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Chapter 1

Introduction

This work is devoted to metamaterials. What are they? Metamaterials are engineered
electromagnetic composites demonstrating the properties not found in natural materials [1].
Usually they consist of resonant conductive elements arranged in a periodic manner. The
properties of metamaterials are largely determined by the resonant properties of the indi-
vidual elements and their interactions. The dimensions of the elements and the distances
between them are typically much smaller than the operating wavelength of electromagnetic
radiation. In this sense metamaterials are analogous to natural materials, where the sizes
of the atoms and the distances between them are also much smaller than the wavelength.

It is known that interaction of atoms with an electric component of electromagnetic radi-
ation gives birth to the electric permittivity of natural materials. Due to the resonant nature
of the atoms, electric permittivity may exhibit strong dispersion around that resonance with
its values changing in a wide range from positive to negative values. At the same time, most
naturally occurring materials are insensitive to the magnetic component of electromagnetic
radiation at optical frequencies, and their magnetic permeability is usually equal to unity.
If there is, however, a need to alter the magnetic response of materials, artificial magnetism
is a solution. Designing elements that exhibit magnetic resonance it is possible to create an
artificial material – a metamaterial – with controllable magnetic properties.

What is the origin of the interest in metamaterials? In 2000, Pendry suggested that
a slab of a metamaterial with a refractive index equal to -1 would act as a lens enabling
total reconstruction of an object’s spectrum, including its propagating and evanescent com-
ponents [2]. One of the possibilities to achieve negative refraction is to realize a medium
with simultaneously negative values of electric permittivity and magnetic permeability [3].
Smith et al. [4] suggested that a composite medium based on a combination of metallic rods
and split rings would exhibit these properties. Shortly afterwards followed the experimental
verification of negative refraction by Shelby et al. [5].

The history of metamaterials is full with exciting discoveries and rediscoveries. Negative
refraction is the most famous example. At the time the work on this thesis has started,
there seemed to be a general agreement about negative refraction, although the spirit of
hot scientific discussions about its reality was still floating around. Further studies and
historical surveys (see e.g. Ref. [6]) showed not only that negative refraction is feasible, but
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also that it was known at least a century ago.
Less known rediscovery is the idea of nonlinear artificial media. It was suggested at

the beginning of 1990s that a composite medium consisting of dipole antennas loaded by
nonlinear elements should exhibit a much larger effective nonlinearity than is available with
natural materials at microwaves [7]. It would allow to realize at microwaves a number of
nonlinear effects known in optics. Phase conjugation was discussed as an example. Owing
to a recent upsurge of the interest in metamaterials, this idea was revisited by Lapine et al.
[8] and, shortly afterwards, by Zharov et al. [9]. Since then, nonlinear metamaterials have
been at the focus of a number of studies (see eg. [10–15] and references therein).

Nowadays, the field of metamaterials has extended its borders to a range of problems
much wider than negative refraction and imaging, although they still remain the main-
streams of contemporary research. Surprisingly enough, metamaterials are now seeking
applications in a wide frequency range, from megahertz to visible and even beyond it.

At megahertz frequencies, metamaterials can be used for Magnetic Resonance Imaging.
Being insensitive to constant magnetic fields, metamaterials have a potential for imaging
[16–18] and detecting [19] signals coming from the human body.

At megahertz and gigahertz frequencies, miniaturized metamaterial structures can also
be used for signal guiding and processing on a subwavelength scale. Waveguides, filters,
couplers, delay lines, phase shifters etc., either directly based on metamaterial components
or relying on similar principles, have already been suggested [20–26].

Terahertz frequencies have been so far the part of the electromagnetic spectrum less
covered by devices; the reason is that many naturally occurring materials do not respond
to radiation at these frequencies. Terahertz metamaterials aim at closing this gap [27–30].

With recent advances in the miniaturization of resonant elements [31–34], metamaterial
research is pacing to optics – back to its origin. At the beginning of 2007, a magnetic
metamaterial operating at the record value of 780 nm was reported [35].

In can be seen that most of the metamaterial research is application driven. It is nat-
ural, therefore, to search for possible applications, the main aim of this thesis. We shall
concentrate on metamaterials operating at frequencies from 10 MHz to 1 GHz.

Our first goal is to understand how the properties of metamaterials should be modified
and tailored in order to satisfy the specified requirements. The next goal is to apply the
developed tailoring mechanisms to a number of effects, both linear and nonlinear, that
are likely to be used in applications for Magnetic Resonance Imaging, signal guiding and
processing.

We start in Chapter 2 by briefly summarizing the existing knowledge about the physical
principles that govern the near-field behavior of metamaterials. The main concepts intro-
duced in this Chapter are, first, magnetic coupling between a pair of metamaterial elements
and, second, magnetoinductive waves propagating on the arrays consisting of a large number
of elements.

In Chapter 3, we go deeper into the problem of magnetic coupling between the elements
and develop a mechanism for tailoring the dispersion of magnetoinductive waves propagating
on “diatomic” arrays comprising two metamaterial elements per unit cell.

In Chapters 4 and 5, we discuss a number of effects observed in one-dimensional magnetic
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metamaterials. They are shift-dependent transmission, subwavelength imaging and focus-
ing, rotational resonance, and parametric amplification. Finally, in Chapter 6 we summarize
the results obtained and give an outlook for possible further research.
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Chapter 2

Near-field properties of metamaterials

In this Chapter, we give a brief overview of the physical mechanisms governing the near-field
properties of metamaterials and introduce necessary mathematical relationships. We shall
analyze step-by-step the cases of single metamaterial elements, two coupled elements, and,
finally, metamaterial arrays consisting of a large number of elements (see Fig. 2.1).

2.1 A metamaterial element

The forerunners of the contemporary magnetic metamaterial elements are the Split Ring
Resonator (SRR) of Hardy and Whitehead [36] and the Loop-Gap Resonator of Froncisz
and Hyde [37]. There is by now a large variety of such elements available: the Swiss Roll
[38], the Capacitively Loaded Loop [23,39,40], the Spiral Resonator [41,42], the Broadside-
Coupled SRR [43], the Singly Split Double Ring [44] and the Twin Split Ring [45] to give
a few examples. The common feature between them is that with good approximation they
can be treated as resonant LCR circuits, as it is shown in Fig. 2.1 a. The parameters of
the circuit are the inductance, L, the capacitance, C, and the resistance, R. The resonant
element can then be characterized by two parameters: the resonant frequency,

ω0 =
1√
LC

, (2.1)

and the quality factor,

Q =
1

R

√
L

C
. (2.2)

The voltage, V (t), induced by an external magnetic field, excites a current in the element
that is governed by Kirchhoff’s law

L
dI

dt
+

1

C

∫
Idt+RI = V (t) . (2.3)
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Figure 2.1: An equivalent circuit of (a) an individual metamaterial element, (b) two magnetically
coupled elements, and (c) a finite metamaterial array supporting magnetoinductive waves.

In the case of a harmonically varying external field with a frequency ω, Kirchhoff’s equation
can be written in a simple algebraic form(

jωL+
1

jωC
+R

)
I0 = V0 , (2.4)

where I0 and V0 are the amplitudes of the current and of the voltage, respectively. If the
element has a loop form then the relationship between the external magnetic field and the
induced voltage in the element is

|V0| = μ0H0A , (2.5)

where μ0 is the free space permeability, H0 is the amplitude of the applied magnetic field,
and A is the area of the loop. The function

Z(ω) = jωL+
1

jωC
+R (2.6)
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is the complex impedance of the element.

2.2 Interaction between metamaterial elements

The study of the properties of the individual elements was closely followed by further re-
search on the interaction between them [23, 46–49]. The most obvious mechanism of in-
teraction between the elements is magnetic coupling [50, 51]. Its origin can be understood
from Figs. 2.2a and b showing two metamaterial elements close to each other. The current
flowing in one of the elements generates a magnetic field. This field, going through the
area of the neighboring element, affects the current flowing in it. As a result, the currents
in both elements are coupled to each other via magnetic field. Since the distance between
the neighboring elements in a metamaterial is typically much smaller than the wavelength
of the corresponding electromagnetic radiation1, this magnetic coupling is obviously of the
near-field nature.

(a) (b)

Figure 2.2: Interaction between metamaterial elements; axial (a) and planar (b) configurations.
The magnetic field generated by one of the elements affects the current in the other one giving
birth to magnetic coupling.

The equivalent circuit of two resonant elements with magnetic coupling between them is
shown in Fig 2.1b. The new parameter is M , the mutual inductance between the elements.
In the quasistatic, near-field, approximation it is defined as

M =
μ0

4π

∫
element 1

∫
element 2

dl1dl2
r12

, (2.7)

where dl1,2 are the current elements in the first and the second element, and r12 is the
distance between them.

1This is true for low-frequency MHz metamaterials. If the size of the elements and/or the distance
between them become comparable with the wavelength of the electromagnetic wave, retardation effects may
become important and the coupling constant may have a more complicated, far-field, character [52, 53].
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We can now rewrite Kirchhoff’s equations for the currents in the first and the second
elements in the form (we again assume here harmonic signals){

ZI1 + jωMI2 = V
(1)
0

jωMI1 + ZI2 = V
(2)
0

. (2.8)

Here V
(1,2)
0 are the voltages in the first and the second elements, respectively.

The value and the sign of the mutual inductance between two elements depend on their
relative orientation. Figure 2.2 shows two traditional cases, an axial and a planar one.
In the axial configuration (Fig. 2.2 a), the magnetic fields of each of the elements in their
centers have the same directions, and, hence, the mutual inductance is positive, M > 0.
In the planar configuration (Fig. 2.2 b), the magnetic field generated by one element is in
the opposite direction at the center of the other element and, correspondingly, the mutual
inductance is negative, M < 0.

2.3 Waves on the arrays of elements

Let us now analyze the case when an infinite number of coupled elements is arranged into
a one-dimensional periodic array. Two examples, an axial and a planar configuration, are
shown in Fig. 2.3. It is well known that the solution of the eigenproblem for a system with
an infinite number of degrees of freedom is given in the form of a traveling wave. In metama-
terial arrays, these eigenmodes are waves of currents and they are called magnetoinductive
(MI) waves [23,39]. The current in an arbitrary nth element of the array is then of the form

In = I0e
−jkan , (2.9)

where a is the period of the array and k is a wave number. In the presence of losses, k is
complex and can be written in the form

k = β − jα (2.10)

with the propagation, β, and attenuation, α, constants.
Assuming that elements interact only with their nearest neighbors we can write Kirch-

hoff’s equation for the nth element of the array2 in the form(
jωL+

1

jωC
+R

)
In + jωM(In+1 + In−1) = 0 . (2.11)

Substituting the wave ansatz (2.9) into Kirchhoff’s equation (2.11) yields the dispersion
relation of MI waves [23, 39]

1 − ω2
0

ω2
− j

Q
+ κ cos ka = 0 , (2.12)

2Generalizations for two- and three-dimensional cases as well as for the case when higher-order couplings
are significant can be found in Refs. [39, 54].
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(a) (b)

Figure 2.3: Two traditional, an axial (a) and a planar (b), configurations of metamaterial arrays.

where

κ =
2M

L
(2.13)

is the coupling constant.

0 0.5 1

1

a/
0 0.5 1

a/

/
0

(1
−

|
|)

−
1/

2
(1

+−
|

|)
−

1/
2

(a) (b)

Figure 2.4: Dispersion curves for an axial (a) and planar (b) configurations of metamaterial
elements. MI waves are forward in the axial and backward in the planar array.

Two typical dispersion curves, one for an axial array, Fig. 2.3 a, and the other for a
planar array, Fig. 2.3 b, are shown in Fig. 2.4 for the lossless case. The dispersive nature
of MI waves can be clearly seen. First, they can propagate only in a pass band around the
resonant frequency of the elements, where the frequency ω takes the values

1√
1 + |κ| <

ω

ω0
<

1√
1 − |κ| . (2.14)
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Second, the type of the propagated wave depends on the sign of the coupling constant. MI
waves are forward in the axial array, Fig. 2.3 a, with positive coupling between the elements.
They are backward in planar arrays, Fig. 2.3 b, with negative coupling.

We have been talking so far about infinitely long arrays. In practice, they are, of course,
finite. In order to propagate traveling waves in the form (2.9) a finite array should be
loaded by proper matching impedances, which absorb power at its end. If only the nearest
neighbors are taken into account the value of the matching impedance in the last element
of the array is given by [39]

ZT = jωMe−jka . (2.15)

It has, in the general case, both non-zero real and imaginary parts whose values depend
on frequency. A theory for the case where higher-order interactions are significant is also
available [55].

An equivalent circuit of an array consisting of N elements is shown in Fig. 2.1 c. The
first element is excited, and the last element is loaded by the matching impedance. For
each element of the array, we can then write Kirchhoff’s equation in the form analogous to
Eqs. (2.4) and (2.8). As a result, we obtain a system of N algebraic equations that can be
written in a compact matrix form

ZI = V . (2.16)

Here V and I are the column-vectors of, respectively, the voltages and the currents in the
elements, and Z is the impedance matrix

Z =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Z(ω) jωM 0 . . . . . . . . . 0

jωM Z(ω) jωM 0 . . . . . .
...

0 jωM Z(ω) jωM 0 . . .
...

...
. . .

. . .
. . .

. . .
. . .

...
... . . .

. . .
. . .

. . .
. . . 0

... . . . . . .
. . .

. . .
. . . jωM

0 . . . . . . . . . 0 jωM Z(ω) + ZT

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (2.17)

where the self-impedance of a single element, Z(ω), is given by Eq. (2.6). Knowing the
applied voltages, V, and the impedances, Z, it is then possible to calculate currents in each
element of a finite array.

MI waves are slow waves: their phase velocity is much smaller than the velocity of
light. Based on this property, a number of potential applications that allow manipulating
magnetic field on a subwavelength scale was suggested. The first and the most obvious
application for any type of waves is waveguiding. Discrete magnetoinductive waveguides
were investigated both theoretically [23] and experimentally [40, 56]. Further studies were
concerned with the design of couplers, power dividers [57], delay lines [48], filters [49], and
quasioptical components such as Fabry-Perot resonators, mirrors, and Bragg gratings [26].
MI waves can couple to electromagnetic waves [58] and they can exhibit positive and negative
refraction at the boundary of two metamaterial media [59].
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MI waves have their analogs both in microwave and optical frequency regions. Dis-
persion equations for waves propagating along arrays of magnetically coupled resonators
were derived in Refs. [60] and [61] with applications to electric filters and to slow wave
structures in mind. An antenna array excited by a single element was shown to be able
to support a leaky wave [62], which is partially guided and partially radiating. A physical
realization of such an array of resonant elements became available in the late 1990s due
to the technological advances in producing features on the nanometer scale. Tiny spheres
of resonant metallic elements were produced and shown to be able to support waves [63].
Wave propagation both by transverse and longitudinal electric dipoles was demonstrated
at optical wavelengths [64, 65]. A similar theoretical analysis for waves along an array of
loaded, electrically coupled metallic rods was carried out in Ref. [66]. In photonic crystals,
the possibility of guiding a wave within an impurity band by chains of coupled resonators
was demonstrated [67]. An optical waveguide based on similar principles was proposed in
Ref. [68].



12 CHAPTER 2. NEAR-FIELD PROPERTIES OF METAMATERIALS



13

Chapter 3

Tailoring the dispersion properties

We have summarized in the previous Chapter the conventional wisdom about the near-field
properties of metamaterials. In particular, we have shown that magnetic coupling between
the resonant elements in an array leads to the propagation of MI waves. In this Chapter,
we step onto the unexplored territory of tailoring the properties of metamaterials.

What do we understand here under the term tailoring? We could see in the previous
Chapter that the performance of MI wave devices depends largely on the available dispersion
characteristics. That is why tailoring means for us first of all designing such dispersion
characteristics that would satisfy specific, predetermined, requirements.

These requirements may, of course, vary from application to application. Therefore, we
should aim at a tailoring mechanism that is flexible enough to satisfy diverse demands of
different applications. Fortunately, metamaterial engineering supplies a researcher with an
effective tool to meet this challenge: a possibility to freely control microscopic parameters
of metamaterials and in such a way to influence their macroscopic properties.

In particular, the dispersion characteristics of MI waves (a macroscopic property) de-
pends on two microscopic constituents: first, individual elements (resonance frequency, ω0,
and quality factor, Q) and, second, near-field magnetic coupling between the elements.

The properties of individual elements are determined by their actual design. In the
case of capacitively-loaded loops [23, 40], for example, the resonant frequency can be easily
changed by changing the value of the externally soldered capacitor. This method is employed
in the experiments described later in this Chapter.

The value of magnetic coupling between two elements is determined by their shape,
mutual orientation, and relative position. It is natural, therefore, to start the discussion
about tailoring the dispersion properties by studying in more detail the interaction between
individual elements.

3.1 Anisotropy of magnetic coupling

We assume in our theoretical calculations that the elements have a circular form and can be
presented by infinitely thin metallic loops. The mutual inductance between two arbitrary
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oriented loops can be calculated as shown in Appendix A. Here we shall distinguish between
two different orientations: with normals to the elements being parallel (Fig. 3.1 a) and
perpendicular (Fig. 3.1 b) to each other. In both cases, the relative position of the second
element can be described by two variables: the “lateral” shift in the plane of the first
element, Δ, and the “vertical” shift in the direction of the normal of the first element, h.

Fig. 3.1 a shows the variation of the coupling constant with the relative position of two
elements of radius r0 with normals parallel to each other (both normals directed upwards)
and Fig. 3.1 b, with normals perpendicular to each other (with the normal of the first
element directed upwards and the normal of the second element directed to the right).
Figure 3.1 a contains a number of known limiting cases. If Δ = 0 then the elements are
in the axial configuration, and the coupling is positive. If h = 0 then the elements are in
the planar configuration with negative coupling. The coupling constant is identical for all
four quadrants of the plane (Δ, h), so it is sufficient to discuss the properties of the first
quadrant (Δ ≥ 0, h ≥ 0). There is a curve of zero coupling in the plane (Δ, h). For any set
of (Δ, h) above this curve the coupling is positive, and for any set of (Δ, h) below the curve
it is negative. The situation is quite different (Fig. 3.1 b) when the normals of the elements
are perpendicular to each other. The limiting cases here are as follows: there is no coupling
if either of the shifts is zero, Δ = 0 or h = 0, which follows from a symmetry argument.
The coupling is positive for the first and third quadrants and negative for the second and
fourth quadrants.

How accurately does this theory, based on the assumption of circular loops and filament
currents, describe the properties of actual metamaterial elements? In order to answer this
question we compare below the theoretical predictions with experimental data obtained for
two different types of elements.

The elements of the first type1 are capacitively-loaded split pipes. A photograph may
be seen in Fig. 3.2 b and a schematic drawing in Fig. 3.2 a showing the dimensions: inner
diameter, 2r0 = 20 mm, wall thickness, w = 1 mm, wall height, l = 5 mm, gap width,
g = 2 mm. They are loaded by nominally identical capacitors of 330 pF. Their resonant
frequencies and quality factors measured with the aid of a network analyzer of the type
HP8753C were found as f0 = ω0/(2π) = (46.2 ± 0.2) MHz and Q = 105 ± 5.

The value of magnetic coupling between two elements can be determined by measuring
the currents flowing into them. As follows from Eq. (2.8), the coupling leads to the split
of the individual resonances of the elements into two. Measuring the frequencies of the two
resonances,

ω1,2 =
ω0√

1 ± M

L

,

it is possible to determine the ratio M/L and, hence, the coupling constant, κ. In the
experiments, the elements were first placed in an axial configuration with a vertical shift
h = 10 mm. Then one of the elements was shifted relative to the other in the lateral

1The experiments were carried out at Oxford University by Dr. A. Radkovskaya (Moscow University),
Mr.G. Faulkner, Dr. C. J. Stevens and Prof.D. J. Edwards (Oxford University).
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Figure 3.1: Anisotropy of magnetic coupling between two elements. The contour plot for the
coupling constant versus lateral and vertical shift, (a) with elements lying in parallel planes and
(b) with elements lying in perpendicular planes.
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Figure 3.2: Schematic presentation of the
capacitively-loaded split pipe (a), its photo-
graph (b).

direction at a distance Δ = 35 mm, as shown in the inset to Fig. 3.4, and the coupling
constant was determined in a number of points. The experimental values obtained are
shown in Fig. 3.4 by filled circles. The corresponding theoretical values are shown by a
solid line. The agreement between the theory and experiment is very good. The coupling
constant is positive for Δ < 20 mm, zero around Δ = 20 mm, and negative for Δ > 20 mm.

The elements of the second type2 are planar three-turn inductors formed on printed-
circuit board (type FR 4), as shown in Fig. 3.3, and made resonant using additional surface
mount capacitors. The inductance and capacitance are L = 140 nH and C = 100 pF
respectively, giving a resonant frequency of ω0/(2π) = 42 MHz. At this frequency, the qual-
ity factor (found from measurements of bandpass characteristics using an Agilent E5061A
Network Analyser) is 50.

Pads for
capacitor

200 μm Cu
conductors
on 200 μm
separation
FR 4 board8 mm

V ia
A

(a) (b)

Figure 3.3: Schematic presentation of the
planar capacitively-loaded inductor element
(a), its photograph (b).

Two elements were placed in an axial configuration at a distance h = 0.2 mm. Then
one of them was shifted against the other at a distance h = 13.5 mm, as it is shown in the
inset to Fig. 3.5. The coupling constant was again determined in a number of points. The
experimentally determined values are shown in Fig. 3.5 by filled circles and the corresponding
theory, by a solid line. We can see that, similarly to the previous case, the agreement between
the theory and experiment is very good confirming the reliability of the theoretical model.

2The experiments were carried out by Prof.R. R. A. Syms at Imperial College, London.
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Figure 3.4: Experimental (filled circles) and
theoretical (solid line) values of the coupling
constant between two capacitively-loaded split
pipes.
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Figure 3.5: Experimental (filled circles) and
theoretical (solid line) values of the coupling
constant between two capacitively-loaded in-
ductor elements.

We can conclude that magnetic coupling between two elements is highly anisotropic;
positive, negative and zero values of the coupling constant can be realized by placing el-
ements in different positions relative to each other. In the following, we shall employ the
anisotropy of magnetic coupling in constructing a variety of structures supporting MI waves
with distinct dispersion relations.

3.2 Phonon-like dispersion

We can now make use of the ability to vary the resonant properties of the elements and the
coupling between them for tailoring the dispersion properties of MI waves. The way forward
is suggested by the close analogy between MI waves and acoustic waves in solids. It is well
known that the dispersion characteristics of diatomic solids differ greatly from those having
identical atoms (see e. g. [69]). It is not only that the width of the pass band and the initial
slope of the curve are different, but also a new, “optical”, branch appears. The new branch
is a direct consequence of bi-periodicity known in Solid State Physics (see e. g. [70, 71]). It
may, therefore, be expected that metamaterial arrays made up by elements in a “diatomic”
arrangement will follow similar trend and will give us some additional flexibility in design.

The transition from a “monatomic” to a “diatomic” metamaterial array is demonstrated
in Fig. 3.6. There are two obvious ways to realize a diatomic metamaterial: to change pe-
riodically some parameter of the elements (resulting in a change of the resonant frequency)
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Figure 3.6: Analogy between acoustic waves in solids and MI waves in metamaterials. Both
phonons in a monatomic solid and MI waves in a “monatomic” metamaterial array have a single
branch of the dispersion characteristics (a). Two branches appear in a diatomic solid and in a
“diatomic” metamaterial array (b).

and to vary the distance between them (resulting in a change of the mutual inductance).
Both possibilities are shown. Whereas the monatomic metamaterial array of Fig. 3.6 a con-
sists of a single type of elements with a distance a between them, the diatomic metamaterial
array of Fig. 3.6 b consists of two different types of elements with two different periods a1

and a2.

3.2.1 Theory

The derivation of the dispersion relation for MI waves propagating along a diatomic meta-
material array relies on Kirchhoff’s equations for the currents in two neighboring elements
and is analogous to the derivation of the dispersion for phonons [69, 71]. Let us denote
the currents in the neighboring elements of the array by I01 and I02. Assuming no applied
voltage and traveling wave propagation, Kirchhoff’s equations can be written as

{
Z01I01 + jωI02 [M1 exp (−jka1) +M2 exp (jka2)] = 0

Z02I02 + jωI01 [M1 exp (jka1) +M2 exp (−jka2)] = 0
, (3.1)
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where Z01,02 are the impedances of the elements. Equation (3.1) has nontrivial solutions
only if the determinant of coefficients for I01 and I02 vanishes
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Figure 3.7: Dispersion curve for the di-
atomic axial configuration. Currents within
a unit cell are in anti-phase in the upper (“op-
tical”) and in phase in the lower (“acoustic”)
branch. Inset shows the dispersion curve for
the monatomic case.
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Figure 3.8: Dispersion curve for the diatomic
planar configuration. Currents within a unit
cell are in phase in the upper (“acoustic”)
branch and in anti-phase in the lower (“opti-
cal”) branch. Inset shows the dispersion curve
for the monatomic case.

∣∣∣∣∣ Z01 jω [M1 exp (−jka1) +M2 exp (jka2)]

jω [M1 exp (jka1) +M2 exp (−jka2)] Z02

∣∣∣∣∣ = 0 . (3.2)

Solution of Eq. (3.2) yields the dispersion equation. It can be written in the form

cos k
a1 + a2

2
= ± 1

2
√
M1M2

√
−Z01Z02

ω2
− (M1 −M2)

2 . (3.3)

The frequency information is contained in the impedances

Z01,02 = jωL1,2 +
1

jωC1,2

+R1,2 . (3.4)

Let us now look at two practical examples, one for the axial and one for the planar array
of capacitively-loaded loops [23, 40]. In both cases we shall assume that the distances and
the inductances are the same and only the capacitances vary from element to element. The
parameters chosen are as follows: loop radius, r0 = 10 mm, wire thickness, rw = 2 mm.
The circuit parameters are L = 33 nH, C1 = 208 pF, C2 = 177 pF. Then ω01 = 0.95ω0
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and ω02 = 1.05ω0 with ω0/(2π) = 63.87 MHz, which is the frequency at which the nuclear
magnetic moment of a proton precesses in a magnetic field of 1.5 T in MRI applications.
For the axial configuration, we choose a = 10 mm resulting in M1/L = M2/L = 0.149 and
for the planar case, a = 20.5 mm corresponding to M1/L = M2/L = −0.104. The losses
will be characterized by a quality factor of 150.

The dispersion curves with both propagation and attenuation constants are shown in
Figs. 3.7 and 3.8. Note that there is a stop band in the middle in both cases for the range
ω01 < ω < ω02. The physical reason is that within this band the loops’ impedances have
different characters, one is inductive and the other one is capacitive.

We can immediately see from Figs. 3.7 and 3.8 that the major distinction between the
axial and planar configurations is no longer there. We have forward propagating waves
in the lower and backward propagating waves in the upper branch independently of the
configuration. There is, however, a difference if we consider the phases of the currents
within a unit cell. For the axial line, the currents of the neighboring elements in the upper
branch are in anti-phase and the currents in the lower branch are in phase. Using the analogy
with the diatomic model we can refer to the upper branch of the dispersion characteristics as
“optical” and to the lower branch as “acoustic” (Fig. 3.7). For the planar line, the situation
is reversed: the currents of the lower branch are now in anti-phase, thus this is the one
that we should call “optical” branch (Fig. 3.8). It is worth noting that, in contrast to the
dispersion of phonons, both branches of the MI wave dispersion curve may be responsible
for interaction with electromagnetic waves [58].

3.2.2 Experiment

One of the interesting conclusions drawn above is that for the diatomic case the lower one
of the two branches is always a forward wave and the upper one is always a backward wave
independently of the orientation of the elements, whether they are planar or axial. A series
of experiments was performed3 in order to compare this and other theoretical predictions
with the measured results.

The elements are identical split pipes loaded with two different sets of capacitors so that
alternating elements in the one-dimensional array are tuned to different resonant frequencies
as shown in Figs. 3.9 a and b for the planar and axial configurations respectively. For the
elements’ dimensions, see Fig. 3.2 and the text therewith. CA and CB, the capacitances
inserted into elements A and B, were 330 pF and 680 pF respectively, resulting in resonant
frequencies of ω0A/(2π) = 46.21 MHz and ω0B/(2π) = 32.46 MHz. Careful selection of the
capacitors ensured that the resonant frequencies varied by no more than 0.3%. The quality
factor extracted from the measured resonance curve was found to be between 100 and 110
for both kinds of elements.

In experiments, diatomic lines consisting of altogether 16 elements, in which elements
A and B alternate, were studied. The spacing between the elements was a = 20 mm for

3The experiments were carried out at Oxford University by Dr. A. Radkovskaya (Moscow University),
Mr.G. Faulkner, Dr. C. J. Stevens and Prof.D. J. Edwards (Oxford University).



3.2. PHONON-LIKE DISPERSION 21

Receiving coil

Transmitting coil

(b)

Receiving coil

Transmitting coil

(a)

Figure 3.9: Schematic presentation of (a) planar and (b) axial configurations with measuring
coils.
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Figure 3.10: Dispersion characteristics for a
diatomic axial array, (a) propagation and (b)
attenuation constants.
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Figure 3.11: Dispersion characteristics for a
diatomic planar array, (a) propagation and (b)
attenuation constants.

the axial and a = 24 mm for the planar configuration. The coupling constants were found
to be κ = 0.1 and κ = −0.1 for the axial and planar cases respectively. The first element
was excited. The phase and amplitude at each element were measured for 1601 frequency
points in the range 25− 55 MHz for the planar and 25− 65 MHz for the axial arrangement.
The dispersion curves are extracted from the phase and amplitude measurements at the
first five elements. The experimentally obtained values, phase change and attenuation, are
shown by crosses in Figs. 3.10 a and b for the axial and in Figs. 3.11 a and b for the planar
configuration.
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Substituting the parameters of the experiment into the dispersion relation (3.3) we obtain
the phase change and attenuation for both configurations. They are shown by continuous
lines in Fig. 3.10 for the axial and in Fig. 3.11 for the planar case. It is gratifying to note that
the principal prediction of the theory, that the diatomic dispersion curves look the same
for the planar and axial configurations, is indeed borne out by the experimental results.
The detailed agreement is excellent for the phase changes. For the attenuation, there is
only qualitative agreement: it can be seen that the theoretically predicted attenuation is
larger than the measured one. The likely reason is higher order interactions that increase
the amplitude measured.

3.3 Coupled modes in diatomic metamaterials

In a diatomic array, MI waves have two branches of the dispersion characteristics, a forward
and a backward one. We have control over the positions and the width of the branches via
the resonant frequencies of the elements and the coupling between them. Additional freedom
of tailoring the dispersion of a diatomic metamaterial in comparison to the monatomic case
is, obviously, a result of having more parameters that could be varied.

Is there room for further improvement? Yes, there is. The diatomic configurations con-
sidered in the previous Section are limited to the traditional axial and planar arrangements
(see Figs. 2.3 and 3.9). On the other hand, as we have seen in Section 3.1, additional
flexibility could be gained also with alternative arrangements. We could then generalize a
diatomic metamaterial in the way it is shown schematically in Fig. 3.12. The similarity to
the previous case is a unit cell consisting of two different elements. In this case, however,
each element has not two but five neighbors to which it couples via the mutual inductances
M1, M2, M , M3 and M4.

M4

nth (n + 1)th

M3 M3

M4

M M M

M2

M1

M2

M1

(n− 1)th

Figure 3.12: Schematic presentation of the
coupling between two lines of resonant mag-
netic metamaterial elements. Mutual induc-
tances M1, M2, M , M3 and M4 between the
nearest neighbors are shown by arrows.

First, we shall theoretically analyze the interaction mechanisms in a diatomic metamate-
rial array with magnetic coupling between nearest neighbors and then check the theoretical
predictions experimentally.
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3.3.1 Theory

General formulation

The derivation presented here can easily be generalized to the case of couplings between any
pair of elements. However, the mutual inductances between the elements decline fast and it
may be justified (at least in the pass bands) to take only nearest neighbor interactions into
account. We shall return to the problem of higher-order interactions in Section 3.3.2.

We start with an equidistant linear array of identical resonant elements. Kirchhoff’s
voltage equation for the nth element is of the form (see Section 2.3)

Z01In + Z1 (In−1 + In+1) = V (1)
n , (3.5)

where harmonically varying signals of frequency ω are assumed. Here Z01 is the complex
self-impedance of each one of the elements. Z1 is the purely imaginary mutual impedance
between the neighboring elements, In is the current in and V

(1)
n is the voltage applied to the

nth element.

Let us now consider a second linear array. Kirchhoff’s equation may similarly be written
as

Z02Jn + Z2 (Jn−1 + Jn+1) = V (2)
n , (3.6)

where subscript 1 has now been replaced by subscript 2 and the current in the nth element
is denoted by Jn. The complex self-impedance of elements of each line has the form Z0i =
Ri + jωLi + 1/(jωCi) with resistance Ri, self-inductance Li and capacitance Ci (i = 1, 2).
The purely imaginary mutual impedance Zi is equal to jω times the mutual inductance Mi.

If the lines are close enough to each other their elements are coupled not only to the
elements of their own lines but also to the elements of the other line, as may be seen in
Fig. 3.12. Kirchhoff’s equations must then be modified by adding the interaction terms due
to mutual impedances Z = jωM , Z3 = jωM3 and Z4 = jωM4 to the left-hand sides of
Eqs. (3.5) and (3.6) yielding

{
Z01In + Z1 (In−1 + In+1) + ZJn + Z4Jn−1 + Z3Jn+1 = V

(1)
n

Z02Jn + Z2 (Jn−1 + Jn+1) + ZIn + Z3In−1 + Z4In+1 = V
(2)
n

. (3.7)

Our next aim is to find the dispersion equation, i. e. to relate the frequency ω to the wave
number k, Eq. (2.10), (k = β − jα). We disregard the applied voltages and look for wave
solutions in the form In = I0 exp[j(ωt− nka)] and Jn = J0 exp[j(ωt− nka)], where I0 and
J0 are constants, ω is the frequency and a is the period of the lines. Eqs. (3.7) may then be
recast in the form

⎧⎪⎨
⎪⎩

Z01I0 + 2jωM1I0 cos ka+ jω
(
M +M4e

jka +M3e
−jka) J0 = 0

Z02J0 + 2jωM2J0 cos ka + jω
(
M +M3e

jka +M4e
−jka) I0 = 0

. (3.8)
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Equations (3.8) have non-trivial solutions when the determinant of the coefficients of I0 and
J0 vanishes yielding the relationship between ω and ka

(Z01 + 2jωM1 cos ka) (Z02 + 2jωM2 cos ka) = −ω2σ(ka) (3.9)

with the coupling coefficient

σ(ka) = M2 +M2
3 +M2

4 + 2M (M3 +M4) cos ka + 2M3M4 cos 2ka . (3.10)

Note that we distinguish here between the coupling coefficient σ(ka) in Eq. (3.10), which
characterizes the overall coupling strength between the lines, and the coupling constant κ,
which determines the coupling between the individual elements.

Equation (3.9) is clearly in the form of coupled wave equations [69,72] with σ(ka) as the
coupling coefficient. If σ(ka) = 0 then the brackets on the left-hand side of Eq. (3.9) give
the dispersion equations of the uncoupled lines.

Let us now discuss the properties of Eq. (3.9). It can be solved either for ω or for ka. In
terms of cos ka, Eq. (3.9) is an algebraic equation of the second order giving two solutions.
This means that there are two (in general complex) values of ka corresponding to one real
value of ω. Such situation was discussed by Brillouin [69]. For ω, it is a biquadratic equation.
For the lossless case (self-impedances Z01 and Z02 have no real parts), we find that, as long
as ω2σ(ka) is positive, real values of ka give real values of ω leading to two branches of the
dispersion characteristics

ω1,2 =

√√√√√√√√
ω2

01Γ2 + ω2
02Γ1 ±

√
(ω2

01Γ2 − ω2
02Γ1)

2
+ 4

ω2
01ω

2
02

L1L2
σ(ka)

2

(
Γ1Γ2 − 1

L1L2
σ(ka)

) , (3.11)

where ω0i = 1/
√
LiCi is the resonant frequency of the elements in line i and Γi = 1 +

(2Mi/Li) cos ka ≡ 1 + κi cos ka. The subscripts 1 and 2 in Eq. (3.11) refer to lines 1
and 2, but note that ω1 and ω2 denote the variations with frequency in branches 1 and 2
respectively.

It may be seen from Eq. (3.11) that the group velocity, dω/dk, is zero at the edges of
the band, at ka = 0 and ka = ±π, but it can also be zero within the Brillouin zone when
the following equation is satisfied

[
j
ω (M1Z02 +M2Z01) +M(M3 +M4)

]2

4 (M3M4 −M1M2)
=
Z01Z02

ω2
+M2 + (M3 −M4)

2 . (3.12)

If Eq. (3.12) has real solutions for ω then it must refer to either a minimum or a maximum
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of the dispersion curve ω(ka). The presence of such an extremum in one or both branches
of the dispersion curve obviously means that the same branch may support both forward
and backward waves for different ranges of ka. It is also known [73–75] that the presence of
an extremum within the interval 0 < ka < π will give rise to complex modes.

In the stop bands, in the lossless case, ka is either purely imaginary or complex. Two
limiting cases occur at ka = 0− jαa and ka = π− jαa. The decay is monotonic in the first
case, whereas the sign of the amplitude alternates in the second case. They correspond to
evanescent waves [69].

We shall now apply the developed theoretical formulation of coupled chains of metama-
terial elements to a variety of configurations with the aim to tailor their near-field guiding
properties. It is customary to put couplers into two distinct categories, co-directional and
contra-directional, depending on whether the group velocities of the two lines are in the
same or in opposite directions. In our case, MI waves allow us to choose for the unper-
turbed lines both forward (axial configuration) and backward (planar configuration) wave
propagation [39]. The freedom in choosing the relative position of both chains will lead
to a great variety of mutual coupling effects and would provide an additional flexibility in
tailoring the dispersion characteristics of coupled MI waves. For simplicity, we shall from
now on assume all elements to be identical, Z01 = Z02 = Z0.

Coupled modes with co-directional and contra-directional power flow

For a detailed investigation, we have chosen configurations shown schematically in Fig. 3.13.
The cases of interest are two coupled planar lines, (a) and (b), and coupled planar and axial
line, (c) and (d). The unit cell in each case consists of two elements. The elements within
the unit cell are exactly above each other in cases (a) and (c) and shifted by one half of
a period in cases (b) and (d). The mutual inductances, taken as different from zero, are
shown in Figs. 3.13 a-d for all four cases.

In cases (a) and (b), both lines, when uncoupled, support backward waves. For these
cases, M1 = M2 < 0. In cases (c) and (d), one line is planar and the other one is axial. For
these two configurations, the mutual inductances M1 and M2 have both different signs and
absolute values, M1 < 0 and M2 > 0, so that one line supports backward and the other one
forward waves.

In case (a), the identical planar lines are exactly above each other. As may be expected,
the mutual inductances M3 and M4 do not greatly influence the coupling between the lines
and can be neglected. The dispersion equation (3.9) reduces to

(Z0 + 2jωM1 cos ka)2 = −ω2M2 . (3.13a)

In case (b), when the two planar lines are shifted relative to each other by one half of the
period M3 = M for symmetry reasons, while M4 can be neglected. The dispersion relation
is

(Z0 + 2jωM1 cos ka)2 = −2ω2M2 (1 + cos ka) . (3.13b)

In case (c), the planar and axial lines are exactly above each other. Since the planes of the
loops within the unit cell are perpendicular to each other, the mutual inductance within
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Figure 3.13: Configurations of diatomic metamaterial structures with co-directional (a,b) and
contra-directional (c,d) power flow: (a) planar lines above each other, (b) shifted planar lines, (c)
planar and axial line above each other, (d) shifted planar and axial lines. The non-zero mutual
inductances are shown by arrows.

the unit cell, M , is zero so that interaction takes place via M3 and M4 which have equal
absolute values and opposite signs, M4 = −M3. The dispersion equation is of the form

(Z0 + 2jωM1 cos ka) (Z0 + 2jωM2 cos ka) = −2M2
3ω

2 (1 − cos 2ka) . (3.13c)

In case (d), the planar and the axial lines are in the half-period-shifted configuration. In
this case, M3 = −M while M4 can be neglected. The corresponding dispersion equation is
of the form

(Z0 + 2jωM1 cos ka) (Z0 + 2jωM2 cos ka) = −2ω2M2 (1 − cos ka) . (3.13d)

We now illustrate the properties of the dispersion relations Eqs. (3.13a)-(3.13d) choosing
as an example a set of parameters relevant to the actual realization of the elements used
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in our experiments. We choose f0 = ω0/(2π) = 46.2 MHz corresponding to a magnetic
field close to 1 T in Magnetic Resonance Imaging applications. The radius of the element
is taken as r0 = 10 mm. The losses are characterized by the quality factor of Q = 105. The
stop bands are indicated by a significant increase of the attenuation constant.

For a clearer comparison of dispersion relations, we choose for all four configurations the
same period a and the same distance h between the two lines (see Figs. 3.13 a-d). Note that
the distance between neighboring elements within a planar line cannot be smaller than 2r0.
We shall choose a = 24 mm close to this minimum. The distance between the planar and
the axial line cannot be smaller than r0. We shall choose h = 15 mm.

The dispersion characteristics (3.13a)-(3.13d) with propagation and attenuation con-
stants versus frequency for the four diatomic configurations are plotted in Figs. 3.14 a-d.
The dashed lines show the dispersion curves for the unperturbed lines (with the interaction
between the lines switched off, M = M3 = M4 = 0), whereas the solid lines are for the
coupled lines.

In case (a), two planar lines are exactly above each other. Since the lines are identical,
the unperturbed dispersion characteristics (dashed line) must be identical as well. The
unperturbed dispersion equation describes a backward wave corresponding to the coupling
constant κ1 = −0.09 with the pass band given by (1 − κ1)

−1/2 < ω/ω0 < (1 + κ1)
−1/2. In the

presence of coupling between the lines, one dispersion curve (black solid line) moves upwards
and the other one (grey solid line), downwards, as may be clearly seen from Fig. 3.14 a.
The separation in frequency between the two branches is determined by the strength of the
coupling constant κ, which for the chosen parameters has the value κ = 0.19. The separation
in frequency remains the same for all values of β; this conclusion follows also from the form
of Eq. (3.13a) with the right-hand side independent of k. For the chosen parameters, the
interaction between the lines is so large that the two branches are separated by a complete
stop band. It could be expected that if the distance h between the lines were larger, the
interaction between the lines would be weaker and the separation between the two branches
would not result in a complete stop band between them. In such a case, we would expect
the behavior typical for couplers: two values of β for a single ω leading to a beating of two
signals. This prediction shall be checked in Section 3.3.2 where we discuss experimental
results.

In case (b), the identical planar lines are shifted relative to each other by half a period.
The unperturbed dispersion equation of course does not change, but the behavior of the
dispersion equations for coupled lines changes drastically in comparison with case (a). It
can be seen from the right-hand side of Eq. (3.13b) that the coupling coefficient (and conse-
quently the interaction process) between the MI waves is now different within the Brillouin
zone itself: it is maximum at βa = 0 and is absent at βa = π. It may, therefore, be expected
that the amount of split depends on βa. This is indeed what happens as may be seen in
Fig. 3.14 b. For the parameters chosen, the coupling constants are κ1 = −0.09 and κ = 0.1.
The resulting two branches are very different from each other. The interaction results in
an upper branch with a larger width than in the unperturbed case (black solid line) and
in a lower branch with a smaller width (grey solid line). There is a noticeable minimum
at the lower edge of the pass band. This means that forward waves may also exist for a
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Figure 3.14: Dispersion characteristics of the coupled lines of Fig. 3.13. Dashed lines show the
unperturbed dispersion curves.

certain range of frequency. The probable physical reason is that the mutual inductance M
is positive and large enough to suppress the negative mutual inductance M1. The position
of the minimum may be obtained from Eq. (3.13b) as follows

ω

ω0
=

(
1 − κ1 − κ2

8κ1

)−1

, cos ka =
κ2

8κ2
1

− 1 . (3.14)

Below this point, the propagation and attenuation constants represent the complex modes.
Note that we take |βa| so that waves propagating in different directions are in the same half
of the Brillouin zone.

In case (c), the planar and axial lines are exactly above each other. The interaction
mechanism in this case is quite different from the cases of two planar lines (a) and (b). The
two unperturbed dispersion curves show a backward wave for the planar line (black dashed
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line in Fig. 3.14 c) and a forward wave for the axial line (grey dashed line in Fig. 3.14 c).
These curves correspond to the coupling constants κ1 = −0.09 and κ2 = 0.07. Since
|κ1| > |κ2|, the pass band of the backward wave in the planar line 1 is slightly wider than
the pass band of the forward wave in the axial line 2. The unperturbed dispersion curves
cross at βa = π/2, which can be regarded as a point of degeneracy. The interaction between
the lines is governed by relatively weak coupling constants κ3,4 = ±0.05. As can be seen
from Eq. (3.13c) the interaction is absent for ka = 0, π where the unperturbed dispersion
curves are far away from each other and it is maximum for ka = π/2, at their crossing
point. The resulting dispersion curves show the split of the pass band into two with a stop
band around the point of degeneracy. The coupled dispersion curves are quite close to the
unperturbed ones except in the vicinity of the degenerate point βa = π/2, where complex
modes of high attenuation appear. In both pass bands, there are frequency regions with two
values of βa for a single ω which would result in a beating of two signals. Contrary to case
(a) with two backward waves, we have here a contra-directional mode where both forward
and backward waves can simultaneously propagate.

In case (d), the planar and axial lines are in the half-period-shifted configuration. The
unperturbed dispersion curves (dashed lines in Fig. 3.14 d) are the same as for the unshifted
configuration (c). The coupling mechanism governed by the coupling constants κ = −κ4 =
0.15 changes drastically in comparison with case (c). As may be seen from Eq. (3.13d),
the interaction is zero for ka = 0 and maximum for ka = π. The resulting dispersion in
Fig. 3.14 d shows two complex pass bands supporting both forward and backward waves
with the separation between the two branches increasing with βa. Another consequence
of the interaction between the lines, which is varying within a Brillouin zone, is that the
degenerate point is not at βa = π/2, as in the previous case, but shifts towards smaller
values of βa. The attenuation of the two modes (solid black and grey lines in Fig. 3.14 d)
is different within the pass bands: for the lower one, the backward-wave mode (black line)
has lower attenuation, whereas for the upper pass band, the forward wave dominates.

To sum up, in addition to the two classical types of hybrid modes for coupled waves on
unshifted lines, cases (a) and (c), we have also observed two novel hybrid modes for the
half-period shifted lines, where the interaction is strongly dependent on the propagation
constant. In case (b), maximum interaction is at βa = 0 and zero at βa = π, whereas for
case (d) the points of maximum and zero interaction are reversed.

3.3.2 Experiment

A series of experiments was performed4 in order to check the validity of our theoretical
approach.

4The experiments were carried out at Oxford University by Dr. A. Radkovskaya (Moscow University),
Mr.G. Faulkner, Dr. C. J. Stevens and Prof.D. J. Edwards (Oxford University).



30 CHAPTER 3. TAILORING THE DISPERSION PROPERTIES

Dispersion equations

The elements used in the experiments are capacitively-loaded split pipes, whose parameters
have been described in detail in Section 3.1. The waveguiding properties of the four diatomic
metamaterial configurations Figs. 3.13 a-d were analyzed arranging the elements into two
lines each containing 16 elements. The photographs of the experimental configurations are
shown in Fig. 3.15. The period a was kept to be 24 mm in all cases; for the distance h
between the lines, three values were chosen for each configuration: h = 10, 15, 20 mm for
cases (a) and (b) and h = 15, 20 and 30 mm for cases (c) and (d). The first element of line
1 was excited by a transmitting loop, and the frequency dependence of the currents in all
elements was measured as the receiving loop was moved first along line 1 and then along line
2. The measurements were performed at 1601 frequency points for the range 34 − 58 MHz
with the aid of a network analyzer of the type HP8753C.

(a) (b)

(c) (d)

Figure 3.15: Photographs of diatomic metamaterial structures: (a) planar lines above each other,
(b) shifted planar lines, (c) planar and axial line above each other, (d) shifted planar and axial
lines.

To extract the dispersion equations for the coupled lines we used the following procedure.
We assume that for each frequency ω the structure supports two modes with two complex
values of ka. We should take into account that the structure has a finite length and that
there are reflected waves as well. Then the currents in line 1 and line 2 can be written as

In = a1 exp(−jnk1a) + b1 exp(jnk1a) + a2 exp(−jnk2a) + b2 exp(jnk2a)
Jn = c1 exp(−jnk1a) + d1 exp(jnk1a) + c2 exp(−jnk2a) + d2 exp(jnk2a)

. (3.15)
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k1a and k2a can thus be found from an algebraic expression containing values of any 6 neigh-
boring currents within either line 1 or line 2. Following a similar procedure the unperturbed
dispersion equations can be found from current measurements on isolated lines. Assuming
in this case a single mode and its reflected wave, the dispersion equation can be extracted
from the values of any three neighboring currents of the line.
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Figure 3.16: Dispersion characteristics of the
uncoupled planar and axial lines: theory (solid
lines) and experiment (circles and squares).

Figure 3.16 shows the dispersion curves for the case of uncoupled lines supporting back-
ward and forward waves. The agreement between the experimental and theoretical values
may be seen to be excellent. Figures 3.17 and 3.18 give a summary of the dispersion curves
for each one of the coupled configurations. The first and second columns of Fig. 3.17 are
for h = 20, 15 and 10 mm for unshifted and shifted planar-planar configurations. The first
and second columns of Fig. 3.18 show the dispersion curves for h = 30, 20 and 15 mm for
unshifted and shifted planar-axial configurations. In each of the four columns, the top figure
corresponds to the largest separation between the lines and thus to the weakest interaction;
the bottom figure corresponds to the smallest separation and thus to the strongest interac-
tion. Comparing the figures in each column we can clearly see the different characters of
the respective coupling mechanisms.

For the first, (a), column of Fig. 3.17, when two planar lines are exactly above each
other (Fig. 3.13 a), the unperturbed dispersion curve splits into two similar branches; the
separation between the branches grows as the distance, h, between the lines decreases.

For the second, (b), column of Fig. 3.17, when the planar lines are half-period shifted
relative to each other, the upper branch is a backward-wave branch with a a larger width,
and the lower branch supports both forward and backward waves with a minimum within a
Brillouin zone (Fig. 3.13 b). The separation between the branches depends strongly on the
propagation constant; it is maximum for βa→ 0 and minimum for βa→ π.

For the first, (a), column of Fig. 3.18, when the planar and the axial lines are exactly
above each other (Fig. 3.13 c), the interaction between the backward and the forward wave
of Fig. 3.16 results in a stop band around the resonant frequency. The coupled dispersion
curves differ from the unperturbed ones mostly in the vicinity of the crossing point βa = π/2.
The smaller the separation between the lines, the better pronounced is the effect.
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Figure 3.17: Dispersion characteristics of the coupled lines: Theory (solid lines) and experiment
(circles and squares). Unshifted (a) and shifted (b) planar-planar lines with h = 20, 15, 10 mm.

For the second, (b), column of Fig. 3.18, when the planar and the axial line are half-
period shifted relative to each other, the separation between the branches depends strongly
on the propagation constant (Fig. 3.13 d). The separation is maximum for βa → π and
minimum for βa → 0. The degenerate point may be seen to be around βa = π/2 for the
distance h = 30 mm between the lines and it moves to the left as the distance between the
lines decreases.

The agreement between theory and experiment may be seen to be very good in the pass
bands in each one of the twelve diagrams of Figs. 3.17 and 3.18. Note that the experimental
points in the stop bands have been derived from signals with magnitudes close to the noise
level due to high attenuation, so they are probably spurious.
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Figure 3.18: Dispersion characteristics of the coupled lines: Theory (solid lines) and experiment
(circles and squares). Unshifted (c) and shifted (d) planar-axial lines with h = 30, 20, 15 mm.

Validity of nearest neighbor approximation

The theoretical curves were obtained in the approximation of nearest-neighbor interactions,
where each element interacts with up to five neighbors (see Fig. 3.12). As an additional check
of the validity of the model, we also performed numerical simulations modeling the signal
propagation in the structures by taking all interactions into account. Figure 3.19 shows
the power distributions along the structure for the unshifted planar-planar configuration
with a separation between the lines h = 20 mm at the frequency f = ω/(2π) = 45.8 MHz,
which is close to the resonant frequency of the individual elements. Figures 3.19 a and 3.19 b
show the distribution of detected power along line 1 and 2 respectively. The squares are
the experimental values, the diamonds are the values obtained from the analytical theory
with nearest neighbor interactions, and the circles are the numerical simulation values from
impedance matrix calculation (see Section 2.3) taking all interactions into account. The
agreement between experiment, theory, and numerical results may be seen to be good. The
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Figure 3.19: Power distribution along the ex-
cited line 1 (a) and along line 2 (b) for the
unshifted planar-planar configuration. h =
20 mm, f = 45.8 MHz. Experiment (squares),
analytical theory with nearest-neighbor ap-
proximation (diamonds), numerical simulation
from impedance matrix calculation including
all interactions (circles). The lines connecting
the symbols serve as a guide to the eye.

beatings of the signals in line 1 and line 2 are in anti-phase, as the energy is transferred
from line 1 to line 2 and back. At the frequency chosen, the two lines act as a co-directional
coupler (Fig 3.17 a, h = 20 mm), and the corresponding values of the propagation constant
are, from Eq. (3.13a), β1a = 0.36π and β2a = 0.73π. The coupling length characterizing the
period of energy transfer is Λ = π/|β1 − β2| . This gives the period of the energy exchange
as about five elements.

A similar agreement between the calculated and measured values of current amplitudes
within the structure is obtained for all configurations for frequency values corresponding to
the pass bands.
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Chapter 4

Linear applications

In the previous Chapter, we have developed a mechanism for tailoring the dispersion prop-
erties of MI waves with diatomic metamaterial arrays. We proceed now with a discussion of
how this and other tailoring ideas can be employed for a number of potential applications.
We shall consider here linear arrays, preserving the nonlinear case for the next Chapter.

We start in Sections 4.1 and 4.2 with two effects, shift-dependent transmission and
subwavelength imaging, where diatomic arrays are employed for controlling the propagation
of MI waves at the specified frequencies. Tailoring the subwavelength focus by metamaterial
“lenses” – an issue closely related to subwavelength imaging – is discussed in Section 4.3.
Finally, in Section 4.4, we consider rotational resonance of MI waves in ring metamaterial
arrays, which can be beneficially used for signal detection in Magnetic Resonance Imaging.

4.1 Shift-dependent transmission

In the previous Chapter, we could see that the dispersion properties of diatomic config-
urations consisting of two planar lines exactly above each other differ significantly from
the half-a-period shifted configuration (see Figs. 3.13 a,b and Figs. 3.14 a,b). It is natural,
therefore, to expect that by changing the amount of shift between the lines we could acquire
some control over their properties and behavior.

Our aim in this Section is to investigate in detail both theoretically and experimentally
the properties of two metamaterial lines when one of them is mechanically shifted relative to
the other one. The theoretical analysis is based on the coupled-modes approach for diatomic
arrays (Section 3.3) and on the impedance matrix formalism (Section 2.3).

4.1.1 Experiment

Two different kinds of metamaterial elements were used in the experiments1, capacitively-
loaded split pipes and spirals. The split pipes are the same as described in Section 3.1

1The experiments were carried out at Oxford University by Dr. A. Radkovskaya (Moscow University),
Mr.G. Faulkner, Dr. C. J. Stevens and Prof.D. J. Edwards (Oxford University).
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(see Fig. 3.2 and the text therewith). Their resonant frequencies and quality factors are
f0 = ω0/(2π) = (46.2 ± 0.2) MHz and Q = 105 ± 5, respectively.

(a) (b)

Figure 4.1: Schematic presentation of the
spiral resonator (a) and its photograph (b).

The elements of the second type are four-turn spiral resonators [41, 42] produced on a
printed circuit board (type FR 4) by selective etching. The radius, run width of the spiral,
and the separation between the turns are r = 9 mm, t = 0.9 mm, and s = 1.35 mm as may
be seen in Fig. 4.1 a. The photograph of the element is shown in Fig. 4.1 b. The resonant
frequencies and quality factors of the spirals, measured with the aid of a network analyser
of the type HP8753C, were found as f0 = (0.586 ± 0.004) GHz and Q = 49 ± 4.

The measurements of the coupling constant, κ, between two split pipes in different
configurations have been presented in Section 3.1. For the spirals, additional measurements
were performed in axial and planar configurations at 1601 values of frequency between 0.3
and 0.9 GHz. The coupling constant in the planar arrangement for a distance of a = 19 mm
between the elements’ centers was found as 2M‖/L = −0.06. In the axial configuration,
the coupling constant was measured at distances h = 5 mm and h = 10 mm yielding
2M⊥/L = 0.42 and 2M⊥/L = 0.14, respectively.

For each kind of elements, two planar lines consisting of 13 elements were produced.
The split-pipes were placed on a piece of balsawood with a period a = 24 mm between the
centers of nearest neighbors. The arrays of spirals were produced on two pieces of a printed
circuit board with a period a = 19 mm.

a

h

(a) (b)

Figure 4.2: Schematic presentation of the (a) unshifted and (b) half-a-period shifted diatomic
array. The first element of the lower line is excited by a transmitting coil and the signal in the last
element of the upper line is measured by a receiving coil.
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Arrays of identical elements were placed exactly above each other so that the first ele-
ments of the upper and lower arrays were in an axial configuration as shown in Fig. 4.2 a
for split pipes. The first element of the lower array was excited by a transmitting coil, and
the signal in the last element of the upper array was measured by a receiving coil. The aim
of the experiment is to measure the ratio of the output to input power under the conditions
when the upper array together with the receiving coil is mechanically shifted by different
amounts, Δ, relative to the lower one. This is shown again for the split-pipes for a shift of
half a period, Δ = a/2, in Fig. 4.2 b. The transmission as a function of frequency was then
measured for a large number of shifts.

The measurements of the split-pipe arrays were performed for a spacing of h = 10 mm
between the arrays. They were shifted over a total distance of Δ = 80 mm relative to
each other in steps of 2 mm, and the transmission was measured in the frequency range
34 − 58 MHz at 1601 discrete frequency points. The same experiments were conducted for
the spiral arrays but for two different spacings, h = 5 mm and 10 mm respectively. For both
experiments, the upper array was shifted again over a total distance of 80 mm in steps of
2 mm. The measurements were performed at 1601 discrete values of frequency between 0.3
and 0.9 GHz.

4.1.2 Theory

The present experimental results could be modeled by a theory based on a combination of
nearest neighbor interactions and coupling between the arrays. However, since the coupling
between the arrays changes with the amount of shift, for a quantitative model, we decided
to resort to the impedance matrix, Eq. (2.16), which takes into account interaction between
any two elements wherever they are. This can be done if all the elements of the impedance
matrix are known. The impedance matrix, Z, has a dimension of N × N , where N is the
total number of elements, 26 in our case.

We have measured the resonant frequencies and quality factors of all the elements thus
we know the diagonal elements of Z at all the frequencies considered. As for the mutual
impedances, we have a number of experimental data for split pipes (see Section 3.1) and only
three values for the spirals. The approach of modeling actual elements by loops has been
proven in Section 3.1 to adequately describe experiments for two different kinds of elements.
It is, therefore, reasonable to employ it here as well for determining the rest of the mutual
impedances. We assumed that the elements may be modeled by loops with a radius equal
to the radius of the actual elements (10 mm for the split-pipes and 9 mm for the spirals).
It is then possible to calculate the mutual inductances between any two elements. This is
quite a simple calculation for the split-pipe arrays in which both the period and the total
length of the structure are much smaller than the free-space wavelength at the operating
frequencies. The retardation effects can then be neglected, and consequently the mutual
impedance between the elements is purely imaginary, i. e. only the mutual inductance, due
to the magnetic coupling, is significant. For the spiral arrays, the situation is different: the
free space wavelength of about 50 cm is still much larger then the period (a = 19 mm), but
the total length of the arrays is above half a wavelength when fully extended. Therefore,
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for more accurate calculations, retardation effects have to be taken into account [52, 53].
In the presence of retardation, the mutual inductance acquires an imaginary part, and the
decline of its real part with distance is less steep. Since the calculated values of the mutual
impedances agreed well with those measured (for nearest neighbors as described above), we
could assume that all the mutual inductances calculated from our model were close to the
actual ones. Knowing both the voltage vector, V, and the impedance matrix, Z, we could
determine the currents in each element for all frequencies and shifts by inverting numerically
the relationship (2.16).

4.1.3 Results

We shall now plot the experimentally obtained values of the transmission and compare
them with theoretical results. For split pipes, these are shown in Figs. 4.3 a and b. The
power transmitted from the first element of the lower array to the last element of the upper
array is normalized to its value for zero shift and is shown as a contour plot. It may be
seen that within a certain frequency range near the resonant frequency of the elements the
transmission varies greatly with the shift. Transmission is minimum when the shift is zero,
one period, two periods, etc., and it is maximum when the shift is half a period, one and
a half period, etc. The effect of the shift is quite radical: the difference between maximum
and minimum transmission may be as much as 60 dB. The agreement between theory and
experiment may be seen to be good in the whole frequency region.
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Figure 4.3: Contour plots of transmission between the lines of split-pipes (h = 10 mm) as a
function of frequency and shift, (a) experiment, (b) theory.

In order to show the results in a more comparable and more quantitative form we plotted
the experimental (filled circles) and theoretical values of the transmission (solid line) as a
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function of shift at two discrete frequencies in Figs. 4.4 a and b. The curves are normalized
to the value of transmission at zero shift. The two selected values of frequency are the
resonant frequency, f = 46.2 MHz, and one above it, f = 48 MHz. The agreement may be
seen to be remarkably good.
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Figure 4.4: Transmitted power as a function of the shift between two lines of split-pipes, for
different values of frequency, (a) f = 46.2 MHz, (b) f = 48.0 MHz. Dashed line with filled circles
denotes experiment, solid line theory.

The transmission results for the arrays made up by spirals are presented in Figs. 4.5
and 4.6 again in the form of contour plots for h = 5 mm and 10 mm respectively. It
is gratifying to note that although the operating frequencies for these measurements are
approximately ten times larger than those for split-pipes, the transmission of the spiral
arrays (both for h = 5 mm and 10 mm) has a similar variation with shift: the regions of
low and high transmission occur again for full-period and half-period shifts. The shape of
high transmission regions is also similar: wider for the higher and narrower for the lower
frequencies. The agreement appears to be better for h = 5 mm than for 10 mm. The
possible explanation is that the latter configuration is more affected by retardation, and the
model (replacing the actual elements by loops) is bound to be less accurate when retardation
is present.

4.1.4 Tailoring the transmission

Let us now give a qualitative explanation of the transmission variation with the shift that
is based on the theory of coupled MI waves developed in the previous Chapter. For this
purpose, we choose the array made up by split pipes. The dispersion curves of MI waves
for a lossless case are shown in Fig. 4.7 for three different values of shift between the lines:
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Figure 4.5: Contour plots of transmission between the lines of spirals (h = 5 mm) as a function
of frequency and shift, (a) experiment, (b) theory.
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Figure 4.6: Contour plots of transmission between the lines of spirals (h = 10 mm) as a function
of frequency and shift, (a) experiment, (b) theory.

no shift (a), 0.35a-shift (b), and half a period shift (c). The horizontal dashed lines indicate
the resonant frequency, 46.2 MHz. As can be seen from Fig. 4.7 a, when the lines are not
shifted relative to each other (or shifted by an integer number of periods) the resonant
frequency lies in a stop band of the dispersion characteristics. Consequently, MI waves do
not propagate along the arrays and transmission is low. For the value of shift of 0.35a, the
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Figure 4.7: Dispersion of the magnetoin-
ductive waves for arrays made up by split-
pipes (a) non-shifted, (b) shifted by 0.35 of
the period, and (c) shifted by half of the pe-
riod. No transmission at the resonant fre-
quency (dashed lines) in case (a), abrupt in-
crease of the transmission in case (b), and high
transmission in case (c).

resonant frequency lies at the edge of the pass band (see Fig. 4.7 b); this is the amount of
shift when the transmission between the lines should undergo an abrupt change. Indeed, as
seen in Fig. 4.4 a, in the vicinity of this point, the transmission between the lines increases
up to 50 dB. The resonant frequency is close to the middle of the pass band for the shift of
one half of the period (see Fig. 4.7 c). The losses are lower in the middle of the pass band
than at its edges and, therefore, the transmission is bound to be higher. It also follows
from this qualitative model that around 42 MHz transmission varies in an entirely different
manner, as may be seen from Figs. 4.7 a-c: it is high for shifts corresponding to the whole
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period and low for half-period shifts. The effect is, however, less pronounced due to high
losses at frequencies far from the resonant one.

We see, therefore, that the key to understanding the transmission variation with shift lies
in the properties of dispersion characteristics. Our theoretical model, based of the coupled
modes approach, is a tool for a flexible design of dispersion and, hence, for tailoring the
transmission to the predetermined requirements.

4.1.5 Concluding remarks

We have studied in this Section the transmission properties of two coupled metamaterial
lines when one of them is mechanically shifted relative to the other. The agreement between
the experimental results and theoretical calculations based on the impedance matrix is
good. Moreover, the qualitative model based on the dispersion curves of MI waves in
diatomic arrays adequately describes the experimental results. The large ratio achieved,
60 dB between maximum and minimum transmission, makes the effect potentially useful in
devices.
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4.2 Subwavelength imaging

Ever since Pendry’s paper on the perfect lens [2] the idea of near-field imaging has been a
driving force in the rapid development of the field of metamaterials as the search for suitable
structures capable of near-field imaging continues. A large variety of physical mechanisms
was suggested to be responsible for near field imaging, ranging from effective medium theory
[76] and excitation of surface plasmon-polariton resonances [77] to imaging based on the
curvature of the dispersion characteristics (see e.g. Ref. [78]), phase conjugation [79], or
propagation of MI waves [80].

The first imaging experiment with magnetic metamaterials was reported by Wiltshire
et al. [16]. Their lens consisted of a single two-dimensional layer of Swiss Rolls. As shown by
Zhuromskyy et al. [17], the imaging properties of this lens can be explained by the excitation
of MI waves. At the frequencies near the resonance of individual elements, MI waves form
standing wave patterns, which, spreading the information about the field source over the
whole area of the lens, prevent imaging. In order to avoid excitation of MI waves, one has
to choose operating frequencies in stop bands either above or below the resonant frequency.
It necessarily results in much weaker signals and, hence, less efficient imaging.

Freire and Marques proposed to use a two-layered structure of split ring resonators for
the near-field imaging suggesting that, when the structure consists of two parallel planes of
magnetic metamaterial elements, MI waves may play a positive role [80] resulting in growing
fields in the inter-layer spacing. Our aim in this Section is to investigate in more detail,
both theoretically and experimentally, the imaging mechanism of double-layered magnetic
metamaterials.

4.2.1 Tailoring the imaging capabilities

A schematic presentation of the imaging device in its simplest form of two planar arrays
parallel to each other (double lens) is shown in Fig. 4.8 a. For a practical realization, see
Fig. 4.8 b. The single lens was obtained by omitting one of the layers from the double lens.

The elements are capacitively-loaded split pipes (see Section 3.1). Their resonant fre-
quencies and quality factors are ω0/(2π) = (46.2 ± 0.2) MHz and Q = 105 ± 5.

A single line of metamaterial elements is capable of propagating MI waves in the pass
band around the resonant frequency (see Section 2.3). The dispersion curve for an isolated
planar array is known to be in the form of a backward wave (see Fig. 4.9 a). There are two
stop bands where the imaging is possible, one above 50 MHz and the other below 40 MHz.
The resonant frequency lies in the pass band of MI waves and, therefore, cannot be used for
imaging.

It is desirable, however, to be able to operate at the resonant frequency to have stronger
signals, and at the same time suppress the propagation of MI waves at this frequency. The
tailoring mechanism with diatomic arrays, which we developed in the previous Chapter,
suggests a solution to the problem. As we have seen in Section 3.3, if two planar lines
are brought close to each other, their dispersion curves retain the backward character but
are split into an upper and lower branch. When the distance between the planar lines is
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Figure 4.8: Schematic presentation of the two-layer magnetoinductive lens (a) and photograph
of the experimental setup (b).

sufficiently small then the split may become so large that a stop band appears between
the two backward wave regions. Examples for h = 20 mm and h = 10 mm are shown
in Figs. 4.9 b and c. In the latter case, there is a complete bandgap around the resonant
frequency which means that MI wave propagation along each one of the lines is suppressed
for any value of β. The array with the tailored dispersion characteristics of Figs. 4.9 c is,
therefore, a good candidate for effective imaging.

4.2.2 Experiment

To verify the theoretical predictions we performed a series of near field imaging experiments2.
The spacing between the elements in the same line was a = 24 mm. For the single lens,
the transmitting circular loop of 3 mm radius was placed at a distance 2.5 mm away from
the line, and the magnetic field distribution in the imaging plane 2.5 mm above the line
was scanned with the aid of the receiving loop of the same size. The measurements were
performed at 1601 frequency points in the range of 30− 62 MHz with the aid of a Network
Analyzer HP8753ES.

2The experiments were carried out at Oxford University by Prof. M. Shamonin (FH Regensburg), Dr.
A. Radkovskaya (Moscow University), Mr. R. Trautner (FH Regensburg), Mr. G. Faulkner, Dr. C. J. Stevens
and Prof. D. J.Edwards (Oxford University).
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Figure 4.9: Dispersion characteristics of an
isolated line (a), two coupled lines separated
by h = 20 mm (b), and the same two lines
separated by h = 10 mm (c). Stop bands pre-
venting image spreading in the x-direction are
shown as grey areas. There are two stop bands
for the single line (a). The separation between
the stop bands is larger for two weakly coupled
lines (b). An additional stop band around the
resonant frequency (46.2 MHz) appears for the
strongly coupled lines (c).

For the double lens with the separation h between two lines, the transmitter was placed
at a distance h/2 below the bottom line, and the receiver scanned the magnetic field at a
distance h/2 above the top line.

The experimentally obtained image field distribution as a function of frequency is shown
for the single lens by the contour plot of Fig. 4.10 a. Figures 4.11 a and 4.12a show the same
for the double lens for h = 20 mm and h = 10 mm. The corresponding theoretical plots are
presented in Figs. 4.10 b, 4.11 b and 4.12 b. The theoretical values of magnetic field in the
image plane are determined as a superposition of the fields created by the currents in all
elements of the setup. The currents are found by inverting the impedance matrix (2.16).

The agreement between theory and experiment is remarkably good. For each config-
uration, the experimental results reproduce all the details of the theoretical predictions.
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Figure 4.10: Near field imaging for the single lens. Magnetic field distribution in the image plane
versus frequency (contour plot). Experiment (a) and theory (b).
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Figure 4.11: Near field imaging for the double lens with h = 20 mm. Magnetic field distribution
in the image plane versus frequency (contour plot). Experiment (a) and theory (b).

In fact, the only difference between theory and experiment is the signal amplitude in the
stop bands. In the experimental plots, they are green indicating the prevailing noise level
of about 50 dB, whereas in the theoretical plots the signal level is shown by blue or deep
blue indicating significantly lower values, as it should, because noise is not included in the
theoretical model.

It may be seen in Figs. 4.10–4.12 that, as mentioned before, MI waves may propagate
in the pass bands resulting in high magnetic fields at every element. One observes a broad
field distribution corresponding to the excitation of the entire structure. There is a single
pass band in Fig. 4.10. In Fig. 4.11, the pass bands may be seen to be overlapping, since
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Figure 4.12: Near field imaging for the double lens with h = 10 mm. Magnetic field distribution
in the image plane versus frequency (contour plot). Experiment (a) and theory (b).

the lines are only weakly coupled (see Fig. 4.9 b), whereas in Fig. 4.12, the pass bands are
clearly separated for the arrangement with strong coupling (see Fig. 4.9 c).

If we wish to have a narrow image then we must use frequencies that are in one of the
stop bands. As may be seen in Figs. 4.9 a-c, there are two outer stop bands in Figs. 4.10
and 4.11 and an additional stop band in Fig. 4.12 in the vicinity of the resonant frequency.
Since excitation in the outer stop bands is bound to be weak, the signal-to-noise ratio must
suffer. Hence the better candidate for successful imaging is the inner stop band.

The comparison between theoretical and experimental results shown in Fig. 4.12 by color
coding offers an easily observable global picture. However, if we wish to see the details it
is more informative to look at the curves at a single frequency. This is done in Fig. 4.13
where the comparison is for 46.2 MHz. There is excellent agreement between the theoretical
(dashed line) and experimental (crosses) results.
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Figure 4.13: Theoretical (dashed curve) and
experimental (crosses) magnetic field distrib-
ution in the image plane along the x-axis for
the double lens with h = 10 mm separation at
the resonant frequency (46.2 MHz).
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4.2.3 Comparison between a single lens and a double lens

Our conclusion so far is that the double lens with closely coupled layers is better for imaging
than the one with loosely coupled layers, and the reason is the presence of a stop band around
the resonant frequency for the former structure. Next, we shall compare the single lens with
the double lens. In order to make the comparison meaningful the positions of the transmitter
and image plane for both cases remain at the same point, at z = 0 and z = 20 mm. The two
layers of the double lens are at z = 5 mm and z = 15 mm, and the single lens (obtained by
omitting one of the lines from the double lens) is assumed to be at z = 10 mm. The basis of
the comparison is the distribution of the magnetic field along the x-axis in the image plane.
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Figure 4.14: Theoretical magnetic field dis-
tributions along the x-axis: double lens (red),
single lens (green), in the absence of the lens
(cyan). The frequency is 46.2 MHz. The im-
age plane is 20 mm away from the transmitter
in each case.

In Fig. 4.14, three theoretical distributions are plotted at the resonant frequency of
46.2 MHz: in the absence of a lens (i. e. the magnetic field of the transmitter coil), in the
presence of a single lens, and in the presence of the double lens. The field is lowest in
the absence of the lens. It is just the magnetic field distribution of the current carrying
transmitter loop. In the presence of the single lens, the field is higher everywhere but, as
may be expected, there is no imaging due to the excitation of MI waves. The ability of
the double lens to image may be clearly seen. The amplitude is the highest (normalized to
0 dB at the central peak) and there is no spread of the image. The next peak in the lateral
direction is about 20 dB down.

Another comparison is shown in Fig. 4.15; the magnetic field distribution in the image
plane is plotted at three different frequencies where imaging occurs: the single lens in the
lower stop band at 43 MHz, the single lens in the upper stop band at 50 MHz, and the
double lens at the resonant frequency of 46.21 MHz. It may be seen that in the stop bands
of the single lens (green and blue curves) the imaging is quite good (the central peak is well
distinguished from the secondary peaks) but the field amplitudes are much lower than for
the double lens (red curve).

In Fig. 4.16, we show the theoretical distribution of the magnetic field along the z-axis
from z = −10 mm to z = 30 mm for four cases: the double lens at the resonant frequency,
single lens at 43 and 50 MHz, and in the absence of a lens. The curves confirm the superior
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Figure 4.15: Theoretical magnetic field dis-
tributions along the x-axis for the double lens
at 46.2 MHz (red) and the single lens at 43
MHz (green) and 50 MHz (cyan). All three fig-
ures correspond to the frequencies in the stop
bands of MI waves (see Figs. 4.9 a and c, hor-
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Figure 4.16: Theoretical magnetic field dis-
tributions along the z-axis: double lens at
46.2 MHz (red), single lens at 43 MHz (green)
and 50 MHz (cyan), and in the absence of lens
(blue). The image plane is 20 mm away from
the transmitter in each case, as indicated by
the dashed lines.

performance of the double lens. The amplitude in the image plane is the highest for the
double lens, lower for the single lens and the lowest in the absence of the lens both at the
output of the lens and at the image plane.

4.2.4 Concluding remarks

In this Section, we have employed the idea of diatomic arrays for tailoring the near-field
properties of metamaterials. Our starting point was that strong signals required for good
imaging can be achieved at the frequencies near the resonant frequency of the elements.
However, in a single lens, excitation of MI waves at these frequencies leads to the spreading
of the signal and prevents imaging.

This problem can be solved with diatomic arrays. If the coupling between two planar
lines, constituting a double lens, is sufficiently large then two branches of the dispersion char-
acteristics are separated by a stop band centered at the resonant frequency. Consequently,
propagation of MI waves in the lateral direction is suppressed, and effective imaging at
the resonant frequency is possible. Having developed a theoretical model based on the
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coupled-mode approach in the previous Chapter, we have been equipped here with a tool
for designing a double-layered lens with the performance superior to the single one.

The resolution of the lens has been shown to be related to element size. Hence, a search
for smaller low frequency resonators could lead to further improvement in resolution.
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4.3 Subwavelength focusing

Another issue closely related to subwavelength imaging is a possibility to employ metama-
terials for subwavelength focusing as well [2]. At optical frequencies, focusing and imaging
by classical lenses are strongly related to each other. There is, however, a fine distinction
between them when the dimensions are all small relative to the wavelength as pointed out
by Freire and Marques [80, 81], whose lens consisted of two planes of magnetically coupled
resonant elements. They found, scanning the space behind the lens by a small detector,
that the power received was maximum at a particular point. This point is not a focus in the
optical sense because the field is not maximum there, but it could be regarded a focus in the
sense that the power extracted by the receiver is higher there than that at any other point.
The mechanism is matching the receiver to the transmitter [81]. In the experiments of Freire
and Marques, the transmitter-lens-receiver positions were those postulated by Pendry [2],
namely that the distance from the transmitter to the lens, l, and the distance from the lens
to the receiver, f , are both equal to the half of the lens width, h. But is this relationship
unique?

Our aim in this Section is to show that, wherever the positions of the transmitter and
lens are, a focus can always be placed in an arbitrary position by adjusting the impedance
of the receiver. We first provide a general treatment of the problem and then show two
examples of how the focus can be tailored.

4.3.1 General formulation

The general model is shown in Fig. 4.17. We have N + 2 metamaterial elements, the
transmitter, the receiver, and the elements of the lens, which can have arbitrary positions
and orientations. The self-impedances of the elements are: ZT, ZR and Zi (i = 1 . . .N),
where the subscripts T, R and i refer to the transmitter, the receiver, and the elements of the
lens. Their respective positions in space are at (xT, yT, zT), (xR, yR, zR) and (xi, yi, zi). The
mutual impedances are characterized by Zij (i, j = 1 . . .N ; i �= j), the elements of the lens
matrix, ZTLi and ZRLi (i = 1 . . . N), the elements of row vectors related to the transmitter
and receiver, respectively, and ZTR, a scalar. The elements of the lens are assumed to
be lossless. The transmitter and the receiver have impedances of ZT = RT + jXT and
ZR = RR + jXR, the latter to be determined from the condition that for a voltage V0

applied to the transmitter, the power absorbed in the receiver should be maximum.

We can write equations for the currents in the elements in the matrix form analogous to
Eq. (2.16) ⎛

⎝ ZT ZTL ZTR

ZT
TL Z ZT

RL

ZTR ZRL ZT

⎞
⎠
⎛
⎝ITI
IR

⎞
⎠ =

⎛
⎝V0

0
0

⎞
⎠ , (4.1)

where IT and IR are the currents flowing in the transmitter and receiver, respectively; I is the
N -element column-vector of the currents in the elements of the lens and 0 is a column-vector
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Figure 4.17: Schematic presentation of the configuration in the general case. The transmitter,
receiver, and the elements of the lens are at arbitrary positions and have arbitrary orientations.
The coupling between the transmitter and lens is ZTL and that between the receiver and lens is
ZRL. The transmitter and receiver are coupled to each other via the mutual impedance ZTR.

of N zeros. The current in the receiver is, from Eq. (4.1),

IR = − ZTR − ZRLZ
−1ZT

TL

(ZR − ZRLZ−1ZT
RL) (ZT − ZTLZ−1ZT

TL) − (ZTR − ZRLZ−1ZT
TL)

2V0 , (4.2)

and the current in the transmitter is

IT = − ZR − ZRLZ
−1ZT

RL

(ZR − ZRLZ−1ZT
RL) (ZT − ZTLZ−1ZT

TL) − (ZTR − ZRLZ−1ZT
TL)

2V0 . (4.3)

The power extracted from the receiver, PR = 1/2|IR|2ReZR, depends on its impedance:
PR = PR(RR, XR). Since the elements of the lens are lossless, ZRLZ

−1ZT
RL, ZTLZ

−1ZT
TL,

and ZRLZ
−1ZT

RL are purely imaginary. Finding the derivatives of the power in the receiver,
∂PR/∂RR and ∂PR/∂XR, and equating them to zero we find the following relationship for

the values of the optimum resistance, R
(opt)
R , and reactance, X

(opt)
R ,

Z1 =
R2

3

Z∗
2

, (4.4)

where
Z1 = Z

(opt)
R − ZRLZ

−1ZT
RL

Z2 = ZT − ZTLZ
−1ZT

TL

R2
3 = − (ZTR − ZRLZ

−1ZT
TL

)2 . (4.5)



4.3. SUBWAVELENGTH FOCUSING 53

This yields the following optimum value of the receiver impedance

R
(opt)
R + jX

(opt)
R =

= ZRLZ
−1ZT

RL −
(
ZTR − ZRLZ

−1ZT
TL

)2

RT − jXT + ZTLZ−1ZT
TL

,
(4.6)

where Z−1 is the inverse of the impedance matrix of the lens and the superscript T means
the transposed of a vector.

It follows that in the optimum case, the power extracted from the receiver is equal to
that absorbed by the resistive load of the transmitter and has the value

P
(max)
R = P

(max)
T = |V0|2/(4RT). (4.7)

Once the optimum load impedance pertaining to the (xR, yR, zR) point has been found, it
follows that moving the receiver out of that point can only lead to lower extracted power.
Hence (xR, yR, zR) must be the focal point.

Note that this focal point can be put anywhere in three-dimensional space subject to
the condition that all dimensions are small relative to the electromagnetic wavelength. It
follows then clearly that the focal width must be subwavelength. The potential application
of this new phenomenon is the ability to recognize a predetermined position by the fact that
the received power is maximum in that point.

4.3.2 Tailoring the subwavelength focus

We shall now demonstrate the possibility of tailoring the focal point by specifying its position
in two examples. For simplicity, we drop the third dimension and assume that all the
elements are in the (x, y)-plane.

In our first example, the lens consists of two parallel layers of capacitively loaded loops.
Each layer is built up by five elements in a planar arrangement, as can be seen in Fig. 4.18 a.
The radius of the elements is r0 = 5 mm and the distance between them in a layer is
d = 2.1r0 = 10.5 mm. The separation between the layers is h = 2r0 = 10 mm. The
transmitter and receiver are two metallic loops identical to the elements of the lens. The
transmitter is placed at the (0, 0) point at a distance l from the lens. We choose the
operating frequency to be 500 MHz. The self-inductance of the lens’ elements and that
of the transmitter, 12.2 nH, is compensated by loading them by 8.3 pF capacitors. The
transmitter has an internal resistance of 50 Ohm. The mutual inductances between the
transmitter, receiver, and lens can be calculated as shown in Appendix A.

We place then the receiver at three different positions and for each position find the
corresponding optimum impedance. Initially, the receiver is placed symmetrically to the
transmitter at the distance f = l behind the lens (see Fig. 4.18 a). In this configuration,
the separation between the lens layers is twice larger than the distance between the trans-
mitter/receiver and the lens, i. e. obeys the relation used in Refs. [2, 81]. Then the receiver
is moved along the y-axis to distances f = 1.5r0, 2r0 away from the lens. The values of the
optimum impedance corresponding to each position of the lens are given in Table 4.1.
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Figure 4.18: (a) Schematic presentation of the focusing with a two layered lens, (b)-(d) contour
plots of the normalized extracted power corresponding to three different positions of the receiver,
f = r0, 1.5r0, 2r0. Note that only the case (b) corresponds to the symmetrical “h/2 − h − h/2”
configuration.

The results for the extracted power, when the receiver with optimum loading is translated
parallel to itself from its initial position, are shown in Figs. 4.18 b-d for all three positions
of the receiver. The power is plotted using contour plots relative to the maximum received
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distance f/r0 optimum impedance [Ohm]
1 0.96 + 0.40j

1.5 0.22 − 0.34j
2 0.06 − 0.29j

Table 4.1: Values of the optimum impedance for the configurations of Fig. 4.18 corresponding
to three different positions of the receiver, f = r0, 1.5r0, 2r0.

power of |V0|2/(4RT). It can be clearly seen that focusing of the received power is possible
not only for the symmetrical “h/2− h− h/2” configuration but also for the other two. The
position of the focus shifts together with the receiver when the latter is moved away from
the lens. Moreover, the maximum of the received power is independent of the position of
the receiver and has a value of |V0|2/(4RT) for all three cases.

For the second example (Fig. 4.19), we chose quite a different lens configuration. It
consists now of two parallel axially arranged arrays with the same element size but of seven
elements. The distance between the elements in an array is a = 0.5r0 = 2.5 mm and the
separation between the arrays is h = 2.1r0. The arrays are placed symmetrically relative
to the y-axis (see Fig. 4.18 a). Similarities to the first example are the choice of resonant
frequency at 500 MHz, the purely resistive impedance of the transmitter of 50 Ohm, and the
position of the transmitter at the point (0, 0). The distance from the transmitter to the lens
is l = 0.5r0. Analogously to the previous example we place the receiver into three different
positions on the y-axis, at the distances f = 0.5r0, 1.0r0 and 1.5r0 . The corresponding
values of the optimum impedance are given in Table 4.2. The power extracted from the

distance, f/r0 optimum impedance [Ohm]
0.5 0.58 − 0.34j
1.0 0.21 − 0.05j
1.5 0.08 + 0.02j

Table 4.2: Values of the optimum impedance for the configurations of Fig. 4.18 correspond-
ing to three different positions of the receiver, f = 0.5r0, 1.0r0 and 1.5r0.

receiving loop as it is moved parallel to itself from its initial optimum position is shown in
Figs. 4.19 b-d in the same manner as in Figs. 4.18 b-d in the first example. There are clear
maximums for each case corresponding to the different positions of the receiver.

The examples we have given relate to a small number of elements. The aim was merely
to show the potential of the method proposed. The numerical techniques, developed for
magnetoinductive waves [39, 82], could cope with several thousand elements.
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Figure 4.19: (a) Schematic presentation of the focusing with two parallel axial arrays, (b)-(d)
contour plots of the normalized extracted power corresponding to three different positions of the
receiver, f = 0.5r0, 1.0r0, 1.5r0. Note that only the case (b) corresponds to the symmetrical
configuration with l = f .
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4.3.3 Concluding remarks

In this Section, we have considered the problem of subwavelength focusing by magnetic
metamaterials. In contrast to the two previous Sections, where the analytical models were
based on the dispersion of diatomic arrays, we relied here completely on the formalism of
impedance matrix (2.16) both for analytical and numeric calculations. It gave us a possibility
to consider tailoring of the subwavelength focus in the general case when a transmitter, a
receiver, and a lens can have arbitrary positions and relative orientations.

We have shown that the power extracted from the receiver may (i) reach its maximum
and (ii) be focused in an arbitrary pre-selected point independently of the actual arrange-
ment of the metamaterial elements provided that the impedance of the receiver is tuned to
the optimum value. Applications can be expected in radio-frequency problems where there
is need to identify a point in space.
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4.4 Rotational Resonance

One of the potential applications of metamaterials is in Magnetic Resonance Imaging, which
involves detection of weak signals coming from the human body. It is always desirable to
improve the detection mechanisms. In this Section, we shall show how magnetoinductive
waves can be profitably used for this purpose.

We suggest a ring resonator consisting of N metamaterial elements arranged into a
circular planar array, as shown schematically in Fig. 4.20 [19]. An MI wave propagating
along the ring has a (rotational) resonance if the circumference of the ring is equal to an
integral multiple of the wavelength. This occurs when 2πr = νλ, where r is the radius of
the ring, ν is an integer, and λ is the wavelength of the MI wave. Hence

βa =
2πν

N
, (4.8)

and the frequency of the rotational resonance, as found from the dispersion relation (2.12),
is

ωr =
ω0√

1 + κ cos
2πν

N

. (4.9)

A precessing nuclear magnetic dipole rotating with an angular velocity ωN is situated in the
center of the ring. The dipole induces voltages in each element of the ring, which, in their
own turn, excite a traveling MI wave. Under rotational resonance, ωN is equal to ωr.

4.4.1 Tailoring the power extraction

Let us now discuss the problem of extracting power from a single element. The questions
we are asking here are: What is the maximum power that could be extracted in this case,
and what are the conditions for the optimum power extraction?

In order to extract power from a single element it should be loaded by a resistive load.
If the elements of the ring are uncoupled (and MI waves do not propagate along the ring)
then the value of the optimum load resistance is obviously equal to the self-resistance, R,
of the element. The maximum power extracted in this case is

P =
|V0|2
8R

, (4.10)

where V0 is a voltage induced in the element by the dipole’s magnetic field. In the case when
the elements are coupled to each other and an MI wave travels along the ring, this will no
longer be true: the cumulative effect of MI waves can lead to a higher extracted power if
the load impedances in the elements of the ring have properly chosen values.

For rotational resonance, we choose to extract power from the first element. It will be
loaded by an optimum impedance ZL = RL + jXL, the latter to be determined from the
conditions that the power extracted is maximum. It is shown analytically in Appendix B
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rotating dipole

N

Figure 4.20: Schematic presentation of a ring resonator. A precessing nuclear magnetic dipole
in the center excites a traveling MI wave. Rotational resonance is used to extract power from a
single element of the ring.

for the fundamental resonance, ν = 1, that the optimum load in the low-loss case (Q→ ∞)
is given by

ZL =
N

2
R . (4.11)

The power extracted from the first element is then

P =
N |V0|2
16R

, (4.12)

i. e., N/2 larger than in the uncoupled case when there are no MI waves, Eq. (4.10). This
analytical result was confirmed by a numerical optimization [19].

Is this the maximum power that could be extracted from the ring resonator? One feels
intuitively that violating the symmetry of the current by inserting a load impedance only in
the first element is a major perturbation that cannot possibly lead to an absolute maximum.
One may argue then that its harmful effect can be mitigated (or even eliminated) by inserting
further matching impedances. The right positions here are likely to be the nearest neighbors.
It was demonstrated by a numerical optimization in Ref. [19] that inserting additional
reactances into elements N and 2 increases the maximum extracted power in the low-loss
case to the value

P = N
|V0|2
8R

, (4.13)
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which is N times larger than in the uncoupled case, Eq. (4.10), and twice larger than in the
case with a load impedance in a single element, Eq. (4.12).

The optimum load impedance in the first element is in this case

ZL = NR , (4.14)

and, as shown analytically in Appendix B, the tuning impedances in the second and last
elements of the ring are

Ztune 2,N = ±j NR

2 sin
4π

N

, (4.15)

where the positive value should be taken for the last element and the negative one for the
second element.

4.4.2 Concluding remarks

In this Section, we have considered the problem of optimum power extraction from a ring
resonator supporting MI waves. For an analytical model, we relied on both the dispersion
relation of MI waves and on the impedance-matrix method. We have shown how tailoring
the properties of the elements of the ring it is possible to achieve more effective power
extraction from a single element in the case when the elements are coupled to each other
(with MI waves propagating along the ring) compared to the uncoupled case (without MI
waves).

The signal gain described here has a potential in applications for MRI detection systems.
We shall return to the problem of rotational resonance in the next Chapter when discussing
parametric amplification in ring resonators.
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Chapter 5

Nonlinear applications

This Chapter is devoted to nonlinear metamaterials. Out of the diversity of possible effects
to consider, we have chosen parametric amplification of MI waves for detailed investigations.
Why? As we have said in the Introduction, our aim is to discuss those phenomena that
have potential for applications. Amplification in metamaterials is one of them.

One of the factors limiting the behavior of metamaterial devices is losses [83–85]. It is
equally true for microwave [20, 21] and optical frequency regions [33, 35, 86], for the effects
involving propagation of electromagnetic [82–84] and magnetoinductive [19, 85] waves.

Since we are mostly concerned with the propagation of MI waves, let us briefly discuss
the origin of their loss. The attenuation constant, α, for a monatomic metamaterial array,
has in the low-loss case [19] the form

α =
1

aQκ sin βa
, (5.1)

where Q is the quality factor of the elements, κ is the coupling constant between them,
a is the period of the array, and β is the propagation constant. It can be seen that in
order to decrease attenuation, one has either to increase the quality factor of the individual
elements or to increase the coupling between them in the array [85]. In the cases where this
is not sufficient (and the loss is still considerable), amplification of the signal could provide
a solution for compensating the loss.

Another effect where amplification in metamaterials might be of practical significance
is signal detection in MRI. The human body – the source of MRI signals – is at the same
time a significant source of noise. Amplification of the signal at an early stage, already in
the detection system, could lead to an improvement in the signal-to-noise ratio. We have
proposed in Section 4.4 the ring-resonator detection system based on rotational resonance
of MI waves and have discussed the improved power extraction achievable with this arrange-
ment. Amplification of MI waves propagating along the ring could bring further benefits
in power extraction. Parametric amplification, known for its low-noise properties, is an
obvious candidate for investigations.

We shall first present the basics of parametric amplification and discuss how the re-
quired nonlinearity can be realized in metamaterials. Then we consider the problem of
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phase-matching conditions for MI waves in metamaterial arrays. We shall show that phase
matching can be realized by tailoring the dispersion in both monatomic and diatomic con-
figurations. For monatomic arrays, this is achieved by increasing the coupling between the
elements (see Chapter 2). For diatomic arrays, we shall rely on the coupled-mode approach
developed in Chapter 3.

Having fulfilled phase-matching conditions, we proceed then with theoretical models of
parametric amplification of MI waves in monatomic and in diatomic arrays. Finally, we
discuss parametric amplification under rotational resonance in arrays arranged into a ring.

5.1 Basics of parametric amplification

Parametric amplification is a nonlinear process involving in the simplest case two waves,
a signal and a pump, that are phase matched. Phase-matching conditions in their perfect
form imply that both the frequency, ωp, and the propagation constant, βp, of the pump
wave are twice larger than those of the signal wave, ωs and βs, respectively,

ωp = 2ωs, βp = 2βs . (5.2)

Interacting in a nonlinear medium, the pump and signal waves can exchange energy; in the
case of amplification the energy is transferred from the pump to the signal.

Parametric amplification has been demonstrated for a number of waves of different na-
ture. In optics, amplification of light waves can be observed in crystals with quadratic
nonlinearity of the electric permittivity [87, 88]. Parametric amplification of space-charge
waves is possible in electron beams, that of acoustic waves in piezoelectrics, and that of
magnetostatic waves, in nonlinear ferrites [89–92].

Nowadays, a conventional way of realizing parametric circuits in electronics is to use
the nonlinear properties of semiconductor devices, for example, varactor diodes. The ca-
pacitance of a varactor diode is voltage dependent, and for small signals it can be written
as

C(nl) = C0(1 + γU) . (5.3)

It is, therefore, reasonable to assume this kind of nonlinearity also for metamaterial elements.
Theoretical studies of parametric amplification in metamaterials have been up to now

inspired by the need for loss compensation [14,93,94]. Experimentally, parametric amplifica-
tion has been demonstrated in backward-wave transmission lines [95], which have similarities
to waves propagating in metamaterials [20, 21]. A counterpart of parametric amplification,
second-harmonic generation by metamaterials, has been recently reported in Ref. [96].



5.2. FULFILLING PHASE-MATCHING CONDITIONS 63

5.2 Fulfilling phase-matching conditions

The first problem we need to consider is fulfilling phase-matching conditions for parametric
amplification of MI waves, Eq. (5.2). This should be done by designing metamaterial arrays
that could support both the signal and the pump wave.

5.2.1 Monatomic arrays

Let us first discuss phase matching in the simpler case of monatomic arrays (see Section 2.3).
It is worth recalling here the dispersion relation of MI waves in monatomic arrays

jωL+
1

jωC
+R+ 2jωM1 cos ka = 0 . (5.4)

Here L, C, and R are the inductance, capacitance, and resistance of the elements, and M1

is the mutual inductance between nearest neighbors.
Let us for further numerical calculations define the parameters of the array. We take

L = 50 nH and C = 100 pF, resulting in the resonant frequency ω0/(2π) = 71.17 MHz. For
the mutual inductance, we choose M1 = 0.15L giving the coupling constant κ1 = 2M1/L =
0.3, a typical value reported, for example, in Refs. [39, 97, 98].

For the value of the signal wave frequency, we take ωs/(2π) = 63.87 MHz. Neglecting
losses, the corresponding propagation constant, as found from the dispersion equation (5.4),
is βs = 0.20π/a. Phase-matching conditions (5.2) require a pump wave with the twice larger
frequency, ωp/(2π) = 127.74 MHz, and the twice larger propagation constant, βp = 0.40π/a.
This pair of values, (ωp, βp), does not, however, satisfy the dispersion relation (5.4) as can
be seen in Fig. 5.1 a: the corresponding point in the dispersion diagram lies in a stop band
of MI waves. The passband is too narrow to support simultaneously both the pump and
the signal waves, and therefore the phase-matching conditions cannot be fulfilled.

We need a wider pass band; this can be achieved by increasing the coupling strength
between the elements. Let us estimate how strong the coupling strength should be in order
to have a sufficiently wide pass band. The width of the pass band is given by Eq. (2.14).
Substituting the frequency of the signal for the lower edge of the pass band and a twice
larger frequency of the pump for the upper one we obtain for the coupling constant, κ1,√

1 + |κ1|
1 − |κ1| > 2 (5.5)

or |κ1| > 0.6. The theoretical limit for the coupling coefficient is 2; obtaining that large
values experimentally was, however, a challenge for metamaterial engineering. Only recently,
practical realizations with sufficiently large values of κ (up to 1.6) have been reported [54,85].
This was achieved by putting the individual elements maximally close to each other in the
axial configuration.

Being certain that it is experimentally feasible to satisfy the requirement for the coupling
constant, we can proceed with tailoring the dispersion properties of the array. The only free
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Figure 5.1: Phase-matching conditions cannot be fulfilled in the case where the coupling between
the elements is too weak (a). Phase-matching conditions are fulfilled for the case with the large
coupling (b).

parameter left is the resonant frequency of the elements, ω0. Let us show that for a given
coupling constant, by selecting an appropriate resonant frequency, it is possible to design
a metamaterial array that would allow propagation of both the signal and the pump MI
waves as well as satisfy phase-matching conditions for them. Disregarding losses we can
write a system of equations for the signal and the pump assuming that they both satisfy
the dispersion relation (5.4)⎧⎪⎪⎪⎨

⎪⎪⎪⎩
jωsL+

1

jωsC
+ 2jM1ωs cosβsa = 0

2jωsL+
1

2jωsC
+ 4M1ωs cos 2βsa = 0

. (5.6)

Choosing the mutual inductance to be now M1 = 0.45L (κ1 = 0.9) we can solve Eq. (5.6) for
the resonant frequency and propagation constant, giving, respectively, ω0/(2π) = 73.44 MHz
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and βs = 0.38π/a. For the elements with inductance L = 50 nH, this value of the resonant
frequency can be achieved by loading the elements by capacitances of C = 94 pF.

The corresponding dispersion curve is shown in Fig. 5.1 b. It can be seen that, in
contrast to the case of the weak coupling of Fig. 5.1 a, both the signal and the pump waves
can propagate and are phase-matched, and therefore parametric amplification of the signal
is possible, provided, of course, that the metamaterial elements have nonlinear character. In
other words, we could (by adjusting the resonant frequency of the elements and the coupling
between them) tailor the dispersion properties of the MI waves in the single metamaterial
array in order to satisfy the requirement of phase matching.

5.2.2 Diatomic arrays

What are the limitations of the design we have developed above? First, the required high
values of the coupling coefficient have been experimentally demonstrated only for axially
arranged elements [54, 85]. For planar arrangements, the reported values of the coupling
coefficient are much more modest and do not usually exceed the value of −0.1 [40, 56, 97,
98]. This means that planar arrays are excluded from possible phase-matched monatomic
realizations – an obvious disadvantage when thinking about planar ring configurations for
rotational resonance (Section 4.4). Indeed, as can be seen in Fig. 5.2 a, the dispersion
characteristics for a planar monatomic array supports only the signal wave, whereas the
pump wave is not supported. The parameters chosen for the example of Fig. 5.2 a are:
L = 50 nH, C = 180 pF, and κ1 = −0.1. The chosen frequencies of the signal and pump
are, as in the previous example, ωs/(2π) = 63.87 MHz and ωp/(2π) = 127.74 MHz.

The second disadvantage of achieving phase matching by increasing the coupling between
the elements is that it leads to the increase of the group velocity of MI waves [59] and, hence,
to less efficient parametric interaction between the signal and pump waves. Consequently,
the length of the array has to be increased, which can be a disadvantage in the presence of
loss.

An alternative solution to the phase-matching problem that we suggest here relies on the
concept of diatomic metamaterial arrays (see Chapter 3), which we have already successfully
employed for tailoring the properties of MI waves in linear applications (see Chapter 4). In
order to fulfill phase-matching conditions we are going here to make use of the two different
branches of the dispersion characteristics of diatomic arrays (see Section 3.3). If for linear
applications we modified mostly the coupling constants between the elements of diatomic
arrays, here we shall also change their resonant frequencies.

The results of Section 3.3 suggest that the strongest interaction between the lines consti-
tuting a diatomic array (and, hence, between the signal and pump waves) is observed in the
configurations, where the lines are exactly above each other (see Fig. 5.2 b) resulting in the
maximum mutual inductance between the elements of different lines, M . The corresponding
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Figure 5.2: Dispersion characteristic of the monatomic planar metamaterial array (a) does not
propagate the pump wave. Dispersion characteristic of the diatomic array (b) allows propagation
of the phase-matched signal and pump waves.

dispersion relation for MI waves can be written, from Eq. (3.13a), in the form(
jωL+

1

jωC1

+ R1 + 2jωM1 cos ka

)
×(

jωL+
1

jωC2

+R2 + 2jωM1 cos ka

)
= −ω2M2 ,

(5.7)

where we assume for simplicity that the elements of both types have equal self-inductance,
L. Different values of the resonant frequencies can be realized by changing the capacitances
C1 and C2. For further numerical calculations, we take for the mutual inductances the
values M = 0.15L and M1 = −0.05L. They are close to the values obtained experimentally
in Sections 3.1 and 3.3 for the split-pipe arrays with h = 10 mm and a = 24 mm. For the
self-inductance of the elements and for the signal frequency, we take, analogously to the
previous examples, L = 50 nH and ωs/(2π) = 63.87 MHz. For the propagation constant,
we take the value of βs = −π/(3a) well inside the passband, where attenuation is small.
The negative value of βs stands for backward MI waves supported by the planar arrays.
Note that here we are in the position to freely choose the value of the propagation constant,
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whereas for the monatomic arrays this value is determined by the dispersion relation. It
is a consequence of additional freedom in tailoring the dispersion properties provided by
diatomic arrays.

Two parameters that are left undefined are the capacitances of the elements, C1,2. They
are to be determined from the condition that two phase matched waves, the signal, (βs, ωs),
and pump, (βp, ωp), satisfy the dispersion relation (5.7). Disregarding losses we can write⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
jωsL+

1

jωsC1

+ 2jωsM1 cosβsa

)
×(

jωsL+
1

jωsC2
+ 2jωsM1 cosβsa

)
= −ω2

sM
2(

2jωsL+
1

2jωsC1
+ 4jωsM1 cos 2βsa

)
×(

2jωsL+
1

2jωsC2
+ 4jωsM1 cos 2βsa

)
= −4ω2

sM
2

. (5.8)

Solution of Eq. (5.8) gives C1 = 130 pF and C2 = 30 pF. The corresponding resonant
frequencies of the elements are ω01/(2π) = 62.48 MHz and ω02/(2π) = 129.15 MHz. Two
branches of the corresponding dispersion relation, Eq. (5.7), are shown in Fig. 5.2 b. It can
be seen that the lower branch supports the signal wave and the upper branch, the pump
wave, and that both waves are phase-matched.
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5.3 Theoretical formulation of parametric amplifica-

tion

Having developed the mechanisms for the phase-matching between the signal and the pump
wave we proceed with a theoretical formulation of parametric amplification in monatomic
and diatomic arrays.

5.3.1 Monatomic arrays

An equivalent circuit of a monatomic metamaterial array with nonlinear capacitance in the
form (5.3) is shown in Fig. 5.3.

C (nl)=C0(1+ U)

U

R

L/2
L/2

C (nl)=C0(1+ U)

R

L/2 L/2
M

...

C (nl)=C0(1+ U)

R

L/2 L/2

ZT

Figure 5.3: An equivalent circuit of a monatomic metamaterial array. The capacitance is voltage
dependent leading to parametric interaction between the signal and the pump.

Assuming two propagating waves, the signal and the pump, of the form

Us(n) =
1

2

[
us(n)ej(ωst− nβsa) + c.c.

]

Up(n) =
1

2

[
up(n)e2j(ωst− nβsa) + c.c.

] (5.9)

(here Us,p(n) are the voltages across the capacitor in the nth element) and neglecting higher
harmonics we can write the current, In, flowing in the n-th element,

In =
d[C(nl)U ]

dt
,

separately at the signal and pump frequencies. The current at the signal frequency is

Is(n) =
jωsC0

2
[us(n) + γup(n)u∗s(n)] ej(ωst− nβsa) + c.c. , (5.10)

and that at the pump frequency is

Ip(n) =
jωsC0

2

[
2up(n) + γu2

s(n)
]
e2j(ωst− nβsa) + c.c. , (5.11)
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where asterisk denotes complex conjugate.
Kirchhoff’s law, Eq. (2.11), for the nth element of the array can be written in the form

M
d

dt
[I(n + 1) + I(n− 1)] + L

dI(n)

dt
+RI(n) + U(n) = 0 . (5.12)

Discrete model

We assume now that the metamaterial array is finite and consists of N elements. The
first element is excited by two voltage sources, one at the signal and the other, at the
pump frequency. In order to assure traveling wave propagation, the last element should be
terminated by the matched loads, whose values at the signal and pump frequencies can be
obtained from the simple theory (see Section 2.3) as

ZT(ωs) = jωsMe−jksa

ZT(2ωs) = 2jωsMe−jkpa
. (5.13)

Here ksa = βsa − jαsa and kpa = 2βsa − jαpa. Loss is characterized by the attenuation
constant of the signal, αs, and the pump, αp, wave.

Substituting expressions for the voltages, Eq. (5.9), and currents, Eqs. (5.10) and (5.11),
into Eq. (5.12) we obtain two equations governing the voltages across the nonlinear capaci-
tance in the nth element (n = 2 . . . N − 1). Kirchhoff’s equations written separately for the
signal, ωs, and pump, 2ωs, frequencies have the form

jωsM
{

[us(n+ 1) + γup(n+ 1)u∗s(n+ 1)] e−jβsa+

+ [us(n− 1) + γup(n− 1)u∗s(n− 1)] ejβsa
}

+

+(jωsL+R) [us(n) + γup(n)u∗s(n)] − j
1

ωsC0

us(n) = 0

(5.14)

and

2jωsM
{

[2up(n+ 1) + γu2
s(n+ 1)] e−2jβsa+

+ [2up(n− 1) + γu2
s(n− 1)] e2jβsa

}
+

+(2jωsL+R) [2up(n) + γu2
s(n)] − j

1

ωsC0

up(n) = 0 ,

(5.15)

respectively.
The first, n = 1, and the last, n = N , elements have only a single neighbor. Accordingly,

Kirchhoff’s equations for them should be modified, additionally taking into account the
voltage sources for the first element and the matching impedances for the last element.
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The final result can be written in a compact matrix form⎧⎪⎪⎨
⎪⎪⎩

(
Z(s) − j

1

ωsC0
E

)
us + γZ(s)qs = us0(

Z(p) − j
1

2ωsC0

E

)
up +

γ

2
Z(p)qp = up0

. (5.16)

Here E is an N ×N identity matrix,

Z(s) = jωs

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

L+
R

jωs
Me−jβsa 0 . . . 0

Mejβsa L+
R

jωs

Me−jβsa . . .
...

0 Mejβsa . . .
. . .

...
...

. . .
. . .

. . . 0
...

. . .
. . .

. . . Me−jβsa

0 . . . 0 Mejβsa L+
R+ ZT(ωs)

jωs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5.17)

and

Z(p) = 2jωs

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

L+
R

2jωs
Me−2jβsa 0 . . . 0

Me2jβsa L+
R

2jωs
Me−2jβsa . . .

...

0 Me2jβsa . . .
. . .

...
...

. . .
. . .

. . . 0
...

. . .
. . .

. . . Me−2jβsa

0 . . . 0 Me2jβsa L+
R+ ZT(2ωs)

2jωs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (5.18)

us0 = (us0, 0, . . . , 0)T and up0 = (up0, 0, . . . , 0)T (the superscript T means transposed of a
vector). Here us0 and up0 characterize the amplitudes of, respectively, the signal and pump
sources in the first element of the array. The vector qs has elements qsn = up(n)u∗s(n), and
the vector qp, the elements qpn = u2

s(n).

Continuous model

Equation (5.16) constitutes a system of difference equations [99] that can be solved numer-
ically for the signal, us(n), and pump, up(n), voltages (n = 1...N). For an array of N
elements, a system of 2N equations should be solved. It is obvious that, although a numer-
ical solution can be found, a general analysis should rely on a more flexible and compact
mathematical apparatus. It turns out to be convenient to proceed from the discrete model,
based on difference equations (5.16), to a continuous model based on differential equations.
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For this purpose, we can expand the amplitudes, us and up, in the nth element in a
Taylor series. Assuming slowly varying amplitudes (a typical approximation based on the
assumption of small nonlinearity), we can restrict ourselves to the first two terms of the
expansion

us,p(n± 1) = us,p(n) ± dus,p

dn
.

Here the change of amplitude from element to element is formally written as a derivative.
Then

us,p(n+ 1)e−jβa + us,p(n− 1)ejβa = 2us,p(n) cosβa− 2j
dus,p

dn
sin βa . (5.19)

Note that although we have come from discrete to continuous variables, we did not use
the continuous-medium approximation [17], which implies that βa → 0. Therefore, it is
justified to use Eq. (5.19) everywhere in the Brillouin zone, −π < βa < π, including the
phase-matching case of Fig. 5.1 b.

Substituting Eq. (5.19) into Eq. (5.16), two differential equations can be obtained. Using
the properties of the dispersion relation (5.4) the final result can be written in the form

dus(z)

dz
= −jgsup(z)u

∗
s (z) − αsus(z)

dup(z)

dz
= −jgpu

2
s(z) − αpup(z)

, (5.20)

where
gs =

γ

2aω2
sC0M sin βsa

and gp =
γ

16aω2
sC0M sin 2βsa

(5.21)

characterize nonlinearity and

αs =
R

2aωsM sin βsa
and αp =

R

4aωsM sin 2βsa
(5.22)

are in the form of the absorption coefficients of MI waves in the low-loss case [19]. Finally,
z = (n− 1)a is a continuous coordinate.

As can be expected, in the lossless case, when αs,p = 0, Eqs. (5.20) are analogous to
the corresponding equations for parametric amplification and second harmonic generation
derived in optics [87, 88].

Taking into account that the group velocity of MI waves can be written in the form [59]

wg(ω) = aω3C0M sin βa , (5.23)

we can rewrite gs and gp as

gs =
γωs

2wg(ωs)
and gp =

γωs

2wg(2ωs)
. (5.24)
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Equations (5.20) satisfy conditions for power conservation. It follows directly from
Eq. (5.20) that in the lossless case

1

gs
|us|2 +

1

gp
|up|2 = const (5.25)

or
|us|2 sin βsa + 8|up|2 sin 2βsa = const . (5.26)

The power flow, S, at the signal frequency can be written as

S(ωs) =
ω3

sC
2
0

8a
|us|2M sin βsa (5.27)

and the power flow at the pump frequency, as

S(2ωs) =
ω3

sC
2
0

a
|up|2M sin 2βsa . (5.28)

The total power flow is

S(ωs) + S(2ωs) =
ω3C2

0M

8a

(|us|2 sin βsa + 8|up|2 sin 2βsa
)
. (5.29)

This is essentially the same as Eq. (5.26), which was obtained from the differential equations
Eq. (5.20); i. e. the continuous model, Eq. (5.20), satisfies the power conservation law.

Effect of loss

In Fig. 5.4 a, the amplitudes of signal and pump voltages across the nonlinear capacitor
are shown for a lossless array of 300 elements with the parameters taken from the phase-
matching example of Section 5.2 (see Fig. 5.1), and the nonlinearity γ = 0.05 V−1. The first
element of the array is excited by two voltage sources, one at the signal frequency with the
amplitude 0.05 V and the other one at the pump frequency with the amplitude 0.25 V.

It can be seen from Fig. 5.4 a that the signal and pump waves periodically exchange
power; the first maximum of the signal amplitude is achieved at a length of 75 elements.
The power is transferred from the pump to the signal during the first half of a period; this is
the case of parametric amplification. In the second half of a period the power is transferred
from the signal to pump.

As we have already mentioned at the beginning of this Chapter, parametric amplification
can be used for the compensation of loss in metamaterials. We shall now look at the effect
that loss has on amplification of MI waves. In Fig. 5.4 b, the amplitudes of the signal and
the pump waves are shown for the same array with elements having small loss characterized
by a quality factor, Q = ω0L/R, of 1000. It can be seen that both amplitudes retain their
periodic character slowly declining along the array.

If the elements are highly lossy then the amplitude decline is so fast that the pump can
no longer effectively transfer its energy to the signal. As can be seen in Fig. 5.4 c for the
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Figure 5.4: Amplitudes of the signal and pump waves calculated by the discrete (markers) and
continuous (solid line) models: (a) in the absence of loss, (b) for low loss (Q = 1000), and (c) for
high loss (Q = 200). Periodic exchange of power in the cases (a) and (b) disappears for the case
of high losses (c).
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elements with Q = 200, there is a single pronounced maximum of the signal wave amplitude
with no periodic power exchange.

It is gratifying to note that the agreement between solutions of the discrete (markers),
Eqs. (5.16), and of the continuous (solid line), Eq. (5.20), models is very good for each case
of Figs. 5.4.

Second harmonic generation

The mathematical formulation both in discrete, Eq. (5.16), and continuous, Eq. (5.20),
forms is valid not only for the parametric amplification of the signal wave (first harmonic)
but also for the generation of the pump wave (second harmonic). In contrast to parametric
amplification, which requires nonzero signal in the first element, the initial amplitude of the
second harmonic in the case of generation can be zero. An example of second harmonic
generation in the absence of loss by the array with the parameters taken from the previous
example is shown in Fig. 5.5. The initial amplitude of the second harmonic is zero and
that of the first harmonic is us0 = 0.05 V. As could be expected from Eq. (5.20), Fig. 5.5
demonstrates the classical behavior of second harmonic generation [87, 88].
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Figure 5.5: Generation of the second harmonic of an MI wave from a zero initial value.

5.3.2 Diatomic arrays

The mathematical formulation for parametric amplification in diatomic arrays is obtained
following the same steps as in monatomic arrays. Analogously to the monatomic case, we
assume here that the required nonlinearity is achieved by the voltage-dependent capacitance
given by Eq. (5.3). The corresponding equivalent circuit of a diatomic array consisting of
two coupled lines is shown in Fig 5.6. Both lines are made up by N metamaterial elements.
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Since we are interested in parametric amplification, it is sufficient to assume a nonlinear
capacitance, C

(nl)
1 = C1(1 + γU), only in the top line, which supports mainly the amplified

signal wave. The capacitance of the bottom line, supporting the pump wave, is linear.

C1
(nl)=C1(1+ U)

U R1

L/2
L/2

C2

V R2

L/2
L/2

C1
(nl)=C1(1+ U)

R1

L/2 L/2

C2

R2

L/2 L/2

M1

M1

M

...

...

C1
(nl)=C1(1+ U)

R1

L/2 L/2

C2

L/2 L/2
R1

ZT1

ZT2

M M

Figure 5.6: Equivalent circuit of a diatomic metamaterial array. The capacitance of the top line
is voltage dependent leading to parametric interaction between the signal and the pump.

The first element of the top line is excited by the voltage source at the signal frequency,
ωs, and the first element of the bottom line, by the voltage source at the pump frequency,
2ωs. Each of these sources excites MI waves in the top and bottom lines both at the signal
and pump frequencies. Analogously to the monatomic case, it is convenient to write them
up in terms of voltages across the capacitances of the nth element (n = 1 . . .N) of both lines

Us(n) =
1

2

[
us(n)ej(ωst− nβsa) + c.c.

]

Up(n) =
1

2

[
up(n)e2j(ωst− nβsa) + c.c.

]

Vs(n) =
1

2

[
vs(n)ej(ωst− nβsa) + c.c.

]

Vp(n) =
1

2

[
vp(n)e2j(ωst− nβsa) + c.c.

]

. (5.30)

Here us(n) and up(n) are the amplitudes of, respectively, the signal and pump waves in the
top line, and vs(n) and vp(n) are their amplitudes in the bottom line. The corresponding
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currents flowing through the elements of the top and bottom lines are, respectively,

In =
d[C

(nl)
1 (Us + Up)]

dt

Jn = C2
d[Vs + Vp]

dt

. (5.31)

Neglecting higher harmonics, the currents can be written separately at the signal and pump
frequencies as

Is(n) =
jωsC1

2
[us(n) + γup(n)u∗s(n)] ej(ωst− nβsa) + c.c.

Ip(n) =
jωsC1

2

[
2up(n) + γu2

s(n)
]
e2j(ωst− nβsa) + c.c.

Js =
jωsC2

2
vs(n)ej(ωst− nβsa) + c.c.

Jp = jωsC2vp(n)e2j(ωst− nβsa) + c.c.

. (5.32)

The last, N th, elements of both lines are terminated by matching impedances (see Fig. 5.6).
Since the coupling between the lines is small, the values of the matching impedances can
be taken from the simple theory (see Section 2.3). At the signal frequency, both matching
impedances are

ZT1(ωs) = ZT2(ωs) = jωsM1e
−jksa , (5.33)

and at the pump frequency they are

ZT1(2ωs) = ZT2(2ωs) = 2jωsM1e
−jkpa . (5.34)

For diatomic metamaterial arrays, we shall formulate the theory of parametric ampli-
fication following the same steps as has been done for monatomic arrays in Section 5.3.1.
First, we shall obtain the system of difference equations governing the amplitudes of the
waves across the capacitances and from there we shall derive a set of nonlinear differential
equations.

Discrete model

For each element of the top and bottom lines, we can write Kirchhoff’s equations governing
the voltages across the capacitance at the signal and pump frequencies. For the elements
that are not at the ends of the lines (n = 2 . . .N − 1), the corresponding equations have the
form
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• top line, signal frequency

jωsM1

{
[us(n + 1) + γup(n+ 1)u∗s(n+ 1)] e−jβsa+

+ [us(n− 1) + γup(n− 1)u∗s(n− 1)] ejβsa
}

+

+(jωsL+R1) [us(n) + γup(n)u∗s(n)] + jωM
C2

C1
vs(n) − j

1

ωsC1
us(n) = 0 ,

(5.35)

• top line, pump frequency

2jωsM1

{
[2up(n+ 1) + γu2

s(n+ 1)] e−2jβsa+

+ [2up(n− 1) + γu2
s(n− 1)] e2jβsa

}
+

+(2jωsL+R1) [2up(n) + γu2
s(n)] + 4jωM

C2

C1
vp(n) − j

1

ωsC1
up(n) = 0 ,

(5.36)

• bottom line, signal frequency

jωsM1

{
vs(n + 1)e−jβsa + vs(n− 1)ejβsa

}
+

+(jωsL+R2)vs(n) + jωM
C1

C2
[us(n) + γup(n)u∗s(n)] − j

1

ωsC2
vs(n) = 0 ,

(5.37)

• bottom line, pump frequency

2jωsM1

{
up(n+ 1)e−2jβsa + up(n− 1)e2jβsa

}
+

+(2jωsL+R2)vp(n) + jωM
C1

C2

[
2up(n) + γu2

s(n)
]− j

1

2ωsC2

vp(n) = 0 .

(5.38)

Equations for the first and the last elements should be modified taking into account the
sources and matching impedances in them. The final result can be written in a compact
matrix form ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
Z

(s)
1 − j

1

ωsC1

E

)
us + γZ

(s)
1 qs + jωsM

C2

C1

vs = us0(
Z

(p)
1 − j

1

2ωsC1
E

)
up +

γ

2
Z

(p)
1 qp + 2jωsM

C2

C1
vp = 0(

Z
(s)
2 − j

1

ωsC2
E

)
vs + jωsM

C1

C2
(us + γqs) = 0(

Z
(p)
2 − j

1

2ωsC2

E

)
vp + 2jωsM

C1

C2

(
up +

γ

2
qp

)
= vp0

. (5.39)
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Here E is an N ×N identity matrix,

Z
(s)
1,2 = jωs

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

L+
R1,2

jωs
M1e

−jβsa 0 . . . 0

M1e
jβsa L+

R1,2

jωs

M1e
−jβsa . . .

...

0 M1e
jβsa . . .

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . .
. . . M1e

−jβsa

0 . . . 0 M1e
jβsa L+

R1,2 + ZT1,2(ωs)

jωs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5.40)

and

Z
(p)
1,2 = 2jωs×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

L+
R1,2

2jωs
M1e

−2jβsa 0 . . . 0

M1e
2jβsa L+

R1,2

2jωs
M1e

−2jβsa . . .
...

0 M1e
2jβsa . . .

. . .
...

...
. . .

. . .
. . . 0

...
. . .

. . .
. . . M1e

−2jβsa

0 . . . 0 M1e
2jβsa L+

R1,2 + ZT1,2(2ωs)

2jωs

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(5.41)

us0 = (us0, 0, . . . , 0)T and vp0 = (vp0, 0, . . . , 0)T . us0 and up0 characterize the amplitudes of,
respectively, the signal and pump sources in the first elements of the top and bottom lines.
The vector qs has elements qsn = up(n)u∗s(n), and the vector qp, the elements qpn = u2

s(n).
Numerical calculations show that Eqs. (5.39) conserve power to a high degree of accuracy.

Continuous model

Equations (5.39) constitute a system of 4N nonlinear difference equations for 4N signal
and pump amplitudes in each element of the arrays and can be solved numerically. Direct
analysis of Eq. (5.39) would be obviously even more complicated than in the monatomic
case. In Section 5.3.1, we have obtained a continuous formulation by using expansion into
Taylor series for the amplitudes. Here we can rely on the same approach. Substituting
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Eq. (5.19) into Eq. (5.39) the following four differential equations can be obtained

dus(z)

dz
= −jguup(z)u

∗
s (z) + jμuuus(z) − jμuvvs(z) − αsus(z)

dvs(z)

dz
= −jgvup(z)u

∗
s (z) + jμvvvs(z) − jμvuus(z) − αsvs(z)

dup(z)

dz
= −jfuu

2
s(z) − jηuuup(z) − jηuvvp(z) − αpup(z)

dvp(z)

dz
= −jfvu

2
s(z) − jηvvvp(z) − jηvuup(z) − αpvp(z)

. (5.42)

Equations (5.42) are clearly of the form of coupled-wave equations, where the coefficients

gu =
γ

2aω2
sC1M1 sin βsa

gv =
γM

2C2M1 sin βsa

fu =
γ

16aω2
sC2M1 sin 2βsa

fv =
γC1M

4aC2M1 sin 2βsa

(5.43)

are responsible for the nonlinear coupling between the signal and pump, and

μuu =
ω2

sM
2C1C2

2a(C1 − C2)M1 sin βsa
μuv =

C2M

2aC1M1 sin βsa

μvv =
C1 − C2

2aω2
sC1C2M1 sin βsa

μvu =
C1M

2aC2M1 sin βsa

ηuu =
C1 − C2

8aω2
sC1C2M1 sin 2βsa

ηuv =
C2M

2aC1M1 sin 2βsa

ηvv =
2ω2

sM
2C1C2

a(C1 − C2)M1 sin 2βsa
ηvu =

C1M

2aC2M1 sin 2βsa

(5.44)

characterize the linear coupling between the waves of the same frequency that propagate in
the top and bottom lines.

Finally, the attenuation coefficients, αs,p, are

αs =
R1

2aωsM1 sin βsa
,

αp =
R2

4aωsM1 sin 2βsa
.

(5.45)

Further simplification comes from the properties of the dispersion relation (5.8). Since
the resonant frequencies of the elements of the top and bottom lines are different, the
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coupling between the lines is small, and the corresponding dispersion equation differs little
from the noncoupled case, Eq. (5.4). Therefore, we can assume that

jωsL+
1

jωsC1
+ 2jωsM1 cosβsa ≈ 0 (5.46)

and

2jωsL+
1

2jωsC1

+ 4jωsM1 cos 2βsa ≈ 0 . (5.47)

Next, we can take into account that due to the resonant behavior of the elements of the
bottom line, supporting mainly the pump wave, the amplitude of the signal wave in the
bottom line, vs, is small. We can then neglect its nonlinear character and find directly from
the signal amplitude, us, using the linear relationship

vs = −
jωL+

1

jωC1
+R1 + 2jωM1 cos ksa

jωM

C1

C2
us (5.48)

or, taking Eq. (5.47) into account,

vs =
ω2

sC
2
1M

C1 − C2
us . (5.49)

This reduces the total number of differential equations to three

dus(z)

dz
= −jguup(z)u

∗
s (z) − αsus(z)

dup(z)

dz
= −jfuu

2
s(z) − jηuuup(z) − jηuvvp(z) − αpup(z)

dvp(z)

dz
= −jfvu

2
s(z) − jηvvvp(z) − jηvuup(z) − αpvp(z)

. (5.50)

Let us now give a few numerical examples. For the parameters of the array, we choose
the values that we have obtained in Section 5.2.2 for fulfilling phase-matching conditions.
The free parameters, still left undefined, are the nonlinearity of the capacitance, γ, the
resistances of the elements, R1,2, and the initial amplitudes of the signal and pump (defined
by the voltage sources in the first elements, U0 and V0). We choose the value of γ to be
0.1 V−1. The resistances of the elements shall be characterized by the quality factor, Q,
assumed to be equal for both the top and bottom lines.

The amplitudes of the signal and pump waves in both lines corresponding to the pa-
rameters of the case (1) of Table 5.1 are shown in Figs. 5.7 a and b. The solutions by
the continuous model, Eq. (5.50), are shown by solid line and the solutions by the discrete
model, Eq. (5.39), by markers (circles for the signal and squares for the pump). The initial
amplitudes of the signal and pump waves in the top line, which contains nonlinear elements,



5.3. THEORETICAL FORMULATION OF PARAMETRIC AMPLIFICATION 81

quality factor, Q amplitude of the signal amplitude of the pump
source, U0 source, V0

(1) ∞ 10 mV 125 mV
(2) ∞ 0.5 mV 50 mV
(3) 5000
(4) 1000
(5) 500 10 mV 125 mV
(6) 400
(7) 250
(8) 150
(9) 100 250 μV 1
(10) 500 1 μV 50 mV

Table 5.1: Quality factors of the elements and values of the signal and pump voltage sources.

have comparable values. As could be expected in this case, the amplitudes behave simi-
larly to the general case of interaction known in optics [87, 88] (compare with Fig. 5.4 a).
Propagating along the array they periodically exchange power, and a full period is shown
in Fig. 5.7. The signal is amplified in the first half of the period; its maximum is reached
at the distance of 25 elements. The signal is strong in the top line and weak in the bottom
one; the pump is opposite.
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Figure 5.7: Periodic exchange of power between the signal and pump in the general case, top (a)
and bottom (b) lines. Solutions by the discrete (circles and squares) and continuous (solid line)
models for the case (1) of Table 5.1.

The amplitudes of the signal and pump in the case (2) of Table 5.1 are shown in Fig. 5.8.
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In this case, the pump is initially much stronger than the signal, and its amplitude remains
the same along the array. Equation (5.50) simplifies then to

dus(z)

dz
= −jgsupu

∗
s(z) , (5.51)

where up is now constant. This is the well-known case of undepleted pump [87, 88]. The
nonlinear parameter, gs, is of the form

gs =
γ

2aω2
sC1M1 sin βsa

=
γωs

2wg
, (5.52)

where wg = aω3
sC1M1 sin βsa is the group velocity of MI waves at the signal frequency.

1 10 20 30 40 50
0.001

0.01

0.1

1

1 10 20 30 40 50
element’s number element’s number

top line bottom line

am
pl

itu
de

 (l
og

 sc
al

e)
 [V

] signal wave
pump wave

(a) (b)

Figure 5.8: Parametric amplification in the undepleted-pump approximation (case (2) of Ta-
ble 5.1). Amplitudes of the waves in the top (a) and bottom (b) lines.

Effect of loss

The two examples shown above are for the lossless case. In cases (3)-(8) of Table 5.1, the
amplitudes of the signal and pump sources in the first elements of the lines are the same as
in case (1), but the elements are now lossy. The corresponding amplitudes of the signal and
pump are shown in Fig. 5.9. In order not to overload the figures, we show the amplitude
of the signal only in the top and the amplitude of the pump only in the bottom line. In
the cases of Figs. 5.9a and b, the losses are low. The periodic exchange of power between
the signal and the pump, which is observed in Fig. 5.7, is superimposed on their decline
along the lines due to the loss. It can be seen that the position of the first maximum shifts
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Figure 5.9: Parametric amplification in the presence of loss. Solutions of the continuous (solid
lines) and discrete (markers) models. The loss is low in the cases (a), (b) and high in the cases
(c), (d).

towards the end of the array. The maximum achieved value of the signal is naturally smaller
than in the lossless case, Fig. 5.7.

As the loss increases, the situation changes qualitatively. The position of the signal’s
maximum shifts now towards the beginning of the array. It is around 30 elements for
Q = 400 and 20 elements for Q = 250. For the case of Q = 150, the loss is high enough to
completely suppress the amplification.

In more detail the position of the maximum of the signal as a function of loss is shown
in Fig. 5.10 by filled circles. If the loss is negligible (Q is very high), then the maximum is
reached at the length of 25 elements (see Fig. 5.7). With increase of the loss, the position
shifts towards the end of the array until it reaches its maximal value for Q about 450. As the
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loss increases further, the position of the maximum decreases, and it reaches the beginning
of the array for Q around 200. At this value, amplification of the signal vanishes.
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Figure 5.10: The position of the maximum (filled circles) and the maximal value of the signal
(dotted line) depending on the amount of loss. Three different regimes: low loss, high loss, and no
amplification.

This allows us to distinguish between three different regimes depending on the amount
of loss: low-loss regime (Q > 450), high-loss regime (200 � Q � 450), and no-amplification
regime (Q < 200). In each case, the behavior of the signal and pump amplitudes is different
(see Fig. 5.9).

It should be mentioned that, as could be expected, the maximum value of the signal
amplitude decreases monotonically with the increase of the loss. The maximum amplitude,
as compared to the case without amplification, is around 17 dB for negligible loss and
becomes zero for Q = 200 (see dotted line in Fig. 5.10).

Let us now discuss in more detail the practically significant case of high loss. In Fig. 5.11,
the amplitudes of the signal and pump in the top and bottom lines are shown for case (9)
of Table 5.1 with Q = 100 (note that the amplitudes of the sources are different now from
the cases (3)-(8) of Table 5.1).

It can be seen that in this case there is no longer a periodic exchange of power between
the signal and the pump. The amplitude of the pump wave decays exponentially along the
line and can be written as

up(z) = up(0)e−αpz . (5.53)

Equation for the amplitude of the signal wave, us, is then [from Eq. (5.50)]

dus(z)

dz
= −jgsup(0)e−αpzu∗s(z) − αsus(z) . (5.54)
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Figure 5.11: Parametric amplification with undepleted pump in the presence of loss, top (a) and
bottom (b) lines. Solutions by the discrete (circles and squares) and continuous (solid line) models
for the case (9) of Table 5.1.

In the case of initially weak signal, the solution is

us(z) = us(0) exp

[−guup(0)

αp

(exp(−αpz) − 1) − αsz

]
, (5.55)

from which the position of the maximum is readily obtained as

Nmax =
1

aαp
ln
gsup(0)

αs
. (5.56)

For the parameters chosen, this gives the length of 17 elements, in agreement with Fig. 5.11.
It can be seen that the amplitude of the signal is larger than its initial value in each element
of the array. This means that the detrimental effect of losses is compensated by parametric
amplification.

Appropriately choosing the parameters of the array it can be possible to achieve almost
constant distribution of the signal amplitude along the array, as shown in Fig. 5.12 for the
top line in the case (10) of Table 5.1. The amplitude of the signal with amplification is
shown by the solid line and circles and without amplification by the dashed line.

It is gratifying to note that, similarly to the monatomic case, the agreement between the
solutions by the discrete and continuous models is very good for each case of Figs. 5.7–5.12.
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Figure 5.12: Loss compensation by means of parametric amplification. The amplitude of the
signal in the amplified case (solid line and circles) is almost constant along the array, whereas it
declines exponentially in the non-amplified case (dashed) line.

5.4 Amplification under rotational resonance

In the previous Sections of this Chapter, we have developed a theoretical formulation for
parametric amplification of MI waves that propagate in linearly arranged metamaterial
arrays. In this Section, we shall study parametric amplification in the arrays arranged into
rings. As discussed previously in Section 4.4, MI waves in ring structures may exhibit a
rotational resonance. This phenomenon can be advantageously used for the detection of a
signal produced by a rotating dipole inside the ring under conditions of nuclear magnetic
resonance. Parametric amplification of the signal at this early stage can be expected to lead
to an improvement in the signal-to-noise ratio.

5.4.1 Rotational resonance and phase matching

An MI wave propagating along such ring has a resonance if βa satisfies the relation (see
Section 4.4)

βa =
2π

N
ν , (5.57)

where ν is an integer. The resonant propagation constant is allowed to take a discrete
set of values. Fortunately, this requirement does not contradict the phase-matching condi-
tions (5.2): we can see that the propagation constant at the second-order resonance (ν = 2)
is twice as large as that at the first-order resonance (ν = 1). It is exactly what is needed
for the phase matching. Hence, adjusting the signal and pump waves to the first- and
second-order resonance respectively, we can fulfill the phase-matching conditions.

For a planar arrangement, which is characterized by weak coupling between the elements,
we have to use a diatomic configuration in order to have a dispersion relation that supports
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both the signal and the pump. Schematic presentation of this configuration is shown in
Fig. 5.13.

Figure 5.13: Schematic presentation of two
coupled ring resonators. Each ring consists of
eight elements. The signal wave is excited by
a rotating magnetic dipole in the middle, and
the pump wave, by two voltage sources in the
neighboring elements of the outer ring. The
power is extracted from a resistive load in one
of the elements.

For our numerical calculations, we assume that both rings consist of eight elements. For
the self-inductance of the elements and mutual inductance between them, we take the values
from the example of Section 5.2.2. They are L = 50 nH, M = 0.15L, and M1 = −0.05L. For
the signal frequency we take, as in all previous examples, ωs/(2π) = 63.87 MHz. The values
of the propagation constant, βa, are determined by the rotational resonance conditions:
for the eight-element structure of Fig. 5.13, the first resonance occurs at βsa = π/4, and
the second, at βpa = π/2. Solution of the dispersion equation (5.7) gives for the values of
capacitances in the inner and outer rings, respectively, C1 = 133 pF and C2 = 32 pF.

5.4.2 Excitation of the traveling waves

We assume that the signal wave is excited at the first (fundamental) resonance by a rotating
magnetic dipole with an angular velocity ωs/(2π) = 63.87 MHz that is placed in the center
of the structure. The resonant frequency of the ring’s elements, ω01/(2π) = 61.72 MHz, is
close to the signal frequency. The radial component of the dipole’s magnetic field induces
signal voltages in the elements of the inner ring

Us(n) =
1

2

[
us0e

j(ωst− nβsa) + c.c.
]
. (5.58)

We shall excite the pump wave at the second-order rotational resonance by two external
phase-shifted voltage sources at the pump frequency that are placed in the first and second
elements of the outer ring, respectively

Up(1) =
1

2

[
up0e

2j(ωst− βsa) + c.c.
]
,

Up(2) =
1

2

[
up0e

2j(ωst− 2βsa) + c.c.
]
.

(5.59)
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We shall extract power from a resistive load inserted in the first element of the inner ring.
The value of the load resistance is taken to be equal to the self-resistance of the element.

Having determined the excitations we can formulate a system of nonlinear difference
equations governing the amplitudes of the signal and pump waves in a way analogous to
Eq. (5.39) from the previous Section.

For the case of the arrays arranged into lines, we could assume arbitrary initial phases
of the signal and pump waves. If the initial amplitude of the pump wave is much larger
than that of the signal wave (which should be true for most practical realizations) then the
phase difference between the signal and pump waves does not depend on their initial values
[87, 88]. Hence, the amplification is also independent on the initial phases.

For the ring structures, this is no longer true. One expects some similarity between
parametric amplification in the ring resonator and that in conventional two-circuit amplifiers
[91]. The latter depends significantly on the phase difference between the signal and pump.

We start, therefore, by looking at the initial phases of the signal and pump sources. For
the quality factors of the elements and the amplitudes of the sources, we take Q = 100,
Us0 = 10× 10−6 V, and Vp0 = 0.125 V. The value of the nonlinear parameter, γ, is taken as
0.1 V−1. The pump source in the first element is now phase-shifted against the signal ones
at a value of φ. We change now φ in the range 0 < φ < 2π. The power extracted from the
first element in this case is shown in Fig. 5.14. It is normalized to the value of the power
extracted without amplification and is shown in decibels.
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Figure 5.14: Amplitude of the extracted signal power for different values of the phase difference
between the signal and pump sources, φ. The maximum amplification is achieved when φ = π.

It can be seen that, as expected, the amount of amplification significantly depends on
the phase. For the values of φ around 0 and 2π, the received signal is even smaller than in
the case without nonlinear interaction. The maximum of the signal amplitude is observed
when φ = π, i. e. the pump source in the first element is in anti-phase with the signal ones.
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5.4.3 Bistability of the parametric gain

Are there any further deviations from the case of linear arrangements? For linear arrange-
ments, we find that the stronger is the pump the larger is the maximum amplitude of the
amplified signal. For the ring structure, there is, however, a fine distinction that lies in the
conditions of rotational resonance.
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Figure 5.15: Received signal power for different values of the pump amplitude. Pump power is
increased for the solid line and is decreased for the dotted line.

In our theory, the value of capacitance changes with the voltage applied to it, Eq. (5.3).
The larger is the voltage, the larger is the capacitance leading to the change of the resonant
frequency of the elements. This effect can be neglected for the linear arrangements but not
for the rings. In a ring, a change of the resonant frequency of the elements leads to deviation
from the rotational resonance conditions (5.57) and, consequently, to the mismatch between
the rotational resonance frequency and the frequency of the signal wave. The amplitude of
the signal should, therefore, decline with the increase of the pump amplitude.

A competing process is parametric amplification, which should lead to an increase of the
signal’s amplitude. One can, therefore, expect a maximum in amplification depending on
the value of the pump amplitude.

In order to check this, we take the rings with the parameters defined above but vary
now the amplitude of the pump sources in the range of 0.05 − 0.15 V. The results for the
extracted signal power are shown in decibels in Fig. 5.15 normalized to the power extracted
from the first element without amplification. They are derived in two different ways: the
solid line is obtained for the pump amplitude being increased from 0.05 to 0.15 V, and the
dotted line, for the pump amplitude being decreased from 0.15 to 0.05 V.

It can be seen that, as expected, there is a maximum of amplification observed for the
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pump amplitudes around 0.11 V. For the low and high values of the pump amplitude the
solid and dotted lines coincide. Around the maximum, however, they are different: the
extracted signal power has two different levels at the same value of the pump amplitude
depending on whether the pump amplitude is decreased or increased. This effect of bistable
response is well known in optics and nonlinear physics [100, 101]. In a practical device
aiming at a stable operation, bistability of amplification can be avoided by choosing a value
of pump amplitude away from the bistable regime. In Fig. 5.15, for example, amplitudes of
the pump sources of around 0.07 and 0.125 V still give amplification of 10 dB and, at the
same time, lie outside the bistable region.
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Chapter 6

Summary and outlook

It is now time to summarize the results obtained and discuss their implications for possible
future work. In the Introduction, we have set up the goal to consider effects that could
have a potential for applications. In Chapter 2, we have briefly discussed the principles that
govern the near-field behavior of the devices comprising magnetically coupled metamaterial
elements. Having analyzed the properties of magnetoinductive waves, we have shown that
more flexibility is needed for tailoring their dispersion than provided by simple “monatomic”
configurations.

For this purpose, in Section 3.1, we have first studied in more detail magnetic coupling
between a pair of magnetic metamaterial elements and have proven that it is anisotropic:
positive, negative, and zero values of the coupling coefficient are achievable depending on
the positions and orientations of the elements relative to each other.

As a next step, in Section 3.2, we have made use of the analogy between magnetoin-
ductive waves in metamaterials and acoustic waves in solids. It is well known that the
phonon dispersion in a diatomic solid differs from that in a monatomic one by having two
distinct branches, an acoustic and an optical one. We have shown, both theoretically and
experimentally, that the dispersion of magnetoinductive waves propagating on metamaterial
arrays fabricated using the diatomic principle have similar properties.

Combining the results of Sections 3.1 and 3.2 we have generalized the possibilities for
constructing diatomic configurations in Section 3.3. In the general case, a unit cell of a
diatomic metamaterial consists of two elements with different resonant frequencies. The
elements within a unit cell as well as the elements from the neighboring unit cells are
coupled to each other via mutual inductances, whose values can be controlled by placing
elements in different positions relative to each other.

The result of Chapter 3 is the tool for tailoring the dispersion of magnetoinductive waves.
We have seen that by using diatomic rather than monatomic metamaterial configurations
we gain considerably more freedom in designing the dispersion characteristics and, hence,
in controlling the near-field behavior of the arrays.

In the Chapters that follow, we have discussed a number of potential applications. Chap-
ter 4 is devoted to linear metamaterials. The effects we have considered are: shift-dependent
transmission (Section 4.1), subwavelength imaging (Section 4.2), subwavelength focusing
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(Section 4.3), and rotational resonance (Section 4.4).
In Section 4.1, tailoring the dispersion of magnetoinductive waves has been used for con-

trolling the transmission properties of a diatomic metamaterial array. The array consisted
of two planar lines that were placed one above the other. By shifting the lines relative to
each other we could control the amount of power transmitted.

In Section 4.2, we have studied subwavelength imaging by diatomic metamaterial arrays.
When two planar lines constituting a diatomic configuration are strongly coupled to each
other, then the propagation of magnetoinductive waves at the resonant frequency of the
elements (and hence the undesirable spreading of signal) can be avoided. It is possible
then to image directly at the resonant frequency. Our analysis has confirmed the superior
behavior of the double lens operating at the resonant frequency in comparison with the
double and single lenses operating above and below the resonance.

In Section 4.3, we have studied an effect that is closely related to imaging – subwavelength
focusing. We have shown that by tailoring the properties of the receiver in a transmitter-lens-
receiver configuration it is possible to place a subwavelength focus in an arbitrary position
in space independently of the properties of the transmitter and the lens.

In the final Section of Chapter 4, we have studied the rotational resonance of magnetoin-
ductive waves propagating on ring metamaterial structures. In our analysis, the signal was
excited by a rotating magnetic dipole placed in the center of the ring. We have shown that
by tailoring the properties of the ring’s elements it is possible to achieve beneficial extraction
of the signal’s power. The ring configuration, therefore, has potential as a detection system
in Magnetic Resonance Imaging.

Having in mind improvement of the signal-to-noise ratio in Magnetic Resonance Imaging
and compensation of losses in metamaterials, we have proceeded with a study of paramet-
ric amplification of magnetoinductive waves in Chapter 5. We have first considered the
phase-matching problem and shown that it can be solved for monatomic as well as for
diatomic metamaterial arrays by tailoring their properties. The corresponding theoretical
formulations of parametric amplification in both cases have been developed in Section 5.3.
In Section 5.4, we have considered parametric amplification in ring resonators. We have
theoretically demonstrated the loss compensation and increase of the extracted power by
parametric amplification in metamaterial arrays.

We have, therefore, succeeded in achieving the goals we set up at the beginning: we
have developed mechanisms for tailoring the properties of metamaterials and have applied
these mechanisms to a variety of effects involving guiding and detecting of magnetoinductive
waves as well as subwavelength imaging and focussing. What could be done further in this
direction?

There is always a gap between demonstrations of an effect that might have a potential
for applications and developing actual devices based on it. Thinking about metamaterials,
further studies should be aimed at closing this gap. In particular, the extraction of power
from the ring resonators, first, in linear and then in nonlinear (with amplification) cases
could be studied experimentally. It would require more accurate models, which take into
account the properties of actual nonlinear components and of the circuits needed for biasing
the varactor diodes.
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The searching for more efficient ways of fulfilling phase-matching conditions for paramet-
ric amplification could result in more complicated nonlinear metamaterial elements. Such
elements should be doubly resonant: able to resonate at the frequencies of the signal and
pump waves. It would, of course, require developing the corresponding theoretical formula-
tion of parametric amplification in the way analogous to that used in Chapter 5.

There is a number of nonlinear effects having both theoretical and practical significance
that could be studied applying the circuit models of metamaterials. They are, first of
all, the effects involving propagation of electromagnetic waves in metamaterials and their
interaction with magnetoinductive waves. The obvious candidates for investigations are
parametric amplification of electromagnetic waves, second-harmonic generation, and phase-
conjugation. Discussed briefly in Chapter 5 for magnetoinductive waves, second harmonic
generation is of minor importance at megahertz frequency range, which is thoroughly covered
by a variety of sources. At terahertz and optical frequencies, however, this might be an issue
of major interest. Second harmonic generation with metamaterials, whose elements can be
designed having different resonant frequencies, could provide efficient sources of radiation
in a wide frequency range.

In this thesis, we have considered magnetic metamaterials that operate in the megahertz
frequency region. Combined with the earlier studies, the results obtained here provide
a comprehensive analysis of the physical properties of linear and nonlinear low-frequency
metamaterials. Mathematical formalisms developed earlier and generalized in this work
for nonlinear metamaterials [102] have already allowed to solve a wide range of problems
involving signal guiding [23,39,40,56,85], processing [26,48,49,55,57,85,97,98,103], detection
[19], subwavelength imaging [18, 104], and focussing [105] with magnetic metamaterials.

A natural step for further studies is to move towards smaller wavelengths. All the dimen-
sions becoming much smaller demands firstly more sophisticated technology, and secondly
a more complicated theory. The size of the element being comparable with the wavelength
implies nonuniform current distribution and radiation in preferred directions. The distance
between the elements being comparable with the wavelength means that the radiation term
is no longer negligible and higher order interactions must be taken into account-possibly all
interactions between all the elements [53].

There are obviously applications of metamaterials in the visible range similar to those for
microwaves, i. e. guiding the waves and processing information. However, coherent optical
technology is so well advanced (ever since the emergence of optical fibre communications)
that new devices would have great difficulties in penetrating the market place. The most
likely application of metamaterials would be in the largely unexplored tens of terahertz
range for security. A hand-held device to look at hidden objects would be of great value
in our security conscious world. This frequency band is largely unexplored at the moment
partly because there are no suitable coherent sources available and partly because the fa-
miliar technologies associated with millimeter and optical waves are not readily applicable.
Metamaterials have a chance both for providing slow wave structures for possible oscillators
and for signal processing.
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Appendix A

Mutual inductance for two arbitrary
oriented loops

Here we generalize the known results for the mutual inductance, M , between two loops
[51] for the case when they can have arbitrary radiuses, positions in space and orientations.
The general model in shown in Fig. A.1. The first loop has a radius r1 and its center is
situated at the point (x1, y1, z1)

T (here the superscript T means transposed of a vector). The
orientation of the loop is determined by two angles, θ1 and ϕ1, in the cylindrical coordinate
system. The second loop has a radius r2 and its center is situated at the point (x2, y2, z2)

T .
The orientation of the second loop is given by the angles θ2 and ϕ2.

It order to determine the mutual inductance we use the known expressions for the vector
potential of a single loop [50, 51]. It is convenient to consider the problem in cylindrical
coordinates. The vector potential of a loop with the radius r1 situated at the (0, 0, 0)T point
and oriented in the (x, y)-plane (see Fig. A.2) has only Aϕ component

Aϕ =
μ0I

4π

∫
eϕdl

r
=
μ0I

4π

∫ 2π

0

cosϕ′dϕ′√
(ρ− r1 cosϕ′)2 + (r1 sinϕ′)2 + z2

. (A.1)

Here dl is the current element with cylindrical coordinates (r1, ϕ
′, 0); r is the distance

between dl and the point P .

Aϕ can be expressed in terms of elliptic integrals

Aϕ =
μ0I

2π

√
r1√
ρ

[(
2

χ
− χ

)
K(χ) − 2

χ
E(χ)

]
, (A.2)

where

χ =
2
√
r1ρ√

(ρ+ r1)2 + z2
(A.3)
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Figure A.1: Schematic presentation of two loop elements for the calculation of mutual induction.
The loops can have different radii, arbitrary positions in space, and arbitrary orientations.

and K(χ) and E(χ) are elliptic integral of the first and the second kind respectively

K(χ) =

∫ π/2

0

1√
1 − χ sin2 α

dα

E(χ) =

∫ π/2

0

√
1 − χ sin2 α dα

. (A.4)

The mutual inductance M between two loops is then given by

M =
1

I

∫
loop2

Aloop1dlloop2 . (A.5)

To determine M in the case of arbitrary oriented loops we first define two rotation matrices

Q1,2 =

⎛
⎝cos θ1,2 cosϕ1,2 cos θ1,2 sinϕ1,2 − sin θ1,2

− sinϕ1,2 cosϕ1,2 0
sin θ1,2 cosϕ1,2 sin θ1,2 sinϕ1,2 cos θ1,2

⎞
⎠ . (A.6)

Then denoting

R(ψ) = Q1

⎡
⎣
⎛
⎝x2 − x1

y2 − y1

z2 − z1

⎞
⎠+ r2Q

T
2

⎛
⎝− sinψ

cosψ
0

⎞
⎠
⎤
⎦ (A.7)
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Figure A.2: Determination of the vector po-
tential of a single loop.

and

η =
4r1
√
Rx(ψ)2 +Ry(ψ)2(

r1 +
√
Rx(ψ)2 +Ry(ψ)2

)2

+Rz(ψ)2

(A.8)

the final expression for the mutual induction can be obtained in the form

M =
μ0
√
r1

2π

∫ 2π

0

r2√
R2

x(ψ) +R2
y(ψ)

×

×
[(

2√
η
−√

η

)
K(η) − 2√

η
E(η)

]⎛⎝−Ry(ψ)
Rx(ψ)

0

⎞
⎠

T

Q1Q
T
2

⎛
⎝− sinψ

cosψ
0

⎞
⎠ dψ

. (A.9)
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Appendix B

Rotational resonance: Extracting
maximum power

We shall find here analytic expressions for the maximum extracted power and optimum load
impedances in a ring resonator under rotational resonance in the two cases:

• only the first element is loaded by a load impedance, ZL;

• the first element is loaded by a load impedance, ZL; the second and the last elements
are loaded by additional tuning impedances, Ztune 2,N.

We assume here that the quality factor of the elements is high, Q→ ∞. Let us denote:

wi =
Z0i

Zm

,

where Z0 is the self-impedance of the elements, Eq. (2.6), Zm = jωM is a mutual impedance
between the nearest neighbors, and i = 1 . . .N denotes the element’s number.

The impedance matrix, Eq. (2.16), of the ring [19] can then be presented in the block
form

ZR = ZN
m

(
w1 b
bT A

)
, (B.1)

where b is an N − 1 dimensional vector

b = (1, 0, . . . , 0, 1) .

Here the superscript T denotes transpose of a vector, and A is a tridiagonal (N−1)×(N−1)
matrix [106] of the form

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

w2 1 0 . . . 0

1 w3 1
. . .

...

0
. . .

. . .
. . . 0

...
. . . 1 wN−1 1

0 . . . 0 1 wN

⎞
⎟⎟⎟⎟⎟⎟⎠
. (B.2)
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We add a load impedance in the fist element. The current, I1, flowing in it is

I1 =
N∑

n=1

Z−1
R1,n

Vn , (B.3)

where Vn is the voltage applied to the nth element. In order to find the current I1 we need
to know the first row of the inverted matrix of the ring, Z−1

R . For the block matrix (B.1),
the inverted matrix is given by

ZR
−1 =

(
K−1 −K−1bA−1

−A−1bTK−1 A−1 + A−1bTK−1bA−1

)
, (B.4)

where K is given by
K = w1 − bA−1bT .

Let us denote
Φ = A−1 .

Then K is a number such that

K−1 =
1

w0 − (Φ1,1 + Φ1,N−1 + ΦN−1,1 + ΦN−1,N−1)
, (B.5)

and bA−1 is a row-vector

bA−1 = (Φ1,1 + ΦN−1,1,Φ1,2 + ΦN−1,2, . . . ,Φ1,N−1 + ΦN−1,N−1) . (B.6)

Under the excitation of rotational resonance by a magnetic dipole the voltages in the ele-
ments have the form

Vn = exp

(
j
2πn

N

)
, (B.7)

and we can write then for the current in the first element

I1 =

1 −
N−1∑
n=1

(Φ1,n + ΦN−1,n) exp

(
j
2πn

N

)
w1 − (Φ1,1 + Φ1,N−1 + ΦN−1,1 + ΦN−1,N−1)

, (B.8)

Let us now assume a load impedance, ZL, in the first element of the ring and two additional
tuning reactances of the same absolute value but different signs (Ztune 2 = Ztune and ZtuneN =
−Ztune) in the second and the last, N th, elements. We can then write

w1 = 2x+ l, w2 = 2x+ t, w3,...,N−1 = 2x, wN = 2x− t , (B.9)

where

x =
Z0

2Zm
, l =

ZL

Zm
, t =

Ztune

Zm
.
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Using the procedure for analytical inversion of tridiagonal matrices [107] we can then rewrite
the denominator of the expression for the current in the first element, Eq. (B.8), as

w1 − (Φ1,1 + Φ1,N−1 + ΦN−1,1 + ΦN−1,N−1) =

= l + 2x− 2UN−2(x) + 2(−1)N

UN−1(x) − t2UN−3(x)
=

= l +
2xUN−1(x) − UN−2(x) − UN−2(x) − 2(−1)N − 2t2xUN−3(x)

UN−1(x) − t2UN−3(x)
=

= l +
UN (x) − UN−2(x) − 2(−1)N − 2t2xUN−3(x)

UN−1(x) − t2UN−3(x)
,

(B.10)

where Un(x) are Chebyshev polynomials of the second kind [108]. The load impedance is
an optimum when

ZL = Zm
UN(x) − UN−2(x) − 2(−1)N − 2t2xUN−3(x)

UN−1(x) − t2UN−3(x)
. (B.11)

Power extracted without tuning reactances

Let us now consider the case t = 0, i. e. there is only a load impedance in the first element
and no tuning reactances in the neighboring elements. The optimum load impedance is then
given by

Z0
L = Zm

UN (x) − UN−2(x) − 2(−1)N

UN−1(x)
. (B.12)

We are working under rotational resonance, Eq. (4.8). For the first, fundamental, resonance
we can write from the dispersion relation for MI waves

x =
Z0

2Zm
= − cos ka ka =

2π

N
− jαa , (B.13)

where α is the attenuation constant. Using the property of Chebyshev polynomials that

Un(cos θ) =
sin[(n+ 1)θ]

sin θ
(B.14)

and recalling that αa must be small we can rewrite Eq. (B.12) as

Z
(0)
L = Zm tan

jNαa

2
sin

(
2π

N
+ jαa

)
≈ ZmN sin

2π

N
sin(jαa) . (B.15)

For the small losses, we can write from Eq. (B.13)

sin
2π

N
sin(jαa) =

Z0

2Zm
. (B.16)
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Hence finally we have for the optimum load

Z
(0)
L =

NR

2
. (B.17)

The ratio of the power extracted in this case to the power extracted in the uncoupled case
can be found as

Pload

Puncoupled
=
N

2
. (B.18)

Power extracted with tuning reactances

Let us now assume now that there are tuning reactances in the second and last elements of
the ring as given by Eq. (B.9). We have already assumed that they have the same absolute
value but different signs. The question we are asking ourselves here is: How the absolute
values of the reactances is connected to the parameters of the ring.

To answer this question we use the results of the numerical calculations [19] that show
that the optimum load impedance in this case is

Z
(1)
L = NR . (B.19)

Comparing this with Eq. (B.17) we can write from Eq. (B.11)

UN (x) − UN−2(x) − 2(−1)N − 2t2xUN−3(x)

UN−1(x) − t2UN−3(x)
= 2

UN (x) − UN−2(x) − 2(−1)N

UN−1(x)
, (B.20)

which gives for t

t2 =
UN−1(UN − UN−2 − 2(−1)N)

2UN−3(UN − UN−2 − 2(−1)N − xUN−1)
. (B.21)

Taking into account the rotational resonance conditions (B.13) and using the definitions for
the Chebyshev polynomials, Eq. (B.14), the value of the tuning reactances can be obtained
in the form

Ztune 2,N = ±j NR

2 sin
4π

N

. (B.22)

The power extracted in this case as compared to the uncoupled case is

Ptune

Puncoupled
= N . (B.23)
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