∆k
(3.24)

The generated second-harmonic intensity depends mainly on the phase mismatch ∆k, and
of course on the square of the input intensity and the tensor elements involved. For the
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latter often a so-called effective tensor element is used which is a suitable combination for
the geometry considered

I(2) = C · d2
eff · I

(1)2 ·
sin2(∆kL/2)

(∆k/2)2
(3.25)

For numerical calculation of I(2) an appropriate constant C may be adopted from text-
books on nonlinear optics.

In generall ∆k in Eq. 3.25 is non-zero, the intensity oscillates in a sine-square way. If,
however, ∆k approaches zero, we have to calculate the limit

lim
∆k→0

sin(∆kL/2)

∆k/2
= L (3.26)

In this case, the second-harmonic intensity increases quadratically with L - at least as
long as we are in the limit of low second-harmonic intensities where I(1) is unchanged
(undepleted fundamental wave approximation). The spatial variation of second-harmonic
intensities for some characteristic values ∆k is sketched in Fig. 3.2
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Figure 3.2: Second-harmonic intensities as a function of the position in the nonlinear
material for different ∆k.

3.2.2 Phase Matching

For an efficient generation of second-harmonic light it is highly desirable to achieve phase
matching, ∆k = 0. Usually the refractive indices are governed by normal dispersion which
means that in Eq. 3.23 the difference n(ω2) − n(ω1) is larger than zero, revealing ∆k > 0.
One way out is to utilize the birefringence which is present in crystals of all symmetry
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classes except the cubic one. Uniaxial classes with two different principal refractive indices
include the tetragonal, hexagonal and trigonal ones; biaxial classes, where all three princi-
pal indices are different, include the orthorhombic, monoclinic and triclinic ones.

The refractive index of a material is derived from the linear susceptibility, a second rank
tensor. This tensor can be visualized by a general ellipsoid - general means that all three
axes of the ellipsoid are of different lengths and that the orientation is arbitrary. However,
this ellipsoid has to be compatible with the point symmetry of the material regarded. That
means that certain symmetry elements may fix the orientation of the ellipsoid and may
force two or all three axes to be equal. This reveals the above classification. In all uniaxial
classes, the orientation of the ellipsoid is fixed, and the ellipsoid is rotationally symmetric.
In the biaxial classes where all three axes are different in length, the orientation is fixed
for orthorhombic crystals, one axis is fixed for monoclinic crystals, and the orientation is
completely free for triclinic ones. For the latter two cases, moreover, the orientation is
wavelength dependent.

The k-vector of light propagating in the material defines a plane perpendicular to it through
the center of the ellipsoid. This plane intersects the ellipsoid yielding an ellipse as inter-
section curve. The directions of the major and minor axes of this ellipse define the two
polarization directions allowed, the length of these axes determine the respective refractive
indices. These two different indices for every crystallographic direction can be plotted as
index surfaces which reveal the two refractive indices as intersections with the respective
k-vector direction.

This directional dependence of the refractive indices for the uniaxial case is shown in
Fig. 3.3 (left). For every direction of the wave vector in an uniaxial crystal two different
refractive indices are found which are valid for the two light polarizations possible.
The two refractive indices define the two possible velocities of light - a maximal and a
minimal one - for every propagation direction. Two fixed polarization directions inside the
crystal, perpendicular to each other, are connected with the two refractive indices. There
are obvious distinct exceptions to this general rule of two different refractive indices. In
Fig. 3.3 (left) one can see that for light propagating along the crystallographic z-axis only
one refractive index is found. For these special propagation directions arbitrary light po-
larizations are possible. These crystallographic directions are called the optic axes.

Utilizing the birefringence of a material, it may be possible to find propagation directions
where the velocities of fundamental and harmonic waves are identical. Drawing the index
surfaces for fundamental and harmonic frequencies, these directions are found as the in-
tersection curves between the index surfaces.

Fig. 3.3 (right) shows this for an uniaxial material. The index surfaces for the ordinary
index at the fundamental frequency, n(1)

o , and for the extraordinary index at the harmonic
frequency, n(2)

e , are sketched, the intersection curve is a circle, all propagation directions
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Figure 3.3: Left: Refractive index surfaces in an uniaxial crystal. The two surfaces indicate
the refractive indices for the respective crystallographic directions.
Right: Refractive index surfaces for the ordinary index at the fundamental frequency, n(1)

o ,
and for the extraordinary index at the harmonic frequency, n(2)

e in a uniaxial material with
so-called negative birefringence (ne < no). The gray intersection curve (circular in the
uniaxial case) determines the phase-match angle Θ.

with a fixed angle Θ versus the z-axis are phase-matched.

To check whether phase matching is really possible, one has to consider the dispersion
behavior of the material. Typical dispersion curves for uniaxial crystals are sketched in
Fig. 3.4. A fundamental wavelength of 1000 nm, consequently a harmonic at 500 nm are
assumed. Low birefringence (left) inhibits phase matching, higher birefringence (right)
allows it. Or, every birefringent material has a certain restricted wavelength range with a
characteristic short-wavelength limit, in which phase-matching is possible.

The refractive index of the harmonic beam is defined as a function of the angle Θ as

1

n2(Θ)
=

cos2(Θ)

n2
0

+
sin2(Θ)

n2
e

(3.27)

From Eq. 3.27, in turn the phase-matching angle Θ can be deduced demanding a value
n(Θ) at the harmonic wavelength to be equal to no at the fundamental wavelength. A
real solution for Θ then indicates that we are inside the wavelength range where phase
matching is possible.

The above considerations assume that the two relevant fundamental waves are identical.
This is referred to as Type I phase matching. Instead, two different fundamentals can be
combined which usually are split from one incident wave. We then speak of Type II phase
matching.
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Figure 3.4: Dispersion of the refractive indices in uniaxial crystals. Left: low birefringence,
right: higher birefringence. The refractive index for the ordinary fundamental wave is fixed,
the index for the extraordinary harmonic wave can be angle-tuned along the vertical lines
drawn.

3.2.3 Quasi Phase Matching

Already in one of the first theoretical publications on nonlinear optics [33], Bloembergen
and coworkers discussed a different method to achieve phase matching for nonlinear optical
processes, especially for second-harmonic generation. They proposed to reverse the sign of
the respective tensor element periodically after an appropriate crystal thickness. In ferro-
electric materials this can be done by an antiparallel poling of crystal regions, ferroelectric
domains. The geometry for a typical example is sketched in Fig. 3.5

Figure 3.5: Periodically poled domain structure for second-harmonic generation in mate-
rials like lithium niobate or lithium tantalate.

The usage of such periodically poled structures is commonly referred to as quasi phase
matching. The momentum conservation law is fulfilled with the help of the additional
vector K which describes the periodicity of the antiparallel domains:

k2 = k1 + k′
1 + K (3.28)

The second-harmonic intensity achieved through the periodically poled geometry is de-
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picted in Fig. 3.6. The intensity dependencies are calculated for phase-matched, quasi-
phase-matched, and non-phase-matched conditions under the assumption of identical ten-
sor elements d involved.
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Figure 3.6: Intensities of phase-matched (dark gray parabola), quasi-phase-matched (black
curve), and non-phase-matched SHG (light gray), assuming identical tensor elements and
identical beam geometries.

They gained increasing interest in the recent years because of several reasons:

• Successful techniques for the fabrication of periodically poled structures have been
developed [34]

• Nonlinear optical materials - especially lithium niobate and lithium tantalate - have
been improved to facilitate poling.

• The demand for doubling of low light intensities has increased due to the rapid
development of semiconductor lasers.

• Quasi phase matching extends the wavelength range for nonlinear optical processes
up to the full transparency range of the material.

It should be emphasized that the technique is only applicable to ferroelectric nonlinear
optical materials, thus is not suitable for a number of classical materials. And periodically
poled structure is also usable for higher order harmonics [35].
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3.3 Known SHG Schemes

The principles of harmonic generation introduced up to this point refer in particular to
the case of Second Harmonic Generation (SHG). In the following chapters the practical
schemes of SHG and some applications where these can be used will be presented.
Usually nonlinear optical processes are regarded to be collinear which means that all par-
ticipating light beams are pointing approximately into the same direction. Such collinear
geometries have the advantage of large interaction lengths, thus optimize the efficiency of
the nonlinear interaction.
However, it’s not a must to work with collinear beams, non-collinear interactions are pos-
sible as well. As the interacting beams are inclined to each other, the intersection volume
will be small, the resulting short interaction length will hamper efficiency. Non-collinear
geometries are therefore not suitable for efficient frequency conversion, they are only in-
teresting for their physics and they can be useful for material characterization.

3.3.1 Collinear Second Harmonic Generation

Perhaps the most useful scheme and also the most simple to describe is called Collinear
Second Harmonic Generation. For such a case a nonlinear medium is needed. And
a crystal with as large value as possible of the d tensor elements. Beside this the crystal
must be anisotropic, the birefringence ∆n = ne − no has to be large enough to fulfill the
phase matching condition. That means that the refractive index for the generating wave
nIR must be equal to the refractive index of the generated second harmonic light nSHG.
If one considers the case of an incident beam with a wavelength λIR,0 = 1064 nm of an
infrared Nd:YAG laser then second harmonic light with λSHG,0 = 532 nm will be generated.
This is the usual way for getting green lasers out of the widely used Nd:YAG ones.

The refractive index condition is just a different aspect of the momentum conservation for
the SHG generation process. One can observe that the energy conservation leads to the
double frequency of the generated light compared to the incoming one. The two laws can
be expressed as following

∑

i

ωi = 0,
∑

i

ki = 0 (3.29)

k
2

k
1

k
1

Figure 3.7: Momentum conservation for the collinear Second Harmonic Generation.
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One can observe that in this scheme of harmonic generation the momentum is conserved
not just as a vector but as a scalar as well. Or in other words the sum of the lengths
of the two infrared light momentum vectors is equal to the length of the generated light
momentum vector (Fig. 3.7). This is a consequence of the fact that in this case nIR,o and
nSHG,e are equal. Due to the long interaction length between the fundamental light and
the nonlinear medium this scheme is used for frequency conversion [27, 28, 36]. Typical
crystals for this application are KDP, KTP, PPLN.

3.3.2 Non-Collinear Second Harmonic Generation

3.3.2.1 Induced Non-Collinear SHG

The first non-collinear SHG process described is called Induced Second Harmonic Gen-
eration. This technique utilizes two fundamental light beams inclined to each other to
fulfill the vectorial phase matching condition, the momentum conservation sketch is like in
the Fig. 3.8

Θ Θ’

k
2

k
1 k

1
’

Figure 3.8: Vectorial momentum conservation for Induced Second Harmonic Generation.

k2 = k1 + k′
1 (3.30)

The length of the generated vector k2 is less than the sum of the lengths of k1 and k′
1. That

is only possible for crystals of larger birefringence than the one needed for the collinear
case. Of course the collinear case can also be fulfilled in such a crystal by choosing a certain
angle so that the birefringence is decreased and suited for the collinear scheme.

The vectorial phase matching condition Eq. 3.30 can be referred to a condition for the re-
spective refractive indices nSHG and nIR. The two fundamental beams usually are derived
from the same laser which means that the light waves with the k vectors ~k1 and ~k′

1 have
the same frequencies. Furthermore, a geometry can be chosen where the two fundamental
beams are arranged symmetrically with respect to the index ellipsoid and have symmet-
ric polarization, then the momentum conservation Eq. 3.30 will lead to a relation of the
refractive indices like:

nSHG(k2) = nIR(k1) cos(Θ) (3.31)
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The angle Θ and the polarizations of the incident beams have to be chosen in an appro-
priate way to fulfill Eq. 3.31. Obviously this condition is very sensitive to variations in the
refractive indices.

As it was mentioned at the beginning of this chapter two fundamental light beams inclined
to each other are the input beams and the interaction volume is limited in all three spa-
tial dimensions. Thus such an experiment can be used to get information just about the
volume element under illumination. Moving the sample in all spatial directions yields a
fully three-dimensional topography. The resolution depends on the beam geometries and
on the angle Θ.

The technique may be illustrated by two typical applications concerning the characteriza-
tion of optical crystals: composition measurements in lithium niobate [37,38] and detection
of domain borders in potassium niobate [39].

3.3.2.2 Spontaneous Non-Collinear SHG

In contrast to induced non-collinear frequency doubling, spontaneous non-collinear fre-
quency doubling is a type of optical second harmonic generation that uses randomly scat-
tered light to provide additional fundamental beams in order to accomplish non-collinear
phase matching [40]. This scattered light may arise from the crystal itself due to inho-
mogeneities or impurities or may be forced by suitable optics (ground glass plate in front
of the sample). The corresponding momentum diagram is shown in Fig. 3.9 Again the
vectorial phase matching condition described by Eq. 3.30 has to be fulfilled.
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k
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k
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Figure 3.9: Vectorial momentum conservation for Spontaneous Second Harmonic Genera-
tion.

As light is scattered in all three-dimensional directions, phase matching now can be achieved
for a multitude of angles Θ+Θ′ around the direction of the fundamental beam. This leads
to a cone of second harmonic light. The cone angle Θ depends on the crystallographic
direction and the respective effective refractive indices. To keep it simple, the fundamental
beam is directed along one of the axes of the index ellipsoid yielding a cone of approxi-
mately elliptic shape. The ellipsoid parameters depend very sensitively on the refractive
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indices for the fundamental and the second harmonic light at the position of the focused
fundamental light beam. Thus a two-dimensional topographical characterization of crystals
is possible when the sample is moved perpendicular to the fundamental beam direction.
The spatial resolution depends on the fundamental beam geometry.

Again, two examples may illustrate the application of the technique for material character-
ization, the homogeneity and composition measurement of a pure lithium niobate crystal
and the characterization of so-called growth striations in Mg-doped lithium niobate. Of
course this SHG scheme is suited just for the crystals with a large birefringence [40].

3.3.2.3 Conical Harmonic Generation

An interesting mechanism for the generation of harmonic light is the use of higher order
nonlinearities. This mechanism for Conical Harmonic Generation was described and exper-
imentally verified in 2002 by Moll et al [41]. The wave vector geometry for second-harmonic
generation via this mechanism is shown in Fig. 3.10
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Figure 3.10: Vectorial momentum conservation for the Conical Harmonic Generation.

Five waves (4× k1, k
′
2) have to interact to produce a second harmonic wave k2. As k′

2 also
has to be generated by the fundamental pump wave k1, the whole process can be regarded
as parametric amplification of a signal and an idler beam, k2 and k′

2 respectively. As usual
for parametric amplification, the theoretical description consists of three coupled equations
for the three interacting waves k1, k2, k

′
2. Generally, the two generated waves may be of dif-

ferent frequencies, most effective amplification is achieved, however, when the frequencies
of signal and idler are identical. A comprehensive treatment is given in the above cited
publication.

The wave vector geometry in Fig. 3.10 shows that for the generation of the second order
harmonic a 5th order nonlinear interaction is responsible. This can be generalized: radi-
ation at the m-th order harmonic can be generated through the use of a (2m + 1)- order
nonlinearity. The tensor of the corresponding nonlinear susceptibility is of rank (2m + 2),
always of even rank. Thus this process allows for the generation and amplification of both
odd- and even-order harmonics in all materials, even in isotropic ones. Additionally, this
process can always be phase matched in normal-dispersion materials without the use of
birefringence. From the wave vector diagram it can be derived:
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cos Θ = n(ω)/n(2ω) (3.32)

or for the generation of the m-th order harmonic:

cos Θ = n(ω)/n(mω) (3.33)

Both equations can always be fulfilled for normal dispersion as in this case n(mω) > n(ω).
This is the only SHG scheme that can be fulfilled in any material, no high birefringence
is required not even anisotropy of the crystal. It must be underlined that the second har-
monic light generated with this method is always a cone with a certain angle Θ.

In the previous chapters the importance of the refractive index or of the birefringence in
the SHG process was pointed out. This parameter is the one determining which scheme of
harmonic generation can be realized in the considered nonlinear medium.
As a summary one can review that the Collinear, Induced and Spontaneous schemes are
compatible just with the case of large birefringence and only the Conical harmonic gener-
ation can be obtained in any case.
For the determination of the second harmonic generation scheme present in the case of
SBN first refractive index measurement have to be performed. Therefore the following
section will be dedicated to these measurements.
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Refractive Index for SBN

4.1 Introduction

One of the first measurements of the refractive index of SrxBa1−xNb2O6 was made in 1968
by Venturini et al [42]. Crystals with compositions x = 0.25, x = 0.50 and x = 0.75
have been used. Values of other compositions as well as the congruently melting one could
be obtained just by an interpolation of these data. Later, other measurements have been
performed on several compositions in single domain crystals [43, 44]. None of these mea-
surements covers the whole composition range where the crystal can be grown and in all
cases just very few wavelengths were available.

4.2 Measurements and Results

In this work refractive index measurements for as-grown SBN crystals covering not only
the entire composition range but also a wide wavelength region from infrared to near ul-
traviolet are presented.
Eleven triangular prisms have been prepared with the composition varying from x = 0.32
to x = 0.79 (in the work of Venturini et al [42] the values of x are given as they were in
melt but in our case the values are those in the crystal, obtained with measurements of
X-Ray fluorescence [21].). The c-axis is oriented perpendicular to the two parallel surfaces
using a {100} growth face as a reference. All sides were polished to optical quality.

Using the minimum deviation method the refractive indices were determined with an ab-
solute accuracy better than ±0.002 for the case of the visible and the near ultraviolet.
The accuracy for the relative far infrared is somewhat worse due to the detection of the
image. For the visible a mercury-lamp and for the infrared measurements two laser diodes
of 790 nm and 1500 nm were used. In the case of the second laser diode a suitable infrared
camera has been adapted to the goniometer. All measurements were carried out at room
temperature (T = 22 ◦C) and the light intensity was kept low to avoid heating of the
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Compositions [x] 0.34 0.41 0.48 0.51 0.56 0.61 0.64 0.69 0.74 0.77 0.79

Table 4.1: Compositions used for refractive index measurements of SrxBa1−xNb2O6

Wavelength [nm] 435.8 467.8 480.0 508.6 546.1 578.0 643.8 790.0 1500.0

Table 4.2: Wavelengths used for refractive index measurements. The first seven wave-
lengths were obtained from a mercury-lamp, last two 790 nm and 1500 nm are from infrared
laser diodes.

Type A B [nm2] C [nm2] D [nm]
Extraordinary 4.74 + 0.38 · x 1.02E5 + 1.48E4 · x 4.72E4 + 2.67E4 · x −2.14E-5 · x

Ordinary 5.11 1.18E5 6.69E4 0

Table 4.3: Coefficients of the Sellmeier equation Eq. 4.1 used for the global fit of the
refractive indices. For the extraordinary fit the coefficients are depending on the Strontium
- Barium ratio in the crystal. Thus they are expressed as functions of the Strontium fraction
x. The ordinary indices are independent of this ratio.

samples.
Table 4.1 presents the list of the composition for the samples used and in table 4.2 the
wavelengths are summarized where the measurements were carried out.
Figure Fig. 4.1 shows the dispersion, the fitting curves, of extraordinary (ne) and ordinary
(no) refractive indices. The upper-most solid curve represents the ordinary refractive in-
dices no for all compositions. The lower curves are for the extraordinary indices ne. The
curve just below the solid, ordinary one, is for the sample with the composition x = 0.79.
The values of the extraordinary indices are decreasing monotonically. Thus the lowest
curve represents the extraordinary dispersion for the composition x = 0.32.

A global fit was made over the whole composition range using a conventional four-parameter
Sellmeier equation Eq. 4.1. A good fit can be made assuming that all coefficients of this
equation are linear functions of the composition x.

n2(λ) = A +
B

λ2 − C
+ Dλ (4.1)

Table 4.3 presents the four coefficients of the Sellmeier equation used to fit the data.
Figure Fig. 4.2 shows a global fit for the extraordinary index ne over the whole composition
range and over all measured wavelengths.
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Figure 4.1: Ordinary and extraordinary refractive indices for SrxBa1−xNb2O6. The upper-
most solid curve represents the ordinary dispersion for all the compositions 0.32 < x < 0.79.
The rest of the curves are the extraordinary dispersions for the eleven crystals measured.
The lowest one corresponds to x = 0.32 and the one just below the ordinary curve is for
the most Strontium rich sample x = 0.79.

Only a very slight dependence can be found for the ordinary refractive index as a function
of composition x. Figure Fig. 4.3 presents a magnified picture of the no curves around the
wavelength 690 nm. The highest values are those for the sample with x = 0.79 and the
lowest curve represents the ordinary refractive indices for x = 0.32. One can observe that
the differences between values of the refractive index are in the measurement error range,
thus it makes no sense to fit the parameters of the Sellmeier equation with composition as
was done in the case of the extraordinary indices.
The birefringence is presented in Fig. 4.4. Considering the ordinary refractive indices in-
dependent of composition, then like the extraordinary indices also the birefringence is a
monotonic function of x. The largest birefringence is for the crystal containing the highest
concentration of Barium.
However, also in this case the birefringence is one of the smallest of all known tetragonal
Tungsten-Bronze structures [45,46]

It is known from the literature that in case of SBN there is no relevant difference of the
refractive indices between the poled and unpoled material. Therefore and also due to the
difficulties which can arise for a high temperature poling of the Barium rich compositions
it was preferred to perform all the measurements in the as-grown state.
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Figure 4.2: Global fit of the extraordinary refractive indices over the whole composition
range where the crystal can be grown and over all measured wavelengths. The circles
are the measured values and the eleven lines represent the values of the global fit at the
measured compositions.

4.3 Phase Matching calculation

Using Eq. 4.1 one can calculate for which composition of the SBN crystal and what wave-
length region phase matching for second harmonic generation (SHG) is possible. The gray
region in figure Fig. 4.5 shows the phase matching possibilities for a wavelength region of
the fundamental beam between 1200 nm and 1650 nm. The required composition of the
crystal is below x = 0.26. From the phase diagram of the crystal [21] one can see that this
requirement can not be fulfilled. The tetragonal Tungsten-Bronze SBN crystal can only
be grown in a composition range of 0.32 < x < 0.79.

From the refractive index measurement it is evident that no known second harmonic scheme
can be responsible for the harmonic generation in SBN. Due to low birefringence none
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Figure 4.3: Ordinary refractive indices around a wavelength of 690nm. The Strontium
fracion x decreases from the upper to the lower curves. One can see that the composition
dependence of the ordinary refractive index is in the measurement error range. Therefore
no composition dependence is included in the fit for the ordinary index.

of the collinear, induced or spontaneous SHG schemes can play any role in case of this
crystal. Only the Conical harmonic generation could always be accomplished independent
of birefringence, but as shown in section 3.3.2 the result of this process would always be
a harmonic cone of a certain angle, and this is not the case for SBN. The next chapter
at first will present experimental observations about the generation of a second harmonic
in the case of SBN. In the second part of the chapter a novel model will be proposed to
explain the harmonic generation.

32



Chapter - 4.3

400 600 800 1000 1200 1400 1600
0

0.05

0.1

0.15

Wavelength [nm]

|n
e −

 n
o|

Figure 4.4: Absolute values of birefringence |ne − no| vs. light wavelength. The eleven
lines represents the birefringence for the measured samples. The highest values are for the
sample containing the most Barium. Birefringence monotonically decreases with increasing
Strontium content in the sample. The plots have been made using the Sellmeier equation
Eq. 4.1 and the parameters from table Tab. 4.3

1200 1300 1400 1500 1600
0.1

0.15

0.2

0.25

Wavelength [nm]

C
on

ce
nt

ra
tio

ns
 [x

]

Figure 4.5: Second harmonic phase matching in SBN. The grayed area represents the
compositions and wavelengths of the fundamental beam where phase matching is possible.
The required composition for phase matching is below x = 0.26. From the phase diagram
[21] one can see that is not possible to grow tetragonal Tungsten-Bronze SBN crystals with
a value of x less than 0.32.
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Domain Induced Second Harmonic
Generation (DISHG)

As shown in the previous chapter phase matching for collinear SHG is not possible in
SBN. Nevertheless intense green light is observed when the crystals are illuminated with
the beam of a pulsed Nd:YAG laser.

5.1 Experimental Observations

Most of the second harmonic experiments were carried out using a Nd:YAG pulse laser, with
pulses of 5 ns, a repetition rate of about 1 KHz, wavelength of 1064 nm and approximately
10 KW peak power.

5.1.1 Planar noncollinear SHG

When the incident laser light is directed perpendicular to the c-axis of the SBN crystal
one can experience green extraordinary polarized second harmonic light emitted in all di-
rections in the (c) plane (Fig. 5.1).

The polarization state of second harmonic light can be easily deduced considering the d-
tensor’s nonzero elements. While entering the crystal with a beam perpendicular to its
c-axis and parallel to its b-axis the electric field vector of the infrared laser light must be
in the (ac) plane or in other words the components of the electric field vector are those
with indices 1 and 3. From 3.16 it can be seen that for all polarizations of the infrared
laser beam the excited nonlinear polarization in the crystal is along the c-axis. Thus the
polarization state of the generated second harmonic light is extraordinary.

The measurements show that the second harmonic intensity for extraordinarily polarized
incident light is larger than for ordinary one. That means that d33 is larger than the other
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tensor elements.
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Figure 5.1: SHG in SBN, on the left side the case of the laser beam perpendicular to the
crystallographic c-axis is sketched, in this case a continuous and homogeneous distribution
of SHG can be observed perpendicular to the direction of the c-axis. On the right is a
picture of this experiment. The bright line is the intersection between the second harmonic
plane and the projection screen. (The infrared light can not be seen, it was supressed with
an appropriate filter.)

Back to the observations and after explaining the SHG light polarization it is still the
question of the light distribution which is nearly homogeneous in a plane perpendicular to
the c-axis (Fig. 5.2 center). The first idea to explain this was that SHG is generated in a
collinear way and then due to scattering on the domain walls this homogeneous distribution
results. This model would also work for poled samples. In this case the SHG intensity
is still distributed in the (c) plane but the intensity is no longer isotropic regarding the
angular distribution, more can be seen at angles of 0◦ and 180◦ to the direction of the laser
beam and less at (90◦ Fig. 5.2 right).
This could be explained by less scattering in the poled samples due to much less domain
walls.

5.1.2 Conical non-collinear SHG

The ’scattering model’ was satisfying up to a day when the crystal was turned with the
c-axis parallel to the beam direction. In this case a green circle was seen on the projection
screen (Fig. 5.3).

Placing an analyzer between the crystal and the projection screen shows that the ring is
radially polarized. The circular symmetry of the polarization pattern can be confirmed by
roating the analyzer (Fig. 5.4).
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Figure 5.2: SHG in SBN with the laser light perpendicular to the c-axis and propagating
along the b-axis of the crystal. All three pictures present a c-cut of an SBN crystal.The
left image shows the propagation of the laser beam. The center image presents the second
harmonic generation of an as-grown SBN crystal. Here the second harmonic is distributed
homogenously in all directions. The picture from the right presents second harmonic
generation of a poled SBN crystal. Here the main SHG intensity is in forward direction
and less at different angles.
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Figure 5.3: Case of SHG in SBN with the laser light travelling in the crystal along the
ferroelectric c-axis. On the left the geometry is sketched. The dashed arrow represents the
infrared light. The solid lines, sketching a cone, represent the generated second harmonic
light. On the right image a photo of the screen picture is presented. The middle bright
spot is the infrared and the bright circle is the intersection of the second harmonic cone
with the screen.

Similar ring-shaped patterns are found in a vast variety of so-called parametric scattering
processes in photorefractive crystals [47–49]. Although SBN is one of the most interesting
photorefractive materials, parametric scattering in combination with harmonic generation
can be excluded as an explanation due to two main reasons. First, the photorefractive
response of a material arises from suitable impurities – we used undoped crystals. Second,
the onset of parametric scattering processes always shows a temporal evolution. To check
this point, we measured the time shape of the ring signal at the very first laser pulse and at
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Figure 5.4: Polarization properties of the SHG ring. Left: without analyzer, middle:
analyzer oriented horizontal, right: analyzer at 45◦. The bright central spot is due to the
infrared laser light.

the 5000th, i. e. after 5 seconds, using a photomultiplier. The oscilloscope traces of these
two signals are depicted in Fig. 5.5. They are nearly identical, thus parametric scattering
processes can be clearly excluded.
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Figure 5.5: Oscilloscope traces of the ring intensity (photomultiplier signal) at the first
and at the 5000th pulse of the exciting laser. The pulse width is approximately 5 ns, the
time T between the two pulses shown here is 5 seconds.

Several authors have demonstrated that micrometer-sized needlelike domains play an im-
portant role for light scattering and for the type of the phase transition in SBN [50–53].
These domains are in antiparallel order, the ferroelectric polarization is parallel or an-
tiparallel to the crystallographic c-direction. To prove whether these domains also are
responsible for the non-collinear second-harmonic process, we poled a sample by cooling
it down from the high-temperature paraelectric phase with an electric field applied in c-
direction. After that no indication of a ring structure could be detected. That means that
antiparallel ferroelectric domains are the basic cause for the non-collinear SHG effect, a
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model has to be based on this fact.

5.2 The Model

A model to explain the second harmonic generation in SBN must be in agreement with
the described observations and of course with the crystal particularities:

• Strontium Barium Niobate (SBN) has a small birefringence.

• For an incidence along the c axis the observed SHG ring is weak in poled and strong
in un-poled samples.

• The intensity distribution in case of normal incidence regarding the crystals c-axis
is homogeneous in as-grown samples but in case of poling the intensity is mainly
distributed around 0◦ and 180◦ to the direction of the laser beam.

• while turning the crystal from the geometry with the laser beam parallel to the c-
axis to the situation of the laser beam perpendicular to the c-axis the projected SHG
image on a screen will change from Circle → Ellipse → Hyperbola → Straight line.

• The observed ring is radially polarized.

• The generation of the second harmonic must be in agreement with the d-tensor for
SBN.
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�

Figure 5.6: Schematic of two dipoles excited by the incoming infrared light wave and
constructively interfering under a certain angle ϕ to build an SHG plane wave. D is half
of the spatial periodicity for the domain distribution. d is the additional optical path for
phase compensation.
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The well defined SHG light pattern observed in the case of the SBN crystal strongly
indicates that there must be phase matching; otherwise just a diffuse, homogeneously
distributed, second harmonic light would be seen.
As a starting point we consider the simplest case, two antiparallel domains which are
excited by an infrared wave as shown in Fig 5.6. Second harmonic polarization is induced
via the tensor elements d31 and d32. Due to the antiparallel direction of the ferroelectric
polarization a phase shift of π results between the two second harmonic polarizations. The
two domains thus can be regarded as dipole point sources for second harmonic radiation
with a phase shift of π. Both, the dipolar radiation geometry and this phase shift prevent
second harmonic radiation in forward direction, i.e. parallel to the infrared beam. The
phase shift is compensated for directions where d is an odd multiple of λ/2, λ is the second
harmonic wavelength.
In nonlinear optics problems like phase matching or quasi phase matching are treated
most often not in the real space (wavelength description λ) but in the reciprocal space
(momentum space k).
The periodicity of the antiparallel domains can be regarded as a grating. In the momentum
space this will have a certain grating vector Kg. Then the phase matching condition
(Fig. 5.12), described above in terms of λ, can be expressed in the momentum space like
in Eq. 5.1

kSHG = 2kIR + Kg (5.1)

with |Kg| of the form:

Kg =
2π

2D
(5.2)

with 2D the periodicity of the domains.

If one considers the case of collinear quasi-phase matching, the momentum conservation is
also like in Eq. 5.1, the only difference is that in this case all three vectors are collinear,
thus this expression is true in a scalar sense. In our case the Eq. 5.1 is only true in a
vectorial sense.
In the case of collinear quasi-phase matching the origin of the Kg vector is evident, it
comes from the periodically poling of the crystal. In our case it comes from the random
distribution of the antiparallel domains. Thus the Kg vectors from Eq. 5.1 are always
contained in the (c)-plane.
For a better understanding of the link between the domain distribution in the crystal and
the equivalent density of Kg vectors in the momentum space it is useful to consider the
following examples.

For the case of just two antiparallel dipoles sketched in Fig. 5.7(left) the density of states
of the Kg vectors in the momentum space will be like in Fig. 5.7(right). That is a broad
distribution of Kg vectors with the maximum at the value corresponding to the period of
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Figure 5.7: On the left two antiparallel dipoles in the real space are presented. On the
right, in the momentum space, the corresponding distribution of the Kg vectors is shown.
The maximum of the distribution corresponds to the spatial period of the dipoles.

the dipoles.
In the real space that will be also a rather broad angular intensity distribution as sketched
in Fig. 5.8.

Figure 5.8: Angular distribution of the second-harmonic radiation originating from two
antiparallel domains in SBN. The exciting wave propagates in c-direction from the left
side.

While considering not just two antiparallel dipoles but a series of such dipole pairs the
grating is more evident and also the distribution is very narrow with a maximum defined
by the periodicity of the grating (Fig. 5.9).
We finally consider the case of a random distribution of antiparallel dipoles (antiparallel
domains) what is most plausible case in a crystal. The result in the momentum space will
lead to a continuous distribution of density of states of Kg vectors. If the randomness is
getting higher then the distribution in the momentum space is getting closer to a homoge-
neous distribution of all states of Kg vectors (Fig. 5.10). Thus, in a crystal, one can expect
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Figure 5.9: On the left, in the real space, a series of antiparallel dipoles with fixed peri-
odicity are presented . On the right, in the momentum space, the corresponding, narrow,
distribution of the Kg vectors is shown. The maximum of the distribution corresponds to
the spatial period of the dipoles.

a large variety of Kg vector sizes. This was confirmed experimentally by the piezoelectric
microscopy measurement reported by Kleeman et al. [53,54]. Fig. 5.11 is presenting a typ-
ical result of such a microscopy measurement. With dark and white regions are presented
domains of opposite orientations. The image corresponds to (c)-plane, 100µm× 100µm of
an SBN sample. Due to the fractal-like shape of the domains a homogeneous distribution
of the states in the momentum space is to be expected.
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Figure 5.10: On the left, in the real space, a series of antiparallel dipoles with different
sizes and thus different periodicity are presented. On the right, in the momentum space,
the corresponding, almost homogeneous, distribution of the Kg vectors is shown.

In the above examples always just one of the crystallographic directions a or b was con-
sidered. In reality have to deal with a two-dimensional distribution of the Kg vectors in
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the (c)-plane. It is not difficult to extend the conclusions from the uni-dimensional exam-
ples to the real two-dimensional case. In the two-dimensional fractal structure presented
in Fig. 5.11 one can see that each particular direction in the (c)-plane will present the
same properties from the point of view of the randomness. Thus in the real crystal a two-
dimensional homogeneous distribution of Kg vector density of states can be expected. For
this reason the obtained SHG-patterns have a much higher symmetry than the four-fold
crystallographic one.

In a poled sample there are no more antiparallel domains, there is no more fractal structure
of the domains and, of course, no more grating or long enough Kg vectors to fulfill the mo-
mentum conservation. Due to this fact is not possible to see any SHG ring in such a sample.

Figure 5.11: (c)-plane piezoelectric domain spectroscopy in an SBN crystal (100µm ×
100µm) [53, 54]. Black and white are different orientations of the ferroelectric dipoles.
This picture shows a fractal-structure of the domains and domain borders.

In the very general case of a certain angle α between the incoming infrared light beam and
the c-axis of the crystal the vectorial draw looks like in Fig. 5.12. The opening angle ϕ is
related to α by the formula:

kSHG cos(ϕ) = 2kIR cos(α) (5.3)

Because all dipoles in the crystal are oriented parallel with the crystallographic c-axis one
can conclude that the emitted SHG light is always symmetric with respect to the crystal-
lographic c-direction. That means if one projects the SHG light on a screen perpendicular
to the c-axis for different incident angles of the laser, α, the image will always be a circle
of different radius.
The smallest radius of the SHG ring Fig. 5.3 (right) can be achieved with the geometry of
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Figure 5.12: The momentum conservation in the general case with an angle α between the
infrared light beam and the crystallographic c-axis. kIR and kSHG are the light k vectors for
the infrared and the second harmonic. The vertical dashed line shows the crystallographic
c-axis. Kg(1),Kg(2) are the grating vectors fulfilling the conservation relation.

the incident laser beam parallel to the crystallographic c-axis. In this case all Kg vectors,
fulfilling the momentum conservation, have the same length but different orientations. For
each point of the SHG ring a particularly oriented Kg vector will close the momentum
triangle.
If the angle between the infrared laser beam and the c-axis of the crystal will be 90◦

(α = 90◦), Fig. 5.1 (left), then the opening angle of the SHG cone Fig. 5.3 (left) 2×ϕ will
be 180◦ and the cone will degenerate in to an SHG plane Fig. 5.1 (right). For different
directions the momentum conservation will be fulfilled with the help of specific Kg vectors.
The shortest Kg vector will be involved in the forward harmonic generation. The longest
vector will fulfill the momentum conservation for the backward second harmonic genera-
tion.
The homogeneous distribution of the SHG light intensity, under any angle between the
forward and the backward generation, observed in the as-grown samples is a confirmation
of the homogeneous distribution of the density of states of the Kg vectors in the (c)-plane.
After poling the sample this distribution will no longer be homogeneous, the domains will
increase in size and the small domains will disappear. That means that the number of the
short Kg vectors will increase and the number of the long ones will decrease. Thus a high
intensity in the forward direction can be seen and in the same time just a very week SHG
light intensity can be observed for other directions Fig. 5.2.

In both pictures Fig. 5.1 (right) and Fig. 5.3 (right) one can see that the SHG light patterns
have a certain width, i.e. fact there is a divergence of the second harmonic light. Up to this
point all description of the SHG process was made considering the two-dimensional crystal,
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always just a distribution of the Kg vectors in the (c)-plane was considered. The real crystal
is in fact a three-dimensional system. All the domains involved in the second harmonic
generation have a certain length along the c-axis. A limited length of the ferroelectric
domains in real space will lead to a momentum vector component Kc parallel to the
c-direction in reciprocal space. This vector Kc will also play a role in the momentum
conservation. The final expression of the momentum conservation can be obtained by
considering also this Kc vector in equation 5.1

kSHG = 2kIR + Kg + Kc (5.4)

The two domain vectors Kg and Kc are always perpendicular to each-other. Kg is con-
tained in the (c)-plane while Kc is along the crystallographic c-axis. The action of the
Kc vector can be seen in a certain divergence of the SHG light. For a better understand-
ing one can use again simple examples making the links between real and momentum space.

In the case of short domains Fig. 5.13(left) the resulting distribution of the Kg and Kc

vectors are presented in Fig. 5.13(right). A darker area of the image corresponds to a
higher density of the K vectors.
For this situation a very pronounced divergence of the generated second harmonic light
would be expected.
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Figure 5.13: On the left, in real space, antiparallel dipoles (domains) with different sizes in
the (c)-plane (a, b positions) are presented. The dark and gray regions represents opposite
polarization states. In this example all domains are short (along the c-axis). On the
right, in the momentum space, the corresponding distribution of the Kg and Kc vectors is
presented. Due to the fact that the domains are short one can experience a large variety
of Kc vectors. In this case a high divergence of the SHG light would be the result.
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In the Fig. 5.14(left) long ferroelectric domains are considered, in this case the result in
the momentum space Fig. 5.14(right) will lead to short Kc vectors. If this would be the
case in the crystal, almost no divergence of the SHG light could be seen.
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Figure 5.14: On the left, in real space, antiparallel dipoles (domains) with different sizes in
the (c)-plane (a, b positions) are presented. The dark and gray regions represents opposite
polarization states. In this example all domains are long (along the c-axis). On the right,
in the momentum space, the corresponding distribution of the Kg and Kc vectors is shown.
Due to the fact that the domains are long one can experience only short Kc vectors. In
this case almost no divergence of the SHG light would be the result.

Of course the situation of medium length of the domains Fig. 5.15(left) will lead in the
momentum space to a certain maximum length of the Kc vectors Fig. 5.15(right). For this
situation one would experience a certain divergence of the SHG light. The maximum of
this divergence is given by the longest Kc vectors.

The closest example to the real situation in the case of the SBN crystal is presented in
Fig. 5.16(left). In this case stripes of medium length domains along the crystallographic c-
axis are considered. The crystal would not exhibit such a perfect periodicity of the domain
lengths as not all domains from a certain stripe would have the same length. One can learn
from this example that in momentum space by such a distribution of domains a maximum
length of the Kc vectors will determine a divergence of the generated SHG light.
In the real crystal one can associate the longest Kc vectors with the shortest domains.
Thus while carefully measuring the divergence of the SHG light it is possible to determine
the minimum length of the ferroelectric domains. Measurements of this type revealed that
in SBN crystal the domains are longer than 20 µm. That confirms the long needle-like
domains reported in the literature [50–53] in the case of this crystal.
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Figure 5.15: On the left, in real space, antiparallel dipoles (domains) with different sizes
in the (c)-plane (a, b positions) are presented. The dark and gray regions represents
opposite polarization states. In this example medium length domains (along the c-axis)
are presented. On the right, in the momentum space, the corresponding distribution of
the Kg and Kc vectors is shown. The length of the domains will determine a maximum
length of the Kc vectors. In this case a maximum of divergence is given by the longest Kc

vectors.

5.3 Ring Properties

Two experiments have been made to verify the Domain Induced Second Harmonic Gener-
ation (DISHG) model. In the first experiment the angle between the infrared laser light
and the direction of the crystallographic c axis, α, has been changed. By measuring the
diameter of the SHG ring on the projection screen one can calculate the cone angle ϕ.
From the diagram of the momentum conservation in Fig. 5.12 the relation between the
angles α and ϕ can be extracted.

2 × kIR cos(α) = kSHG cos(ϕ) (5.5)

or written in terms of refractive indices

nIR(ord) cos(α) = nSHG(ϕ) cos(ϕ) (5.6)

with nSHG(ϕ) of the form:

nSHG(ϕ) =

√

√

√

√

n2
SHG(ord)n2

SHG(ext)

n2
SHG(ext) cos2(ϕ) + n2

SHG(ord) sin2(ϕ)
(5.7)
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Figure 5.16: On the left, in real space, antiparallel dipoles (domains) with different sizes in
the (c)-plane (a, b positions) are presented. The dark and light regions represents opposite
polarization states. In this example stripes of medium length domains (along the c-axis)
are presented. On the right, in the momentum space, the corresponding distribution of
the Kg and Kc vectors is shown. The length of the domains will determine a maximum
length of the Kc vectors. In this case a maximum of divergence is given by the longest Kc

vectors.

5.3.1 Angle Dependence

The experimental setup sketched in Fig. 5.17 uses an infrared Nd:YAG pulse laser. The
SBN crystal is placed on a rotating table with the c-axis oriented perpendicular to the
projection screen. A camera situated behind this screen records images of the second
harmonic ring. The screen, the camera and the crystal can be turned by an arbitrary
angle. In this way the angle between the laser and the c-axis of the crystal can be varied.
The results of this measurement are shown in Fig. 5.18. It presents the angle ϕ as a func-
tion of the angle αA (the angle α in air). The continuous line is the one obtained from the
model according to Eq. 5.5 and the dots are the experimental results. The largest error
between the experimental results and the theoretical calculation does not exceed 1◦. This
error can be referred to either a systematic error while turning the table with the crystal,
misalignment of the projection screen regarding the crystal c-axis or to approximations
made during the evaluation of the data.

5.3.2 Wavelength Dependence

For the second measurement a tunable dye laser has been used to generate infrared light
with different wavelengths. In this case the angle αA between the laser light and crystal-
lographic c axis of the SBN was fixed to αA = 0◦. While changing the wavelength of the
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Figure 5.17: Angle dependence experimental setup for verifying the domain induced second
harmonic generation model in SBN: On the left side is a Nd:YAG infrared laser which is
illuminating the SBN crystal. The second harmonic image is projected on a screen. A
camera on the right side records images for different angles of the rotating table.
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Figure 5.18: Comparison between the theoretical and experimental dates for the measure-
ments with different incident angle of the laser beam αA. The continuous line represents
the theoretical calculations and the dots are experimental results.

laser, the length of the momentum vector kIR for the infrared light was altered resulting
in the change of the cone angle. The experimental setup for this measurement is shown in
Fig. 5.19

Also in this case the agreement between the experimental results and the calculation was
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Figure 5.19: The wavelength dependence experimental setup. Developed to check the
domain induced second harmonic generation model in SBN. On the left side is a tunable
infrared dye-laser which is illuminating the SBN crystal. The second harmonic image is
projected on a screen. A camera situated on the right side of the figure records this images
for different wavelengths of the dye-laser.

very good. In Fig. 5.20 the cone angle ϕ as a function of the wavelength of the dye-laser
is presented. The solid line is the dependence calculated from Eq. 5.5 and the dots are
again the experimental values. The errors are less than half degree and could come from
misalignments or corrections which were applied due to particularities of the crystal holder.
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Figure 5.20: Comparison between the theoretical and experimental dates for the measure-
ments with different incident wavelengths of the laser beam. The continuous line represents
the theoretical calculations and the dots are experimental results.
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5.4 Applications of Radially Polarized Light

Domain induced non-collinear second harmonic generation is a new nonlinear process of
general fundamental interest. In addition, it provides a practically ideal source of radi-
ally polarized light which may lead to interesting applications. Two of these potential
applications will be briefly sketched here.

5.4.1 Focusing

The spatial resolution of optical instruments like microscopes is usually limited by the
smallest focus spot achieved. This limit is governed by diffraction present everywhere in
optical systems. Several authors, yet, have shown [8–12] that the limit, i.e. the smallest
spot size, also depends sensitively on the polarization state of the light. Using Maxwell’s
equations which are symmetric in time and studying the case of the light emission by an
elementary dipole, Quabis et al. [8–10] have proved that the best focusing can be done
for a light pattern having the same symmetry as the one of the radiation emitted by the
elementary dipole. It is known from electrodynamics that the symmetry of the radiation
emitted by an oscillating dipole is a circular one. The intensity distribution is a toroid
centered on the dipole axis (Fig. 5.21).
If this emission process is time-reversed, it can be shown that the distribution of the light
pattern can collapse to the atomic dimensions.

Figure 5.21: The 2D-polar plot of an oscillating dipole. The dipole emits mainly in the
direction perpendicular to its axis with polarization indicated by the thin arrows parallel
to the dipole axis. To achieve a small focused spot, the electric field in the image space
should be similar to the time-reversed field.

If one analyzes the symmetry of the light distribution in the focus of a lens for different
polarization states it can be shown that only the pattern of the radially polarized light has
the same rotational symmetry as that of the elementary dipole. In this case the polarization
vector of the focused light is parallel to the optical axis (Fig. 5.22 right), like in the case
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of the polarization of a dipole radiation which was parallel with the dipole axis. If one -in
contrast- considers the case of linearly polarized light then the electric vector of the light
will be perpendicular to the optical axis (Fig.5.22 left).

Figure 5.22: Polarization of the focused light in the case of: left linearly polarized incident
light and right radially polarized incident light.

The energy distribution in the focal plane for the two cases is shown in Fig. 5.23

Figure 5.23: The energy distribution in the focus plan for: left the linearly polarized light
and right the radially polarized light. In the case of radiall polarization the energy is
focused inside a circle with radius ρ smaller than half the wavelength of the light.

One can observe that in the case of the radially polarized light the energy can be bet-
ter focused than for a linearly polarized beam. This particularity may be of importance
in applications like Laser Scanning Confocal Microscopy where the scanning resolution is
strongly dependent on the laser light focusing.
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5.4.2 Cylindrical Polarization

Radial polarization is a special case of cylindrical polarization. From a theoretical point
of view cylindrically polarized light states are of great interest, as due to their symmetry
they facilitate calculations.
Using two half-wave plates, a radially polarized beam can be transformed into any cylin-
drically polarized state as shown in the following. Using two half-wave plates with an angle
γ between each other’s fast axis, any incoming polarization vector of a light beam will be
turned by an angle 2 × γ. If γ = 45◦, the polarization vector of the out-going light beam
will be rotated by 90◦ compared to the direction of the incident polarization.
Let us consider a cartesian system with axis X and Y using the following notations: Px

and Py are the polarization components of the incoming light, P ′
x and P ′

y the polarization
components of the light after passing the system of two half-wave plates. γ is the angle
between the two plates. For simplicity we can choose the first half-wave plate oriented
with its axis in the same direction as the cartesian coordinate axis X. The Jones matrix
for this half-wave plate is of the form:

(

1 0
0 −1

)

(5.8)

The second half-wave plate is rotated by the angle γ. To describe the action of this plate,
the polarization status after the first plate need to be turned by an angle −γ to the eigen
system of this plate. Finally a second turning with angle γ will restore the coordinates to
the considered cartesian system. If R(γ) and R(−γ) are the rotation matrices, then the
polarization of the light after the two plates is of the form:

(

P ′
x

P ′
y

)

= R(γ)

(

1 0
0 −1

)

R(−γ)

(

1 0
0 −1

)(

Px

Py

)

(5.9)

With R(γ) of the form:

R(γ) =

(

cos(γ) − sin(γ)
sin(γ) cos(γ)

)

(5.10)

The result is of the form:

(

P ′
x

P ′
y

)

=

(

cos2(γ) − sin2(γ) −2 cos(γ) sin(γ)
2 cos(γ) sin(γ) cos2(γ) − sin2(γ)

) (

Px

Py

)

(5.11)

and this can be written as:

(

P ′
x

P ′
y

)

= R(2γ)

(

Px

Py

)

(5.12)

Light with an azimuthal polarization has a high symmetry and thus is preferred by theo-
retical physicists for model calculation of waveguides, optical fibres etc. From the second
harmonic of the SBN crystal it is easy to obtain this polarization state and thus sources
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of azimuthally polarized light can be easily made available for experimentally checking the
model calculations.
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Chapter 6

Second Harmonic Generation as a
Tool

6.1 Experimental Setup

The experimental setup is shown in Fig. 6.1. A Nd:YAG infrared laser is illuminating the
SBN crystal. Four photomultipliers, situated at 0, 45, 90 and 135 degree with regard to
the direction of the laser light, record the generated second harmonic. Using a heater the
temperature of the crystal can be adjusted in a range from 0 to 300 centigrade with a
resolution of 0.1◦.

6.2 Determination of the Phase Transition Tempera-

ture

Like in the case of the known non-collinear harmonic generation schemes also the domain
induced second harmonic generation (DISHG) can be used to determine certain parame-
ters of the crystal, perhaps the most important is the temperature of the ferroelectric -
paraelectric transition.

6.2.1 Introduction

At room temperature the SBN crystal is in a ferroelectric phase with the point group
4 m m [3, 4, 24, 55–57]. At higher temperatures, depending on the Strontium - Barium ra-
tio, a phase transition will bring the crystal to a paraelectric phase with the point group
4/m m m. Several works known in the literature were done to study the phase transition
of SBN crystals [54, 58–61]. It is difficult to define an exact temperature of the phase
transition as the material shows strong relaxor properties especially for the Strontium rich
compositions. Therefore, as a parameter of the phase transition, a Curie region instead of
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Figure 6.1: Sketch of the experimental setup used to SHG-determine the phase transition
temperature of the SBN crystal. On the left side of the image an infrared Nd:YAG laser is
shown illuminating the crystal. The sample is situated on a thermo-controlled plate which
can fix the temperature with an accuracy of 0.1◦ in a range from 0◦ up to 300◦. Four
photomultipliers are recording the second harmonic signal at different angles as a function
of the crystal temperature.

a distinct Curie temperature must be defined [19,20,62]. On the other hand it is not very
convenient to speak about a temperature region when refering to the phase transition of
such a relaxor material. Therefore usually a distinct temperature is chosen to express the
transition. The way of defining this distinct transition temperature is not always the same.
In all ordered materials the ordering can be expressed using an order parameter. For ma-
terials where the ordering interaction is an electric one for this parameter the polarization
is used. In cases where the phase transition is of first order the order parameter can be
expressed with a step function. In this case is very easy to define the phase transition
temperature. In a second order phase transition, however, the order parameter will change
continuously from a non-zero value to zero. In this case as a measure for the phase transi-
tion the temperature corresponding to the inflection point of the polarization change can
be used [1,63,64]. Usually this temperature ’TC’ is not the center value of the Curie range,
therefore also other temperatures can be chosen [19,64] to express the phase transition in
some different way.

Authors like David, Granzow et al. [63] have determined phase transition temperatures
directly from measurements of the inflection point of the temperature dependence of the
spontaneous polarization. A different way to define the phase transition temperature uses
measurements of the second harmonic intensity. In this case not the static (linear) polar-
ization but the nonlinear polarization is measured.
As shown in the chapters dedicated to harmonic generation, the second order nonlinear

55



Chapter - 6.2

polarization is the source of second harmonic light. The relation between the fundamen-
tal laser light and the nonlinear polarization can be expressed using the the second order
susceptibility tensor Eq. 3.16.
For the ferroelectric phase with pointgroup 4 m m the susceptibility d tensor has several
nonzero components (Eq. 6.1 left). In the centro-symmetric phase the SBN crystal can be
characterized by a pointgroup 4/m m m, this symmetry forces the d tensor to zero (Eq. 6.1
right).







0 0 0 0 d15 0
0 0 0 d24 0 0

d31 d32 d33 0 0 0





⇐ phase transition ⇒







0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0





 (6.1)

In other words, no more second harmonic light will be generated in the paraelectric phase
of the crystal. Measuring the second harmonic intensity while the crystal is heated over
its phase transition makes it possible to determine the temperature of the transition again
using e.g. the inflection point.

6.2.2 Measurement and Results

A typical result of such a measurement is shown in figure 6.2. The upper part of the image
presents the real measurement for a sample with a composition x = 0.48 (with x from
SrxBa1−xNb2O6). The central part of the figure is the smoothed second harmonic curve
recorded during the heating of the sample. To determine the inflection point of this curve
the first derivative was calculated and is also plotted below on the same box. The negative
maximum of the first derivative, the inflection point of the second harmonic curve, for
heating has a value on the temperature scale at 139.5◦. The lowest part of the same figure
presents the cooling behavior. In this case the inflection point of the second harmonic
curve is situated around 134◦.

Figure. 6.3 shows a comparison between results of TC obtained via pyro-electric and SHG
measurements. One can see that there is a very good agreement between the results of
the two measurements. For the pyro-electric measurements the samples were poled at high
temperature (above the phase transition), in the case of the second harmonic measurements
both as-grown samples and poled ones were used. There was no significant temperature
shift between poled and unpoled measurements. All what could be regarded as temperature
shift was in the range of the measurements error. Authors in the literature, however, as
Granzow et al. [58] claim some significant temperature shift. An explanation to satisfy
both observations will be presented in the last part of this chapter.
The advantage of the measurements using second harmonic generation in comparison with
pyro-electric ones are evident if one considers that there is practically no interaction be-
tween the measurement device and the sample, so in this case the measured crystal is
totally unperturbed by the measurement device. Thus a more precise investigation can
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Figure 6.2: Typical result of SHG measurements for the determination of the phase tran-
sition temperature of a crystal with a composition x = 0.48. The upper curves are directly
obtained from the measurement, the middle and lower are separately for heating and cool-
ing. Also the first derivative is presented just around the phase transition.

be made. In the case of the pyroelectric measurements not just the interaction between
the measurement setup and the crystal is the disadvantage but in all cases a poling of the
sample is required and that will automatically set the crystal in a special, not as-grown,
state.
Another disadvantage, in the case of SBN, of using the pyroelectric measurement consists
in the fact that this crystal has a high conductivity for the Barium rich compositions which
makes it practically impossible to pole these crystals.
A further advantage is the fact that for the determination of the phase transition using
SHG measurements only a very small region of the bulk will be measured. Usually the
infrared spot on the crystal is in the range of 50 - 200 µm. Thus results will come only
from such a region. This potentially could be used for a topography of the sample.
It must be mentioned that in case of SHG measurements local thermal disorder can be
induced in the crystal due to high focusing and thus important changes of the TC value
may be experienced. This is especially important for the composition ranges with high
strontium content, due to low values of the d tensor of this crystals.
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Figure 6.3: Result of phase transition temperature TC determination with two methods.
The circles are the results of pyro-electric measurements. The dots are values ,for some
crystals with compositions shown in the brackets, obtained from SHG measurements.

6.2.3 Discussion

The decrease of TC with increasing Strontium content qualitatively agrees with observa-
tions reported in the literature [1, 65]. However, the transition temperatures shown here
deviate from the literature values: We observed higher TC for small values of x and lower
TC for high values of x. A possible explanation lies in the uncertainty of the composition
of the samples used for earlier studies, where generally only the Sr-content in the melt
is given. In our measurements we used the Sr-content in the crystals as parameter. Ac-
cording to the solidus-liquidus phase diagram [21], the actual Sr-content x in the sample
tends to shift closer to the congruently melting composition, x = 0.61. This explains the
systematic deviation of our TC from earlier literature values. Furthermore, the transition
temperatures reported earlier stem from dielectric measurements and are less reliable due
to their frequency-dependence [61,66].

The nonlinear behavior of TC(x) can be explained by structure induced polarization changes.
SBN belongs to the structure type of the tetragonal tungsten bronzes, i.e., the structure
consists of corner-linked Nb2O6 octahedra forming pentagonal, tetragonal and trigonal
channels [3,67]. Because of the only Sr containing tetragonal channel and the strong vari-
ation of the Sr / Ba ratio in the pentagonal channel one can regard the compositional
changes of SrxBa1−xNb2O6 as being caused by three sub-lattices. Sub-lattice (1) may be
devoted to Sr in tetragonal sites, (2) to Sr in pentagonal ones, while (3) is devoted to Ba.
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Within an effective field approach [68] the polarization of m coupled systems is described
by m equations of the form:

Pi = Niµi tanh

(

(E + xiβiPi +
∑

k 6=i(xkαikPk))µi

kBT

)

(6.2)

The parameters αik describe the coupling strength between the subsystems with polariza-
tion Pi, the number of elementary dipoles Ni, the dipole moments µi and the effective fields
βi, while kBT has the usual meaning. The relative portions are xi and

∑

i xi = 1. For tem-
peratures approaching TC the polarization approaches zero, the hyperbolic tangent can be
approximated by its argument. Summarizing several parameters in Ti = βiNiµ

2
i /kB, which

might be regarded as the Curie temperatures of the ’pure’ sublattices, Eq. 6.2 transform
to:

(aki − δk,iT )Pi = biEi with aki =

{

xiTi for k = i
xiTiαki/βk for k 6= i

, bi = Ti/βi (6.3)

The polarizations should be able to approach any value at TC at zero field. Therefore the
determinant of the coefficients must vanish. For m = 3 we derive T 3

C−s2T
2
C +s1TC−s0 = 0

with

s2 =
∑

i

aii, s1 =
∑

i,k>i

(aiiakk − aikaki), s0 =
∑

i6=k 6=l 6=i

(

ai1ak2al3(−1)np(ikl)
)

(6.4)

and np(ikl) is the number of permutations necessary to produce the index set {i, k, l} from
{1, 2, 3}. Because an exact solution is awkward to manage, we linearize the third order
equation by substituting s2 + ∆ for TC and omitting all nonlinear terms in ∆. Physically
this is well justified as s2 is the ’classical’ Curie temperature, the weighted sum over the
Curie temperatures of the ’pure’ sublattices s2 =

∑

i aii =
∑

i(xiTi) = T classical
C and only

minor deviations are expected. We obtain:

TC = s2 +
s0 − s1s2

s1 + s2
2

with s1s2 � s0 and s2
2 � s1 and thus TC = s2 −

s1

s2

(6.5)

The parameter s1 is a slightly more complex sum, but replacing the quotients (αikαki)/(βiβk)
therein by an appropriate average factor λ2 we arrive for the Curie temperature finally at:

TC(xi) = T classical
C −

1 − λ2

T classical
C

∑

i,k>i

(xixkTiTk) (6.6)

It must be pointed out that for a system with two sublattices, the parameter (αikαki)/(βiβk)
reduces to (α12α21)/(β1β2) = λ2 because of α12 = α21 and thus Eq. 6.6 equals that in [69]
after some appropriate linearizing.
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Figure 6.4: Temperature TC for SBN in dependence on the Sr fraction x. The solid line
represents the fit using equation 6.6, pyroelectric results are depicted with filled triangle.
Solid dots are the results of SHG measurements.

In Fig. 6.4 the transition temperature TC is presented as a function of the strontium fraction
x = x1 +x2. For a fit of our data with equation 6.6 we took into account a constant contri-
bution of Sr on tetragonal sites by setting x1 = 0.29, which corresponds to about 72%, and
x3 = 1 − x. The fit yields λ = 0.51, T tetr

1 (Sr) = Tpent
2 (Sr) = 304 K, and T3(Ba) = 668 K,

respectively. Allowing T tetr
1 (Sr) 6= Tpent

2 (Sr) simply results in an additional parameter with-
out improving the quality of the fit. This means that constant polarization contributions
like Sr on tetragonal sites or Niobium-Oxygen octahedra are implicitly included by an ap-
propriate change of the temperature constants. Therefore the temperatures given should
be regarded as fit parameters only. A λ less than 1 means that in this mixed system the
coupling strength between the sub-lattices is weaker than the average value of the coupling
strength within each sublattice. Such a reduction may be due to random internal strain
fields in the crystal lattice introduced by the different ionic sizes of Sr and Ba.

6.3 Other results of the SHG measurements

Several further aspects of the phase transition can be analyzed using second harmonic mea-
surements. In the experimental setup shown in figure 6.1 one can see that the generated
harmonic is measured with four photomultipliers representing four different angles.
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From the model of the second harmonic generation DISHG presented in the previous chap-
ter we can derive that different angles corresponding to different Kg vectors for momentum
conservation. Thus the intensity in each direction is proportional to the density of mo-
mentum vectors fulfilling the conservation relation for the considered direction. These
measurements revealed that in as-grown samples the density of Kg vectors is a very ho-
mogeneous one. Independent of the composition of the sample, for a virgin crystal always
practically equal intensity of the SHG is recorded in all directions. That means a ’perfect’
fractal structure of the ferroelectric domains, the largest disorder, the highest entropy, for
this state.

After applying electrical treatment to the sample the domain structure changes. Domains
with a polarization in the same direction as the applied electric field will increase, those
antiparallel to the field will decrease, small ones will even disappear. The domain borders
will become more smoothed and thus the density of small Kg vectors becomes higher than
the density of the large ones. This can be experimentally verified, after poling the sam-
ple no more homogeneous intensity distribution around the crystal is found. The emitted
intensity of the second harmonic light increases in the forward direction, the direction cor-
responding to small Kg vectors. The light intensity measured with the photomultiplier
situated at 90◦ decreases after the sample is poled. The virgin state of the crystal can
be regained after slowly heating the sample over its phase transition. After cooling the
homogeneous SHG intensity distribution can be observed as it was in the as-grown state.
Figure 6.5 presents the SHG measurements for a congruent crystal (x = 0.61) after the
sample was high temperature poled. The left graph was recorded using the photomultiplier
situated at 90◦. The measurements in the right graph are the results obtained with the
central multiplier. The two curves in each graph represent the heating and the cooling
measurements, respectively. For the measurement recorded with the photomultiplier situ-
ated perpendicular to the direction of the laser beam, the heating curve is the lower one,
starting from an initial value of SHG intensity around 0.1 (normalized units). After the
crystal is reaching its phase transition temperature the original, un-poled state is regained
and one can see that for the cooling curve a much higher SHG intensity is obtained. The
cooling curve terminates with an intensity around 0.9 (normalized units).
In the case of the data recorded using the forward photomultiplier the initial value of the
SHG intensity is very much higher in the initial poled state of the crystal, the heating
curve is the upper one in the right picture. The solid line is a Savitzky-Golay smoothed
curve to the noisy data. In this case, after heating the sample over the phase transition,
the final intensity of the second harmonic after cooling again is less than the initial value.

Beside the described aspects some more features of the phase transition can be extracted
from this measurements. One can see that there is a peak around the phase transition in
both heating curves. This feature is at lower temperature for the forward SHG than the
one recorded at 90◦. The origin of this peak must be connected with the phase transition
of the crystal. When the temperature of the crystal is in the Curie region then the mono-
domain sample will start to break into smaller domains. Also parts of the crystal jump
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Figure 6.5: SHG measurements on a poled, congruently melting SBN crystal. The data
on the left are measured with a photomultiplier recording the signal under an angle of 90◦

regarding the direction of the laser beam. The lower curve is for the heating and the upper
one is for cooling of the sample. The right graphs are forward SHG. The upper curve
represents the heating and the lower one the cooling of the crystal.

to the paraelectric phase. As a first result of this fact an inhomogeneity of the refractive
index will appear in the sample and this may lead to a pronounced scattering of the SHG.
The fact that this peak is found at lower temperature for the forward multiplier is not ac-
cidental. The initial state of the sample is mono-domain thus small Kg vectors will prevail.
At the moment when very large domains break this peak is seen at the 0◦ photomultiplier.
After this no longer large domains or in other words no longer small Kg vectors are present.
This can be clearly observed in the steep decrease of the SHG intensity, in forward direc-
tion, after the peak. Concomitantly with the breakup of the mono-domain (or of the very
large domains) several smaller ferroelectric domains will be generated. That means the
density of the larger Kg vectors will increase and thus the intensity of the SHG measured at
90◦ will be enhanced. With increasing temperature also the smaller ferroelectric domains
will transform into the paraelectric phase and finally the intensity of the second harmonic
will be depleted all around the crystal.

The peak seen in forward direction is not perfectly reproducible. Even for the same sample
after two consecutive measurements, with the crystal in the same initial state and with all
the measurement parameters unchanged the intensity of the peak can largely vary from a
relative pronounced shape to practically no intensity. This is connected with the explained
origin of the peak. It is important to underline that the peak recorded at 0◦ has approx-
imately the same width for all compositions of the crystal from the most Strontium rich
to the most Barium rich. And the peak can more often be seen for the Strontium rich
composition. Also different heating-speeds (in the region from 5◦C/hour to 200◦C/hour)
can not affect any properties of this feature.
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Figure 6.6: Comparison between the phase transition of a sample with high Barium content
left and the phase transition of the congruently melting composition right. The Barium
rich composition (x = 0.41) has a much smaller Curie region than the congruent one.

On the other hand the peak recorded at 90◦ is strongly depending on the Strontium -
Barium ratio. In the case of a high Strontium content the peak is broad and is expanded
over the hole Curie region. The peak height is depending on the poling history, if the
poling was made at a higher voltage then also the peak is higher.
The width is independent of the poling voltage, is also independent of heating speed during
the measurement. For the crystals with a high Barium content this feature is difficult to
be seen and for the values of x < 0.48 the peak is no longer present. As it was described,
in this region the crystal is the most homogeneous. Also the phase transition shows only
very slight relaxor features. As can be observed in Fig. 6.6 the phase transition can nearly
be described with a delta function. Several authors in the literature are talking about a
’close first’ order phase transition of the material for this composition region [19, 62, 64].
Dielectric constant measurements show, however, that this can not be regarded as first
order phase transition but the Curie region is extremely small. Thus one can assume that
all processes in the crystal are very fast during the phase transition and no meta-stable
states can be experimentally seen.

The pinning effect, observed in hysteresis measurements [22, 23, 70, 71], leads also to a re-
distribution of the Kg vectors in the same manner as the high temperature poling does. To
investigate this, high voltage cycles were applied on SBN crystals of different compositions.
For electric fields over 600 V/mm the density of small Kg vectors increases and for large
vectors decreases. All happens just after the first cycle. Further cycling of the sample
does not bring any new results. Figure 6.8 shows a typical cycling measurement in the
case of the congruently melting composition. Five complete cycling loops were made, the
SHG intensity is practically constant after the first cycle. Similar results are found for all
crystals at temperatures well below the phase transition.
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Figure 6.7: SHG peak intensity of a sample with composition x = 0.74 recorded at 90◦

with respect to the direction of the infrared beam. The difference between the curves is
the poling voltage of the sample. One can observe that the higher the voltage the more
expressed the peak is.

As shown in Chapter 5.2, from the divergence of the SHG light it is possible to evaluate the
minimum domain length. Because of the finite length of the ferroelectric domains a larger
than zero grating vector component in the c-direction can contribute to the momentum
conservation. Thus the generated second harmonic light has a certain divergence in this
direction. By a careful measurement of the light divergence it was determined that the
shortest domains have a length around 20 µm independent of the Strontium - Barium
ratio. This length of the shortest domains could not be increased by poling. We verified
this by applying voltages up to the breakdown of the samples. From this we must conclude
that even in nominally single domain samples substructures of this typical size exist. This
seems to be particularly true for undoped SBN. For doped samples the situation might be
different. A preliminary measurement on one doped sample available (1200 ppm Cerium,
congruently melting composition) revealed that there the length of the domains can be
increased by poling and even by room temperature cycling. Authors like Granzow et
al. [58] report an increase of the phase transition temperature after the sample was poled.
With our samples it was not possible to see this increase but it is very likely that this
is the case especially for highly doped crystals. At least two facts favor this assumption.
The domain length is changed by poling, and -due to a lower electrical conductivity- higher
fields can be applied on the samples during the poling procedure compared to the situation
in the undoped crystal.
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Figure 6.8: Room temperature cycling of a congruently melting composition SBN crystal.
The left image was recorded perpendicular to the direction of the laser beam. The lower
curve shows the applied voltage, the above curve is the measured SHG intensity. The right
curve presents the same as the left one but for the forward direction. One can see that the
SHG light intensity is enhanced in forward direction and decreased for 90◦. The cycling
was made between ±600 V/mm.
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Chapter 7

Conclusion

Let us briefly summarize the material presented in the preceding chapters:

• Refractive index measurements of the Strontium-Barium-Niobate (SBN) crystals
show that none of the known second-harmonic-generation scheme (SHG) can be hold
responsible for the SHG in SBN.

• Based on observations of the SHG experiments carried out with several composi-
tions of the crystals in different setup-geometries a new model of second harmonic
generation was developed.

• The new SHG model, domain-induced-second-harmonic-generation (DISHG), which
considers that the needle-like domain structure of this material plays an active role
in the quasi phase matching of the produced second harmonic light have been exper-
imentally proved using two different experiments.

• The new SHG process in the SBN crystals is a potential light source of cylindrically
polarized light. Several theoretical studies have shown that the cylindrical, highly
symmetric, light polarization state is an advantage in the light focusing. The focusing
diameter is smaller for such a light polarization than for any other. The easy way of
obtaining a cylindrically polarized light with the SBN crystal broaden the potential
applications for this material.

• The (DISHG) allowed us to investigate several properties of the ferroelectric domains.
Using SHG measurements it was possible to analyze the development of the domain
densities for domains of different sizes during the poling of the crystal.

• SHG measurements allow us to determine the minimum length of the ferroelectric
domains. It was shown that this dose not depend on the [Sr]/[Ba] ratio and domains
are not getting longer after the sample was poled, except for the case of doped SBN.

• The ferroelectric-paraelectric phase transition has also been investigated. From the
inflection point of the nonlinear susceptibility as function of the temperature the
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phase transition temperature was determined. The non fully-linear dependence of
the phase transition temperature as function of the [Sr]/[Ba] ratio can be explained by
a system of three different sublattices at the crystallographic positions of Strontium
and Barium atoms.

• Measurements in the Strontium rich compositions showed an important composi-
tional inhomogeneity of the material which can be the main reason for the pro-
nounced relaxor behavior. Scattering effects of the second harmonic light due to
refractive index inhomogeneities near the phase transition revealed that in this com-
position region the crystal dose not undergo the phase transition in the whole bulk
at the same temperature.

On the basis of this thesis, further research should be carried out in several directions:

• Focusing experiments with cylindrically polarized light should manifest the theoret-
ical prediction of the focusing behavior of such light.

• Using DISHG, the domain behavior in doped SBN can be investigated.

• A three-dimensional composition topography of SBN will be facilitated by an ex-
tremely focused fundamental beam.

• Further investigations should be carried out for a better understanding of the ferroelectric-
paraelectric phase transition in SBN.

• DISHG may be investigated in different crystals -similar in structure like e.g. Barium
Strontium Niobate- too.

67



Bibliography

[1] A. M. Glass. Investigation of the electrical properties of BaxSr1−xNb2O6 with special

reference to pyroelectric detection. J. App. Phys., 40:4699, 1969.

[2] F. Kahmann, J. Hohne, R. Pankrath, and R. A. Rupp. Hologram recording with

mutually orthogonal polarized waves in Sr0.61Ba0.39Nb2O6:Ce. Phys. Rev. B, 50:2474,

1994.

[3] P. B. Jamieson, S. C. Abrahams, and J. L. Bernstein. Ferroelectric Tungsten

Bronze-Type Crystal Structures. I. Barium Strontium Niobate Ba0.27Sr0.75Nb2O5.78.

J. Chem. Phys., 48:5048, 1968.

[4] A. E. Andreichuk, L. M. Dorozhkin, Yu. S. Kuzminow, I. A. Maslyanitsun, V. N.

Molchanov, A. A. Rusakov, V. I. Simonov, V. D. Shigorin, and G. P. Ship-

ulo. Quadratic optical susceptibility and structure of BaxSr1−xNb2O6 crystals.

Sov. Phys. Cryst., 29:641, 1984.

[5] T. S. Chernaya, B. A. Maksimov, I. V. Verin, L. I. Ivleva, and V. I. Simonov. Crystal

structure of Ba0.39Sr0.61Nb2O6 single crystals. Cryst. Rep., 42:375, 1997.

[6] M. P. Trubelja, E. Ryba, and D. K. Smith. A study of positional disorder in strontium

barium niobate. J. Mat. Sci., 31:1435, 1996.

[7] A. Tunyagi, M. Ulex, and K. Betzler. Non-collinear optical frequency doubling in

strontium barium niobate. Phys. Rev. Lett., 90:243901, 2003.
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