
Application of

Projection Operator Techniques to

Transport Investigations in

Closed Quantum Systems

Dissertation (kumulativ)

zur Erlangung des Grades eines
Doktors der Naturwissenschaften (Dr. rer. nat.)

dem Fachbereich Physik der Universität Osnabrück
vorgelegt von

Dipl.-Phys. Robin Steinigeweg

Osnabrück, im Juni 2008



Constituents Parts

Dissertation (Cumulative) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

R. Steinigeweg
Application of Projection Operator Techniques to Transport Investigations

in Closed Quantum Systems

Preprint of Reference 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

C. Bartsch, R. Steinigeweg, and J. Gemmer
Occurrence of Exponential Relaxation in Closed Quantum Systems

Phys. Rev. E 77, 011119 (2008)

Preprint of Reference 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

R. Steinigeweg, H.-P. Breuer, and J. Gemmer
Transition from Diffusive to Ballistic Dynamics for a Class of Finite

Quantum Models

Phys. Rev. Lett. 99, 150601 (2007)

Preprint of Reference 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

M. Michel, R. Steinigeweg, and H. Weimer
Correlated Projection Superoperators in Relaxation and Transport

Investigations

Eur. Phys. J. Special Topics 151, 13 (2007)

Preprint of Reference 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

R. Steinigeweg, J. Gemmer, and M. Michel
Normal Transport Behavior in Finite One-Dimensional Chaotic Quantum

Systems

Europhys. Lett. 75, 406 (2006)

Preprint of Reference 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

J. Gemmer, R. Steinigeweg, and M. Michel
Limited Validity of the Kubo Formula for Thermal Conduction in Modular

Quantum Systems

Phys. Rev. B 73, 104302 (2006)

Reference 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

R. Steinigeweg, C. Bartsch, and J. Gemmer
Length Scale Dependent Diffusion in the Anderson Model at High

Temperatures



Application of Projection Operator Techniques to
Transport Investigations in Closed Quantum Systems

Dissertation (Cumulative)

Robin Steinigeweg1, ∗

1Fachbereich Physik, Universität Osnabrück, Barbarastrasse 7, D-49069 Osnabrück, Germany

(Dated: June, 2008)

The work at hand presents a novel approach to transport in closed quantum systems. To this end
a method is introduced which is essentially based on projection operator techniques, in particular
on the time-convolutionless (TCL) technique. The projection onto local densities of quantities such
as energy, magnetization, particles, etc. yields the reduced dynamics of the respective quantities
in terms of a systematic perturbation expansion. Especially, the lowest order contribution of this
expansion is used as a strategy for the analysis of transport in “modular” quantum systems. The
term modular basically corresponds to (quasi-) one-dimensional structures consisting of identical
or at least similar many-level subunits. Modular quantum systems are demonstrated to represent
many physical situations and several examples are given. In the context of these quantum systems
lowest order TCL is shown as an efficient tool which also allows to investigate the dependence of
transport on the considered length scale. In addition an estimation for the validity range of lowest
order TCL is derived. As a first application a “design” model is considered for which a complete
characterization of all available transport types as well as the transitions to each other is possible.
For this model the relationship to quantum chaos and the validity of the Kubo formula is further
discussed. As an example for a “real” system the Anderson model is finally analyzed. The results are
partially verified by the numerical solution of the full time-dependent Schrödinger equation which
is obtained by exact diagonalization or approximative integrators.
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I. INTRODUCTION AND STATE OF
RESEARCH

Since transport phenomena appear in everyday life,
their investigation is a long-standing research field in
physics. About 200 years ago, Fourier and Fick already
derived (phenomenologically) the fundamental laws of
heat conduction, respectively particle diffusion (which
are formally given by exactly the same equations, see7).
These laws are said to describe diffusive, normal, or reg-
ular transport behavior, because they are well-known to
hold in any ordinary, say, macroscopic situation8.

During the last years transport theory has regained
a lot of attention8–11. The reason for this renewed at-
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tention is of practical and fundamental nature as well.
Novel practical aspects of the theory are often linked
to the ongoing miniaturization of all sorts of devices,
e.g., electronic circuits in microprocessors are continu-
ously scaled down and will eventually reach the nano-
scale12. On this scale non-normal transport behavior
naturally is to be expected, and effects of this kind have
experimentally been observed in many physical situa-
tions, e.g., ballistic transport of magnetization in low-
dimensional spin structures13, or localized propagation of
light beams through disordered photonic lattices14. All
concepts which may be subsumed under the term “nano-
technology” essentially rely on the controlled transport
of physical quantities like, e.g., charge, mass, magnetiza-
tion, energy, or even heat15. The self-assembly of atoms
on substrate surfaces is further intended to be a non-
arbitrary transport process16, of course.

The problem of transport behavior in nanodevices can
exclusively be answered by going back to the foundation
and derivation of the general equations of motion. Only
from the foundation of a theory its limits of applicabil-
ity may be inferred. Consequently, the recent technical
progress leads back to rather elementary questions again.
But these questions are anything else than well under-
stood, e.g., Fourier’s law of heat conduction has not been
derived yet from truly fundamental principles8,9 and the
precise conditions for its validity are still not known8.
The latter fact reflects the urgent need to revisit the foun-
dations of transport theory, that is, its derivation from
microscopic principles, e.g., directly from the Schrödinger
equation10,11.

There certainly are many ways in order to ana-
lyze the transport behavior of quantum systems: Lin-
ear response theory such as implemented in the Kubo
formula17–22; methods which intend to map the quantum
system onto a system of interacting, classical, gas-like
(quasi-)particles23–27; approaches which include reser-
voirs of the transported quantity, either explicitly28 or
effectively29–32; and probably many more. However, ex-
cept for those involving reservoirs, none of these meth-
ods allows to investigate the dependence of transport be-
havior on the length scale of a finite system. Unfortu-
nately, the remaining methods which do involve baths
are conceptually more subtle and computationally rather
challenging29–32. Moreover, the concrete realization of
external baths might effect the internal dynamics in an
unforeseeable way, see9,33.

The work at hand is therefore concerned with closed
quantum systems, where transport solely results from
an internal spatial gradient of the respective quantity.
In particular the notion of “modular” quantum systems
is introduced, that is, (quasi-) one-dimensional patterns
consisting of identical or at least similar many-level sub-
units, e.g., (finite) pieces of translational invariant or
slightly disordered (infinite) structures. Modular quan-
tum systems are demonstrated to represent many physi-
cal situations and several examples are given, too. In the
context of these quantum systems an alternative method

for the investigation of transport is presented which ex-
plicitly avoids the shortcomings of common approaches,
see below.

The method is essentially based on projection oper-
ator techniques34,35, mainly on the time-convolutionless
(TCL) technique36–38, and yields the dynamics of the
transported quantity in terms of a systematic perturba-
tion expansion. Especially, the lowest order contribution
of this expansion is used as a strategy for the analysis of
transport. Most notably, in contrast to other approaches,
lowest order TCL is shown as an efficient tool which also
allows to investigate the length scale dependence of trans-
port. The efficiency arises from the fact that all required
information can be extracted from a single junction of (fi-
nite) subunits. In addition an estimation for the validity
range of lowest order TCL is derived such that explicit
conditions for the applicability of the method are avail-
able.

As a first application a “design” model is considered
which is a translational invariant single-particle model
and features random interactions. In a sense, it is con-
structed in order to fulfill all requirements of the theory.
For this model lowest order TCL allows for a complete
characterization of all available types of transport as well
as the transitions to each other. Remarkably, purely
diffusive behavior is reliably been shown to emerge on
an intermediate length scale between completely ballistic
regimes in the limit of both small and large length scales.
The onset of quantum chaos is besides demonstrated to
be at most a necessary condition for the appearance of
normal transport and the rather limited validity of the
Kubo formula is further discussed.

The 3D Anderson model39 is finally analyzed as an
example for a “real” system which is a frequently dis-
cussed single-particle model in the context of disordered
systems14,39–43. Here, diffusive dynamics is also found
but only for a extremely small range of length scales be-
tween some, say, mean free path and localization length.
This unexpected finding strongly indicates the mere exis-
tence of ballistic and insulating behavior. These results,
and all others as well, are verified by the numerical so-
lution of the full time-dependent Schrödinger equation
which is obtained by exact diagonalization or approxi-
mative integrators, at least for systems of accessible size.

This work is structured as follows: The rest of Sec. I
overviews the both major approaches to transport in
quantum mechanics, firstly the Boltzmann equation and
secondly the Kubo formula. The impact of quantum
chaos on transport is subsequently reviewed. The next
Sec. II gives a brief but complete description of the tech-
nique which has been developed during the work at hand
and is applied in the following Sec. III. This Sec. sum-
marizes the pertinent papers for the present work1–6 and
relates the results to the ideas of the former Secs. I and II.
The last Sec. IV closes with a conclusion. The Appendix
presents some results which have not been published so
far.
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A. Approaches to Transport in Quantum
Mechanics

1. Boltzmann Equation Approach

The Boltzmann equation (BE) was originally derived
in the context of classical mechanics in order to describe
the macroscopic dynamics of dilute gases (kinetic the-
ory of gases)44,45. The BE addresses the time evolu-
tion for the distribution Φ(r,v, t) of particles in the 6-
dimensional “µ-space” of configurations r and velocities
v. It reads (in the absence of external forces)

∂Φ(r,v, t)

∂t
+ v · ∇r Φ(r,v, t) =

∂Φ(r,v, t)

∂t coll
. (1)

The l.h.s. accounts for the dynamics of particles which
do not collide, whereas the r.h.s. describes the dynamics
which arises from (two-particle) collisions. It is the latter
term which introduces irreversibility into the BE (which
is not present in the underlying Hamiltonian equations)
by the use of the Stosszahlansatz, that is, particles are
assumed to be not correlated before collisions, although
they become correlated by collisions. But it is supposed
that there are many intermediate collisions, before the
same particles collide once again. Thus, this assumption
is also known as “molecular chaos”44,45.

The collision term generally is non-linear. But it can
be linearized, if the distribution Φ(r,v, t) already is close
to equilibrium. It is also linear, if particles exclusively
collide with external scattering centers and not with
each other, of course. In the limit of small gradients
∇r Φ(r,v, t) (“hydrodynamic limit”) the linearized form
of the BE may feature diffusive solutions for which the
diffusion constant can be computed44–47. The diffusion
constant may, however, diverge in the absence of external
scattering centers such that no diffusive behavior can be
expected at all .

In order to use the BE for the investigation of heat
transport in solids as well, Peierls suggested to consider
the phonons in a crystal as a classical gas, too24. In this
picture Φ(r,v, t) is replaced by a respective function of
phonon configuration and momentum. But the analog to
classical particles is rather vague, since phonons show a
dispersion and are not well localized in configuration and
momentum space, of course.

However, Peierls considered the anharmonicities in the
atom coupling as the dominant phonon scattering effect
in pure crystals of not too small size and at not too low
temperature. This scattering effect is incorporated in the
BE by classical transition probabilities between different
phonon modes which are obtained from Fermis’s Golden
Rule, where the actual quantum state of a phonon mode
is discarded and only the mean occupation number is
kept. Due to the fact that any phases are neglected, this
is called the random phase approximation and replaces
the Stosszahlansatz.

From the derived equation Peierls eventually was able
to find conditions for the possible scattering processes:

three-phonon processes which conserve energy as well as
momentum, except for a reciprocal lattice vector g. All
normal processes (g = 0) conserve the total momentum
and are not suitable for a thermalization of the phonon
gas, that is, the thermal conductivity would be infinite in
this picture. Umklapp processes (g 6= 0) consequently are
of vital importance for a finite thermal resistance, see48,
for example. However, in the limit of small temperatures
Umklapp processes rapidly die out and scattering due to
impurities and boundaries becomes relevant48,49.

Although the Peierls-Boltzmann approach successfully
describes the basic transport properties of solids, there
are no clear criteria available for the applicability of the
theory. Furthermore, the application of this theoretical
concept to concrete models generally turns out to be very
complicated46,47 and the corresponding equations may
not be solvable at all.

2. Linear Response Theory: Kubo Formula

Linear response theory is concerned with the response
of a quantum system to an external perturbation which is
treatable as an additional summand to the unperturbed
Hamiltonian. In particular the response is assumed to be
proportional to the amplitude of the perturbation, that
is, the perturbation is supposed to be weak. The Kubo
formula (KF) was originally derived by the application of
linear response theory to electrical conductance, where a
current is induced by an external field which causes a
potential addend to the unperturbed Hamiltonian. The
resulting response coefficient σ(ω) = <σ(ω) + ı=σ(ω)
is the electrical (active and reactive) conductivity and is
given by the KF17,19

σ(ω) =
1

V

∞
∫

0

dt e−ıωt

β
∫

0

dβ′ Tr
{

ρ0 ĵ(0) ĵ(t + ıβ′)
}

, (2)

where ω is the frequency of the external field; V refers to
the volume of the system; β is the inverse temperature;
and ρ0 denotes the Gibbsian equilibrium state. Note that
time arguments correspond to the Heisenberg picture of
the unperturbed Hamiltonian.

The KF essentially connects the conductivity to the
current-current correlation function and does remarkably
not contain the external perturbation. This fact suggests
to simply replace the electrical by the heat current and to
apply the KF also to heat conduction, as it was suggested
by Luttinger, see50. However, an internal heat gradient
can not be described by an additional summand to the
unperturbed Hamiltonian, that is, linear response theory
apparently is not applicable and the replacement of the
respective currents is questionable. In fact, it has often
pointed out that a rigorous justification of the KF for
thermal conduction is not provided and still remains an
open question9,33,51.

Another difficulty arises, if transport coefficients for
finite systems are computed by the use of the KF. This
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point deserves consideration, since an infinite system can
generally not be treated numerically and in many cases
a transport coefficient for an infinite system can only be
evaluated from the analysis of a finite piece21.

For an infinite system the real part <σ(ω) is believed
to take on the form <σ(ω) = D δ(ω) + σreg(ω), where
D is the so-called Drude peak. Whenever it is non-zero,
transport is assumed to be ballistic. Whenever it is zero,
the normal conductivity is supposed to be given by the
zero-contribution σreg(0) of the smooth and non-singular
function σreg(ω), see21,52. But a distinction between the
latter cases becomes problematic, if the KF is evaluated
on the basis of a finite system, since <σ(ω) is a sum of
δ-peaks at different frequencies without any non-singular
contribution. Therefore, from a technical point of view,
normal transport does not exist in a finite system, it is
either ballistic or none.

There are different ideas how the transition to infinite
systems could produce normal transport. Sometimes the
singularity at ω = 0 is assumed to broaden but also to
maintain its weight such that <σ(0) eventually becomes
non-singular21. Other approaches average <σ(ω) over a
small δω-interval and extrapolate the resulting smooth
function down to ω = 0 in order to determine the normal
conductivity21,53. However, in general it appears to be
difficult to extract the conductivity for an infinite system
from a finite piece without any further assumptions.

Despite all insufficiencies of the KF, it has become a
commonly employed technique for the investigation of
gradient-driven transport phenomena and allows for the
direct application to any kind of quantum system, once
it (or a part of it) is diagonalized.

B. Impact of Quantum Chaos on Transport

As already mentioned above, the occurrence of normal
spatial diffusion recently attracts much interest in the
context of classical mechanics and quantum mechanics
as well. In particular the crucial conditions under which
normal transport emerges, that is, under which neither
ballistic nor insulating behavior appears, come into the
fore. Because the precise conditions are still not known8,
the onset of chaos is often suggested as a criterion.

In the classical domain it seems to be largely accepted
that normal transport requires the chaotic dynamics of a
non-integrable system, whereas non-normal transport is
rather typical for the regular dynamics of a (completely)
integrable system, see54. However, there have also been
successful attempts to observe normal transport in the
absence of exponential instability which is a basic feature
of (deterministic) chaos55.

Unfortunately, in the quantum domain there are only
few examples which have reliably been shown to exhibit
normal transport at all10,29,30,56. But also in this field it
has been argued that non-normal transport is connected
to the macroscopic number of conserved quantities which
characterizes an integrable system18,57–59. Furthermore,

recent numerical computations for spin chains have led
to the assumption that normal transport might strictly
depend on quantum chaos31,60.

Even though this assumption certainly is plausible, it
has not undoubtedly been proven so far61,62. Moreover,
almost all numerical computations are either based on
special models of, e.g., heat reservoirs which may affect
the transport behavior or essentially rely on the Kubo
formula whose validity for diffusive transport phenomena
such as, e.g., thermal conductance is still under dispute,
see Sec. IA and9,33,51, too. Often the mere existence of
a finite Drude peak is discussed by the use of the Mazur
inequality63 which essentially exploits the overlap of the
current with the constants of motion in, e.g., integrable
quantum systems.

Another problem arises from the fact that the terms
integrability and chaos are not well-defined in quantum
mechanics. While integrability is sometimes meant with
respect to the Bethe Ansatz, e.g., in the context of the
s = 1/2 Heisenberg chain64–66, a quantum analog to the
Liouville-Arnold theorem67 or the Lyapunov exponent in
classical mechanics exists by no means. And in fact, the
theory of quantum chaos is principally concerned with
the statistics of eigenvalues and eigenfunctions of those
quantum systems which have a classical limit68–70. These
statistics are used in order to detect quantum signatures
of classical chaos.

nearest neighbor level spacing s

d
is
tr

ib
u
ti
o
n

P
(s

)

(a) (b)

FIG. 1: Examples for (a) Poissonian and (b) Wigner nearest
neighbor level spacing distributions.

A commonly applied statistical measure is the nearest
neighbor level spacing distribution (NNLSD), that is, the
distribution of spacings between adjacent levels of some
spectrum (which is unfolded and obtained for a single
symmetry class68,69). Typically, the NNLSD features the
Wigner form, when the classical limit is chaotic, and the
Poissonian form, when the classical limit is regular, that
is, (completely) integrable68,69. The latter relationships
somehow suggest to understand the terms integrability
and chaos in the sense of a respective NNLSD, even for
those quantum systems which do not possess a classical
counterpart. There are, however, particular cases where
the NNLSD coincides neither with the Wigner form nor
with the Poissonian form70.

The Wigner NNLSD, and other chaotic distributions
as well, are derived by the use of random matrix theory
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(RMT)69. The RMT considers hermitian matrices with
random elements which are chosen corresponding to a
Gaussian distribution, e.g., with real (GOE) or complex
elements (GUE). As a consequence random matrices are
often said to be representative for chaotic systems, e.g.,
for complex systems, as they appear in nature. However,
a concrete quantum system can be anything else than a
random matrix, of course.

II. THEORETICAL FOUNDATIONS

This Sec. gives a brief but complete description of the
theory which is applied in the papers of Sec. III and has
been developed during this work. Such a more detailed
description has not been published yet and certainly is
necessary for a whole understanding of the papers and the
connections to each other. A respective review article is
currently in preparation and will probably appear in the
near future, see71.

A. Modular Quantum Systems and Diffusive
Dynamics

ĥ0 ĥ1 ĥN−1

λ v̂0,1 λ v̂µ,µ+1

FIG. 2: Sketch for a modular quantum system.

In the work at hand we consider so-called “modular”
quantum systems which have a (quasi-) one-dimensional
structure and consist of N identical or at least similar
many-level subunits. These subunits are described by a

local Hamiltonian ĥµ and the next-neighbor interaction
between two adjacent subunits is denoted by λ v̂µ,µ+1,
where λ adjusts the overall coupling strength, cf. Fig. 2.
The total Hamiltonian Ĥ = Ĥ0 + λ V̂ is given by

Ĥ0 =
N−1
∑

µ=0

ĥµ , V̂ =
N−1
∑

µ=0

v̂µ,µ+1 , (3)

where we employ periodic boundary conditions, e.g., we
identify µ = N with µ = 0. Such a description obviously
applies to one-dimensional structures such as chains of
atoms, molecules, quantum dots, etc. But also s = 1/2
spin chains fit into this scheme of description, because
a segment of the chain, that is, a number of spins and
their mutual interactions can be chosen in order to form
a suitable many-level subunit. Similarly, spin lattices or
more-dimensional models of the Hubbard type can be
treated by the use of (3), if a whole chain (2D) or layer

(3D) is considered as a single subunit. Thus, for a large
class of quantum systems an adequate way of description
is offered by (3), see Sec. III for details.

In this work we primarily deal with “single-particle”
quantum systems, that is, those quantum systems which
allow to restrict the investigation to a linearly instead of
an exponentially increasing Hilbert space. This is mainly
done in order to open the possibility for a comparison of
the theoretical predictions with the numerical solution of
the full time-dependent Schrödinger equation. Hence, we
may suppose

ĥµ =

n−1
∑

i=0

hi
µ |µ, i〉〈µ, i| , (4)

v̂µ,µ+1 =

n−1
∑

i,j=0

vi,j
µ,µ+1 |µ, i〉〈µ + 1, j|+ H.c. , (5)

where n denotes the number of levels within a subunit.
Without loss of generality, we have additionally assumed
an off-diagonal block structure of the interaction, that
is, |µ, i〉 and |µ, j〉 are not coupled. For clearness, Fig. 3
shows the matrix representation of the Hamiltonian (3)
in the single-particle restriction (4) and (5).

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

h0 λ v0,1 0 0 λ v†N−1,0

λ v†0,1 h1 λ v1,2 0 0

0 λ v†1,2 h2

. . . 0

0 0
. . .

. . . λ vN−2,N−1

λ vN−1,0 0 0 λ v†N−2,N−1
hN−1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

FIG. 3: Matrix representation of a modular quantum system
with the Hamiltonian (3) in the single-particle restriction (4)
and (5). The whole matrix has the dimension N ×n, because
the coefficient matrices hµ and vµ,µ+1 are n-dimensional.

Of particular interest is the local density pµ(t) of, e.g.,
energy, magnetization, excitations, particles, probability,
etc. This quantity is expressed as the expectation value
of an corresponding operator p̂µ,

pµ(t) = Tr{ρ(t) p̂µ} , p̂µ =
n−1
∑

i=0

pi
µ |µ, i〉〈µ, i| , (6)

where ρ(t) is the full systems’s density matrix. Our aim
is to analyze the dynamical behavior of the pµ(t) and
develop explicit criteria which enable a clear distinction
between diffusive and other available types of transport,
e.g., ballistic or insulating behavior.
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The dynamical behavior may be called diffusive, if the
pµ(t) fulfill a discrete diffusion equation

ṗµ(t) = D [ pµ−1(t)− 2 pµ(t) + pµ+1(t) ] (7)

with some µ- and t-independent diffusion constant D. It
is a straightforward manner to show [Multiplying (7) by
µ, respectively µ2, summarizing over µ and manipulating
indices on the r.h.s.] that the spatial variance

σ2(t) =

N−1
∑

µ=0

µ2 pµ(t)−
[

N−1
∑

µ=0

µ pµ(t)

]2

(8)

increases linearly with t, namely, σ2(t) = 2D t. Ballistic
behavior is contrary characterized by σ2(t) ∝ t2, whereas
insulating behavior corresponds to σ2(t) = const.

According to Fourier’s work, diffusions equations are
routinely decoupled with respect to, e.g., cosine-shape
spatial density profiles

pq(t) = Cq

N−1
∑

µ=0

cos(q µ) pµ(t) , q =
2π k

N
, (9)

k = 0, 1, . . . , N/2 and a suitable normalization constant
Cq. Consequently, (7) yields

ṗq(t) = −2 (1− cos q)D pq(t) . (10)

Therefore, if the quantum model indeed shows diffusive
transport, all modes pq(t) have to relax exponentially.
If, however, the pq(t) are found to relay exponentially
only for some regime of q, the model is said to behave
diffusively on the corresponding length scale l = 2π/q.
One might think of a length scale which is both large
compared to some mean free path [below that ballistic
behavior occurs, σ2(t) ∝ t2] and small compared to, say,
some localization length [beyond that insulating behavior
appears, σ2(t) = const.], see Sec. III.

B. Projection onto Local Densities and Second
Order TCL

A strategy for the analysis of the dynamical behavior of
the pq(t) is provided by the time-convolutionless (TCL)
projection operator technique36–38. This technique, and
the well-known Nakajima-Zwanzig (NZ) method as well,
are applied in order to describe the reduced dynamics
of a quantum system with a Hamiltonian of the form
Ĥ = Ĥ0+λ V̂ , see34,35. Even though projection operator
methods are well-established approaches in the context
of open systems, the following application to transport
in closed systems is a novel concept. Let us remark that
the application of these techniques only requires that the
pertinent observables commutate with Ĥ0.

Generally, the full dynamics of a quantum system is
given by the Liouville-von Neumann equation

∂

∂t
ρ(t) = −ı [λ V̂ (t), ρ(t) ] = L(t) ρ(t) , (11)

where time arguments refer to the interaction picture. In
order to describe the reduced dynamics of the system, one
has to construct a suitable projection operator P which
projects onto the relevant part of the density matrix ρ(t).
In particular, P has to satisfy the property P2 = P.
Because in our case the relevant variables are the local
densities pµ(t), we choose

P ρ(t) =

N−1
∑

µ=0

Tr{ρ(t) p̂µ} p̂µ =

N−1
∑

µ=0

pµ(t) p̂µ . (12)

This choice indeed fulfills the property P2 = P, if we
additionally normalize

Tr{ (p̂µ)2 } =

n−1
∑

i=0

(pi
µ)2 = 1 , (13)

which can be done without loss of generality. Note that
this normalization typically implies pi

µ ∼ 1/
√

n, at least
for the models in Sec. III.

For the dynamics of P ρ(t) the TCL formalism yields
a closed and time-local equation of the form

∂

∂t
P ρ(t) = K(t)P ρ(t) + I(t) (1− P) ρ(0) (14)

and avoids the often troublesome time-convolution which
appears, e.g., in the context of the NZ method. For initial
conditions ρ(0) with P ρ(0) = ρ(0) the inhomogeneity
I(t) on the r.h.s. of (14) vanishes. [But for the models in
Sec. III there are numerical indications that I(t) is even
negligible for other ρ(0), see also1,10,37.] The generator
K(t) is given as a systematic perturbation expansion in
powers of the coupling strength λ, namely,

K(t) =

∞
∑

µ=1

λµKµ(t) . (15)

The odd contributions of this expansion vanish for many
models and for our models as well, that is, K2µ−1 = 0.
Consequently, the lowest non-vanishing contribution is
the second order K2(t) and reads

K2(t) =

∫ t

0

dt1 P L(t)L(t1)P . (16)

The next non-vanishing contribution is the fourth order
K4(t) which is given by

K4(t) =

∫ t

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

P L(t)L(t1) (1− P)L(t2)L(t3)P
− P L(t)L(t2)P L(t1)L(t3)P
− P L(t)L(t3)P L(t1)L(t2)P . (17)

However, the rest of this Sec. is only devoted to the
second order truncation. Plugging the projector (12) into



7

(14) and (16) leads to

ṗµ(t) = λ2

µ+1
∑

ν=µ−1

Rµ,ν(t) pν(t) . (18)

Note that the sum does not run over all ν, because only
adjacent subunits are coupled. The time-dependent rates
Rµ,ν(t) are defined by

Rµ,ν(t) =

∫ t

0

dτ Cµ,ν(τ) , (19)

where we have introduced the correlation functions

Cµ,ν(τ) = Tr
{

[ p̂µ, V̂ (t) ][ p̂ν , V̂ (t1) ]
}

, τ = t− t1 (20)

with Cµ,ν(τ) = Cν,µ(τ) [The trace is independent from
the order of commutators and time arguments as well].

So far, (18) is exact. But for the further simplification
of (18) two assumptions have to be made now.
(i.) We assume that Rµ,µ−1(t), Rµ,µ(t) and Rµ,µ+1(t)
depend only negligibly on the concrete choice of µ. It
hence follows: Rµ,µ−1(t) ≈ Rµ+1,µ(t) = Rµ,µ+1(t). This
is fulfilled exactly, if the system is translational invariant,
e.g., if the coefficients in (4), (5) and (6) are the same for
each subunit.
(ii.) Moreover, we assume Rµ,µ−1(t) ≈ −Rµ,µ(t)/2. This
is perfectly satisfied, if the sum of all local densities is
conserved, since the overall conservation implies

N−1
∑

ν=0

[ p̂ν , V̂ (t1) ] = 0 . (21)

Consequently, the sum of Cµ,ν(τ) over all ν, eventually
2Cµ,µ−1(τ) + Cµ,µ(τ), also vanishes.
Due to (i.) and (ii.) we obtain from (18)

ṗµ(t) = λ2 R(t) [ pµ−1(t)− 2 pµ(t) + pµ+1(t) ] (22)

with a single rate R(t) = −Rµ,µ(t)/2, cf. (7). Note that
this rate is still time-dependent. The Fourier transform
of the above equation reads

ṗq(t) = −W R(t) pq(t) , W = 2 (1− cos q)λ2 . (23)

Remarkably, the dependence on q and λ simply appears
as an overall scaling factor W .

The models in Sec. III typically feature a correlation
function C(τ) which decays completely within some time
scale τC . After this correlation time C(τ) approximately
remains zero and R(t) takes on a constant value R, the
area under the initial peak of C(τ), cf. Fig. 4. Since the
correlation time apparently is independent from q and
λ, it is therefore always possible to realize a relaxation
time τR ∝ 1/W which is much larger than τC , e.g., in an
infinite system there definitely is a small enough q. For
τC � τR the second order truncation (23) immediately
yields

ṗq(t) = −W R pq(t) (24)

ra
te

R
(t

)

0

0

R

time t

τC τR ∝ 1/W

FIG. 4: Sketch for the time-dependent rate R(t) [continuous
curve] and the underlying correlation function C(τ) [dashed
curve] in a typical situation: If C(t) decays completely within
some time scale τC and approximately remains zero, then its
integral R(t) takes on a constant value R after τC .

and the comparison with (10) clearly indicates diffusive
behavior with a diffusion constant D = λ2 R.

However, the present method is not restricted to the
investigation of diffusive transport phenomena and (23)
is applicable as well in order to completely classify the
dynamics of pq(t) which decay on relatively short time
scales below τC or on very long time scales where, e.g.,
correlations may reappear, see2 and Sec. III.

C. Extension of the Projection and Fourth Order
TCL

This Sec., and the next Sec. IID as well, are concerned
with the question, why and to what extend the projection
onto local densities and second order TCL yield reliable
predictions for the dynamical behavior of the pq(t). The
answer to this question surely requires the consideration
of the higher order contributions of the TCL expansion,
e.g., the investigation of the fourth order K4(t), cf. (17).
But already the direct evaluation of K4(t) turns out to
be almost impossible, both analytically and numerically.
[The problem is mainly caused by the first integrand in
(17) which significantly contributes to K4(t).]

We therefore present an alternative approach which is
essentially based on the following idea: The influence of
the higher order terms may decrease substantially, if the
projection additionally incorporates variables which are
not of particular interest by themselves but potentially
affect the dynamical behavior of the local densities. This
idea obviously is only useful, if the complexity of the
higher order terms decreases to a larger extend than the
complexity of the second order contribution increases.

To this end we choose N (n − 1) additional variables
ai

µ(t) which are also given as the expectation values of
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corresponding operators âi
µ,

âi
µ =

n−1
∑

j=0

ai,j
µ |µ, j〉〈µ, j| , (25)

µ = 0, 1, . . . , N − 1 and i = 0, 1, . . . , n− 2. Additionally,
these operators are supposed to fulfill

Tr{âi
µ âj

µ} = δi,j , Tr{âi
µ p̂µ} = 0 (26)

such that the set of all âi
µ, p̂µ spans the whole space of

diagonal matrices. The extended projector

P̃ ρ(t) = P ρ(t) +

N−1
∑

µ=0

n−2
∑

i=0

Tr{ρ(t) âi
µ} âi

µ (27)

consequently projects onto the diagonal elements of the
density matrix ρ(t). Thus, the complement 1− P̃ in the
first integrand of (17) is a projection onto non-diagonal
elements. But non-diagonal contributions are negligible,
if we restrict ourselves to interactions with the so-called
Van Hove structure, that is, V̂ 2 basically is a diagonal
matrix, see1,72–74. This finding hence indicates that the
extended projector turns the original fourth order effects
into the second order, at least partially.

Plugging the extended projector (27) into (14), (16)
[and assuming (i.) translational invariance, (ii.) overall
conservation of local densities] yields

ṗµ(t) = λ2 R(t) [ pµ−1(t)− 2 pµ(t) + pµ+1(t) ]

+ λ2

µ+1
∑

ν=µ−1

n−2
∑

i=0

αi
µ,ν(t) ai

ν(t) , (28)

ȧi
µ(t) = λ2

µ+1
∑

ν=µ−1

αi
ν,µ(t) pν(t) +

n−2
∑

j=0

αi,j
µ,ν(t) aj

ν(t) (29)

with time-dependent rates αi
µ,ν(t) and αi,j

µ,ν(t) which are
defined analogously to (19) as integrals over correlation
functions Ci

µ,ν(τ) and Ci,j
µ,ν(τ), of course. While Ci

µ,ν(τ)
is given by

Ci
µ,ν(τ) = Tr

{

[ p̂µ, V̂ (t) ][ âi
ν , V̂ (t1) ]

}

, (30)

Ci,j
µ,ν(τ) results by using âi

µ and âj
ν as first arguments

in the above commutators. For simplicity, however, we
set the corresponding rates αi,j

µ,ν(t) = 0 for the following
reason: Because we still consider initial conditions with
ai

µ(0) = 0, a significant increase of ai
µ(t) certainly arises

only from the first part of (29), at least for sufficiently
small times.

The translational invariance implies that αµ,µ−1(t),
αµ,µ(t) and αµ,µ+1(t) do not depend on the concrete
choice of µ. (For clearness, we suppress the fixed index
i here.) But αµ,µ−1(t) ≈ αµ,µ+1(t) only holds true, if we
make the additional assumption (iii.) αµ,ν(t) ≈ αν,µ(t)
which is exactly fulfilled for mirror symmetry, that is, the

coefficients in (5) do not depend on the index order. The
overall conservation of the local densities finally leads to
αµ,µ−1(t) = −αµ,µ(t)/2.
Due to (i.)-(iii.) we obtain from (28) and from the first
part of (29)

ṗµ(t) = λ2 R(t) [ pµ−1(t)− 2 pµ(t) + pµ+1(t) ]

+ λ2

n−2
∑

i=0

αi(t) [ ai
µ−1(t)− 2 ai

µ(t) + ai
µ+1(t) ] , (31)

ȧi
µ(t) = λ2 αi(t) [ pµ−1(t)− 2 pµ(t) + pµ+1(t) ] (32)

with rates αi(t) = −αi
µ,µ(t)/2. The application of the

Fourier transform to (31) leads to

ṗq(t) = −W
[

R(t) pq(t) +

n−2
∑

i=0

αi(t) ai
q(t)

]

(33)

and the Fourier transform of (32) is given by

ȧi
q(t) = −W αi(t) pq(t) . (34)

Finally, integrating (34) and inserting into (33) yields

ṗq(t) = [−W R(t) + W 2 S(t) ] pq(t) ,

S(t) =

∫ t

0

dt1
pq(t1)

pq(t)

n−2
∑

i=0

αi(t)αi(t1) . (35)

Remarkably, the extended projection has lead to an
additional contribution with an overall scaling factor
W 2 = 4 (1 − cos q)2λ4. This simple scaling suggests the
equivalence between small coupling strengths and large
length scales. Note that the factor λ4 indicates that the
additional contribution can be interpreted partially as
the fourth order effects of the original projection.

In the rest of this Sec. we intend to further simplify the
above equation and also link the results to those which
were found in1. Note that the latter reference is a part
of the present work as well. Plugging (25) into (30) leads
to

Ci(τ) =

n−1
∑

j=0

ai,j
µ gj

µ(τ) , (36)

where gi
µ(τ) are the diagonal elements of the matrix

ĝµ(t, t1) =
1

2
[ V̂ (t), [ V̂ (t1), p̂µ ]] , (37)

that is, gi
µ(τ) = 〈i, µ | ĝµ(t, t1) |µ, i〉. (In the following the

fixed index µ is suppressed.) We directly obtain

n−2
∑

k=0

Ck(τ)Ck(τ1) =

n−1
∑

i,j=0

gi(τ) gj(τ1)

n−2
∑

k=0

ak,i ak,j . (38)

Since the set of all âi, p̂ forms a complete orthonormal
basis, the k-sum on the r.h.s. of the above equation is
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identical to δi,j − pi pj . As a consequence the remaining
sums over i and j can be performed independently from
each other. Finally, by integrating over the independent
variables τ and τ1, a straightforward calculation leads to

n−2
∑

k=0

αk(t)αk(t1) =

n−1
∑

i=0

Gi(t)Gi(t1)−R(t)R(t1) , (39)

where Gi(t) is the integral corresponding to gi(τ). Since
pq(t1) ≥ pq(t), we eventually end up with the “best case”,
if we simply set pq(t1) = pq(t) in (35), that is,

S(t) ≥
∫ t

0

dt1

n−1
∑

i=0

Gi(t)Gi(t1)−R(t)R(t1) . (40)

The “worst case” results by setting pq(t1) = pq(0), e.g.,
pq(t1)/pq(t) ≤ e ≈ 2.7 for t ≤ τR.

It is worth to mention that the above equation does
not depend on the additional variables. Moreover, since
we typically consider relaxation times which are much
larger than the time scale at which correlations decay,
Gi(t1) and R(t1) are approximately constant rates, at
least as long as correlations do not reappear. We hence
obtain

S(t) ≥ t

[

n−1
∑

i=0

Gi(t)2 −R(t)2

]

. (41)

This result coincides with the fourth order estimation
S(t) which were derived for investigations in the context
of relaxation in closed quantum systems, e.g., in modular
quantum systems consisting of only two subunits1.

D. Range of the Second Order Validity

ra
ti
o

f
(t

)
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time t

τR tB

FIG. 5: Sketch for the ratio f(t) = W S(t)/R(t) [continuous
curve] between the two contributions in (35). Due to the fact
that f(t) increases monotonously, there is a “breakdown time”
tB with f(tB) = 1. Nevertheless, the second order prediction
is not affected in the case of tB � τR.

In this Sec. we are going to quantify the validity range
of the second order prediction which is obtained from
the original projection onto the local densities only. To
this end we will define a measure χ which is suitable for
any situation. But in the context of completely decaying
and not reappearing correlations this measure directly
determines the range of length scales on which diffusive
behavior is to be expected, that is,

qmin

qmax

=
lmin

lmax

≈ 2
√

χ , (42)

where qmin (lmax), qmax (lmin) correspond to the longest,
respectively shortest exponentially relaxing pq(t). Below
lmin ballistic transport occurs, whereas beyond lmax any
non-diffusive type of transport, e.g., insulating behavior
may emerge.

To start with, we consider the two contributions which
occur in (35). Their ratio

f(t) =
W 2S(t)

W R(t)
= W

S(t)

R(t)
(43)

typically is a monotonously increasing function, cf. (41).
As a consequence there always exists a time tB with
f(tB) = 1, that is, a time where both contributions are
equally large, see Fig. 5. But this fact does not restrict
the validity of the second order prediction, if tB � τR

and therefore f(τR) � 1. The validity obviously breaks
down only in the case of, say, f(τR) ≈ 1 or even larger.

Since f(t) and τR depend on W , we use the definition
of the relaxation time

exp
[

−W

∫ τR

0

dt1 R(t1)
]

= exp
[

− 1
]

(44)

in order to replace W in (43). Due to this replacement
f(τR) becomes a function of the free variable τR,

f(τR) = S(τR)
[

R(τR)

∫ τR

0

dt1 R(t1)
]

−1

. (45)

(τR still depends on W , of course.) Because also f(τR)
usually turns out to increase monotonously, we define
max(τR) as the maximum τR for which f(τR) is still
smaller than 1. Note that this maximum relaxation time
already specifies the validity range of the second order
prediction, cf. Fig. 6.

However, we usually deal with decaying correlations
and it is hence useful to set max(τR) in relation to τC .
We therefore define the measure χ as the dimensionless
quantity χ = τC/max(τR). For example, χ = 1 directly
implies the breakdown of the second order prediction on
relatively short time scales in the order of τC , whereas
χ = 0 strongly indicates its unrestricted validity.

For practical purposes an interpretation of χ in the
context of length scales certainly is advantageous. Such
an interpretation essentially requires the inversion of
(44). In general this can only be done by numerics. But
if correlations decay completely and do not reappear, we
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FIG. 6: Schematic plot for the ratio f(τR) [continuous curve].
max(τR) is the maximum τR with f(τR) < 1 and specifies the
validity range of the second order prediction.

have τR = 1/(W R) for τR � τC . For sufficiently small q
we may approximate W ≈ q2 λ2 and write

2 τC =
1

q2
max λ2 R

,
max(τR)

2
=

1

q2
min λ2 R

, (46)

where the factors 2 and 1/2 are chosen to slightly fulfill
τC � τR � max(τR), that is, qmin, qmax correspond to
the longest, respectively shortest exponentially relaxing
pq(t). We finally end up with qmin/qmax ≈ 2

√
χ.

It remains to clarify what estimation for S(t) should
be chosen for the calculation of χ. This choice basically
depends on the intention: One may show that χ is small
even in the “worst case” or that χ is large in spite of the
“best case” assumption, see Sec. III.

III. GUIDE TO PUBLICATIONS (REFS.1–6)

The present Sec. gives a short overview of the pertinent
papers for the work at hand. This overview also includes
a description of the respective methods and results which
are briefly discussed and related to the ideas of the former
Secs. I and II.

A. Modular Quantum Systems with Random
Interactions

1. Types of Transport and their Length Scale Dependence

In Refs.2,3 a model is considered which is “designed”
for the application of our method, since it perfectly fulfills
almost all properties which have been assumed in the
previous Sec. II. Here, the projection onto local densities
and second order TCL remarkably allow for a complete

characterization of all available types of transport as well
as their dependence on the considered length scale.

To begin with the model is a modular quantum system
and given as a chain of identical local subunits with an
equidistant spectrum. Amongst these local subunits the
transport of a single excitation is investigated. Since also
the next-neighbor interactions are chosen to be identical
for all adjacent sites, the model essentially is translational
invariant. The peculiarity of the system basically is the
choice of the next-neighbor interaction as a fully random
matrix (GOE/GUE). This choice is primarily made in
order to avoid any bias on the one hand and to fulfill
the Van Hove property on the other hand, cf. Sec. II C.
Even though such interactions are commonly considered
in the context of random matrix theory and quantum
chaos, both concepts are not required for our method.
For a discussion of this issue see the next paper4.

Although the model is not meant to describe a “real”
system, it may be viewed as a very simplified model for a
chain of atoms or molecules. In this case the hopping of
the excitation from one subunit to another corresponds
to energy transport. In addition it may be viewed as a
tight-binding model for particles on a lattice. In this case
the hopping corresponds to particle transport. There are
many “orbitals” per lattice site but no particle-particle
interactions in the sense of the Hubbard model. Despite
the randomness, this is a model without disorder in the
sense of, say, Anderson39. Some literature on the system
at hand can also be found in1,4,5,10,46.

The application of the projection onto local densities
and second order TCL eventually yield the prediction of
diffusive behavior on an intermediate length scale. This
prediction, and all following as well, perfectly agree with
the numerical solution of the time-dependent Schrödinger
equation which is obtained from exact diagonalization.
Additionally, the breakdown of diffusive dynamics and
a transition towards ballistic transport is found in the
limit of both short- and long-wavelength modes. The first
transition in the limit of small length scales corresponds
to those modes which decay on comparatively short time
scales below the correlation time. In contrast the second
transition in the limit of large length scales appears for
those modes which relax on very long time scales where
correlations reappear due to the equidistant spectrum of
the local subunits. These results are derived analytically
and the respective conditions are given explicitly.

For the sake of completeness, a brief interpretation of
the above results should be provided here. The first case
of short-wavelength modes may routinely be interpreted
as the breakdown of diffusive behavior below some, say,
mean free path. But the second case of long-wavelength
modes does not fit into this scheme of interpretation, of
course. It may nevertheless be interpreted by means of
standard solid state theory where ballistic transport is
predicted for all translational invariant systems without
particle-particle interactions. However, the emergence of
diffusive dynamics on intermediate length scales clearly
indicates the breakdown of standard solid state theory
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due to the fact that the system is too “small”, see the
unpublished Fig. 7 in Appendix A 1.

2. Relationship to Quantum Chaos

In Ref.4 the relationship between diffusive transport
and quantum chaos is investigated. Amongst others the
above model is used for this investigation, because the
occurrence of diffusive behavior has reliably been shown
and the respective conditions are explicitly known. Since
the interaction basically is a random matrix, the model
is expected to show a transition to chaos in the limit of
large coupling strengths. Remarkably, other than most
of the pertinent literature, the great advantage of this
model is the fact that the impact of chaos on transport
can be studied without modelling external baths or using
the Kubo formula, cf. Sec. I B.

The paper is a numerical experiment which essentially
relies on two quantities: The first quantity measures the
deviation from perfectly diffusive behavior, whereas the
second quantity measures the deviation from the fully
chaotic Wigner NNLSD. Since the intention is to reveal
correlations, both measures are evaluated with respect to
a single parameter which induces a transition to chaos,
e.g., the interaction strength. According to the previous
paper2, the coupling strength also induces a transition
between the different types of transport, namely, from
ballistic over diffusive to ballistic again.

For the above system it eventually turns out that a
Wigner-like distribution is not a sufficient condition for
normal transport, e.g., for system of finite size diffusive
behavior definitely breaks down in the limit of strong
couplings. However, a Wigner-like NNLSD is clearly in-
dicated as a necessary criterion, especially since both
measures take on their minimum value at exactly the
same position. This result is also reproduced for another
modular quantum system which is similarly character-
ized by random interactions but not restricted to some
one-particle subspace.

Finally, the s = 1/2 Heisenberg chain is considered as
an example for a “real” system. In particular disorder is
introduced in terms of an external magnetic field which is
non-uniform, that is, the strength varies randomly from
site to site. Here, the amount of disorder is a parameter
which induces a transition from Poissonian over Wigner
to Poissonian NNLSD again, see also66. For each of these
cases the dynamics of the magnetization is investigated
in the following way: The chain is partitioned into two
subunits, namely, the first and the second half, and the
time evolution for the magnetization of the, e.g., first half
is calculated, e.g., completely excited at the beginning.
It eventually turns out that normal behavior is indicated
only in the Wigner case (intermediate disorder), whereas
in the Poissonian cases indications of ballistic behavior
(weak disorder) as well as localization (strong disorder)
are found. A Wigner-like NNLSD therefore seems to be
even a sufficient condition for normal transport, at least

for this system.

3. Limited Validity of the Kubo Formula

Ref.5 analyzes the validity of the Kubo formula for
transport in modular quantum systems, where a current
is induced by an internal density gradient instead of an
external field, cf. Sec. I. This analysis was originally done
by the use of the so-called Hilbert Space Average Method
(HAM)75,76. But it has turned out meantime that each
HAM description corresponds to a respective description
in terms of projection operators methods, see37,77. Both
approaches have particular advantages, e.g., the HAM
method basically is independent from the concrete choice
of initial conditions. However, the reasoning in the paper
would probably be much easier to follow in the context
of the TCL method.

In fact, it is the projection onto local densities which
eventually leads to the following second order result: The
current and the internal density gradient are connected
by an integral over the current auto-correlation function
which similarly appears in the Kubo formula. The main
difference in the case of the Kubo formula is given by the
fact that time arguments do not refer to the interaction
picture but to the Heisenberg picture with respect to the
full Hamiltonian. This difference is negligible in the weak
coupling limit, of course.

In order to establish a closer connection to the Kubo
formula the Fourier transform of the above function is
investigated. Because this Fourier transform is a sum of
δ-peaks at different frequencies, a “smoothing” procedure
is performed on a frequency scale which is large enough
for a well-defined peak density but small compared to the
width of the spectrum. It is subsequently shown that the
conductivity can be extracted from the zero-frequency
contribution of the resulting smooth Fourier transform,
if there indeed is normal transport behavior. In this case
the Kubo formula turns out to be justified.

However, it is not possible to decide, whether or not
there is normal transport behavior on hand without the
additional conditions which arise from the HAM or TCL
approach. The latter result is numerically illustrated by
the use of the former modular quantum systems with
randomly structured interactions. Recall that for these
systems a transition from diffusive to ballistic dynamics
has been found, e.g, in the weak coupling limit. But the
smooth Fourier transform of the current auto-correlation
function is equally shaped for both regimes. In particular
there is no Drude peak which is supposed to appear for
ballistic transport behavior. A respective result is found
in the limit of strong couplings, too.

In conclusion these findings clearly indicate the rather
limited validity of the Kubo formula in the context of
gradient-driven transport phenomena.
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B. Anderson Model

Ref.6 considers the 3D Anderson model39, that is, a
single particle on a 3D cubic lattice with next-neighbor
hoppings and, most notably, with disorder in terms of a
random on-site potential. Since it had been suggested in
1958, the Anderson model has served as a paradigm for
transport in disordered systems14,39–43. However, other
than most of the pertinent literature, Ref.6 concretely
addresses the question, whether or not there exists some
regime for which the dynamics of the particle is in full
accord with the diffusion equation. This question partic-
ularly includes the size of the diffusive regime.

The paper at hand remarkably represents a large step
towards the application of our theory to “real” physical
situations. Moreover, the paper combines all concepts of
Sec. II and the previous papers. This combination allows
to draw definite conclusions on very large systems which
are not directly accessible by numerics, particularly with
respect to disordered systems.

First of all the 3D Anderson model is mapped onto a
modular quantum system in the following way: A whole
layer of the 3D lattice is chosen to form a local subunit,
cf. Sec. IIA. This “coarse grained” description basically
corresponds to the investigation of transport along the
direction which is perpendicular to the layers. Note that
a restriction is made by no means. The crucial point is
the fact that this way of description allows to routinely
perform the projection onto local densities and second
order TCL. The reason substantially is the similarity of
sufficiently large layers. Moreover, because the Van Hove
structure turns out to be perfectly satisfied, the range of
the second order validity is also available, see Secs. II C
and IID.

By the application of the method it eventually turns
out that on an intermediate length scale (between some
mean free path and localization length) the dynamics is
indeed diffusive (instead of sub-diffusive, super-diffusive
or anything else). Furthermore, the respective diffusion
constant for arbitrarily large systems is quantitatively
inferable from the numerical diagonalization of only two
representative layers with an accessible dimension. But
the range of corresponding wavelengths remarkably is
very limited such that the size of the diffusive regime is
extremely small, even if the amount of disorder is chosen
to maximize this range. These findings are additionally
counterchecked numerically by the use of approximative
integrators which solve the time-dependent Schrödinger
equation for systems of intermediate dimension.

Although both the 1D and 2D Anderson model are not
discussed in the paper, preliminary results indicate that
the situation is more distinct in the lower dimensional
cases, that is, diffusive dynamics seems to be completely
absent. The ballistic regime (on small length scales) and
the insulating regime (on large length scales) overlap on
an intermediate length scale such that there is no place
left in between, for any other type of transport.

Let us close with a remark on these results. So far, the

whole investigation has been done for high-temperature
states which are not restricted to any energy subspaces.
It is supposable that diffusive dynamics occurs for a much
larger range of wavelengths, if only a certain subspace of
energy is considered. We have also found first indications
in this direction. However, such a consideration requires
the introduction of energy as an additional parameter
whose treatment is conceptually more subtle within the
TCL approach and still topic of the current research.

IV. SUMMARY AND CONCLUSION

In this work the TCL projection operator technique
has been applied to transport investigations in modular
quantum systems. In particular the projection onto local
densities and the lowest order contribution of the TCL
expansion have been used as a strategy for the analysis of
transport and its length scale dependence. Furthermore,
an estimation for the validity range of the lowest order
prediction has been derived. This estimation is especially
suited to interaction types with Van Hove structure and
also provides an interpretation in the context of length
scales.

As a first application a single-particle model has been
investigated which has randomly structured interactions
but nevertheless is translational invariant. For this model
the full characterization of all available transport types
has been arrived. Remarkably, purely diffusive behavior
has reliably be shown to occur on an intermediate length
scale which is bounded by completely ballistic regimes in
the limit of short and long length scales. Amongst others
the system has also been used to demonstrate that the
onset quantum chaos is at most a necessary criterion for
the emergence of normal transport. Moreover, the rather
limited validity of the Kubo formula has been discussed
by the use of this system, too.

The next step in the context of single-particle models
has been performed by the introduction of disorder. The
3D Anderson model has firstly been shown to exhibit
fully diffusive dynamics on an intermediate length scale
between mean free path and localization length. So far,
this result is commonly expected. But it has also been
demonstrated that the diffusive regime is extremely small
and seems to vanish in lower dimensions, at least in the
limit of high temperatures. These results hence indicate
that in 1D/2D there only exist ballistic and insulating
behavior.

Naturally, the next step is given by the application of
the theory to interacting many-particle systems with or
without disorder. In fact, there already are preliminary
results for a “many-particle” model which is translational
invariant, has randomly structured interactions but does
not allow for any single-particle restriction. This model
has been discussed only briefly4,5 and basically seems to
show the same dynamical behavior as its single-particle
analog2,3. In particular a corresponding transition from
diffusive to ballistic transport is found in the limit of long
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wavelengths, cf. Figs. 9 and 10 in Appendix A3. The
main problem for this model arises from the fact that
the direct comparison with the numerical solution of the
time-dependent Schrödinger equation is not possible for
sufficiently large systems.

In a sense the TCL-based method works very well in
the context of diffusive transport phenomena. Another
candidate hence is the s = 1/2 Heisenberg spin chain in
a non-uniform magnetic field for which the investigation
has only numerically been done so far4. Nevertheless, in
order to get rid of randomness, it appears to be more
meaningful to investigate the case of a single magnetic
field barrier, e.g., in the middle of the chain. There are
unpublished results which completely coincide with the
above case, cf. Fig. 8 in Appendix A 2. Further numerical
“sampling” has discovered a variety of other spin chains
as potential candidates for the method. These candidates
typically are non-Heisenberg spin chains with a quantum
number s > 1/2 and do remarkably not include any kind
of randomness, disorder, defects, etc. However, it still
remains to clarify, whether or not the assumptions of the
theory are indeed satisfied. If not, the method has to
be expanded and adapted to the respective situation, of
course.

In conclusion the present method is still developing but
its theoretical foundations are already set and its future
application may deliver very interesting insights into the
transport behavior of interacting many-particle quantum
systems for which, e.g., common approaches may not be
confidential or even fail.

APPENDIX A: UNPUBLISHED RESULTS

1. “Energy Spaghetti”
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FIG. 7: Upper section of the Ek-vs.-k diagram for N = ∞

(curves) as well as N = 10 (dots). In the limit of small N
the band structure of distinct smooth lines apparently breaks
down towards a disconnected set of points. Other parameters:
n = 500, δε = 0.5, λ = 0.0005.

In Fig. 7 the Ek-vs.-k diagram is presented for the
single-particle model which features randomly structured

interactions but nevertheless is translational invariant,
cf. Sec. III. This additional result is numerically obtained
for exactly the same parameters which are used in2,3.

Fig. 7 is meant to demonstrate that in the limit of
many “orbitals” per site (many bands) and few sites
(few k-values) the band structure of distinct smooth lines
breaks down towards a disconnected set of points. It is
hence impossible to extract (quasi-) particle velocities by
taking derivatives of dispersion relations. The latter fact
reflects that standard solid state theory is not applicable,
if the system is too “small”. Thus, there is not necessarily
ballistic behavior for such systems and diffusive dynamics
may be expected.

2. Magnetic Field Barrier
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FIG. 8: Numerical findings for the s = 1/2 Heisenberg spin
chain. (a) The external magnetic field is uniform except for
the middle of the chain. All spins on the l.h.s. of the barrier
are chosen to be “up”, while all remaining spins are chosen
to be “down” for the initial condition. (b) Time evolution of
the magnetization difference between the both sides for the
barrier heights δB/λ = 0 (dashed curve), δB/λ = 0.5 (solid
curve) and δB/λ = 2.5 (dotted curve). Parameters: N = 13,
λ = 2.

Fig. 8 shows further numerical results for the s = 1/2
Heisenberg spin chain in an external magnetic field which
is non-uniform. The situation is almost identical to Ref.4

with only one exception: The random sequence of local
fields is replaced by a single field barrier in the middle of
the chain. This barrier apparently divides the chain into
two halves. Again the spins of the first half are chosen to
be “up”, whereas all spins of the second half are chosen
to be “down” at the beginning. The spin at the position
of the barrier may also set to be “down”, as done for the
simulation in Fig. 8.

The numerical results are very similar to4, too. Only
for an intermediate barrier height the time evolution of
the magnetization difference between the two halves is
an exponential decay to zero. Therefore normal behavior
is indicated in this case. Note that this behavior is still
associated with a Wigner-like NNLSD, cf.66. In the other
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cases indications for ballistic behavior (small heights) and
localization (large heights) are found. The corresponding
Poissonian NNLSD can also be found in66.

3. Many-Particle Analog
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FIG. 9: (a) The two contributions W R(t) [2nd order, solid
curve] and W 2 S(t) [“4th order”, dashed curve] for W = 10−4

(Other model parameters: n = 60 and ∆E = 7). (b) The 2nd
order prediction (curve) for a corresponding Fourier mode is
an exponential decay and indicates diffusive behavior. This
is in accord with the numerical solution of the Schrödinger
equation for N = 2 (crosses).

Figs. 9 and 10 show first results which are obtained
from the application of the TCL-based theory to the
many-particle analog of the model2,3. This model has
been discussed only briefly4,5 and does not allow for a
restriction to some one-particle subspace. Note that the
model is still translational invariant and characterized by
randomly structured interactions.

Despite the particle-particle interactions, the results
in Figs. 9, 10 indicate that this model shows the same
dynamical behavior as its single-particle analog, that is,
diffusive dynamics on intermediate length scales (Fig. 9)
breaks down towards ballistic transport in the limit of
large length scales (Fig. 10). The main problem for this
system arises from the fact that the direct comparison of
the second order prediction with the numerical solution of
the time-dependent Schrödinger equation is not possible
for sufficiently large systems. Consequently, the derived
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FIG. 10: (a) The two contributions W R(t) [2nd order, solid
curve] and W 2 S(t) [“4th order”, dashed curve] for W = 10−6

(Other model parameters: n = 60 and ∆E = 7). (b) The 2nd
order prediction (curve) for a corresponding Fourier mode is
a Gaussian-type decay and indicates ballistic behavior. This
is in accord with the numerical solution of the Schrödinger
equation for N = 2 (crosses).

estimation for the validity range of second order TCL is
indispensable.
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We investigate the occurrence of exponential relaxation in a certain class of closed, finite systems
on the basis of a time-convolutionless (TCL) projection operator expansion for a specific class of
initial states with vanishing inhomogeneity. It turns out that exponential behavior is to be expected
only if the leading order predicts the standard separation of timescales and if, furthermore, all higher
orders remain negligible for the full relaxation time. The latter, however, is shown to depend not only
on the perturbation (interaction) strength, but also crucially on the structure of the perturbation
matrix. It is shown that perturbations yielding exponential relaxation have to fulfill certain criteria,
one of which relates to the so-called “Van Hove structure”. All our results are verified by the
numerical integration of the full time-dependent Schrödinger equation.

PACS numbers: 05.30.-d, 03.65.Yz, 05.70.Ln

I. INTRODUCTION

A substantial part of linear non-equilibrium thermody-
namics essentially relies on a description by means of rate
equations, often in the form of master equations [1]. The
crucial quantities, such as the probability to find the sys-
tem in some state i, j or the amount of particles, energy,
etc. at points i, j in some space, are routinely believed
to follow equations like

∂

∂t
Pi =

∑

j

R(j → i)Pj −
∑

j

R(i→ j)Pi, (1)

with time-independent transition rates from i to j, R(i→
j). Pertinent examples are the decay of excitations in
atoms, nuclear decay, etc. But also diffusive transport
phenomena belong to that class, since the diffusion equa-
tion can also be formulated to take the above form (ran-
dom walk dynamics). Another implementation of that
scheme is the (linear) Boltzmann equation [1, 2] where
particle scattering is taken into account by means of tran-
sition rates, and many more could be named.
However, regardless of the incontestable success of such
descriptions, the strict derivation of rate equations from
underlaying principles often remains a problem. Typ-
ically, the descriptiveness by means of rate equations is
taken for granted. Since those rate equations yield an ex-
ponential decay towards equilibrium, the basic question
may be formulated as: How can an exponential decay of
some observable be derived from the Schrödinger equa-
tion?
On the basis of quantum mechanics the most popu-

lar approach to this question is probably Fermi’s Golden

∗Electronic address: cbartsch@uos.de

Rule [3]. Despite the undisputed descriptive success of
this scheme, it is simply derived from first order pertur-
bation theory, e.g., its validity generally breaks down on
a timescale much shorter than the resulting relaxation
time. Therefore it can hardly describe a complete decay
into equilibrium. One of the few concrete, concise deriva-
tions of exponential decay is the Weisskopf-Wigner the-
ory for the relaxation of excitations in an atom due to the
coupling of the atom to a zero-temperature, broad-band
electromagnetic field [4]. However, this theory is hardly
generalizable, since it only applies if just one state is cou-
pled to a multitude of others, rather than many states
coupled to many others, as is typically the case.
A more abstract, rather fundamental approach has been
suggested by Van Hove [5, 6]. It is based on (infinite)
quantum systems having continuous state densities and
interactions which are described by smooth functions
rather than discrete matrices. However, a lot of the find-
ings for discrete systems in the paper at hand are quite
parallel to Van Hove’s, as will be pointed out below.
Other approaches are based on projection operator tech-
niques, in particular the well-known Nakajima-Zwanzig
(NZ) method. This method is commonly used in the
context of open quantum systems, i.e., systems that al-
low for a partition according to a considered system (or
simply “system”) and an environment [1, 7]. For a spe-
cific choice of the initial condition, as pointed out below,
the projection onto the system’s degrees of freedom even-
tually leads to an autonomous master equation describ-
ing the dynamics of the system, based on a systematic
perturbation expansion. But in general, due to the com-
plexity of higher orders, only the leading order is taken
into account. In the paper at hand we will demonstrate
that this truncation may produce wrong results even and
especially for the case of fast decaying correlation func-
tions and arbitrarily weak interactions.
A further approach to this topic is based on the descrip-
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tion of quasi-particle dynamics in many-particle systems
by the use of Green’s functions [8]. These considerations
indicate the validity of a Boltzmann equation.
In the present paper we will employ another projection
operator technique, the so-called time-convolutionless
(TCL) method [9–14]. In the following we will follow the
TCL-method as detailed in [14]. In Sec. II we introduce
our rather abstract Hamiltonian for a “closed quantum”
system (consisting of an unperturbed part and a pertur-
bation) and define an also rather abstract observable, the
dynamics of which we are going to investigate. In Sec. IV
we demonstrate how the TCL technique can be used
to compute the above dynamics of the variable. (This
is somewhat reminiscent of projection techniques using
“correlated projectors” [15, 16].) We tune our models
such that a leading order truncation predicts exponential
decay. For a “random interaction” this prediction turns
out to be correct, as is verified by the numerically exact
solution of the full time-dependent Schrödinger equation.
In the following Sec. V non-random (“structured”) per-
turbation matrices are discussed in more detail. While
a leading order truncation still predicts exponential re-
laxation, it is demonstrated that this prediction may fail
even for arbitrarily large models and arbitrarily small
interactions. This breakdown stems from the fact that
higher order contributions are not negligible if the in-
teraction matrix violates certain criteria. Before we will
close with a summary and conclusion in Sec. VI, these
criteria will be also related to those conditions which Van
Hove postulated in order to explain the occurrence of ex-
ponential relaxation.

II. MODELS, OBSERVABLES AND

INTERPRETATION OF DYNAMICS

In the present paper we will analyze quantum mod-
els which are much simpler than most of the examples
mentioned in the introduction. They are defined on a
very general, rather formal level and are not meant to
describe any specific, realistic quantum system in great
detail. The Hamiltonian is taken to consist of a local part
H0 and an interaction part V such that H = H0 +V . In
particular, V is assumed to take the special form of an
“off-diagonal block structure” in the eigenbasis of H0,
that is, the matrix representation of H may be written

as

H =
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(2)

or, equivalently to the above notation, H = H0 + V may
also be written as

H0 =

n−1
∑

i=0

i

n− 1
δε |i〉〈i|+

n−1
∑

j=0

j

n− 1
δε |j〉〈j| ,

V =





n−1
∑

i,j=0

vij |i〉〈j|+H.c.



 , (3)

where |i〉, |j〉 form the basis in which (2) is represented.
Obviously, the complete Hilbert space is divided into two
subspaces, where i runs through the states of the first
and j through the states of the second subspace, respec-
tively. Obviously, H0 may correspondingly be separated
into two parts which we only specify very roughly at
this point by two parameters: There are two identical
“bands” with width δε and n equidistant energy levels
each.
The average strength of the interaction V is measured by

λ2 =
1

n2

n−1
∑

i,j=0

|vij |2 . (4)

In our first example in Sec. IV we take the matrix ele-
ments vij in the off-diagonal blocks to be Gaussian, com-
plex, random numbers. For the other examples V will be
specified below. In all cases the matrix elements of V in
the diagonal blocks are all zero, just to keep the picture
as simple as possible.
We will investigate the (relaxation) dynamics of an ab-
stract observable a, represented by an operator A, which
is chosen in such a way that

[A,H0] = 0 , Tr{A} = 0 , Tr{A2} = 1 . (5)

The first of these properties states that A is diagonal
in the eigenbasis of H0, while the remaining two prop-
erties do not mean crucial restrictions on A. While
all of the following will be correct for any A featuring
the above properties, we mainly concentrate in our ex-
amples on “binary” operators, i.e., operators featuring
only two different eigenvalues, namely, + 1/

√
2n in one



19

subspace and − 1/
√
2n in the other. This means that

a ≡ Tr{Aρ} = +1/
√
2n indicates that the system en-

tirely occupies one subspace and a = − 1/
√
2n indicates

that it entirely occupies the other subspace. (Here, ρ is
the density matrix for the state of the system.) If and
only if a(t) is found to relax exponentially to zero, the
system allows for a merely statistical interpretation en-
tirely beyond quantum physics: it is then in accord with
a system featuring two distinguishable states in between
it can “hop” with a given transition rate, the latter being
equal for both directions. a then represents the difference
between the probabilities of finding it in one or the other
state, respectively.
In an abstract way the above model may represent many
physical situations. It may be viewed as a simplified
model for the exchange of an excitation between, e.g.,
two weakly coupled atoms, molecules, quantum dots, etc.
A then represents the probability to find atom 1 excited,
subtracted by the probability to find atom 2 excited, V
represents the coupling in this scenario. Or it may model
the momentum dynamics of a particle bound to one di-
mension which possibly changes its direction (forward-
backward) due to some scattering. In a many-particle
system the current operator could be identified with A
and V may stand for a particle-particle interaction. This
way the dynamics of the current autocorrelation func-
tion could be investigated based on the framework be-
low. More detailed information about such models can
be found in [17–22].

III. TCL SCHEME AND CHOICE OF THE

PROJECTION OPERATOR

In this section we give a short overview of the time-
convolutionless (TCL) projection operator technique [13,
14]. Furthermore, we introduce the pertinent equations
which are applied to models with various interactions in
Sec. IV and Sec. V. A detailed derivation of these equa-
tions is beyond the scope of this paper and can be found
in [14, 20].
The TCL method is a projection operator technique such
as the well-known Nakajima-Zwanzig technique [23, 24].
Both are applied in order to describe the reduced dynam-
ics of a quantum system with a Hamiltonian of the type
H = H0 + V . Generally, the full dynamics of the system
are given by the Liouville-von Neumann equation,

∂

∂t
ρ(t) = −ı [V (t), ρ(t) ] = L(t) ρ(t) . (6)

(Now and in the following all equations are denoted in
the interaction picture.) In order to describe the reduced
dynamics of the system, one has to construct a suitable
projection operator P which projects onto the relevant
part of the density matrix ρ(t). P has to satisfy the
property P2 ρ(t) = P ρ(t). Recall that in our case the
relevant variable is chosen as the expectation value a(t)

of the binary operator A. For initial states ρ(0) with

P ρ(0) = ρ(0) (7)

the TCL method yields a closed time-local equation for
the dynamics of P ρ(t),

∂

∂t
P ρ(t) = K(t)P ρ(t) (8)

with

K(t) =
∞
∑

i=1

Ki(t) . (9)

The TCL technique avoids the usually troublesome time
convolution which appears, e.g., in the context of the
Nakajima-Zwanzig technique. Eq. (8) and (9) represent
a formally exact perturbative expansion.
A brief comment on initial conditions should be made
here. If (7) is not fulfilled, of course an additional inho-
mogeneity appears on the r.h.s. of (8). This may change
the solutions of (8) drastically, c.f. [25] and references
therein. However, for the model to be addressed below,
there is substantial numerical evidence that, for a large
set of initial states that do not fulfill (7), the dynamics
are nevertheless reasonably well described by (8) (with-
out inhomogeneity) [17, 20, 26–29]. Having mentioned
this issue we consider in the following exclusively initial
states in accord with (7).
For many models the odd cumulants of the expansion
(9) vanish: K2i+1(t) = 0. This will turn out to apply to
our model as well. The lowest non-vanishing order scales
quadratically with λ and reads

K2(t) =

∫ t

0

dt1 P L(t)L(t1)P . (10)

For the fourth order term one finds

K4(t) =

∫ t

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3

P L(t)L(t1)L(t2)L(t3)P
− P L(t)L(t1)P L(t2)L(t3)P
− P L(t)L(t2)P L(t1)L(t3)P
− P L(t)L(t3)P L(t1)L(t2)P . (11)

Note that the TCL approach is commonly used in the
context of open quantum systems [1, 14, 23, 24]. The
TCL method is, however, also applicable to our closed
quantum system.
To those ends, we define the projection operator P by

P ρ(t) ≡ 1

2n
1̂ +ATr{Aρ(t)} = 1

2n
1̂ +Aa(t) . (12)

As already mentioned above, P is constructed to project
onto the time-dependent expectation value a(t) of the
binary operator A, in the Schrödinger picture. But since
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A commutes with H0, this expectation value is identical
in the interaction and the Schrödinger picture. The full
dynamics [Hilbert space: dimension 2n, Liouville space
of density matrices: dimension (2n)2] is broken down to
the time evolution of the single variable a(t), all other
information is neglected. As a suitable initial condition
we can then choose ρ(0) = (1/2n) 1̂ + (1/

√
2n)A which

implies a(0) = 1/
√
2n. Inserting Eq. (12) into Eq. (8)

yields the closed equation

ȧ(t) =

∞
∑

i=1

Ki(t) a(t) (13)

with Ki(t) = Tr{AKi(t)A}. Due to Eq. (12), the second
order term reads

K2(t) = −
∫ t

0

dt′ C(t′) , (14)

where the two-point correlation function C(t′) is given
by

C(t′) = Tr
{

ı[V (t), A ] ı[V (t1), A ]
}

, t′ ≡ t− t1 . (15)

A rather lengthy but straightforward calculation yields
for the fourth order

K4(t) =

∫ t

0

dt1

∫ t1

0

dt2

∫ t2

0

dt3 I1 + I2 + I3 + I4,

I1 = Tr
{

[V (t1), [V (t), A] ] [V (t2), [V (t3), A] ]
}

,

I2 = − C(t− t1) C(t2 − t3) ,

I3 = − C(t− t2) C(t1 − t3) ,

I4 = − C(t− t3) C(t1 − t2) . (16)

IV. SECOND ORDER TCL AND COMPLETELY

RANDOM INTERACTION

In this section we apply the equations in second order
TCL to a model with the completely random interaction
introduced in Sec. II. The function C(t′) in Eq. (15) is
identical to the autocorrelation function of the interac-
tion, since it can also be written as

C(t′) =
4

n

n−1
∑

i,j=0

|vij |2 cos[ωij (t− t1) ] (17)

with frequencies ωij = (i−j)/(n−1) δε corresponding to
H0. Here, just like in many other examples, C(t′) de-
cays within the correlation time τC which is of the order
of τC ≈ 4π/δε for our model. Afterwards the integral
K2(t) becomes approximately time-independent and as-
sumes a constant value R until the “Heisenberg time”
T = 2π n/δε is reached. This behavior can be inferred
from integrating (17) and exploiting the properties of the
sinc-function. From this analysis also R may be found

with an accuracy determined by the law of large num-
bers. Thus the second order approximation of Eq. (13)
eventually results in

ȧ(t) = −R a(t) , R ≈ 4π nλ2

δε
. (18)

We hence obtain a rate equation featuring the form of
Eq. (1) and thus exponential dynamics for a(t). The
solutions for a(t) decay exponentially with a relaxation
time τR = 1/R. However, this result is only valid within
the boundaries τC � τR < T , because K2(t) can only
be considered as time-independent up to the Heisenberg
time. Recall to this end that our model features equidis-
tant energies such that C(t′) is strictly periodic with T .
These two boundaries also result in two necessary criteria
for the system parameters which have to be fulfilled in
order to produce the occurrence of exponential dynamics,

16π2 nλ2

δε2
� 1 ,

8π2 n2 λ2

δε2
> 1 . (19)

Remarkably, the whole derivation of the rate equation
using second order TCL does not depend on the details
of the interaction, i.e., the individual absolute values of
the single matrix elements as well as their relative phases
are not relevant. We should already mention here that
the “structure”, which we are going to introduce into the
interaction in the following section, only concerns those
details, hence the second order contribution K2 will be
the same in all our following examples.
In Fig. 1 the numerical solution of the Schrödinger equa-
tion is shown for the above repeatedly mentioned ran-
dom interaction and compared with the TCL prediction.
All parameters (the width of the Gaussian distribution
according to which the matrix elements of V are gen-
erated, the bandwith, etc.) are adjusted such that the
criteria (19) are well satisfied. This solution is obtained
by exact diagonalization. And in fact, we find a very
good agreement with the theoretical prediction of second
order TCL.

V. FOURTH ORDER TCL AND NON-RANDOM

INTERACTIONS

In this section we will be concerned with the structure
of the interaction matrix and, especially, its influence on
the time evolution of the expectation value a(t). It will
be demonstrated that the theoretical prediction (18) of
second order TCL fails to describe the numerically exact
solution of the Schrödinger equation correctly for certain
“interaction types”, even and especially if the conditions
(19) are fulfilled, i.e., the “strength” is “adequate”. We
will outline that this failure stems from the fact that the
fourth order contribution of the TCL expansion is not
negligible on the relaxation timescale which is obtained
from second order TCL. However, the exact evaluation
of K4(t) turns out to be almost impossible, analytically
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time t

a
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(0
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4000

FIG. 1: Time evolution of the expectation value a(t) for an
interaction with completely random vij . The numerical result
(crosses) indicates exponential behavior and is in very good
agreement with the theoretical prediction (18) of second order
TCL (continuous curve). The system parameters n = 1000,
δε = 0.5, λ = 2.5 · 10−4 fulfill the conditions (19).

and numerically. Instead we will present feasible estima-
tions of K4(t)/K2(t) based on suitable approximations of
K4(t) called S(t) (see (23, 38)). Whenever

q(t) ≡ S(t)

K2(t)
< 1 (20)

is violated the influence of higher order terms is not neg-
ligible. If this is the case for times t of the order of or
shorter than τR, no exponential relaxation will result.

A. Uniform Interactions and Van Hove structure

Let us start with an example. Fig. 2 shows the time
evolution of the expectation value a(t) for an interac-
tion with vij = λ. This type of interaction is, of course,
highly non-random, since all matrix elements have the
same absolute value and phase. The second order ap-
proximation obviously yields a wrong description for this
interaction structure, that is, the dynamics are not ex-
ponential, although both of the conditions (19) are well
fulfilled. It should be remarked again that the observed
non-exponential behavior definitely is a structural issue.
For instance, it can not be “repaired” by simply decreas-
ing the overall interaction strength, because this decrease
would eventually lead to the violation of the criteria (19).

To analyze this model we now develop our first estimate
S(t) for K4(t) which concerns the timescale t >≈ τC . We
start from from Eq. (16), where we abbreviate the triple
time integration by a single “

∫

”. One may hence write
K4(t) =

∫

I1+ I2+ I3+ I4. Fig. 3 shows a sketch for the
integration volume of K4(t) in the 3-dimensional space
which is spanned by t1, t2, t3. The integration does not
run over the whole cube with the edge length t, but only
over the region where t3 ≤ t2 ≤ t1 holds.
C(t−t1) is the autocorrelation function of the interaction
which has already been mentioned in (15). Recall that

0

time t

a
(t

)/
a
(0

)

−0.5

1

25000

FIG. 2: Time evolution of the expectation value a(t) for an
interaction with vij = λ. The theoretical prediction (18) of
second order TCL (continuous curve) fails to describe the
numerical solution (crosses) correctly, although the system
parameters n = 1000, δε = 0.5, λ = 2.5 · 10−4 still fulfill the
conditions (19). V violates the Van Hove structure.

FIG. 3: Sketch for the integration volume of K4(t) for fixed
t. The cube with the edge length t is drawn with thin lines,
the actual integration volume is marked with thick lines. The
dashed lines represent the changed integration volume which
is used in the approximations.

C(t′) is only different from zero around t′ = 0 in a small
interval of the width τC . Thus, the integrands I2, I3, I4

are only different from zero in a small volume around the
region where both of the arguments are equal for each of
the two multiplied correlation functions.
First of all let us focus on I3 as well as I4. The integrand
I3 contributes to K4(t) for t = t2 and t1 = t3, while the
integrand I4 contributes to K4(t) for t = t3 and t1 = t2,
respectively. The sketch in Fig. 3 displays that both of
these regions overlap only in the vicinity of one single
point with the integration volume of K4(t), namely, at
the point where all arguments are equal to t. Especially,
this overlap does not increase with t. Therefore the triple
time integration is estimated by

∫

I3 ≈
∫

I4 ≈ C(0)2 τ3
C .
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Using the estimate R ≈ C(0) τC , we eventually obtain
for the ratio between the contributions from I3, I4 to the
fourth order and the second order K2(t > τC) for times
t > τC

∫

I3

R
≈

∫

I4

R
≈ C(0) τ2

C ≈
τC

τR
≡ α . (21)

Recall that the derivation of exponential behavior within
second order TCL has required τC � τR or, equivalently,
α � 1 such that the contributions to K4(t) which arise
from I3 and I4 are negligible, at least in comparison with
R.
Analogous conclusions cannot be made for the term I2,
because its overlap with the integration volume is larger
and grows with t. We have to find another estimation
for the contributions of I2 as well as I1, of course. Our
estimation is based on the fact that neither I2 nor I1

can decay on a shorter timescale than τC in any possible
direction of the (t1, t2, t3)-space. This fact is obviously
correct for I2. But what about I1? Since the term I1

consists of summands which have the typical form

vab vbc vcd vda e
−ı ωab t e−ı ωbc t1 e−ı ωcd t2 e−ı ωda t3 , (22)

only those frequencies and, especially, those largest fre-
quencies in I1 which have already appeared in C(t′) con-
tribute significantly to I1. Consequently, I1 can never
decay faster than C(t′) in any possible direction of the
(t1, t2, t3)-space. In the (possibly unrealistic) “best case”
I1+ I2 decays within τC around the point I1/2(t, t, t, t) =
I1/2(0, 0, 0, 0) ≡ I1/2(0). We can therefore estimate the
value of q(τC) by
∫

I1 + I2

R
≈ [ I1(0)− C(0)2 ] τ3

C

C(0) τC
=

[

I1(0)

C(0)2
− 1

]

α ≡ β .

(23)
β is a lower bound for the ratio between the fourth and
the second order of TCL for times t > τC . If β ≈ 1 or
even larger, then K4(t > τC) dominates K2(t > τC), that
is, exponential behavior in terms of the second order
prediction cannot occur. But β � 1, however, does not
allow for a strict conclusion, since a slower decay of I1 or
I2, as the case may be, raises their contribution to K4(t).
Nevertheless, the condition β � 1 is an additional
criterion for the occurrence of exponential decay which
involves the structure of V .

In the following we will discuss why and to what ex-
tend β and, especially, the ratio I1(0)/C(0)2 is related to
the conditions which have been postulated by Van Hove
for the interaction V in order to explain the onset of ex-
ponential relaxation, see [5, 6]. To this end, let us define
a hermitian operator G by

G ≡ [V, [V,A] ] . (24)

A straightforward calculation yields

I1(0) = Tr{G2} =
∑

i,j

|Gij |2 , C(0) = Tr{AG} , (25)

where Gij represents the matrix elements of G in the
eigenbasis of H0. Furthermore, let us also introduce the
superoperator D which is given by

DM ≡
∑

i

|i〉Mii 〈i| (26)

and projects any operator M onto its diagonal elements
in the eigenbasis of H0. Then the expression

(A,G) ≡ Tr{ADG} (27)

defines an inner product between the operators A and G,
because (A,G) = (G,A)∗[= (G,A)] holds and (A,A) =
1, as well as (G,G) =

∑

i G2
ii, are both positive, real num-

bers. The Schwartz inequality (A,G)2 ≤ (A,A)2 (G,G)2

can consequently be formulated. By the use of (A,G) =
C(0) we eventually obtain

C(0)2 ≤
∑

i

G2
ii ≤

∑

i,j

|Gij |2 = I1(0) , (28)

i.e., I1(0)/C(0)2 ≥ 1. C(0)2 is at most as large as the sum
of the squared diagonal elements of G, according to the
above equation. Therefore I1(0)/C(0)2 ≈ 1 and hence
sufficiently small β can only be realized if the diagonal
elements of G and thus the diagonal elements of V 2 are
as large as possible in comparison with the remaining
non-diagonal elements of V 2 (G). In principle, this is
essentially what Van Hove proclaimed [5, 6].
In this sense, we define the “Van Hove structure” in the
context of finite quantum systems: The interaction V is
said to feature Van Hove structure if

β′ ≡ I1(0)

C(0)2
α � 1 , (29)

while all conditions of second order TCL are simultane-
ously kept, of course. The latter refers to the validity
of Eq. (19). The comparison with (23) shows that the
Van Hove structure implies β � 1 and hence the relax-
ation may possibly be exponential, as described by the
second order. Since the evaluation of β′ is much more
efficient than the complete computation of fourth order
TCL (there is no time dependence left, e.g., I1(0) only
depends on t = t1 = t2 = t3 = 0), the Van Hove struc-
ture eventually is an assessable criterion for the possible
occurrence of exponential decay. It is a criterion in the
sense that only if (29) is satisfied, a use of the second
order approximation is justified for any time longer than
the correlation time, i.e., t > τC .
Let us now apply these results to the already introduced
models with random and non-random (vij = λ) interac-
tions, respectively. The only term which varies for the
different models is I1(0), since the terms C(0)2 ≈ n2λ4

and α ≈ 16π2nλ2/δε2 (again with an accuracy set by the
law of large numbers for the random interaction) are the
same for random and non-random interactions. For the
random interaction a straightforward calculation leads to

I1(0) = 32n2 λ4 , β′ = 2α � 1 (30)
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such that the random interaction indeed features Van
Hove structure. This agrees with the numerical results
in Fig. 1 which yielded exponential relaxation. In the
case vij = λ, however, we finally obtain

I1(0) = 16n3 λ4 , β′ =
16π2 n2 λ2

δε2
, (31)

where β′ > 1, according to Eq. (19). The absence of the
Van Hove structure already suffices to explain the break-
down of exponential behavior in Fig. 2.
One may nevertheless be inclined to argue that the Van
Hove structure is not the crucial difference between those
two cases but simply the randomness of the matrix el-
ements (which possibly induces quantum chaos). We
therefore present a counter-example which immediately
disproves such an argument. The example is slightly dif-
ferent from the others, since the complete system is not
partitioned into equally large subspaces. n1 and n2 de-
fine the number of levels of the respective subspaces. One
subspace consists of only one state (n1 = 1). Thus, in
the matrix V there is only a single column with non-
zero elements and a single row, respectively. Although
these non-zero elements are chosen to be all equal (non-
random), it can be shown that this V features Van Hove
structure. Note that such a Hamiltonian occurs, e.g., in
the context of spin-boson models at zero temperature or
the scenario addressed by the Weisskopf-Wigner theory,
see [14].

time t

a
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a
(0

)

0

0

1

4000

FIG. 4: Time evolution of the expectation value a(t) for the
interaction of spin-boson type. The numerical result (crosses)
indicates exponential behavior and perfectly agrees with the
theoretical prediction (18) of second order TCL (continuous
curve). System parameters: n1 = 1 (single level), n2 = 2000
(many levels), δε = 0.5, λ = 2.5 · 10−4.

Fig. 4 shows an almost perfect correspondence between
the numerical solution of the Schrödinger equation and
the theoretical prediction (18) which is obtained by the
use of second order TCL. Here, exponential relaxation is
found, although V is not randomly chosen.

B. Sparse Interaction and Localization

So far, we numerically found exponential decay in ac-
cord with the second order for all considered models that
showed the Van Hove structure. There is, however, non-
exponential behavior for some types of interactions which
feature the Van Hove property in the sense of (29) and
are in accord with (19). Recall that those are only nec-
essary but not sufficient conditions for the occurrence of
exponential decay.
An example for such a situation is a model with a random
but, say, “sparsely populated” interaction. This model is
almost identical to the model with the completely ran-
dom interaction. The only difference is that only 1/10 of
the matrix elements are Gaussian distributed numbers,
all others are zero. The non-zero numbers are randomly
placed. Apparently, this type of interaction fulfills the
Van Hove structure, since the completely random inter-
action already does.

time t
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FIG. 5: Time evolution of the expectation value a(t) for an
interaction with random but “sparsely populated” vij . The
theoretical prediction (18) of second order TCL (continuous
curve) deviates from the numerical solution (crosses), even
though the Van Hove structure as well as the conditions (19)
are fulfilled. System parameters: n = 1000, δε = 0.5, λ =
2.5 · 10−4.

Fig. 5 displays the numerical solution of the Schrödinger
equation and the theoretical prediction (18) of second
order TCL. At the beginning there is a good agreement
but then the numerical solution starts to deviate from a
purely exponential decay and finally sticks at a clearly
positive value. The latter non-zero value may be a hint
towards localization effects which also appear, e.g., in the
context of the Anderson model [30–33]. And in fact, the
sparsely populated interaction takes a form which is very
similar to the Hamiltonian of the, e.g., 3-dimensional An-
derson model in the chaotic regime.
Apparently, we have to extend the analysis of the fourth
order: There is no exponential behavior by the means of
a complete exponential decay, although V fulfills the Van
Hove property. Recall that the Van Hove criterion has
been derived from the consideration of times t <≈ τC

and thus t = t1 = t2 = t3 <≈ τC . Hence, we have to
reconsider the full time dependence of the fourth order
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to produce a feasible estimate for the timescale t ≈ τR.
To this end, the integrand I1 is expressed by

I1 = Tr{G(t1, t)G(t2, t3) } , (32)

where the hermitian operator G(t1, t) is again given by

G(t, t1) ≡ [V (t), [V (t1), A] ] . (33)

If I1(0) ≈ C(0)2, the diagonal terms dominate at t =
t1 = t2 = t3. Based on this fact, we carefully assume
that I1 is dominated by these terms for other times as
well. Of course, this assumption neglects the larger part
of all terms but leads, as will be demonstrated below, to
a criterion which may be evaluated with limited compu-
tational power. (For our simple example its validity can
also be counterchecked by direct numerics.) However,
following this assumption, I1 can be approximated by

I1 ≈
∑

i

Gii(t− t1)Gii(t2 − t3) , (34)

where Gii(t − t1) are the diagonal matrix elements of
G(t, t1) in the eigenbasis of H0, namely,

Gii(t−t1) = 2
∑

j

(Aii−Ajj) |Vij |2 cos[ωij(t−t1) ] . (35)

Furthermore, the correlation function C(t − t1) can, by
the use of this notation, also be written as

C(t− t1) =
∑

i

Aii Gii(t− t1) (36)

such that I2, the remaining fourth order integrand, can
be expressed as well by

I2 = −
∑

i,j

Aii Gii(t− t1)Ajj Gjj(t2 − t3) . (37)

In order to estimate with reasonable computational effort
howK4(t) compares withK2(t) another approximation is
necessary. Obviously, the expressions for I1, I2 are invari-
ant along lines described by t1 = const., t2 = t3. Thus, as
an approximation, we shift the integration volume from
the original region, indicated with solid lines in Fig. 3, to
a new region, indicated with dashed lines in Fig. 3. Obvi-
ously, this is a rather rough estimate but it will turn out
to be good enough for our purposes. Now the coordinate
transformation x = t−t1, y = t2−t3, z = t−t2 decouples
the integrations within the new integration volume such
that we eventually find for S(t) ≈ K4(t) (if V features
Van Hove structure)

S(t) = t
[

∑

i

Γi(t)
2 −K2(t)

2
]

, (38)

with the time integral Γi(t) ≡
∫ t

0
dt′Gii(t

′). Now (20)
may eventually be checked with very low computational
power, based on S(t) from (38). This adds to (19) and

(29) as a further manageable criterion for exponential
relaxation. Fig. 6 shows q(t) [based on (38)] for the fol-
lowing interaction types: the completely random interac-
tion, the interaction of spin-boson type, and the random
but sparsely populated interaction. Fig. 6 apparently
demonstrates that this approximation is able to explain
the breakdown of exponential behavior in the case of a
random, sparsely populated interaction: The fourth or-
der becomes roughly as large as the second order at a
time which agrees with the deviation between the second
order theory and the numerical results in Fig. 5. In both
other cases q(t) remains sufficiently small, at least until
the relaxation time is reached.

time t
q(

t)
0

0

1

2

1000 2000

FIG. 6: Time evolution of the value q(t) based on (38). q(t)
is numerically calculated for a completely random interaction
(crosses), the interaction of spin-boson type (squares), and
the random but sparsely populated interaction (circles). Note
that K2(t) is a constant which is also identical for all three
interactions. The system parameters are chosen according to
Fig. 1, Fig. 4, and Fig. 5, respectively.

Obviously, regardless of the interaction type, K4(t) will
eventually dominate K2(t) for large enough times (c.f.
[34]). This, however, does not necessarily spoil the expo-
nential decay: If a(t) has already decayed almost com-
pletely into equilibrium, even a significant change of the
rate K(t) will not change the overall picture of an expo-
nential decay (, as long as K(t) remains negative). The
influence of a large K4(t) will only be visible if it occurs,
while a(t) is still far from equilibrium, i.e., at times of
the order of τR. If one now computes the ratio q(t) for
the time t = τR, one finds

q(τR) ≈
∑

i Γi(τR)
2

R2
− 1 , (39)

where one has to take (38) and K2(τR) = R = 1/τR

into account. This form has the advantage of being com-
pletely independent of the overall interaction strength λ.
One can hence compute q(τR), taking τR as a free vari-
able. The region in which q(τR) <≈ 1 then represents
the range of different τR for which exponential decay is
possible and to be expected. The different “possible”
τR can then be implemented by tuning λ appropriately.
Often q(τR) is found to increase monotonously, essen-
tially like in Fig. 6. Thus a good number to characterize
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a class of models with different relaxation times (inter-
action strengths) would be τmax as the largest time for
which q(τmax) <≈ 1 holds true. This then indicates the
largest timescale on which exponential relaxation can still
be expected. We should note here that we intend to use
this measure, τmax, to investigate transport behavior in
models of the Anderson-type in a forthcoming paper.

VI. SUMMARY AND OUTLOOK

We investigated the dynamics of some expectation val-
ues for a certain class of closed, finite quantum systems
by means of the TCL projection operator method. This
technique yields a perturbation expansion for those dy-
namics. Taking only the second (leading) order into ac-
count, we find that the evolution of these expectation
values may be described by a rate equation, i.e., they
relax exponentially if certain criteria are fulfilled. Those
criteria, however, only depend on “rough” parameters
like overall interaction strength, bandwidth and density
of states but not on, e.g., the phases of the interaction
matrix elements. An adequately computed numerical
solution of the Schrödinger equation is in accord with
this leading order result for random interaction matri-
ces. However, numerics also show that this accordance
breaks down if one considers non-random interactions,
even if the above rough criteria are met. This, of course,
indicates that higher orders are not negligible, depending
on the structure, not only on the strength of the interac-

tion. Subsequently, we established a numerically simple
estimate for the absolute value of the fourth, i.e., the
next higher order, in comparison to the second, for short
times. From this approach it can be inferred that the
fourth order remains negligible at small times if the in-
teraction features a certain structure which we define as
Van Hove structure according to [5]. However, numerics
indicate that for certain interaction structures the fourth
order may become non-negligible at larger times, thus
spoiling the exponential relaxation, even if the interac-
tion features Van Hove structure. Hence we suggest one
more criterion (based on (20, 38)) that allows for the de-
tection of such a behavior without diagonalizing the full
system.

Diffusive transport in spatially extended quantum sys-
tems may be viewed as a form of exponential relaxation.
Thus we intend to exploit the various criteria which are
suggested in this paper to investigate the occurrence of
diffusion in the Anderson model and/or other solid state
models that do not allow for a full numerical diagonal-
ization.
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The transport of excitation probabilities amongst weakly coupled subunits is investigated for a
class of finite quantum systems. It is demonstrated that the dynamical behavior of the transported
quantity depends on the considered length scale, e. g., the introduced distinction between diffusive
and ballistic transport appears to be a scale-dependent concept, especially since a transition from
diffusive to ballistic behavior is found in the limit of small as well as in the limit of large length
scales. All these results are derived by an application of the time-convolutionless projection operator
technique and are verified by the numerical solution of the full time-dependent Schrödinger equation
which is obtained by exact diagonalization for a range of model parameters.
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There are certainly many ways in order to analyze the
transport behavior of quantum systems: Linear response
theory such as implemented in the Kubo-formula [1–6],
methods which intend to map the quantum system onto a
system of interacting, classical, gas-like (quasi-)particles
[7–11] (possibly represented by Green’s functions [12–
14]), methods which include reservoirs of the transported
quantity, either explicitly [15] or effectively [16–18], and
probably many more. However, except for those involv-
ing reservoirs, none of these methods allows to investigate
the dependence of transport behavior on the length scale
of a finite system. Unfortunately, the remaining methods
which do involve baths are conceptually more subtle and
computationally rather challenging [16–18].

In this letter we will discuss a class of finite models
which indeed exhibits scale-dependent transport of, e. g.,
excitation probabilities, energy or particles, according to
the respective interpretations of the model. In particular,
we will develop a method which allows for the complete
characterization of the available types of transport and
their dependence on the considered length scale. It will
be especially demonstrated that the numerically exact
solution of the full time-dependent Schrödinger equation
perfectly agrees with the theoretical predictions which
are obtained from this method: For intermediate length
scales diffusive behavior is found, that is, the dynamics of
the transported quantity is well described by a respective
diffusion equation and the spatial variance of an initial
excitation profile increases linearly in time. Contrary, in
the limit of small as well as large length scales diffusive
behavior breaks down. This non-diffusive transport type
turns out to be “ballistic” which is to be understood in
terms of a quadratic increase of the spatial variance. (See
the last page of this letter for a classification of these
findings in the framework of standard solid state theory.)

FIG. 1: A model of N identical, weakly coupled, subunits
featuring a non-degenerate ground state, an energy gap ∆E
and an energy band δε with n equidistant states. The dots
indicate excitation probabilities and are supposed to visualize
a state from the investigated “single-excitation space”.

According to Fig. 1, our model consists of N identi-
cal subunits which are labelled by µ = 0, 1, . . . , N − 1.
These subunits are assumed to have a non-degenerate
ground state with energy ε0 = 0 as well as n excited
states with equidistant energies εi, i = 1, 2, . . . , n. We
will focus on the (invariant) “one-excitation subspace”
which is spanned by the set {|µ, i〉}, where |µ, i〉 corre-
sponds to the excitation “sitting” in the ith exited state
of the µth subunit. Using this notation, the total Hamil-
tonian H = H0+ λV , the sum of a local part H0 and an
interaction part V , is given by

H0 =
∑

µ

∑

i

εi |µ, i〉〈µ, i| , (1)

V =
∑

µ

∑

i,j

cij |µ, i〉〈µ+ 1, j| + H.c. (2)

We use periodic boundary conditions, i. e., we identify
µ = N with µ = 0. The cij form a normalized Gaussian
random matrix with zero mean, λ is an overall coupling
constant. Obviously, V corresponds to nearest-neighbor
hopping.
This system may be viewed as a simplified model for,

e. g., a chain of coupled molecules or quantum dots, etc.
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In this case the hopping of an excitation from one subunit
to another corresponds to transport of energy, especially
if ∆E � δε. The model may also be viewed as a tight-
binding model for particles on a lattice. In this case the
hopping corresponds to transport of particles. There are
n “orbitals” per lattice site but no particle-particle in-
teraction in the sense of a Hubbard model [cf. Eq. (2)].
Due to the independence of cij from µ, these are sys-
tems without disorder in the sense of, say, Anderson [19],
in spite of the fact that the cij are random. For some
literature on this model class, see [20–23].
The total state of the system is naturally represented

by a time-dependent density matrix ρ(t). We denote by
Πµ ≡

∑

i |µ, i〉〈µ, i| the operator which projects onto the
exited states |µ, i〉 of the µth subunit’s band. Thus, the
quantity Pµ(t) = Tr[Πµ ρ(t)] represents the probability
for finding an excitation of the µth subunit, while all
other subunits are in their ground state.
Our aim is to describe the dynamical behavior of these

local probabilities and to develop explicit criteria that
enable a clear distinction between diffusive and ballistic
transport. We will call the behavior diffusive, if the Pµ(t)
fulfill a discrete diffusion equation

Ṗµ = κ (Pµ+1 + Pµ−1 − 2Pµ) (3)

with some diffusion constant κ. As well known from the
work of Fourier, such a diffusion equation decouples with
respect to, e. g., cosine-shaped spatial density profiles,
i. e., the above equation yields

Ḟq = −2 (1− cos q)κFq , Fq ≡ Cq

∑

µ

cos(q µ)Pµ (4)

with q = 2π k/N , k = 0, 1, . . . , N/ 2 and an appropriate
normalization constant Cq. Hence, if the model indeed
shows diffusive behavior, then all modes Fq have to relax
exponentially. But if the modes Fq are found to relax
exponentially only for some regime of q, the model is said
to behave diffusively on the corresponding length scale
l = 2π/ q. The dynamics of the Fq, as resulting from
the quantum system, is most conveniently expressed in
terms of expectation values of “mode operators” Φq,

Fq(t) = Tr[Φq ρ(t)] , Φq ≡ Cq

∑

µ

cos(q µ) Πµ , (5)

where we now choose Cq =
√

2/nN for q 6= 0, π as well

as C0 = Cπ =
√

1/nN such that Tr[ ΦqΦq′ ] = δqq′ , the
mode operators are orthonormal.
A strategy for the analysis of the dynamical behavior

of the Fq is provided by the projection operator tech-
niques [1, 24–26]. In order to apply these techniques one
first defines an appropriate projection superoperator P.
Formally, this is a linear map which projects any density
matrix ρ(t) to a matrix P ρ(t) that is determined by a

certain set of relevant variables. Moreover, the map has
to be a projection in the sense of P2 = P. In the present
case a suitable projection superoperator is defined by

P ρ(t) ≡
∑

q

Tr[Φq ρ(t)] Φq =
∑

q

Fq(t)Φq . (6)

Due to the orthonormality of the mode operators this
map is indeed a projection operator. The great advantage
of this approach is given by the fact that it directly yields
an equation of motion for the relevant variables, in our
case the Fourier amplitudes Fq. We concentrate here on
a special variant of these techniques which is known as
time-convolutionless (TCL) projection operator method
[26, 27]. Considering initial states with P ρ(0) = ρ(0),
this method leads to a time-local differential equation of
the form Ḟq(t) = −Γq(t)Fq(t). So far, this formulation
is exact. Modes with different q do not couple due to the
translational invariance of the model.
Nevertheless, the exact Fq(t) is hard to determine but

the TCL method also yields a systematic perturbation
expansion for the rate Γq(t) in powers of the coupling con-
stant λ, namely, Γq(t) = λ2 Γq,2(t) + λ4 Γ4,q(t) + . . . (all
odd order contributions vanish). Note that a truncation
of the above TCL expansion may yield reasonable results
even and especially in the regime where the elements of
the perturbation matrix are larger than the level spacing
of H0, i. e., the regime where standard time-independent
perturbation theory brakes down.
In leading order a straightforward calculation yields

Ḟq(t) = −2 (1− cos q) γ2(t)Fq(t) , (7)

where the rate γ2(t) is defined by γ2(t) =
∫ t

0
dτ f(τ) and

the two-point correlation function f(τ) is given by (time
arguments refer to the interaction picture)

f(τ) =
1

n
Tr[V (t)V (t1)Πµ] , τ ≡ t− t1 .

This function is completely independent from µ because
of the translational invariance of the model. Of course,
f(τ) depends on the concrete realization of the random
interaction V . But due to the law of large numbers, the
crucial features of V are nevertheless the same for the
overwhelming majority of all realizations of V , as long as√

n � 1. And in fact, f(τ) typically assumes the form
in Fig. 2. It decays like a standard correlation function
on a time scale of the order τc = 1/ δε. The area under
this first peak is approximately given by γ = 2π nλ2/ δε.
However, unlike standard correlation functions, due to
the equidistant level spacing of the local bands, f(τ) is a
strictly periodic function with the period T = 2π n/ δε.
Consequently, its time-integral γ2(t) nearly represents a
step function, see Fig. 2.
Thus, for τc < t < T we find from Eq. (7)

Ḟq(t) = −2 (1− cos q) γ Fq(t) . (8)
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FIG. 2: Sketch of the correlation function f(τ) [dashed line]
and its integral γ2(t) [continuous line]: f(τ) features complete
revivals at multiples of T such that γ2(t) has a step-like form.
This sketch indeed reflects the numerical results for f(τ) and
γ2(t) but highlights the relevant time scales for clearness.

The comparison with Eq. (4) clearly indicates diffusive
behavior with a diffusion constant κ = γ. And indeed,
for modes which decay on a time scale t with τc < t < T
we find an excellent agreement between Eq. (8) and the
numerical solution of the full time-dependent Schrödinger
equation, obtained by incorporating Bloch’s theorem and
exactly diagonalizing the Hamiltonian within decoupled
subspaces. A “typical” example for a single realization of
the random matrix V is shown in Fig. 3. Note that the
size of the system is chosen adequately large such that
there are only small fluctuations of the order of 1/n which
arise due to the discrete spectrum, see, e. g., [20, 21].
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FIG. 3: Evolution of a Fourier mode Fπ(t) which decays on an
intermediate time scale τc < t < T . Numerics (crosses) shows
an exponential decay which indicates diffusive behavior and
is in accord with the theoretical prediction (continuous line).
Parameters: N = 120, n = 500, δε = 0.5, λ = 0.0005.

However, until now the above picture is not complete
for two reasons. The first reason is that Fq(t) may decay
on a time scale that is long compared to T . According
to Eq. (7), this will happen, if 2(1 − cos q)γT � 1 is
violated. If we approximate 2(1 − cos q) ≈ q2 = 4π2/l2

for rather small q (large l), this leads to the condition

(

4π2 nλ

l δε

)2

� 1 . (9)

If this condition is satisfied for the largest possible l, i. e.,
for l = N , the system exhibits diffusive behavior for all

modes. If, however, the system is large enough to allow
for some l that violates condition (9), diffusive behavior
brakes down in the long-wavelength limit. This result is
again backed up by numerics, see Fig. 4.
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FIG. 4: Deviations of the time evolution of the Fourier modes
Fq(t) with q = 2π/N , the longest wavelength, from a purely
exponential decay for different model parameters N and n.
These deviations are based on a measure used in [22] and are
in accord with the claim that diffusive transport behavior is
restricted to the regime defined by condition (9). Other model
parameters: δε = 0.5, λ = 0.0005.

Towards what transport type does the system deviate
from diffusive, if condition (9) is violated? In this regime
we have to consider time scales with t � T , as already
mentioned above. We may thus approximate γ2(t) ≈
2γt/T , see Fig. 2. Plugging κ = 2γt/T into Eq. (3) yields
a spatial variance σ2 ≡ 〈µ2〉 − 〈µ〉2 = 2γt2/T , contrary
to σ2 = 2γt which results for κ = γ. (κ = γ applies in
the regime where condition (9) is satisfied.) This change
of the time-scaling of σ2 clearly indicates the transition
from diffusive to ballistic transport. The validity of the
TCL approach in the ballistic regime is again backed up
by numerics: Here, the TCL theory obviously predicts a
Gaussian decay of Fq(t) which is in agreement with the
numerical results, see Fig. 5.
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FIG. 5: Evolution of a Fourier mode Fπ(t) which decays on
a time scale t � τc, parameters: N = 120, n = 500, δε = 0.5,
λ = 0.004. Inset: Evolution of a Fourier mode Fπ/60(t) which
decays on a time scale t � T , parameters: N = 120, n = 500,
δε = 0.5, λ = 0.0005. In both cases numerics (crosses) shows
a Gaussian decay which indicates ballistic behavior and is in
accord with the theoretical predictions (continuous lines).

In a second case transport may be non-diffusive, if the
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corresponding Fq(t) decay on a time scale that is short
compared to τc. This will happen, if 2 (1−cos q) γ τc � 1
is violated. We may approximate 2 (1−cos q) ≈ 4 for the
largest possible q (smallest possible l). Hence, the above
inequality may be written as

8π nλ2

δε2
� 1 . (10)

If this inequality is violated, diffusive behavior breaks
down in the limit of short-wavelength modes. Moreover,
if the second order still yields reasonable results for not
too large λ, we expect a linearly increasing rate γ2(t) and
thus a Gaussian decay, that is, according to the above
reasoning, ballistic transport. For increasing wavelength,
however, the corresponding inequality will eventually be
satisfied, thus allowing for diffusive behavior. Also these
conclusions are in accord with numerics, see Fig. 5.
Standard solid state theory always predicts ballistic

transport for a translational invariant model without
particle-particle interactions. Nevertheless, in the limit
of many bands (many orbitals per site) and few sites (few
k-values) two features may occur: i) The band structure
in k-space becomes a disconnected set of points rather
than the usual set of distinct smooth lines. It is hence
impossible to extract velocities by taking the derivatives
of the dispersion relations. ii) The eigenstates of the
current operator no longer coincide with the Bloch eigen-
states of the Hamiltonian and the current becomes a non-
conserved quantity, even without impurity scattering. It
is straightforward to check that both features occur in
the regime where condition (9) is fulfilled. This is the
regime where standard solid state theory brakes down
due to the fact that the system is too “small”.
On the other hand, our numerical simulations clearly

reveal that the TCL projection operator technique is ap-
plicable both in the diffusive and in the ballistic regime
and that it correctly describes the transition between
these regimes. Recall that all analytical results have been
obtained from the second order contribution [Eq. (7)]
of the TCL expansion. And in fact, it is possible to
demonstrate that higher-order contributions are confi-
dently negligible. We omit the details of the determina-
tion of the higher orders of the TCL expansion (several
examples are discussed in [26]), since this is beyond the
scope of this letter and since the excellent agreement with
the numerical simulations is surely evident.
However, the fact that already the second-order TCL

equation (7) yields an excellent quantitative agreement
with the numerics, by contrast to standard perturbation
theory, can be understood from the following argument.
We first note that for λ = 0 the energy eigenvalues of the
Hamiltonian are N -fold degenerate, corresponding to the
resonant transitions |µ, i〉 → |µ± 1, i〉 between neighbor-
ing subunits induced by the interaction. While standard
perturbation theory is spoiled by the presence of these
resonant transitions, the TCL expansion works perfectly

well even in the case of exact degeneracies. In fact, an
analysis of the structure of the higher-order correlation
functions reveals that for an interaction Hamiltonian Vd

which includes only the resonant transitions, the second-
order TCL equation (7) is exact on average (for arbitrary
λ) with small fluctuations of order 1/n. This is due to
the fact that the TCL method is based on an expan-
sion in terms of the ordered cumulants of Vd [26], the
higher-orders of which vanish by virtue of the Gaussian
character of the coupling matrix elements. This implies
that the second order TCL equation already reproduces
exactly the effect of all resonant transitions, which is the
crucial reason for the success of the TCL projection op-
erator approach.

We sincerely thank H.-J. Schmidt for fruitful discus-
sions. Financial support by the Deutsche Forschungsge-
meinschaft is gratefully acknowledged.
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Abstract. The time-convolutionless (TCL) projection operator technique allows
a systematic analysis of the dynamical properties of open quantum systems. Un-
fortunately, using the standard projector to investigate the decay to equilibrium
fails to describe the dynamics of a small system coupled to a finite environment
correctly. However, a recently introduced correlated projection operator leads to
the appropriate dynamical behavior and shows a reasonable good agreement with
the exact Schrödinger dynamics. Furthermore, a similar projector can be used to
describe the transport through a quantum system. Using the technique in Fourier
space allows for a detailed analysis of transport in the context of its length scale
dependence as well. Finally, the method is also applicable to realistic systems,
e.g., spin models.
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1 Introduction

The present study is intended to address the application of a theoretical method in the far-
reaching topics of relaxation and transport. In detail the method is introduced in the article by
Breuer and Gemmer in this volume of the European Physical Journal Special Topics (EPJST)
[1] and in [2,3]. Besides the theoretical analysis using the method we will numerically investigate
the full Schrödinger dynamics of small quantum systems [4]. This allows for a verification of
the theoretical predictions by the exact dynamics.

Since the complete solution of a large quantum mechanical problem is mostly not feasible
because of its exponentially increasing cost, there are several approaches which project out the
relevant part of a system, skipping all the rest. Those ideas are found in almost all areas of
physics, e.g., quantum optics [5], condensed matter physics [6] and quantum information theory
[7]. Moreover, it is in the background of the foundation of decoherence [8] and thermodynamics
[9,10] on a quantum mechanical basis. A frequently discussed situation in this context consists
of a small system coupled to a very large environment. Within the theory of open quantum
systems [11] one projects onto the density operator of the small system, neglecting the dynamics
of the rest completely. Of course, this idea leads only to a valuable theory, if the resulting
reduced dynamics reproduces the full dynamics to a reasonably good degree. Furthermore, the

a e-mail: m.michel@surrey.ac.uk
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projection should result in a closed dynamical equation of the system separately, not containing
any dynamic variables of the environment any more.

The complete dynamics of a quantum system is always governed by the Schrödinger equation

d

dt
ρ̂ = −i[Ĥ, ρ̂] ≡ Lρ̂ , (1)

according to its Hamilton operator Ĥ, respectively Liouvillian L. Aiming at reduced dynamical
equations for some relevant properties, let us introduce the projection superoperator P that
projects onto the relevant part of the full density matrix ρ̂(t) [11]. Within the theory of open
quantum systems one standardly projects onto the reduced density matrix of the system. Un-
fortunately, using this projector leads to a master equation that fails to describe the dynamics
of a system coupled to a finite environment correctly [12,13]. However, using another class of
projection operators yields the appropriate dynamical description of the system as shown later
in this text.

Whatever projection operator is used, the dynamics of the reduced system is no longer
closed, but described by

d

dt
P ρ̂(t) = PLρ̂(t) . (2)

In order to derive a closed dynamical equation for the relevant part P ρ̂(t) by starting from
(2) one could use the Hilbert Space Average Method (HAM), a projection operator technique
introduced by Nakajima and Zwanzig (NZ) [14,15] or the time-convolutionless (TCL) method
(see, e.g., [11]). Both, NZ as well as TCL, allow for a systematic perturbative expansion. Let
us concentrate in the following on the TCL master equation, including some remarks on NZ
later. As described in the article by Breuer and Gemmer [1] the leading order in the interaction
picture is given by

d

dt
P ρ̂ = −

t
∫

0

dt1PL(t)L(t1)P ρ̂ . (3)

To obtain a converging perturbation series expansion the choice of the projector P is essential:
A “wrong” partitioning strategy may lead to a breakdown of the expansion altogether (see [3]
and Sec. 2.2). The convergence can be checked by computing the next higher order which is
the fourth order here (see [1]).

Note that we are not going to discuss HAM (see, e.g., [10,16,17]) in this article, even if it
is a very useful method for the investigation of such scenarios as well. Based on a completely
different background it finally leads to the same dynamical equations as TCL in second order.

Also in a transport scenario this special structure of relevant and irrelevant parts within
the complete system appears to be important. Mostly, we are only interested in coarse grained
quantities like local energies or temperatures. This opens the way for a reduced description
of those quantities as well, based on the same techniques as for open quantum systems. This
background already contains one of the main ideas, namely that the apparently separate fields
of relaxation and transport are ruled by the same fundamental principles.

Let us consider the relaxation to equilibrium in Sec. 2 first. In Sec. 3 we switch to the
consideration of transport in quantum mechanics. To begin with we will investigate a design
model to present the theoretical method (see Sec. 3.1). The system will be discussed within both
the position space and the Fourier space in Sec. 3.2. The latter allows for a detailed analysis of
the transport type in Sec. 3.3 depending on system parameters and length scales. Finally, we
investigate a more realistic model in Sec. 3.4.

2 Relaxation to Equilibrium

Let us use the above described partitioning scheme into a relevant part and the rest to consider
the decay of a small quantum system, e.g., a two level atom to equilibrium first. Contrary
to the standard case the atom is coupled to a finite environment here, i.e., another not too
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Fig. 1. Two-level system coupled to a finite environment. Spe-
cial case for only two bands in the environment. As a simple
example we will use the same amount of levels in the lower and
the upper band of the environment.

big quantum system. This leads to the generation of strong correlations between the system
parts. According to those correlations standard techniques used in the theory of open quantum
systems fail to describe the decay of the atom correctly (see Sec. 2.2). However, by using a new
type of projection operator within the standard derivation of the master equation one is able to
fix the problem (see Sec. 2.3). Finally, this leads to an effective description of the decay which
is in reasonable good agreement with the exact dynamics given by the Schrödinger equation.

2.1 Finite Quantum Environments

Let us analyze a two-level system S coupled to a single many-level system E consisting of two
energy bands featuring the same width and an equidistant level spacing depicted in Fig. 1. The
complete Schrödinger picture Hamiltonian of the model consists of a local and an interaction
part

Ĥ = Ĥloc + λV̂ (4)

with λ being the coupling strength. The first part contains the local Hamiltonian ĤS of the
two level system and the local Hamiltonian ĤE of the environment. Thus, the complete local
Hamiltonian decomposes into a sum of two terms

ĤS =
∆E

2
σ̂z , (5)

ĤE =
2

∑

a=1

Na
∑

na=1

(

(a− 1)∆E +
δε na
Na

)

|na〉〈na| , (6)

where |na〉 are energy eigenstates of E, a = 1, 2 labels the band and σ̂i with i = {0, x, y, z}
refers to standard Pauli operators. The number of levels in the band a is given by Na and the
band width by δε. The interaction may be any Hermitian operator on the Hilbert space of the
full system here chosen to be decomposed uniquely

V̂ =
∑

n1,n2

c(n1, n2)
(

σ̂+ ⊗ ŝ(n1, n2) + σ̂− ⊗ ŝ†(n1, n2)
)

, (7)

where σ̂± refer to the ladder Pauli operators. The operator ŝ(n1, n2) = |n1〉〈n2| acts on the state
space of the environment and describes a transition from the excited band to the lower one.
The operator ŝ†(n1, n2) describes the inverse transition. The c(n1, n2) are Gaussian-distributed
numbers with zero mean and form a random matrix which is normalized such that λ is an
overall coupling constant, i.e.,

1

N1N2

∑

n1,n2

|c(n1, n2)|2 = 1 . (8)

Furthermore, we define band projection operators. Those operators implement projections
onto the lower, respectively upper band of the environment by

Π̂a =
∑

na

|na〉〈na| . (9)

Thus, the above used number of states in band a is simply given by Na = Tr{Π̂a}.
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Fig. 2. Comparison of the numerical solution of the
Schrödinger equation for the model shown in Fig. 1
and the solution of the second order TCL master
equation (11) labled as TCL2. Furthermore, the next
higher order of the expansion which is the fourth or-
der is shown as TCL4. Model parameters: ∆E = 1,
N1 = N2 = 500, δε = 0.5, and λ = 5 · 10−4.

2.2 Standard Projection Superoperator

For the further analysis let us choose an initial state where the system is excited and the
environment is found to be somewhere in its lower band. This refers to a thermal state of
very low temperature. To analyze the system-bath-scenario within the theory of open quantum
systems (see, e.g., [11]) the following projection superoperator is frequently used

P ρ̂(t) = TrE{ ˆρ(t)} ⊗ ρ̂E = ρ̂S(t)⊗ ρ̂E . (10)

This superoperator projects onto a product state of the reduced density operator of the system
ρ̂S (partial trace over the environment of ρ̂(t)) and an arbitrary constant state ρ̂E of the envi-
ronment, mostly chosen to be a thermal one. According to the above given initial state in the
environment we have to choose ρ̂E = Π̂1/N1 here.

To derive the dynamical equations for the system density operator ρ̂S in the interaction
picture one plugs the projection superoperator (10) into (3). After some further approximations
(for details see [3]) one gets the second-order master equation in Lindblad form

d

dt
ρ̂S = γ

(

σ̂−ρ̂Sσ̂+ −
1

2
[σ̂+σ̂−, ρ̂S]+

)

, (11)

where [. . . , . . . ]+ denotes the anti-commutator. The rate γ = 2πλ2N2/δε follows from an ap-
proximative integration over a two-point environmental correlation function. Unfortunately,
this second order approximation leads to the wrong dynamical behavior in comparison to the
exact dynamics following from an integration of the full Schrödinger equation as can be seen
in Fig. 2. To check the convergence of the series expansion one can account for the next higher
order of the TCL expansion as discussed in the article by Breuer and Gemmer [1]. In Fig. 2
we show a numerical integration of this fourth order contribution as well. As can be seen, the
fourth order diverges, i.e., the series expansion does not converge at all. Therefore let us state
again that the choice of a suitable projection superoperator is vital for the convergence of the
series expansion and to obtain a proper reduced dynamical equation for the system. In the
next Section we will show that there is indeed a proper projector which produces the correct
dynamical behavior.

2.3 Correlated Projection Superoperator

In the following, let us consider the correlated projection superoperator

P ρ̂(t) =TrE{Π̂1ρ̂(t)} ⊗
1

N1
Π̂1 + TrE{Π̂2ρ̂(t)} ⊗

1

N2
Π̂2

=ρ̂1(t)⊗
1

N1
Π̂1 + ρ̂2(t)⊗

1

N2
Π̂2 . (12)

This projection belongs to the class of superoperators suggested in [1–3]. The dynamical vari-
ables are the un-normalized matrices ρ̂i(t) which are correlated with the projections onto the
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Fig. 3. Comparison of the second order TCL master
equation using the correlated projection superopera-
tor and of the numerical solution of the Schrödinger
equation. Parameters: N1 = N2 = 500, δε = 0.5, and
λ = 0.001.

lower and the upper band, respectively. Thus, the reduced density matrix of the two-state
system is found to be

ρ̂S(t) = TrE{P ρ̂(t)} = ρ̂1(t) + ρ̂2(t) . (13)

Plugging the correlated projection superoperator (12) into (3) we get

d

dt
ρ̂j(t) =

∑

i

∫ t

0

dt1TrE{Π̂j [V̂ (t), [V̂ (t1), Π̂i]]}
1

Ni
ρ̂i(t) . (14)

Using the interaction operator (7) we finally find the equations

d

dt
ρ̂1 = γ1σ̂+ρ̂2σ̂− −

γ2

2
[σ̂+σ̂−, ρ̂1]+ , (15)

d

dt
ρ̂2 = γ2σ̂−ρ̂1σ̂+ −

γ1

2
[σ̂−σ̂+, ρ̂2]+ . (16)

For details of the derivation we refer to [3] again. The rates are given by γi = 2πλ2Ni/δε,
again obtained from an approximative integration over a two-point environmental correlation
function.

For the simplest case of two bands of the same amount of levels in the environment the two
decay constants γ1/2 are equal. In this special case it is possible to derive a closed dynamical
equation for the reduced density matrix of the system as well. Finally, this leads to the elements
of the reduced density matrix ρij(t) = 〈i|(ρ̂1(t) + ρ̂2(t))|j〉. The population of the upper level
of the system is given by

d

dt
ρ11(t) = −2γρ11(t) + γρ11(0) (17)

and the coherences by
d

dt
ρ01(t) = −γ

2
ρ01(t) . (18)

However, note that in general it is not always possible to find such a closed equation for the
density operator (cf. [17]). In a more general case one has to solve the above equations (15) and
(16). Then, the reduced density operator can be reconstructed by using (13).

We observe that the dynamics of the populations ρ11(t) is strongly non-Markovian because of
the presence of the initial condition ρ11(0) on the right hand side of (17). This term expresses
a pronounced memory effect, namely it implies that the dynamics of the populations never
forgets its initial data. Note also that the dynamics of the reduced density matrix is not in
Lindblad form and does even not represent a semigroup. It does, however, lead to a positive
dynamical map, as can easily be verified.

In Fig. 3 we compare the solution of the rate equation (17) with the full numerical integration
of the Schrödinger equation for the model shown in Fig. 1. Here, we have used the same
amount of levels in both bands as well as the mentioned random interaction between system
and environment. The Figure clearly shows that already the lowest order of the TCL expansion
with the correlated projection superoperator results in a good approximation of the dynamics.
It not only yields the correct stationary state, but also reasonable predictions on the relaxation
time.
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Fig. 4. A chain of N identical subunits: each subunit features a non-degenerate ground state, a wide
energy gap ∆E, and a comparatively narrow energy band δε which contains n equidistant states. The
dots indicate that one subunit is exited while all other subunits are in their ground state, i.e., the dots
visualize a state from the investigated one-excitation space.

3 Transport in Quantum Mechanics

In this Section we will analyze transport properties of quantum systems using the same methods
as above. From an investigation of the relaxation process towards equilibrium we will extract
informations about the transport properties of a spatially structured system. The system is
initially prepared in a nonequilibrium state, i.e., a nonequilibrium distribution of for example
energy. Finally, it will be in a global equilibrium featuring equipartition of energy. The type of
this relaxation behavior can be classified in diffusive and ballistic transport.

Diffusive transport is typically identified with an exponential decay to the mentioned equi-
librium according to a unique decay constant. This relaxation constant is closely connected to
the transport coefficient obtained from a completely different scenario: Transport properties are
mostly investigated by coupling environments of, e.g., different temperatures to the mentioned
spatially structured system. After some initial dynamics the system relaxes into a local equilib-
rium state featuring gradients of energy, temperature etc., and finite currents. From this local
equilibrium state the transport coefficient can be extracted. Within this bath coupling scenario
a completely different dynamical behavior of the material called ballistic transport is indicated
by a vanishing gradient inside the system. In the ballistic regime the conductivity within the
material diverges.

Firstly, we will consider a design model which exhibits, dependent on the parameters of the
model, those different types of transport behavior. Using the TCL projection operator technique
allows to identify the different transport regimes according to the relaxation behavior of the
model. Moreover, it is demonstrated that the type of transport essentially depends on the
considered length scale. Secondly, we will concentrate on a more realistic model which is based
on spin networks. This model is somehow related to the artificial one.

3.1 Model System in Position Space

According to Fig. 4, the model consists of altogether N identical subunits which are labelled
by µ = 0, . . . , N − 1. These subunits are assumed to have non-degenerate ground states |0, µ〉,
with energy ε0 = 0, and n excited states |i, µ〉 each, with equidistant energies εi (i = 1, . . . , n).
The latter form a local band of width δε which is small compared to the local gap ∆E. Thus,
the local Hamiltonian of the µth subunit reads

ĥ0(µ) =

n
∑

i=0

εi|i, µ〉〈i, µ| . (19)

The total Hamiltonian is taken to be

Ĥ = Ĥ0 + V̂ =

N−1
∑

µ=0

(

ĥ0(µ) + λ v̂(µ, µ+ 1)
)

, (20)
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where we use periodic boundary conditions, i.e., we identify µ = N with µ = 0. Hence, the
model is a ring of subunits which are coupled by a next-neighbor interaction,

v̂(µ, µ+ 1) =

n
∑

i,j=1

c(i, j) ŝ(µ, i) ŝ†(µ+ 1, j) + h.c. , (21)

where h.c. is the Hermitian conjugate. The operator ŝ(µ, i) = |0, µ〉〈i, µ| acts on the state space
of the µth subunit and describes a transition from the excited state |i, µ〉 to the ground state
|0, µ〉. Inversely, ŝ†(µ, i) describes a transition from the ground state to the exited state. The
c(i, j) are Gaussian-distributed numbers with zero mean and form a random matrix which is
normalized such that λ is an overall coupling constant, i.e.,

1

n2

n
∑

i,j=1

|c(i, j)|2 = 1 . (22)

This model may be viewed as a simplified model for, e.g., a chain of coupled molecules
or quantum dots, etc. In this case the hopping of an excitation from one subunit to another
corresponds to energy transport. However, it may as well be viewed as a tight-binding model
for particles on a lattice but, according to (21), without particle-particle interaction in the sense
of a Hubbard model. Consequently, this system may also be characterised as a “single-particle
multi-band quantum wire” with random inter-band hoppings. Nevertheless, since the c(i, j) in
(21) are independent from µ, these are systems without disorder in the sense of, say, Anderson
[18]. For some literature on this model class, see [3,19–21].

The standard projection operator to the excited band of subsystem µ is defined by

Π̂µ =
n

∑

i=1

|i, µ〉〈i, µ| . (23)

We denote the operator which projects the µth subunit onto its band of excited states and all
other subunits onto their ground state by

P̂µ = |0, 0〉〈0, 0| ⊗ · · · ⊗ Π̂µ ⊗ · · · ⊗ |0, N − 1〉〈0, N − 1|
= Π̂µ

⊗

ν 6=µ

|0, ν〉〈0, ν| . (24)

The total state of the system is represented by a time dependent density matrix ρ(t). Then

the quantity Pµ(t) = Tr{P̂µ ρ̂(t)} represents the probability of finding an excitation of the µth
subunit, while all other subunits are in their ground state. Our aim is to describe the dynamical
behavior of the Pµ(t) and to develop explicit criteria which enable a clear distinction between
diffusive and ballistic transport. Since (21) does not incorporate particle-particle interaction
and the particle number

∑

µ Pµ is conserved as well, we choose to restrict the analysis to the
one-particle space, cf. Fig. 4. From a numerical point of view, this restriction is advantageous,
since the dimension of the problem is now given by N n and grows only linearly with N and n.

Here, we could use the correlated projection superoperator in position space

P ρ̂(t) =
∑

µ

Tr{P̂µ ρ̂(t)}
1

n
P̂µ =

1

n

∑

µ

Pµ(t) P̂µ (25)

suggested by Breuer [1–3]. Switching to the interaction picture, plugging both the Hamiltonian
(20) and the projection (25) into the second order TCL expansion (3) we get

d

dt
Pµ = −

∑

ν

t
∫

0

dt1
1

n
Tr{Π̂µ[V̂ (t), [V̂ (t1), Π̂ν ]]}Pν (26)
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(see also [17,22,23]). If this dynamical equation for the probabilities Pµ(t) can be reduced to a
set of linear differential equations with constant coefficients

d

dt
Pµ = κ (Pµ+1 + Pµ−1 − 2Pµ) , (27)

basically a discrete diffusion equation, we will call the transport normal. In order to get a more
detailed investigation of the dynamical behavior of the system we are switching to the Fourier
space of modes in the following. However, we will use the above projector for the analysis in
the last part of this article again.

3.2 TCL in Fourier Space

It is well known from Fourier’s work that a diffusion equation decouples with respect to cosine-
shaped spatial density profiles

Fq = Cq

N−1
∑

µ=0

cos(q µ)Pµ , (28)

where Cq is an appropriate normalization constant. Thus, (27) yields

d

dt
Fq = −2 (1− cos q)κFq (29)

with q = 2πk/N and k = 0, 1, . . . , N/2. Consequently, if the model indeed shows diffusive
transport behavior, the modes Fq have to relax exponentially. However, if the Fq are found to
relax exponentially for some regime of q only, the model is said to behave diffusively on the
corresponding length scale l = 2π/q.

Within a microscopic quantum mechanical picture the exact dynamics of the modes Fq are
most conveniently expressed in terms of expectation values of mode operators

F̂q = Cq

N−1
∑

µ=0

cos(q µ) P̂µ (30)

as Fq(t) = Tr{F̂q ρ̂(t)}, where we choose Cq =
√

2/nN for q 6= 0, π and C0 = Cπ =
√

1/nN .
Due to this choice the mode operators are orthonormal with respect to the trace. A suitable
projection superoperator is defined by

F ρ̂(t) =
∑

q

Tr{F̂q ρ̂(t)}F̂q =
∑

q

Fq(t) F̂q . (31)

The orthonormality of the mode operators ensures F2 = F . Thus, F is indeed a projection
superoperator. The TCL projection operator technique directly yields an equation of motion for
the relevant variables, in our case the modes Fq(t) (see [1,11]). If we consider initial states ρ̂(0)
which satisfy F ρ̂(0) = ρ̂(0), the application of this technique leads to a time-local differential
equation of the form

d

dt
Fq = −Γq(t)Fq . (32)

Due to the translational invariance of the model, modes with different q do not couple.
So far, this formulation is exact. Using again the TCL method in the interaction picture to

expand the kernel Γq(t) we find in second order [plugging the projector (31) into (3), using the
translational invariance of the system and properties of the trace operation]

d

dt
Fq(t) = −2 (1− cos q)

∫ t

0

dτ f(τ)Fq(t) , (33)
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where we have introduced the two-point correlation function

f(τ) =
1

n
Tr{V̂ (t) V̂ (t′) Π̂µ} , τ = t− t′ . (34)

Here, time arguments refer to the interaction picture. Since the model features translational
invariance, the function f(τ) is independent from µ. Of course, f(τ) depends on the concrete
realization of the random interaction matrix. Nevertheless, due to the law of large numbers, the
crucial features are the same for the overwhelming majority of all possible realizations, as long
as
√
n � 1. The typical form of f(τ) is shown in Fig. 5. It decays like a standard correlation

function on a time scale in the order τc = 1/δε. The area under the first peak is approximately
given by γ = 2πnλ2/δε. However, unlike standard correlation functions, due to the equidistant
energies in the local bands, f(τ) is strictly periodic with the period T = 2πn/δε. Consequently,
its time integral γ2(t) is a step-like function, see Fig. 5.

3.3 Types of Transport Behavior and their Length Scale Dependence

According to Fig. 5, the integral over the correlation function is almost constant in the time
interval τc < t < T , i.e., the dynamical equation (33) can be reformulated to yield

d

dt
Fq(t) = −2(1− cos q)γ Fq(t) . (35)
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Fig. 8. Deviations D2, cf. (38), of the time evolution of
the longest modes Fq(t) with q = 2π/N from the exact
solution for different model parameters N and n. The
result is in accord with the claim that diffusive transport
behavior is restricted to the regime defined by condition
(37). Other model parameters: δε = 0.5, λ = 0.0005.

The comparison with (29) clearly indicates diffusive transport behavior with a diffusion constant
κ = γ. Thus, also in position space the dynamics of the probabilities are ruled by the discrete
diffusion equation (27). Moreover, we find an excellent agreement between the prediction of (35),
respectively (27) and numerical integrations of the full time-dependent Schrödinger equation.
Find an example within Fourier space in Fig. 6 and one within position space in Fig. 7.

It is a straightforward manner to show that for this regime (21) leads to a spatial variance

σ2 = 〈µ2〉 − 〈µ〉2 =

N−1
∑

µ=0

Pµµ
2 −

(

N−1
∑

µ=0

Pµµ

)2

(36)

which grows like σ2 = κt and thus linearly with t, at least, as long as σ is small compared to
N , the largest possible value.

However, our analysis is still incomplete for two reasons: The first reason is that Fq(t) may
decay on a time scale which is long compared to T and the second one that the decay is very
fast compared to τc. Let us concentrate on the long-time limit first. According to (33), Fq(t)
decays on a time scale which is long compared to T , if 2(1−cos q)γT � 1 is violated. For rather
small q or, equivalently, for rather large l we may approximate 2(1−cos q) ≈ q2 = 4π2/l2 which
eventually leads to the condition

(

4π2nλ

lδε

)2

� 1 . (37)

Consequently, if this condition is satisfied for the largest possible l, i.e., for l = N , the system
behaves diffusively for all wavelengths. But if the system is large enough to allow for some l
such that (37) is violated, then diffusive behavior brakes down for long wavelengths.

The measure introduced in [21]

D2
q =

Γ

5

∫ 5/Γ

0

[FTCL
q − F exact

q ]2 (38)

with Γ = 2(1 − cos q)γ describes the difference of the decay behavior according to the TCL
master equation (35) and the exact result of an integration of the Schrödinger equation. In
Fig. 8 we show this measure (gray coded) in dependence of the number of subunits N and
the amount of levels n. Dark regions belong to large deviations and thus large D2, where light
ones refer to small values of D2 and thus a very good accordance between (35) and the exact
dynamics, i.e., diffusive transport.

However it still remains to clarify what type of transport behavior is on hand, if (37) is
violated. According to Fig. 5, the time integral of f(τ) may be approximated by γ2(t) ≈ 2γt, if
the time scales are much larger than T . The solution of (33) is then a Gaussian, see Fig. 9(a).
Moreover, for κ = 2γt, (21) leads to a spatial variance σ2 which grows like σ2 = 2γt2 and thus
quadratically with t. This is a clear signature of ballistic transport behavior.

Secondly, Fq(t) may decay on a time scale which is short compared to τc. This will happen,
if the inequality 2(1− cos q)γτc � 1 is violated. For the largest possible q we may approximate
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Fig. 9. Time evolution of modes according to the model parameters N = 120, n = 500, δε = 0.5. In
both cases numerics (crosses) shows a Gaussian decay which indicates ballistic transport behavior and
is in accord with the theoretical predictions (continuous curve): (a) Mode Fπ/60(t) which decays on a
time scale t � T , λ = 0.0005. (b) Mode Fπ(t) which decays on a time scale t � τc, λ = 0.004.

2(1− cos q) ≈ 4. Thus, the inequality reads

8πnλ2

δε2
� 1 . (39)

If this condition is violated, the system exhibits non-diffusive transport behavior in the limit of
short wavelengths. Moreover, if we assume that the leading order contribution of (32) still yields
reasonable results for not too large λ, we expect a linearly growing rate γ2(t) and therefore
a Gaussian decay, i.e., ballistic transport behavior again. This conclusion is in accord with
Fig. 9(b).

The second transition to non-diffusive behavior in the limit of short wavelengths may be
routinely interpreted as the breakdown of diffusive behavior below some length scale which
is supposed to appear when the motion of, say, individual particles is resolved and length
scales become short compared to mean free paths. However, the first transition to ballistic
transport behavior in the limit of long wavelengths does not fit into this scheme of interpretation.
Nevertheless, it may be understood in the framework of standard solid state theory where
translational invariant systems without particle-particle interactions exhibit ballistic transport
behavior with quasi-particle velocities which are determined by the dispersion relations of the
bands. The analysis of the band structure of our model shows that the above transition to
ballistic behavior coincides with the transition of the E(k)-vs.-k diagram from being just a set
of disconnected points to the standard smooth band diagram which allows for a definition of
the quasi-particle velocities. It is also possible to show that the region where condition (37) is
violated is the only region where current eigenstates coincide with Bloch energy eigenstates.
Thus, the size below which condition (37) holds may be interpreted as the size below which the
concepts of standard solid state theory become inapplicable.

Let us finally remark that the excellent agreement of the numerical with the TCL results
is really surprising, namely, in the following sense: The fact that the correlation function f(τ)
features complete revivals is a hint for strong memory effects. It appears to be a widespread
belief that long memory times have to be treated by means of the Nakajima-Zwanzig projection
operator technique (NZ) [14,15]. The corresponding leading order equation is obtained by re-
placing Fq(t) with Fq(t− τ) on the right hand side of (33). This leads to an integro-differential
equation with the memory kernel f(τ). In the diffusive regime, t < T , the solutions of the TCL
and the NZ technique are almost identical. But in the ballistic regime, t� T , the NZ technique
predicts a pure oscillatory behavior

Fq(t) = cos
(

2
√

1− cos q λt
)

Fq(0) (40)

which obviously contradicts the numerical solutions of the Schrödinger equation and clearly
demonstrates the failure of the NZ approach in the description of the long-time dynamics.
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Fig. 10. Partition schemes for investigating
the transport perpendicular (a) or parallel (b)
to the spin chains. Each spin is represented by
a dot, solid lines indicate Heisenberg interac-
tions along the chains, dashed lines represent
random interactions. The diagonal couplings
within each plane have been left out for clar-
ity [except lower left corner of (a)].

Here, we do not discuss how heat conduction could be investigated using the solution of
the TCL master equation for the above described model. We just mention again that (27)
is a discrete version of the diffusion equation. The complete investigation of energy and heat
transport in such systems can be found elsewhere in the literature [17,19,23]. Instead, let us
concentrate on further implications of the method of correlated projection operators here.

3.4 Heat Conduction in Spin Models

The above introduced model shows that the correlated projection operator is indeed very useful
also for the investigation of transport models. However, the used system is a rather artificial
model to demonstrate the method. Let us therefore introduce a more realistic scenario in the
following.

We consider the three-dimensional model depicted in Fig. 10. At the lattice sites we could
think, e.g., of two-level atoms or of spins. Here, we perform a partition into N identical subunits
each consisting of n atoms. Like indicated in Fig. 10, this partition scheme leads to planes of
atoms combined in a subunit. The local Hamiltonian of the atoms (or the local Zeeman splitting
of each spin) is defined by

ĤZ =
∆E

2

∑

i

σ̂(i)
z . (41)

In one direction, the spins are coupled via a Heisenberg interaction

ĤH = λH
∑

i

σ̂
(i) ⊗ σ̂

(i+1) (42)

with the coupling strength λH and the Pauli spin vectors σ̂
(i) = (σ̂

(i)
x , σ̂

(i)
y , σ̂

(i)
z ). In the other

two directions, we use an interaction matrix ĤR for adjacent spins and next-neighbor spins
lying diagonally opposite [see lower left corner of Fig. 10(a)]. The non-zero matrix elements
are taken from a Gaussian ensemble with zero mean and a variance s2 that is related to the
coupling strength λR via

λ2
R =

d

N
s2 (43)

with d being the connectivity of the spins. Here, connectivity refers to the number of direct
couplings to other two level systems from one central site. Thus the total Hamiltonian yields

Ĥ = ĤZ + ĤH + ĤR . (44)

The coupling strengths λH for the Heisenberg interaction and λR for the random interaction
are chosen so that λR � λH � ∆E. Regardless of the partition scheme chosen (see below),
each subunit can be seen as a molecule consisting of several energy bands. If we again restrict
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ourselves to initial states where only one spin is excited (or superpositions thereof), the Heisen-
berg interaction does not allow to leave this subspace of the full Hilbert space. By choosing
also the random interaction to conserve the subspace we restrict all further investigations to
the single excitation subspace. Therefore, energy transport in our model system is equivalent to
spin transport in a gapless system (i.e. ∆E = 0). Within the chosen partition scheme and the
first excitation subspace the level structure of the model is similar as shown in Fig. 4 before.
Of course, levels within the bands are not equally distributed anymore and also the bandwidth
is determined by the inter-plane coupling strength.

Depending on the partition scheme the heat transport in two different directions can be
studied: perpendicular to the spin chains [Fig. 10(a)] and parallel to them [Fig. 10(b)]. For
transport perpendicular to the spin chains the partitioned Hamiltonian is given by

Ĥ =
N
∑

µ=1

ĤL(µ) +
N−1
∑

µ=1

ĤR(µ, µ+ 1) , (45)

where ĤL consists of a constant local energy splitting, a Heisenberg interaction (i.e. the spin
chains) and the internal random couplings of each subunit [cf. gray planes in Fig 10(a)]. Since

λR � λH , the effect of the internal random couplings on the spectrum of ĤL may be neglected.
Therefore the bandwidth δε is given by δε = 8λH . However, the coupling ĤR(µ, µ+1) is purely
random as in the design model before.

Thus, by starting from (26) the trace can be evaluated by using the block structure of ĤR,
resulting in (see also [17,22,23])

d

dt
Pµ =

n
∑

k,l

2|〈k, µ|ĤR|l, µ+ 1〉|2 sinωklt

n ωkl
(Pµ+1 − 2Pµ + Pµ−1) , (46)

where ~ωkl denotes the energy differences between the respective eigenstates. Furthermore,
assuming an equal coupling strength and thus |〈kµ|ĤR|lµ+1〉|2 ≈ λ2

R, the double sum can be
computed analogously to Fermi’s Golden Rule, which finally leads to the second order TCL
master equation (27) with the relaxation coefficient

κ =
πλ2

Rn

4~λH
, (47)

where n refers to the number of spins in the plane. Although the density of states is not
uniformly distributed in the band, the final decay constant is the same as in the design model
above. The approximation introduced by Fermi’s Golden Rule is only valid in the linear regime,
i.e.

π2nλ2
R

4λ2
H

� 1 . (48)

Figure 11 shows both the numerical results for the solution of the full Schrödinger equation
and the solution of the rate equation, which are in reasonably good agreement. As already men-
tioned above, the variance of a δ-shaped excitation at t = 0 grows linearly in time. Therefore,
it is evident that the heat transport is normal perpendicular to the chains.

In the following let us concentrate on the other direction, i.e., parallel to the chains. Thus,
we have a slightly different partition of the total Hamiltonian,

Ĥ =

N
∑

µ=1

ĤL(µ) +

N−1
∑

µ=1

(

ĤH(µ, µ+ 1) + ĤR(µ, µ+ 1)
)

. (49)

Here, the local part ĤL contains only random interactions besides the Zeeman splitting. In the
one-particle excitation space the commutator relations

[ĤH , ĤL] = [ĤH , ĤR] = 0 (50)
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Fig. 12. Parallel transport: probability to find the
excitation in the first subunit (µ = 1). Comparison
of the numerical solution of the Schrödinger equa-
tion (crosses) and second-order TCL (solid line).
(Same parameters as for Fig. 11)

are satisfied. If the dynamics induced by ĤL and ĤH is absorbed in the transformation into
the interaction picture, the random interaction transforms into

V̂ (t) = ei(ĤH+ĤL)tĤRe−i(ĤH+ĤL)t = eiĤLtĤRe−iĤLt , (51)

where (50) has been used. Therefore, the derivation of the dynamics of the Pµ [cf. (46)] is

still valid. However, (48) no longer holds, since ĤL and ĤR feature almost identical spectra,
meaning λR/λH ≈ 1. Instead of using Fermi’s Golden Rule we approximate the sinc function
in (46) by its peak value and obtain for the diffusion coefficient

κ(t) = 2nλ2
Rt (52)

which is linear in time.
The solution of (27) with the diffusion coefficient (52) defines the occupation probabilities

in the interaction picture P int
µ . Since we are interested in the occupation probabilities in the

Schrödinger picture P s
µ, we need to calculate the inverse transformation of the density operator

P ρ̂s = e−iĤHtP ρ̂inteiĤHt, (53)

where the diagonal elements P ρ̂s
µµ are the occupation probabilities P s

µ. The off-diagonal ele-

ments of P ρ̂int can be computed by replacing the projector (25) with another one projecting
out off-diagonal elements as well. However, the dynamics of the diagonal and the off-diagonal
elements decouple so that diagonal initial states remain diagonal for all times. In Fig. 12 the
numerical solution of the Schrödinger equation is compared with the TCL prediction. Again,
there is good agreement between both.

To classify the transport behavior of (27) with the time dependent rate (52) a much larger
system has to be considered. The initial excitation must not reach the boundaries of the system
during the relaxation time. The variance of an excitation initially at µ = µ0

σ2(t) =

N
∑

µ=1

P (s)
µ (t)(µ− µ0)

2 , (54)

shown in Fig. 13, grows quadraticly in time, i.e., the transport is ballistic. Here we have con-
sidered a system with N = 300 subunits and an initial excitation at µ0 = 150. According to
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Fig. 13. Variance of an excitation initially at subunit
µ0 = 150. Second-order TCL prediction (crosses)
and quadratic fit (solid line). (N = 300, n = 600,
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those values we have solved the TCL master equation. Numerical investigations show that the
transport behavior is largely independent of κ(t). Ballistic transport is observed as long as
λHt� κ(t) on all relevant time scales.

4 Conclusion

In the first part of this article we have investigated the relaxation of a small quantum system
coupled to a finite environment by a projection operator technique using a recently suggested
correlated projection superoperator. The operator does not always project the environment
to the same thermal state as the standard projection, but to several distinct subspaces or
bands. Contrary to the standard quantum master equation approach, this method leads to a
reasonably good agreement between the solution of the developed rate equation and the exact
solution of the full Schrödinger equation. Thus, the above used method results into a proper
reduced description of the properties of interest inside the model.

This correlated projection operator technique based on TCL is also a valuable tool to inves-
tigate the transport through quantum systems. Using the method in both the position space as
well as the Fourier space of modes we have analyzed the type of transport, finding a diffusive
and several ballistic regimes. This includes an investigation of the length scale on which diffusive
behavior appears in dependence of several time scales within the system. We have demonstrated
that the transport for both very short and very long length scales is indeed ballistic. In between
we have found a diffusive regime. Finally, we have been able to derive a concrete microscopic
formula for the conduction coefficient in the case of diffusive behavior. Even a more realistic
spin model system is very well described by the reduced dynamical equations which follow from
the discussed method using correlated projection superoperators.

In conclusion, the presented method is a very powerful tool to investigate both the relaxation
of a quantum system coupled to a finite environment as well as the transport properties of
moderately sized quantum systems.

We thank H.-P. Breuer, J. Gemmer, G. Mahler and H.-J. Schmidt for fruitful discussions. Financial
support by the “Deutsche Forschungsgemeinschaft” (DFG) is greatfully acknowledged.
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Abstract. – We investigate the transport of energy, magnetization, etc. in several finite
one-dimensional (1D) quantum systems only by solving the corresponding time-dependent
Schrödinger equation. We explicitly renounce on any other transport-analysis technique. Vary-
ing model parameters we find a sharp transition from non-normal to normal transport and a
transition from integrability to chaos, i.e., from Poissonian to Wigner-like level statistics. These
transitions always appear in conjunction with each other. We investigate some rather abstract
“design models” and a (locally perturbed) Heisenberg spin chain.

The transport behavior of one-dimensional (1D) systems has intensively been investigated
for several decades, as well in the context of classical mechanics as in the context of quan-
tum mechanics [1–16]. Nevertheless, the precise conditions under which normal transport
occurs, i.e., under which there is neither ballistic transport nor localization but normal spatial
diffusion, are still not known [17].

In the classical domain it seems to be largely accepted that normal transport (in any dimen-
sion) requires the chaotic dynamics of a non-integrable system whereas non-normal transport
is typical for the regular dynamics of (completely) integrable systems, see [3]. However, there
have also been successful attempts to observe normal transport in the absence of exponential
instability, the latter being a basic feature of (deterministic) chaos [4]. In the quantum do-
main there are only very few examples which can be reliably shown to exhibit normal, diffusive
transport at all [5–7]. But, also in this field, it has been argued that non-normal transport
is related to the macroscopic number of conserved quantities which characterize integrable

(∗) Email: rsteinig@uos.de
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systems [10–13]. Moreover, recent numerical computations for spin chains have led to the
assumption that normal transport might strictly depend on quantum chaos [1, 2].

Although this assumption is plausible, it has not been proved yet [15]. Moreover, almost all
computations are either based on special models of reservoirs which might effect the transport
behavior, or they rely on the Kubo formula. The latter has originally been derived for field-
driven electrical conductance and its validity for diffusive transport phenomena such as, e.g.,
thermal conductance is still under dispute, see [7–9,18]. We refer to [19] where the rather lim-
ited validity of the Kubo formula for thermal conductance has explicitly been demonstrated.
Especially considerations which are restricted to the analysis of the so-called “Drude-weight”
are not sufficient to determine the transport behavior. Thus the main intent of the letter
at hand is to examine the relation between transport behavior and quantum chaos without
modelling, e.g., external heat baths at different temperatures or using the Kubo formula.

This letter is structured as follows: First of all we briefly comment on the theory of quan-
tum chaos, mainly on the nearest neighbor level spacing distribution (NNLSD). Thereafter
we introduce two measures for deviations: i) a measure for the deviation of a given system
from the fully chaotic Wigner NNLSD (χW ), ii) a measure for the deviation of a given sys-
tem from fully diffusive behavior (D). Different finite 1D models are considered and for each
model a parameter that drives an “integrable to chaotic transition” is varied. The corre-
sponding Schrödinger equations are solved. This allows to plot both measures (χW , D) over
the respective parameter in order to reveal correlations. This reveals that, at least in our
models, the “integrable to chaotic” induces a “non-normal to normal transport” transition.
We investigate some “design models” featuring random interactions and a (locally perturbed)
Heisenberg spin chain. We close with a summary and a conclusion.

The theory of quantum chaos is principally concerned with the level statistics of quantum
systems which possess a classical limit [20–26]. A commonly used statistical measure is the
nearest neighbor level spacing distribution (NNLSD), P (s), where P (s) ds is the probability
that the distance, s, between two adjacent eigenvalues lies in the interval [s, s+ds]. Typically,
P (s) is well described by a Wigner distribution PW (s) = πs/2 exp(−πs2/4), when the clas-
sical limit is chaotic, and by a Poissonian distribution PP (s) = exp(−s), when the classical
limit is regular, i.e., (completely) integrable [20, 21]. Interestingly, P (s) can differ from these
distributions [26]. Two things are crucial for the computation of the NNLSD: First of all one
has to select a subspace consisting of states from a single symmetry class. Thereafter one
has to unfold the subspace’s spectrum, such that the local average of s equals one (s̄ = 1)
everywhere in the spectrum. A detailed description of the unfolding procedure can be found
in [20, 21]. In order to compare the resulting NNLSD, given as a normalized histogram with
L bins, with the above distributions we define the measure

χ2
W =

L
∑

µ=1

(Pµ − PW,µ)2

PW,µ

, (1)

and χ2
P , respectively, where Pµ is the probability that s lies inside the µ’th bin of the histogram.

PW,µ and PP,µ are the probabilities according to PW (s) and PP (s), respectively.
In this letter we consider chain-like quantum systems which may be described by Hamil-

tonians of the form

Ĥ =

N
∑

µ=1

ĥµ +

N−1
∑

µ=1

v̂µ,µ+1 , (2)

where ĥµ denotes the local Hamiltonian of some subunit µ and v̂µ,µ+1 the interaction between
neighboring subunits, N is the total number of subunits. The model is primarily intended
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Fig. 1 – A chain of N identical subunits: Each subunit features a nondegenerate ground state, a
wide energy gap (∆E) and a comparatively narrow energy band (δε) which contains n, energetic
equidistant, states.

to investigate energy transport in a chain of coupled quantum systems (like, e.g., molecules)
but may also be viewed as a Hubbard-type model for particles on a lattice (see below).
Furthermore, most (almost) periodic systems should allow for a description according to (2),
as will be illustrated below with the example of a spin chain and is explained in detail in [19].
Since we intend to identify the diffusion of, e.g., energy, we have to introduce a measure for
the energy density or the local energy. We define the local energy operator at site µ simply as
ĥµ. Of course, this definition neglects the energy contained in the interaction and eventually
implies a weak coupling limit.

If the transport behavior of, e.g., energy was perfectly diffusive, then the local energies
Eµ(t) = 〈ψ(t)|ĥµ|ψ(t)〉 (|ψ(t)〉 being the full system’s wavefunction) would obey the following
set of equations for, e.g., a chain-like system

Ė1 = η (E2 − E1) ,

Ėµ = η
[

(Eµ+1 − Eµ)− (Eµ − Eµ−1)
]

, (3)

ĖN = η (EN−1 − EN ) .

This may be viewed as a discrete form of the diffusion equation ρ̇E = η∆ρE , ρE being the
energy density. Diffusive behavior of any other quantity may be defined by a respective set of
equations.

A suitable measure for the deviation of the (numerically) exact time evolution of the
local energies as obtained from the Schrödinger equation from the fully diffusive dynamics as
generated by (3) is given by

D2 =
1

N

1

5τ

N
∑

µ=1

∫ 5τ

0

[

Enormal
µ (t)− Eexact

µ (t)
]2
dt (4)

with τ = 1/η. In the letter at hand we determine η through fitting the dynamics generated
by (3) to the (numerically) exact time evolution of the local energies. For a possible analytic
computation of η, see, e.g., [6].

Let us now investigate two abstract examples (“design models”) of (2). The first model
consists of N identical subunits: Each subunit features a nondegenerate ground state, a wide
energy gap (∆E) and a comparatively narrow energy band (δε) which contains n, energetic
equidistant, states, cf. Fig. 1. The next-neighbor interaction is defined as

v̂µ,µ+1 = λ

n
∑

i,j=1

vij p̂
+
µ,i p̂

−

µ+1,j + h.c. , (5)

where h.c. is the hermitian conjugate of the previous sum. p̂+
µ,i corresponds to an upwards

transition of the µ’th subunit from its ground state to the i’th state of its band and p̂−µ,i
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Fig. 2 – (a) Average deviation of the (numerically) exact time evolutions of the local energies from
perfectly diffusive behavior. (b) Deviation of the level statistics from the Wigner distribution for the
model pictured in Fig. 1. The model parameters N = 2, ∆E = 10 and δε = 0.5 are fixed, but n
runs from 125 (+) over 250 (×) and 500 (∗) till 1000 ( ). Evidently, Wigner-like level statistics and
normal transport are correlated.

corresponds to a downwards transition, respectively. vij are randomly distributed complex
numbers which are normalized to

∑n

i,j=1
|vij |

2/n2 = 1, such that λ sets the total interaction
strength. Since vij does not change with µ, there is no disorder. Obviously, we can restrict
our analysis to the one-excitation subspace (the space where one subsystem is excited and
all others are in their ground state), if the initial state ψ(0) belongs to this subspace. The
subspace’s dimension is N · n and grows linearly rather than exponentially with N .

The model may be also illustrated as a “single-particle multi-channel quantum wire”, as
already mentioned above, with random hoppings but without disorder. Therefore, unlike the
single-particle Hubbard models with randomness in, e.g., [27], no localization occurs. Thus
all deviations from normal transport which are discussed below (see Fig. 2a) are deviations
towards a ballistic-type behavior, not towards localization.

For simplicity, we start with N = 2, i.e., only two subunits. Figure 2a shows D2 versus
λ, averaged for 200 adequately restricted random pure initial states ψ(0), cf. (4). The model
parameters ∆E = 10 and δε = 0.5 are fixed, but n runs from 125 to 1000. Figure 2b shows χ2

W

versus λ, that is, the deviation of the corresponding NNLSD from the Wigner distribution, cf.
(1). Expectedly, for too small λ (< 10−5) the subunits are almost uncoupled, such that the
time evolution of the local energies differs from (3) and the NNLSD deviates from the Wigner
distribution. Evidently, (3) does not apply for too large λ (> 10−2), although the NNLSD is
clearly Wigner-like. Obviously, a Wigner-like NNLSD is not a sufficient condition for normal
transport. Nevertheless, for all n one observation is striking: The minimum of D2 lies exactly
at the position where the minimum of χ2

W is reached. This observation which turns out to
apply to all our models is our main result. Thus, a Wigner-like NNLSD might be a necessary
condition for normal transport.

We have additionally checked chains up to N = 15 and n = 500. Furthermore, we have
varied details of the model, e.g., the band’s level distribution. We shortly summarize that the
results do not significantly differ from the results of the case N = 2. The interested reader is
referred to [6, 19] where, e.g., the finite size scaling is discussed in detail.

However, since real physical systems do not typically feature the gapped local spectra of the
above model, we consider another example of (2). The model is pictured in Fig. 3 and consists
ofN identical subunits: Each subunit features n eigenstates which are randomly, but uniformly
distributed within an energy interval ∆E. As before v̂µ,µ+1 is a randomly chosen complex
matrix, but now without restriction to any subspace (no “particle-number conservation”).
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Fig. 3 – A chain of N identical subunits: Each subunit features n states which are randomly, but
uniformly distributed within an energy interval ∆E.

Nevertheless, v̂µ,µ+1 is supposed to be given by v̂µ,µ+1 = λ v̂ with Tr(v̂2)/n2 = 1. Again, for
each λ we average over an adequate set of 200 random pure initial states. For the case N = 2
the results do not qualitatively differ from the results in Fig. 2a and 2b, e.g., for the model
parameters n = 60 and ∆E = 10 the minimum of D2 and χ2

W lies at λ = 0.0005.
What about larger N? Since for this system class the dimension of the relevant Hilbert

space is nN , we are forced to decrease n. But for smaller n deviations from the fully diffusive
behavior typically increase, cf. Fig. 2a. Nevertheless, in principle we find the above result also
confirmed for N = 3 and n = 20. Remarkably, even for N = 6 and n = 4 the time evolution of
the local energies is in tolerably good agreement with (3), again for a parameter regime where
the NNLSD is Wigner-like. (We do not display all those data here, since they essentially look
like Fig. 2.)

However, for a chain of two level subunits, that is, for a chain of “spins” relaxation and
local fluctuations are indistinguishable on the scale of a single subunit, i.e., on this scale
(3) does not apply. This changes if the scale is changed, i.e., if various neighboring spins
(including their mutual interactions) are grouped together to form a subunit as addressed by
(2). However, since a spin chain with random next neighbor interaction may always be viewed
as a “mixture” of different wellknown spin models, it is more meaningful to consider directly a
single spin model, e.g., the Heisenberg model. Furthermore, other than our “design models”,
those spin models possess a classical counterpart which is unambiguously either integrable
or not [21, 28]. Thus, in the following we consider a Heisenberg spin chain in an external
magnetic field B. Concretely, the Hamiltonian reads

Ĥ =
1

2

N
∑

µ=1

(B +Bµ) σ̂z
µ +

λ

4

N−1
∑

µ=1

σ̂µ · σ̂µ+1 , N even, (6)

where σ̂µ are the standard Pauli operators and Bµ are local variations from B. Furthermore,
Bµ are chosen as Gaussian distributed random numbers with 〈Bµ 〉 = 0 and 〈BµBν〉 = δµν ε

2.
The parameter λ sets the coupling strength, but the Heisenberg interaction is not normalized
to 1, unlike (5). As mentioned above we operationally divide the chain into only two subunits,
namely the first and second half. Note that due to the local fields Bµ the spectra of those
halves may not be identical.

Obviously, (6) is invariant under rotations around the z-axis. In order to compute the
NNLSD we choose the subspace with M = 0, where M is the quantum number with respect
to Ŝz =

∑N

µ=1
σ̂z

µ/2, the generator of these rotations. For a model as given by (6) with N = 12

the dimension of this subspace is d = 924. Figure 4a shows χ2
W versus ε, averaged for 100

sequences Bµ, that is, the average deviation of the NNLSD from the Wigner distribution,
and χ2

P , respectively, cf. (1). Since the system is integrable for ε = 0, a Poisson-like NNLSD
is obtained. When ε increases from zero, the system undergoes a transition to chaos and
consequently the NNLSD becomes Wigner-like. The minimum of χ2

W (the maximum of χ2
P )
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Fig. 4 – (a) Average deviation of the level statistics from the Wigner distribution (+) and the Poisson
distribution (×) for the spin model corresponding to (6). (b) Time evolution of the first half’s
local magnetization for ε/λ = 0 (dashed curve), 0.25 (dotted curve) and 1 (solid curve). Evidently,
exponential decay indicating normal transport occurs only for ε/λ = 0.25, the parameter for which
the level statistics are most Wigner-like.

is reached at ε ≈ λ/4. When ε further increases and becomes larger than λ, the system
becomes localized and accordingly a Poisson-like NNLSD reappears, see [22–24], too.

Since neither the level statistics nor the dynamics within the mentioned subspace depend
on the constant field B, we set B = 0. Here we analyze the transport of magnetization which
is, just like energy, a conserved quantity in this model. According to our above partition
scheme we define two local magnetizations:

M1 :=
1

2
〈ψ(t)|

6
∑

µ=1

σ̂z
µ|ψ(t)〉 and M2 :=

1

2
〈ψ(t)|

12
∑

µ=7

σ̂z
µ|ψ(t)〉 . (7)

If the transport behavior of magnetization was diffusive on this scale, the M ’s should exhibit a
dynamics as generated by a direct analogue to (3), i.e., they should simply relax exponentially
to equilibrium. In Fig. 4b M1 is displayed for the cases ε/λ = 0 (dashed), 0.25 (dotted)
and 1 (solid). The chosen initial state ψ(0) is the only state with M1 = 3 and M2 = −3.
Obviously, for the case ε/λ = 0 the transport is non-normal, the “bouncing” behavior of the
magnetization could rather be interpreted as a hint for ballistic transport. This issue has
been discussed very controversially in the literature [12–16]. So far, we also have no definite
conclusion. For ε/λ = 1 almost no transport is observable, the magnetization seems to be
stuck, i.e., localized. But at the minimum of χ2

W (the maximum of χ2
P ), ε/λ = 0.25, there

is a tolerably good agreement with (3): the first half’s local magnetization decays almost
exponentially from the initial value M1 = 3 to the equilibrium value M1 = 0, as expected for
normal transport.

What is to be expected for longer chains? Regular transport and localization scenarios
should be unaffected in the thermodynamic limit as the investigations of the first system class
and theories in [6,19,29] suggest. The ballistic-like transport may possibly become normal on
a larger scale.

Of course, our Heisenberg model can be mapped on a 1D twelve-site Hubbard model
of interacting spinless fermions with disorder. Such systems have recently been studdied
in [30] with the result that the interaction may lead to finite conductivity (above some critical
temperature) for systems that would be localized (in real space) otherwise. Although our
states are far from being thermal, our results are in accord with those findings: If we remove
the interactions (the σ̂z

µσ̂
z
µ+1-term) for the normal transport case (ε/λ = 0.25) we find that
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magnetization essentially stays in the first half, i.e., localization occurs. Consistently, the
NNLSD becomes Poissonian again.

Let us finally summarize and conclude: We investigated several finite one-dimensional
quantum systems. We introduced definitions for perfectly diffusive, normal transport behavior
and for the level statistics expected from a perfectly chaotic system (Wigner statistics). By
numerically solving the corresponding Schrödinger equations we got the exact energy spectra
as well as the exact dynamics of our systems. With those data we computed the deviation of
our model’s level statistics from a perfectly chaotic system’s level statistics and the deviation
of our model’s exact transport dynamics from a perfectly diffusive transport dynamics. From
comparing those deviations we found that models featuring nearly perfect diffusive transport
always feature nearly perfect chaotic level statistics, while the inverse is not true. This result
is eye-catching and eventually leads to our conclusion that a Wigner-like NNLSD might be a
necessary, but not sufficient condition for normal transport.
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[11] Zotos X., Naef F. and Prelovšek P., Phys. Rev. B, 55 11029 (1997)
[12] Narozhny B. N., Millis A. J. and Andrei N., Phys. Rev. B, 58 R2921 (1998)
[13] Rabson D. A., Narozhny B. N. and Millis A. J., Phys. Rev. B., 69 054403 (2004)
[14] Fabricius K. and McCoy B. M., Phys. Rev. B, 57 8340 (1998)
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The Kubo formula describes a current as a response to an external field. In the case of heat
conduction there is no such external field. We analyze why and to what extend it is nevertheless
justified to describe heat conduction in modular quantum systems by the Kubo formula. “Modular”
we call systems that may be described as consisting of weakly coupled identical subsystems. We
explain in what sense this description applies to a large class of systems. Furthermore, we numer-
ically evaluate the Kubo formula for some finite modular systems. We compare the results with
data obtained from the direct numerical solution of the corresponding time-dependent Schrödinger
equation.

PACS numbers: 05.60.Gg, 44.10.+i, 05.70.Ln

I. INTRODUCTION

There are essentially two reasons that can cause a cur-
rent of particles like, e.g., electrons through solids: Either
there is an electric field dragging the electrons in some
direction or the electron density is spatially non-uniform,
i.e., there is a density gradient causing the electrons to
diffuse. For systems featuring normal transport the cur-
rents in those two cases are supposed to be determined
by

j = LFF , (1a)

j = −LD∇ρ , (1b)

where j is the current, F the external force, ρ the spa-
tial density and the L’s are the pertinent response coeffi-
cients. As will be briefly outlined below the derivation of
(1a) from the corresponding scenario is rather straight-
forward and leads to the Kubo formula1,2 (KF). A di-
rect derivation of (1b) from its underlying scenario seems
to be significantly more subtle. This is a crucial point
for the analysis of heat conduction since, although being
rather similar to the above case otherwise, the scenario
corresponding to (1a) does not exist for heat transport.
There simply is no external field which could exert a force
on heat, heat is always driven by an energy density (tem-
perature) gradient as described by (1b). Nevertheless, as
will also be sketched below, there have been attempts to
apply the derivation of (1a) to thermal conduction which
eventually implies the application of the KF also in this
case1–4.

Let us briefly recall the derivation of the KF. An exter-
nal field gives rise to an additional energy H ′ =

∫
ρUdV

with −∇U = F . This term is routinely treated as a per-
turbing addend to the Hamiltonian of the system yielding

an expression for the induced current. In this expression
Ĥ ′ itself no longer appears only its derivative with re-
spect to time which in the case of a (spatially constant)

external field reads Ḣ ′ = −jF . Thus one obtains a rela-
tion of the form (1a)1. LF is given by the Kubo formula
and reads

L(ω) =
1

V

∫ ∞

0

dt e−iωt

∫ β

0

dτ Tr{ρ̂0 ĵ(0) ĵ(t+ iτ)}, (2)

where ρ̂0 is the Gibbsian equilibrium state, V the volume
and L(ω) is the response coefficient which describes the
conductivity at frequency ω.

In the case of heat conduction no additional energy
arises from the internal force (temperature gradient) and
thus the stimulus of the current cannot be incorporated
into the Hamiltonian. Hence the above line of reason does
not apply. To nevertheless justify a Kubo-type formula
for thermal conductivity basically two types of arguments
are brought forth:
i) The hypothesis of local equilibrium

The state that one gets by boldly writing down a Gibbs
state with a spatially non-uniform temperature that
varies little (∆T (x)) around some mean β0 = 1/T0 reads

ρ̂leq = Z−1exp
(

− β0

∫

dx
1−∆T (x)

T0
ĥ(x)

)

(3)

(Z being the partition function, ĥ(x) the local energy
density and T0 respectively β0 some mean temperature)
and is called a local equilibrium state (cf. Ref.5,6). Its
physical significance is somewhat vague since it is not
a real equilibrium state. However, adding a “pseudo-

perturbation” of the form Ĥ ′ps = −
∫

dx∆T (x)ĥ(x)/T0

to the system’s Hamiltonian and calculating the Gibbs
state at uniform β0 of the perturbed system formally
yields the above local equilibrium state (3). Thus this
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term is said to somehow model the effect of the inter-
nal temperature gradient, although the local equilibrium
state features no current. Nevertheless, proceeding like
described above and taking Ĥ ′ps for an external pertur-
bation yields a transport coefficient as given by (2) (just

multiplied by β0) with a thermal current ĵ defined by

ḣ+∇j = 0.
ii) The entropy production argument

If, e.g., an electrical current in some conducting solid
runs along an electric field, potential energy arising from
this field, H ′, is converted to heat, Q. Thus one has
−Ḣ ′ = Q̇. Hence the entropy production is Ṡ ≥ Q̇/T .
On the other hand entropy production is assumed to be
of the form Ṡ = J · ∇T/T 2 (see Refs.7–10). Combining
these equations and boldly replacing the “≥” by an “=”
yields Ḣ ′ = −J · ∇T/T . This can formally be incor-
porated in the derivation of the KF outlined above and
yields the same result as the hypothesis of local equilib-
rium. The crucial shortcoming of this argument is that
if heat flows along a temperature gradient, obviously no
heat is produced, only entropy. Thus, in this case one
would definitely have to consider a “>” and then this
argument yields no concise result.

Thus it has often been pointed out that those concepts
do not provide a rigorous justification of the KF for ther-
mal conduction5,11–16 which remains an open question.
Furthermore, the KF has been counter-checked only for
few concrete systems, see Refs.17,18. Despite those con-
ceptual problems the application of the KF to heat con-
duction is today a standard technique19–21. Thus the
main intend of the paper at hand is to give a derivation
of a Kubo-type formula for thermal conduction which is
more convincing, thereby also pointing out the limits of
its validity.

II. KUBO FORMULA FOR FINITE QUANTUM

SYSTEMS

Before we proceed with our main line of thought in
Sect. III we shortly comment on another difficulty that
arises if one wants to compute the transport coefficients
of finite quantum systems from the KF. This point de-
serves consideration, since, in general, an infinite sys-
tem cannot be treated numerically, thus in many cases a
transport coefficient of an (periodic) infinite system can
only be computed from analyzing a finite piece of the
infinite system (cf. Ref.22).

Of course, a key question is whether or not the trans-
port is normal at all. For infinite systems the coefficient
is believed to take the form L(ω) = Ddrδ(0) +κ(ω). Ddr

is called the Drude weight and whenever it is nonzero for
infinite systems the transport is assumed to be ballistic.
If it is zero, the normal (diffusive) conductivity is sup-
posed to be given by κ(0), κ(ω) being a smooth function
without any singularities20,22. However, this distinction
is problematic if the KF is evaluated on the basis of a
finite quantum system. In this case L(ω) consists of a

sum of delta peaks at different frequencies without any
non-singular contribution20,22. So, technically speaking,
one cannot find normal transport in a finite quantum
system, it is either ballistic or none. There are differ-
ent ideas on how the transition to infinite systems could
produce normal transport. Sometimes the singularity at
ω = 0 is assumed to broaden (“imaginary broadening”)
but maintain its weight such that L(0) = Ddr/τ is non-
singular, where τ is some inverse width of the Drude-peak
which is hard to evaluate from a closed finite system22. In
other approaches L(ω) is averaged over small frequency
intervals δω and the resulting smooth function is extrap-
olated down to ω = 0 in order to determine the normal
conductivity22,23. The result depends, of course, on how
δω is chosen. In general it appears to be difficult to de-
termine transport type and conductivity merely from the
Hamiltonian of a finite piece of an infinite system without
any further assumptions.

Thus, except for demonstrating the limited validity of
the KF, the paper at hand also suggests a consistent
method to infer the heat conduction behavior of an in-
finite system from analyzing an adequate finite piece of
it.

III. MODULAR QUANTUM SYSTEMS AND

DIFFUSIVE DYNAMICS

We consider systems consisting of identical many-level
subunits which are weakly coupled by identical next-
neighbor interactions. We call those systems “modular”.
For simplicity, we analyze chains and rings of that kind.
Their Hamiltonians may be denoted as

Ĥ =
N∑

µ=1

ĥ(µ) +
N−1∑

µ=1

V̂ (µ, µ+ 1) , (4)

where ĥ(µ) is the local Hamiltonian of some subunit µ, N

the total number of subunits and V̂ (µ, µ+1) represents a
next-neighbor interaction between the subsystems µ and
µ+ 1 (Schematic examples of such modular systems are
depicted in Fig. 1 and Fig. 8). The one-dimensional char-
acter is not crucial here. Everything derived below can
be generalized straightforwardly to modular systems fea-
turing arbitrary multi-dimensional “net-structures”. So
what sort of physical systems are modular systems? First
of all interacting nano-structures like arrays of quantum
dots, etc., might fit this scheme. But modular structures
may also be achieved by operationally coarse graining
periodic (or also slightly disordered) systems like spin
chains, crystals, etc. in modules such that each module
containins many elementary cells. The interactions be-
tween the modules then represent the couplings. Since
interactions are typically rather short ranged, increasing
the “grain size” will eventually result in a description
in which only adjacent modules are coupled. Further-
more, these next neighbor couplings will become weaker,
such that they finally might be considered as weak. This
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“weak coupling”, as well as other criteria which deter-
mine whether or not there is regular transport, will be
given more precisely below. They may all depend on the
choice of the grain size. This reflects the fact that regu-
lar thermodynamic behavior may only be expected for a
spatially coarse enough description. Whether or not the
criteria for regular transport are fulfilled at some grain
size has to be investigated for any system individually.
However, the description of a system as a modular sys-
tem should be possible for very many systems. Thus,
in order to keep everything as general as possible, we
do not specify our systems in much more detail than al-
ready given by (4) (not even the numerical examples in
Sect. VII). But the concrete application of the results at
hand to, e.g., spin chains is under way.

What does diffusive transport mean in the context of
modular systems? Diffusive heat transport is defined by
Fourier’s law which is essentially given by (1b). For mod-
ular systems we replace the spatial gradient by the en-
ergy difference between two adjacent subunits, i.e., the
current j(µ) from subunit µ to subunit µ+1 should obey
j(µ) = D(h(µ)−h(µ+1)). A discrete form of the continu-

ity eq. for modular systems reads ḣ(µ) = j(µ−1)− j(µ).
Combining those eqs. yields, e.g., for a chain

dh1

dt
= D(h(2)− h(1)) ,

dhµ
dt

= D(h(µ− 1) + h(µ+ 1)− 2h(µ)) , (5)

dhN
dt

= D(h(N − 1)− h(N)) .

(This may be viewed as a discrete form of the time-

dependent version of Fourier’s law: ḣ(x) = (κ/c)∆h(x).)
If the motion of energy through the closed system
(which is entirely controlled by its Hamiltonian and the
Schrödinger eq.) can be described by the above set of
eqs., the thermal transport is diffusive. The conductivity
is obviously related to D.

Our paper is roughly organized as follows: We consider
the dynamics of a modular system without any external
forces, starting from a local equilibrium state as given
by (3). We find that, under various conditions on the
model parameters, the motion of the energy can be de-
scribed by (5) for a short first time-step (cf. Sect. V),
where D is essentially determined by the KF. After that
time-step the system is unfortunately no longer in a local
equilibrium state. It can, however, be shown that almost
all states sharing some crucial properties with the local
equilibrium state will also give rise to energy dynamics in
accord with (5) for another time-step. That means, fully
evolved local equilibrium is dispensable. Thus one can,
iterating the result for short time-steps, conclude that (5)
provides a correct description for all times (cf. Sect. VI)
and thus justify the application of the KF. Eventually
we evaluate the KF for some concrete finite models and
compare the results with the energy dynamics obtained
from a direct numerical integration of the corresponding
time-dependent Schrödinger eqs. (cf. Sect. VII).

IV. DEFINITION OF LOCAL ENERGY

CURRENTS IN MODULAR QUANTUM

SYSTEMS

Consider a Hamiltonian as given by (4). In the paper
at hand we define the local energy operator at site µ sim-

ply as ĥ(µ) rather than ĥ(µ)+(V̂ (µ, µ−1)+V̂ (µ, µ+1))/2.
This way the sum of all local energies does not represent
the total energy and is not a strictly conserved quantity.
But the local energy operators are defined on strictly sep-
arated subspaces of the product space on which the full
system is defined. Excluding the interactions from the
local energies makes a consistent partition of the system
into mutually disjoint (smallest) subunits possible, such
that on each subunit a local (equilibrium) state may be
defined independently. This would be impossible if one
included the interactions in the local energies. However,
if one wants to define an energy current based on the
evolutions of those local energies, the sum of the local
energies has to be at least approximately conserved, i.e.,
the part of the full energy associated with the local en-

ergies, Tr{ρ̂ ĥ(µ)}, has to be much bigger than the part

associated with the interactions, Tr{ρ̂ V̂ (µ, µ+1)}. This
eventually means that the interactions have to be weak.

For conserved quantities the discrete continuity equa-
tion ḣ(µ) = j(µ − 1) − j(µ) suggests the definition of a
local current operator15,16,22 via (~ = 1)

d

dt
ĥ(µ) = i[Ĥ, ĥ(µ)] (6)

= i[V̂ (µ− 1, µ), ĥ(µ)]
︸ ︷︷ ︸

ĵ(µ−1)

+ i[V̂ (µ, µ+ 1), ĥ(µ)]
︸ ︷︷ ︸

−ĵ(µ)

.

However, rewriting the above equation for the temporal

change of ĥ(µ + 1) produces another expression for the

local current ĵ(µ) = i[V̂ (µ, µ + 1), ĥ(µ + 1)]. This can
only be consistent if

[V̂ (µ, µ+ 1), ĥ(µ) + ĥ(µ+ 1)] ≈ 0 . (7)

But this expression can be interpreted as the tempo-
ral change of the sum of two adjacent local energies, if
only the interaction between the respective subunits was
present. According to the weak coupling precondition,
this sum of local energies is approximately conserved. Or
at least its fluctuations are small compared to its mean
value as long as the energy contained in the subunits is
not too small. This means in particular that (7) may
safely be assumed as long as the temperature is not too
small (we will come back to that condition later). Thus
a sort of symmetrized local current is defined by

ĵ(µ) = i[V̂ (µ, µ+1), Ŝ] , Ŝ =
1

2

(
ĥ(µ+1)− ĥ(µ)

)
. (8)

The local current operator is strictly defined within the
product space spanned by the corresponding adjacent
subunits. Its expectation value is determined only by the
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reduced state of those adjacent subunits. Thus, within
this framework, the relation between current and tem-
perature difference may be determined on the basis of a
reduced system consisting of only two interacting sub-
units. In this reduced system the current is simply the
temporal change of Ŝ. And Ŝ may be interpreted as the
operator for the skewness of the energy distribution be-
tween the two subunits.

V. LOCAL ENERGY CURRENTS AS A

RESPONSE TO LOCAL TEMPERATURE

GRADIENTS

We now investigate the relation between temperature
difference ∆T and the short time behavior of the energy
current j. In spite of having commented in Sect. I on
the local equilibrium state in a rather critical way we
now analyze the short time dynamics, i.e., the forma-
tion of a current of an initial local equilibrium state as
given by (3). Since we are not deducing any pseudo po-
tentials here, this does not imply the application of the
hypothesis of local equilibrium in the sense described in
Sect. I. However, if one starts with a local equilibrium
state and considers only a short time step, the question
arises whether the system will be in (another) local equi-
librium state after this time step? The answer is no, but
this issue is addressed in detail in Sect. VI. For the mo-
ment we thus simply consider the local equilibrium state
ρ̂(T,∆T ) which is defined for the two coupled subunits
which form our reduced system (for simplicity, those are
only labeled “1” and “2” in the following):

ρ̂(T,∆T ) ≈ ρ̂0(1̂ +
∆T

T 2
Ŝ) , ρ̂0 :=

exp
(
−(ĥ(1)+ĥ(2))

T

)

Z2(T )
.

(9)
(Z is the partition function of one subsystem and we
chose units of temperature and energy as kB = 1,
~ = 1.) Here ρ̂0 is obviously a “global” equilibrium
state with both subunits at the same temperature T .
Unfortunately, the current for this state vanishes, i.e.,
Tr{ρ̂(T,∆T ) ĵ} = 0 (if the partial traces of V̂ with re-
spect to the subunits vanish, which can be demanded
without loss of generality).

Thus one has to proceed in a slightly different way:
We analyze an approximate short time evolution of the
expectation value

S(τ) = Tr{ρ̂(T,∆T ) Ŝ(τ)} (10)

and consider it’s derivative with respect to time for some
small but finite τ . This derivative is, according to the
Heisenberg equation of motion and the definition in (8),
the current at time τ . The time evolution of the operator
Ŝ(τ) is computed by means of a truncated Dyson series,
i.e.,

Ŝ(τ) = D̂†(τ)ŜD̂(τ) with

D̂(τ) ≈ 1̂− iÛ1(τ)− Û2(τ) (11)

and the time evolution operators (see Ref.24,25)

Û1(τ) =

∫ τ

0

dτ ′ V̂ (τ ′) , (12)

Û2(τ) =

∫ τ

0

dτ ′
∫ τ ′

0

dτ ′′ V̂ (τ ′) V̂ (τ ′′) . (13)

Here the time dependence of the V̂ (τ)’s is defined on the
basis of an interaction picture, i.e., only generated by

the local Hamiltonians ĥ(1) + ĥ(2) rather than the full
Hamiltonian. This yields in second order approximation

Ŝ(τ) ≈ Ŝ + i[Û1, Ŝ] + Û1ŜÛ1 − (ŜÛ2 + Û†2 Ŝ) . (14)

(For simplicity of notation, we suppress the time argu-

ment of the Û ’s here and in the following.) Computing
S(τ) defined in (10) by plugging in the operator (14) and
the state (9) yields

S(τ) =
∆T

T 2

(

Tr{ρ̂0Ŝ
2}+

1

2
Tr{ρ̂0[Û1, Ŝ]2}

)

, (15)

where we have exploited Û2 + Û†2 = Û2
1 (which follows

from the definitions (12) and (13)) and [ρ̂0, Ŝ] = 0 as

well as [Û1, ρ̂0] ≈ 0. As already mentioned the latter is
valid for high enough temperatures (remember discussion

below (7)). Realizing, by using the definition of Û1 and
(8), that

[Û1, Ŝ] = −i

∫ τ

0

ĵ(τ ′)dτ ′ , (16)

where again ĵ(τ ′) is defined according to the interaction
picture, one can write the derivative with respect to time
of (15) as

d

dτ
S(τ) = −

∆T

T 2

∫ τ

0

Tr{ρ̂0 ĵ(τ
′) ĵ(τ)}dτ ′ . (17)

Eventually, substituting t′ = τ − τ ′ and t = τ

d

dt
S(t) = j(t) = −

∆T

T 2

∫ t

0

Tr{ρ̂0 ĵ(0) ĵ(t′)}
︸ ︷︷ ︸

=:C(t′)

dt′ , (18)

the current is essentially given by an integration over the
current auto-correlation function, C(t′), just like in the
KF. Let the timescale on which this correlation typically
decays be τc. Then, if the approximation for S(t) (sec-
ond order Dyson series) holds for times larger than τc
(which will be analyzed below), the current will indeed
assume a steady value after τc which is proportional to
∆T . Thus, first of all, in the case of free heat transport
without any external baths Fourier’s law is confirmed for
the short-time evolution of a local equilibrium state. The
conductivity is now defined by

κ =
1

T 2

∫ τ0

0

C(t)dt with τc < τ0 < τd , (19)
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where τd is the timescale on which the second order ap-
proximation for the Dyson series brakes down (τd will be
evaluated more concretely below). Within this interval
the integral should not depend much on its upper limit
τ0. Nevertheless, for finite quantum systems (for which
C(ω) is just a set of peaks) this value may differ consider-
ably from the one which is produced by letting the upper
limit go to infinity. To see this and the relation to the
KF it is instructive to consider C(ω) and C̄(ω) defined
by

C(ω) =

∫ ∞

−∞

e−iωt

2π
C(t)dt , (20)

C̄(ω) =
1

δω

∫ ω+ δω

2

ω− δω

2

C(ω)dω . (21)

Obviously, C(ω) is the Fourier transform of C(t) and
C̄(ω) a slightly “smeared out” version of it. Let C̄(t) be
the back transform of C̄(ω). Now, as long as t� 2π/δω,
one has C̄(t) ≈ C(t). Thus

∫ τ0

0

C(t)dt ≈

∫ τ0

0

C̄(t)dt (22)

as long as τ0 � 2π/δω. Since C̄(t) (other than C(t)) does
not feature any recurrence time if C̄(ω) is a smooth func-
tion of frequency, we may now drive the upper boundary
of the second integral to infinity without much changing
its value. This yields

∫ τ0

0

C̄(t)dt ≈

∫ ∞

0

C̄(t)dt = πC̄(ω = 0) . (23)

(In the following we denote C̄(ω = 0) simply as C̄(0).)
This, however, can only hold if τc � 2π/δω. A rough
estimation for τc is given by τc ≈ 2π/∆ω where ∆ω is the
width of the spectrum of C(ω). Consequently, ∆ω � δω
has to hold. Of course, δω can always be chosen to fulfill
this, but if it is chosen too small, C̄(ω) is not necessary a
smooth function of frequency. Thus (23) eventually holds
if C̄(ω) has a reasonably well defined “peak density” on
a frequency scale small compared to its width ∆ω. In
this case C̄(0) does not depend much on δω and there is
no need to define δω with extreme precision.

The KF (also evaluated for a reduced two-subunit sys-
tem with V , as routinely done, replaced by the number of
contacts between identical subunits, i.e., V = 1) and its
limit for ω � T , L′(ω), read in terms of the correlation
function

L(ω) = π
1− e−ω/T

Tω
C(ω) , L′(ω) =

π

T 2
C(ω) . (24)

This is to be compared with the conductivity as obtained
from (19), (22), (23) which reads

κ =
π

T 2
C̄(0) . (25)

Obviously, κ formally equals L̄(0), the peak density of
L(ω) at frequency zero. As mentioned in Sect. II this

quantity has been suggested to compute the conductiv-
ity of infinite systems from finite models. In this sense
and for t < τd the KF is valid for the computation of
thermal conductivity, although there is no external po-
tential in this scenario. Note that the correlation func-
tion in the case of the KF is given by the full Heisenberg
dynamics of the system based on the full Hamiltonian,
whereas κ is determined by the correlation function based
on the interaction picture dynamics, i.e., without taking
the interaction into account. However, since the whole
theory is formulated for the weak coupling limit, this is
not going to make a big difference as will be numerically
demonstrated below (cf. Sect. VII).

So far we have always assumed that τc < τd. But is
that justified? The first order term of the Dyson series is
iÛ1. Thus an estimate for the magnitude of the first order
term which puts weight to the energy subspaces being
proportional to their occupation probability is given by

F (t) := Tr{ρ̂0Û
2
1 } . (26)

Exploiting (12) one finds

d

dt
F (t) ≈

∫ t

0

Tr{ρ̂0 V̂ (0) V̂ (t′)}
︸ ︷︷ ︸

=:CV (t′)

dt′ . (27)

Since the decay of the interaction auto-correlation CV (t′)
will roughly proceed on the same timescale as the current
auto-correlation, the temporal change of F (t) will assume
a steady value after τc. Thus, after τc, one has F (t) ≈
C̄V (0)t, where C̄V (0) is defined analogous to C̄(0) but
based on the interaction auto-correlation. The time for
a valid approximation according to the Dyson series may
now be defined as

τd =
1

C̄V (0)
, (28)

a time for which F (τd) = 1 and consequently the second
order approximation definitely brakes down.

If, based on this definition, τc < τd is not fulfilled
the current cannot be shown to assume a steady value
proportional to ∆T and thus Fourier’s law will, in gen-
eral, not be fulfilled. That means the model does not
show normal transport. According to (27) this happens
if the coupling becomes to strong. This fact might be
missed by simply evaluating the KF: Since C(ω) com-
pletely scales with the square of the overall interaction
strength (at least for C(ω) evaluated in the interaction
picture), the distinction between normal and non-normal
transport cannot be made by simply looking at the fea-
tures of C(ω) (this will be demonstrated in more detail
in Sect. VII). The transport behavior can also become
non-normal if the coupling becomes too weak. Namely,
for τd � 2π/δω the current is well predicted by the trun-
cated Dyson dynamics for times for which C̄(t) ≈ C(t)
does not hold any longer. This also means that the cur-
rent cannot be predicted in the described way and thus
Fourier’s law will typically not be fulfilled (this will also
be demonstrated in more detail in Sect. VII).



61

VI. HILBERT SPACE AVERAGE METHOD

AND ITERATION SCHEME

So far we have shown that, under given conditions on
the model, for a short time period an energy current will
flow between the subsystems which is proportional to the
local temperature difference ∆T . But this has been en-
tirely derived under the assumption that the initial state
was a local equilibrium state of the type ρ̂(T,∆T ). So
what happens after τd? It is tempting to iterate the pro-
cedure, assuming that the state after τd would be again a
local equilibrium state only with some reduced ∆T . Un-
fortunately, this is rigorously not the case. At t = 0 the
initial state ρ̂(T,∆T ) factorizes. This will for t > τd
no longer be the case. The state at t > τd features
an instantaneous current, ρ̂(T,∆T ) does not. The full
system’s von-Neumann entropy always equals its initial
entropy, but a local equilibrium state with reduced ∆T
would feature a higher entropy.

Thus, in the following we abandon the local equilib-
rium state. Instead we show, that essentially almost all
states that feature a certain S induce, for a short time-
step, a current that is proportional to S. This, of course,
results in a state featuring an accordingly reduced S. As-
suming that this state also belongs to the above class, the
above short time-step dynamics for S may be iterated.
This yields continuous dynamics for S and hence for the
current. The assumption is only reliable if the above class
contains basically all states in quest.

The formalism to implement this scheme is called
Hilbert space average method (HAM). The key idea of
this method is to replace the expectation values for ob-
servables Â of actual pure states 〈ψ|Â|ψ〉 (in our case

the expectation value of the energy skewness 〈ψ|Ŝ|ψ〉)
by their Hilbert space averages

J〈ψ|Â|ψ〉K{〈ψ|B̂|ψ〉=b} . (29)

This expression stands for the average of 〈ψ|Â|ψ〉 over

all |ψ〉 that feature 〈ψ|B̂|ψ〉 = b but are uniformly dis-
tributed otherwise. Uniformly distributed means invari-
ant with respect to all unitary transformations that leave
〈ψ|B̂|ψ〉 = b unchanged. The replacement of actual ex-
pectation values by their Hilbert space averages is only a
justified guess if almost all individual |ψ〉 yield expecta-
tion values close to the Hilbert space average of the ob-
servable. It can be shown that this is the case if the spec-
tral width of Â is not too large and Â is high-dimensional.
Full explanation of HAM is beyond the scope of this text
and can be found in Ref.24,26. Here HAM is only to be
applied.

For the moment let the system be in a pure state.
Then the current is given by the temporal change of
〈ψ|Ŝ(τ)|ψ〉. Assume that the following set of expecta-

tion values is known: 〈ψ|P̂ (η)|ψ〉 = P (η), where P̂ (η)
is a projector, projecting out the subspace which corre-
sponds to an energy interval of width ∆η around E = η,

i.e.,

P̂ (η) =

η+∆η/2
∑

E=η−∆η/2

∑

s

|E, s〉〈E, s| , (30)

where E are eigenvalues of Ê := ĥ(1) + ĥ(2) (sum of

local energies) and s eigenvalues of Ŝ (energy skewness).
Since, for high enough temperatures, the sum of the local
energies is an approximately conserved quantity, the P (η)
are, for large enough ∆η, also approximately conserved.
Assume furthermore that the initial energy skewnesses
within all subspaces η, i.e., 〈ψ|P̂ (η)Ŝ|ψ〉 = S(η) are also
known. Without taking any further information on |ψ〉

into account the best guess on the evolution of 〈ψ|Ŝ(τ)|ψ〉
is given by the Hilbert space average

J〈ψ|Ŝ(τ)|ψ〉K{〈ψ|P̂ (η)|ψ〉=P (η),〈ψ|P̂ (η)Ŝ|ψ〉=S(η)} = Tr{Ŝα̂}

(31)
with

α̂ = J|ψ〉〈ψ|K{〈ψ|P̂ (η)|ψ〉=P (η),〈ψ|P̂ (η)Ŝ|ψ〉=S(η)} . (32)

Now what is the above Hilbert space average α̂? Any
unitary transformation Ĝ that leaves P̂ (η) and P̂ (η)Ŝ
invariant has to leave α̂ invariant, i.e.,

eiĜα̂e−iĜ = α̂ with

[Ĝ, P̂ (η)Ŝ] = [Ĝ, P̂ (η)] = 0 . (33)

This, however, can only be fulfilled if [Ĝ, α̂] = 0 for any

Ĝ. Furthermore, since the Hilbert space average α̂ is to
be computed under some restrictions (see (32)), one has
the following conditions

Tr{α̂P̂ (η)} = P (η) , Tr{α̂P̂ (η)Ŝ} = S(η) . (34)

According to the invariance properties of α̂ and the prop-
erties of the operators P̂ (η) and P̂ (η)Ŝ (33), one may thus
write α̂ as

α̂ =
∑

η

(

P (η)
P̂ (η)

Tr{P̂ (η)}
+ S(η)

P̂ (η)Ŝ

Tr{P̂ (η)Ŝ2}

)

. (35)

Defining ρ̂0(η) := P (η)P̂ (η)/Tr{P̂ (η)}, (35) may be
rewritten as

α̂ =
∑

η

ρ̂0(η)
(

1̂ +
S(η)

Tr{ρ̂0(η)Ŝ2}
Ŝ
)

. (36)

By choosing P (η) and S(η) to be equal to the expectation
values of ρ̂(T,∆T ) for the respective operators, i.e.,

P (η) := Tr{P̂ (η)ρ̂(T,∆T )} = Tr{ρ̂0P̂ (η)} (37)

S(η) := Tr{P̂ (η)Ŝρ̂(T,∆T )} =
∆T

T 2
Tr{ρ̂0(η)Ŝ

2}

one gets
∑

η ρ̂0(η) ≈ ρ̂0 and thus α̂ ≈ ρ̂(T,∆T ) as can be

seen from comparison with (9). Hence the Hilbert space
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average over all pure states featuring the same expecta-
tion values for P̂ (η) and P̂ (η)Ŝ as ρ̂(T,∆T ) is ρ̂(T,∆T )
itself. Therefore

〈ψ|Ŝ(τ)|ψ〉 ≈ Tr{ρ̂(T,∆T )Ŝ(τ)} , (38)

i.e., any pure state (regardless of whether it is entangled
with respect to the subunits or whether its local entropy
is maximum) featuring the same expectation values for

P̂ (η) and P̂ (η)Ŝ as the local equilibrium state ρ̂(T,∆T )
is most likely to yield the same local current as the lo-
cal equilibrium state. Since incoherent mixtures of pure
states featuring the same expectation values for P̂ (η) and

P̂ (η)Ŝ as the local equilibrium state are even closer to
the latter then pure states, they are even more likely to
induce the same current as the local equilibrium state.
This holds for the set of P (η), S(η) as given by (37). But
how will this set look like after τ0, i.e., how do the P (η)
and S(η) evolve during the time τ0? Since the P (η) are
approximate constants of motion, they remain invariant.
For the S(η) we find from applying the scheme developed

in Sect. V to Tr{α̂P̂ (η)Ŝ(τ)} [cf. (18), (19), (25), (37)]

S(η, t+ τ0) ≈ S(η, t)−
πC̄(η, 0)

Tr{ρ̂0(η)Ŝ2}
︸ ︷︷ ︸

=:2D(η)

S(η, t)τ0 , (39)

where C̄(η, 0) is analogous to C̄(0) as defined by (20) and
(18) but ρ̂0 replaced by ρ̂0(η). If the criteria from Sect. V
are fulfilled and τ0 is comparatively short, this may now
be iterated yielding

d

dt
S(η) = −2D(η)S(η) . (40)

Thus, in general, any energy subspace has its own en-
ergy diffusion coefficient. Therefore it might, be impos-
sible to describe the energy diffusion behavior between
the subunits entirely by one overall conductivity as im-
plied by the KF, even if all the criteria from (18) are ful-
filled. However, if the D(η) corresponding to the energy
subspaces that are occupied with significant weight and
contribute significantly to the transport feature similar
values, i.e, D(η) ≈ D, one gets only one single diffusion
coefficient that then reads

D ≈
πC̄(0)

Tr{ρ̂0Ŝ2}
. (41)

(Note that
∑

η C̄(η, 0) = C̄(0)). In this case one might

sum (40) over η which yields

d

dt
S = −2DS . (42)

It is straightforward to show that the heat capacity c for
one subsystem is given by c = 2Tr{ρ̂0Ŝ

2}/T 2. Exploiting
this and (41) one may rewrite (42) as

d

dt
S = −

2κ

c
S or j(1) =

κ

c
(h(1)− h(2)) (43)

µ = 1 µ = 2 µ = N

⊗⊗ ⊗

δε

∆E

n

· · ·

FIG. 1: Simple model to analyze diffusive energy transport:
N coupled subunits featuring a single ground state and an
excitation band of n equally distributed levels.

which, generalized to N subsystems, identifying D = κ/c
and combined with the discrete continuity eq., yields (5).
Hence this closes the loop for a microscopic derivation of
(5). This essentially means that if the criteria for τ0, τc, τd
from Sect. V are fulfilled and the relevant D(η) are sim-
ilar, energy will diffuse from subunit to subunit as pre-
dicted by Fourier’s law.

VII. APPLICATION TO MODELS

In this Section the previously derived theoretical re-
sults are compared with numerical data in the follow-
ing way: For concretely defined models the energy dif-
fusion coefficient D = κ/c which appears in (5) is com-
puted from the KF. Then (5) is solved for some non-
uniform initial energy distribution. Furthermore, the
time-dependent Schrödinger eq. is solved numerically for
an initial state corresponding to the above initial energy
distribution. From those data the exact evolution of the
local energies h(µ) = 〈ψ(t)|ĥ(µ)|ψ(t)〉 is computed and
compared with the above solution of (5). Only if there
is good agreement, the system exhibits normal transport
that may be characterized by the conductivity obtained
from the KF.

We introduce two classes of models which are primarily
designed to represent modular systems in general rather
than real physical systems. (For the impact on real phys-
ical systems see Sect. III.) The first class of models fea-
tures subunits with non-degenerate ground states, large
energy gaps (∆E) and one, comparatively narrow energy
band (δε) each, as depicted in Fig. 1. Within one band
there are n states featuring equidistant level spacing. The
next neighbor interactions are defined as

V̂ = λ
∑

i,j,µ

v(i, j)P̂+(i, µ)P̂−(j, µ+ 1) + h.c. (44)

(h.c. stands for the hermitian conjugate of the previous

sum.) Here P̂+(i, µ) corresponds to a transition of the
µ’th subunit from its ground state to the i’th eigenstate of
the band. P̂− corresponds to the respective downwards
transition. The v(i, j) are randomly distributed complex
numbers normalized to

∑

i,j |v(i, j)|
2/n2 = 1. Thus λ

sets the overall interaction strength. Due to this model
design only one energy subspace contributes to transport
at all, which is the “one-excitation subspace” defined by
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FIG. 2: Heat conductivity over frequency for a ringlike system
as depicted in Fig. 1 (N = 6, other parameters see text).
Crosses refer to the coupled system, as intended by the Kubo
formula, and x’s to the decoupled system, as suggested in
Sect. V.

an overall energy E with ∆E ≤ E ≤ ∆E + δε. The
dimension M = nN of this relevant subspace grows lin-
early rather than exponentially with the number of sub-
units. This allows to numerically analyze models with
high enough n to fulfill all criteria for diffusive trans-
port, but also up to fifteen subunits. Thus those models
are meant to check whether or not the locally computed
conductivity holds for arbitrarily many subunits, as pre-
dicted by the theory. (For a “stand alone” treatment of
such systems, cf. Ref.27.)

We consider a ring of N = 6 subsystems with n = 500,
λ = 5 · 10−5, ∆E = 10 and δε = 0.05. We find that with
a frequency averaging interval of δω ≈ 10−3 = δε/50 all
the conditions mentioned in Sect. V are fulfilled. Since
only one energy subspace contributes to transport, none
of the difficulties concerning different L(η) discussed in
Sect. VI arises. Thus the KF may be evaluated at
any temperature to compute D = κ/c. We evaluated
κ(ω) = C̄(ω)/T 2 (cf. Sect. V) for T = 1.4 on the basis
of the coupled system, as intended by the Kubo formula,
and on the basis of the uncoupled system, as intended by
our argument in Sect. V. Both results are displayed in
Fig. 2. Obviously, there is a good agreement between the
two graphs, it appears to be irrelevant whether the cor-
relation function is evaluated on the basis of the coupled
or the decoupled system. (It should be mentioned that
in both cases C(ω) features finite contributions exactly
at ω = 0, thus there is a finite Drude peak.) From Fig. 2
we find κ = 1.6 ·10−3 (ω = 0) and calculating the specific
heat for one subunit yields c(T = 1.4) = 10.5. This yields
D = 3.142·10−4. The corresponding solution of (5) for all
energy initially concentrated in one subsystem is shown
in Fig. 3. Furthermore, we solved the Schrödinger eq. for
a corresponding pure initial product state, featuring one
subunit in a randomly generated state restricted to the
excitation band, and all other subunits in their ground
states. The result is also shown in Fig. 3. Obviously,
there is fairly good agreement. We checked rings up to
fifteen subunits and always found good agreement. So far
the KF appears to be perfectly valid for heat conduction.
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FIG. 3: Evolution of the local energies of a weakly coupled
system as depicted in Fig. 1. The initial state features one
excited subsystem. Displayed are the predictions from the
Kubo formula (solid lines) and the complete exact solution
of the Schrödinger equation (points). The figure indicates
diffusive transport in accord with the Kubo formula.
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FIG. 4: Conductivity over frequency as calculated from the
Kubo formula for a strongly coupled system as depicted in
Fig. 1.

But are the criteria for diffusive transport from Sect. V
fulfilled? An estimate for the correlation time is given
by τc ≈ 2π/δε ≈ 102. From evaluating (28) one finds
τd ≈ 7 · 103. Thus τc � τd obviously holds. Furthermore
2π/δω ≈ 6 · 103, hence τd ≈ 2π/δω, i.e., the criteria for
diffusive transport are fulfilled.

If, however, the interaction strength is such that the
criteria from Sect. V are not fulfilled the transport be-
havior ceases to be diffusive, i.e., the good agreement
between the solution of (5) and the solution of the
Schrödinger eq. vanishes. For example, for a model like
the above one but with λ = 5 · 10−4 one has τd ≈ 70 and
τc � τd is not fulfilled. Fig. 5 shows the significant devi-
ations of the evolution of the local energies from normal
diffusive behavior as described by (5). But the graph for
κ(ω) as calculated from the Kubo formula (see Fig. 4)
does not look essentially different from the above regular
case. In particular there is no pronounced singularity at
ω = 0 as expected for the case of ballistic transport. Thus
it is not obvious how the general transport behavior is to
be found from simply evaluating the Kubo formula since
there is no τd to be checked. The same is found for ex-
tremely weak interactions. For example, for a model like
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FIG. 5: Evolution of the local energies of a strongly coupled
system as depicted in Fig. 1. The deviation of the points
(Schrödinger equation) from the solid lines (Fourier’s law,
Kubo formula) indicate the breakdown of diffusive behavior
and the validity of the Kubo Formula.
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FIG. 6: Conductivity over frequency as calculated from the
Kubo formula for an extremely weak coupled system as de-
picted in Fig. 1.

the above one but with λ = 10−5 one has τd ≈ 1.8 · 105

and τd ≈< 2π/δω is not fulfilled. Consequently, the reg-
ular transport behavior breaks down (see Fig. 7). But
again, the graph for κ(ω) as calculated from the Kubo
formula does not look essentially different from the reg-
ular case (see Fig. 6).
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FIG. 7: Evolution of the local energies of an extremely weakly
coupled system as depicted in Fig. 1. The deviation of the
points (Schrödinger equation) from the solid lines (Fourier’s
law, Kubo formula) indicate the breakdown of diffusive be-
havior and the validity of the Kubo Formula.
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FIG. 8: Gapless model to analyze diffusive transport: Two
coupled subunits featuring n levels which are uniformly dis-
tributed within the energy interval ∆E.
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FIG. 9: Fourier transform of the current auto-correlation
function for the model depicted in Fig. 8 (parameters see
text).

The other model is meant to show that the gapped
spectrum of the subunits is dispensable for demonstrat-
ing diffusive transport. It consists of subunits featuring n
eigenstates distributed uniformly within an energy inter-
val ∆E as depicted in Fig. 8. Here the interaction is cho-
sen to be a complex random matrix on the full system’s
space without any restriction to a subspace. Neverthe-
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FIG. 10: Evolution of the local energies for the model depicted
in Fig. 8 for an initial state featuring T1 � ∆E, T2 � ∆E.
Solid lines refer to the HAM prediction (5), points to the
Schrödinger equation. The model clearly shows diffusive
transport.
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less, the interaction is supposed to be given by V̂ = λv̂
with Tr{v̂2}/n2 = 1. To keep the problem numerically
manageable we consider only two subunits. We specify
our model concretely by N = 2, n = 60, λ = 5 · 10−3,
∆E = 7. For this case we consider a (“pseudo-thermal”)
pure product initial state. The amplitudes of this state
are chosen such that their magnitude squares obey Boltz-
mann distributions with T1 = 40, T2 = 1. The phases
of the amplitudes are chosen at random. This state has
been chosen since for states with lower temperature dif-
ferences it is hard to distinguish relaxation behavior from
fluctuations. Since for this model various energy sub-
spaces η yield different transport types and coefficients
D(η), the transport behavior for this initial state cannot
simply be determined by directly applying the Kubo for-
mula. It may, however, be analyzed within the framework
described in Sect. VI. Since ∆η eventually determines the
correlation time τc corresponding to the energy subspace
η, one must, as eventually turns out, divide the energy
scheme of this model in just two subspaces. Thus P̂ (1)
projects out all states with total energy E lower than ∆E,
0 ≤ E ≤ ∆E, and P̂ (2) the states with ∆E < E ≤ 2∆E.
Based on those definitions one finds for the above initial
state P (1) ≈ 1, P (2) ≈ 0. Thus the relaxation behavior is
controlled by D(1) as given by (39). Fig. 9 shows the cor-
responding C̄(1, ω) and we find C̄(1, 0) = 0.036. Accord-
ing to the above definitions we have τc ≈ 2π/∆E ≈ 0.9.
From numerically evaluating τd we find τd ≈ 40 and thus
the corresponding condition for normal energy diffusion
τc � τd is fulfilled. With δω = 0.3 we get 2π/δω ≈ 21
which is of the same order of magnitude as τd, which also
indicates diffusive transport. From numerical evaluation
we furthermore find Tr{ρ̂0(1)Ŝ2} = 2.03. Those numbers
eventually yield D(1) = 0.0139. Indeed, as displayed in
Fig. 10, there is good agreement of the solution of (5)
based on this D(1) with the full numerical solution of
the corresponding Schrödinger equation.

VIII. SUMMARY AND CONCLUSION

We investigated the energy transport behavior of mod-
ular quantum systems, i.e., systems that can be described

as weakly coupled identical many-level subunits. We ar-
gued that this description may apply to a large class of
systems. For simplicity, we concretely analyzed modular
chains and rings with next neighbor couplings. With-
out making any reference to external forces or exploiting
the hypothesis of local equilibrium we showed that those
systems may or may not exhibit normal heat transport,
but if they do, the conductivity is correctly described
by the Kubo formula. This is in accord with Refs.13,17,18

where the Kubo Formula has been evaluated for concrete
systems and the results have been counter-checked by ei-
ther experiments or other theoretical methods. This is
furthermore in accord with Refs.28–32 where it is shown
that one-dimensional systems may or may not exhibit
diffusive heat transport.

We also suggested general criteria to decide whether
or not such modular systems exhibit normal transport.
Those criteria are established on the basis of the concrete
form of the subunits and their mutual interactions. We
found, however, that the question cannot be decided only
by evaluating the Kubo Formula. To check our theoreti-
cal results we introduced some examples for concrete, fi-
nite, modular, chainlike systems. For those examples we
numerically solved the time-dependent Schrödinger equa-
tion which yields the energy transport dynamics. Those
dynamics are in accord with our above mentioned theo-
retical results.

The results support the view that thermodynamic be-
havior might, under specific conditions on the system,
emerge directly from quantum mechanics24,33,34. These
conditions do not necessarily include a many particle
limit.

We sincerely thank F. Heidrich-Meisner for very fruit-
ful discussions. Financial support by the Deutsche
Forschungsgesellschaft is gratefully acknowledged.
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We investigate a single particle on a 3-dimensional, cubic lattice with a random on-site potential
(3D Anderson model). We concretely address the question whether or not the dynamics of the parti-
cle are in full accord with the diffusion equation. Our approach is based on the time-convolutionless
projection operator technique (TCL) and allows for a detailed investigation of this question at high
temperatures. It turns out that diffusive dynamics are to be expected for a rather short range
of wavelengths, even if the amount of disorder is tuned to maximize this range. Our results are
partially counterchecked by the numerical solution of the full time-dependent Schrödinger equation.
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Since it had been suggested by P. W. Anderson, the
Anderson model served as a paradigm for transport in
disordered systems [1–6]. In its simplest form the Hamil-
tonian may be written as

H =
∑

r

ε
r
a†
r
a
r
+

∑

NN

a†
r
a
r
′ , (1)

where ar, a†
r
are the usual annihilation, respectively cre-

ation operators; r labels the sites of a d-dimensional lat-
tice; and NN indicates a sum over nearest neighbors.
The εr are independent random numbers, e.g., Gaussian
distributed numbers with mean 〈εr〉 = 0 and variance
〈εr εr′〉 = δr,r′ σ2. Thus, the first sum in (1) describes a
random on-site potential and hence disorder.
The phenomenon of localization, including localization

lengths, has intensively been studied in this system [1–
4]. For the lower dimensional cases d = 1 and d = 2 (in
the thermodynamic limit, i.e., with respect to the infinite
length scale) an insulator results for arbitrary (non-zero)
values of σ, see, e.g., [4]. Of particular interest is the 3-
dimensional case. Here, at zero temperature, increasing
disorder induces a metal-to-insulator transition at the in-
finite length scale [3, 4]. However, with respect to finite
length scales the following transport types are generally
expected: i.) ballistic on a scale below some, say, mean
free path; ii.) possibly diffusive on a scale above this mean
free path but below the localization length; iii.) localized
(isolating) on a scale above the localization length. In the
above transition decreasing disorder is viewed to reduce
the size of the third regime, until it vanishes.
Here, other than most of the pertinent literature, we

do not focus on the mere existence of a finite localization
length. We rather concentrate on the size of the interme-
diate regime and the dynamics within. We demonstrate
that it is indeed diffusive (rather than subdiffusive, su-
perdiffusive or anything else). In principle, for long lo-
calization lengths (or no localization) this regime could
be very large. But the results presented in the paper at
hand indicate that it is not, at least not in the limit of
high temperatures. Investigations in that direction (but
not in d = 3) are also performed in [6, 7].

Our approach is based on the time-convolutionless pro-
jection operator technique (TCL) which has already been
applied to the transport properties of similar models
[8, 9]. In its simplest form (which we apply here) this
method is restricted to the infinite temperature limit.
This implies that energy dependences are not resolved,
i.e., our results are to be interpreted as results on an
overall behavior of all energy regimes.

nn

n N

FIG. 1: A 3-dimensional lattice which consists of N layers
with n×n sites each. Only next-neighbor hoppings are taken
into account. Intra-layer hoppings are specified by a constant
α = 1 (white arrows), inter-layer hoppings by another con-
stant β (black arrows).

As shown in Fig. 1, we consider a 3-dimensional lattice
consisting of N layers with n× n sites each. The Hamil-
tonian of our model is almost identical to (1) with one
single exception: All hopping terms that correspond to
hoppings between layers (black arrows in Fig. 1) are mul-
tiplied by some constant β. This is basically done due
to technical reasons, see below. However, for β = 1 the
Hamiltonian reduces to the standard Anderson Hamilto-
nian (1).

We now establish a “coarse-grained” description in
terms of subunits: At first we take all those terms of
the Hamiltonian which only contain the sites of the µth
layer in order to form the local Hamiltonian hµ of the
subunit µ. Thereafter all those terms which contain the
sites of adjacent layers µ and µ+ 1 are taken in order to
form the interaction β vµ between neighboring subunits
µ and µ + 1. Then the total Hamiltonian may be also
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written as H = H0 + β V ,

H0 =

N−1∑

µ=0

hµ , V =

N−1∑

µ=0

vµ , (2)

where we employ periodic boundary conditions, e.g., we
identify µ = N with µ = 0. The above introduction of the
additional parameter β thus allows for the independent
adjustment of the “interaction strength”. We are going to
work in the interaction picture. The hence indispensable
eigenbasis of H0 may be found from the diagonalization
of disconnected layers.
By Πµ we denote the particle number operator of the

µth subunit, i.e., the sum of a†
r
a
r
over all r of the µth

layer. Since [
∑

µ Πµ,H] = 0, the one-particle subspace
may be analyzed separately, which will be done through-
out this work.
The total state of the system is naturally represented

by a time-dependent density matrix ρ(t). Consequently,
the quantity Pµ(t) ≡ Tr{ ρ(t)Πµ } is the probability for
locating the particle somewhere within the µth subunit.
The consideration of these “coarse-grained” probabilities
corresponds to the investigation of transport along the
direction which is perpendicular to the layers. Instead of
simply characterizing whether or not there is transport
at all, we analyze the full dynamics of the Pµ.
Those dynamics may be called diffusive, if the Pµ fulfill

a discrete diffusion equation

Ṗµ = κ (Pµ+1 + Pµ−1 − 2Pµ ) (3)

with some diffusion constant κ. A decoupled form of this
equation is routinely derived by a transformation onto,
e.g., cosine-shaped Fourier modes, that is, (3) yields

Ḟq = −2 (1− cos q)κFq , Fq ≡ Cq

N−1∑

µ=0

cos(q µ)Pµ (4)

with q = 2π k/N , k = 0, 1, . . . , N/ 2 and Cq being a yet
arbitrary constant. Thus, a system is said to behave dif-
fusively at some wave number q, i.e., on some length scale
l ≡ 2π/q, if the corresponding modes Fq relax exponen-
tially.
For our purposes, the comparison of the resulting

quantum dynamics with (4), it is convenient to express
the modes Fq as expectation values of mode operators
Φq,

Fq(t) = Tr{ ρ(t)Φq } , Φq ≡ Cq

N−1∑

µ=0

cos(q µ)Πµ , (5)

where the Cq are now chosen such that Tr{Φ2q } = 1.
Our approach for the analysis of the Fq is based on

the TCL projection operator technique, see [8]. For the
application of this technique we have to define a suitable
projection superoperator P. Here, we choose

P ρ(t) ≡ Tr{ ρ(t)Φq }Φq = Fq(t)Φq . (6)

For initial states ρ(0) which satisfy P ρ(0) = ρ(0) [which
essentially means that we consider the decay of harmonic
density waves] the method eventually leads to a differen-
tial equation of the form

Ḟq(t) = (β2 Γ2,q(t) + β4 Γ4,q(t) + . . .)
︸ ︷︷ ︸

Γq(t)

Fq(t) . (7)

Note that ρ(0) is not restricted to any energy subspaces
and accordingly corresponds to a state of high tempera-
ture. Apparently, the dynamics of Fq are controlled by
a time-dependent decay rate Γq(t). This rate is given in
terms of a systematic perturbation expansion in powers
of the inter-layer coupling. (Concretely calculating the
Γi,q reveals that all odd orders vanish for this model.) At
first we concentrate on the analysis of (7) to lowest (sec-
ond) order, however, below considering the fourth order
will account for localization. The TCL formalism yields
Γ2,q(t) =

∫ t

0
dτ fq(τ), where fq(τ) denotes the two-point

correlation function

fq(τ) = β2 Tr
{

[VI(t), Fq ] [VI(t
′), Fq ]

}

, τ ≡ t− t′ . (8)

A rather lengthy but straightforward analysis shows that
(8) significantly simplifies under the following assump-
tion: The autocorrelation functions of the local inter-
actions Tr{ vµ(t) vµ(t

′) } should only depend negligibly
on the layer number µ (during some relevant time scale).
Simple numerics indicate that this assumption is well ful-
filled (for the choices of σ discussed here), once the layer
sizes exceed ca. 30 × 30. Hence, first investigations may
be based on the consideration of an arbitrarily chosen
junction of two layers, the interaction in between we la-
bel by µ = 0. Exploiting this assumption reduces (8)
to

fq(τ) ≈ −Wf(τ) , (9)

W ≡ 2 (1− cos q)β2 , f(τ) ≡ 1/n2 Tr{ v0(t) v0(t
′) } .

(Note that the above approximation is exact for identical
subunits, see [9].)
Direct numerical computation shows that f(τ) looks

like a standard correlation function, i.e., decays com-
pletely before some time τC . Of primary interest surely
is Γ̃2(t) ≡

∫ t

0
dτ f(τ). Numerics indicate that neither τC

nor γ ≡ Γ̃2(t), t > τC [the area under the initial peak of
f(τ)] depend substantially on n (again for n > 30). Thus,
both γ and τC are essentially functions of σ. According
to all the above findings, an approximative evaluation of
(7) to second order reads

Ḟq(t) ≈ β2 Γ2,q(t)Fq(t) , β2 Γ2,q(t) ≈W Γ̃2(t) . (10)

This implies for t > τC

Ḟq(t) ≈ −W γ Fq(t) , τR ≡ 1/(W γ) . (11)
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The comparison of (11) with (4) clearly indicates diffu-
sive behavior with a diffusion constant κ = β2 γ. Due to
the independence of γ from n, N the pertinent diffusion
constant for arbitrarily large systems may be quantita-
tively inferred from the diagonalization of a finite, e.g.,
“30× 30”-layer.
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FIG. 2: Time evolution of modes Fq with q = 2π/N , the
longest wavelength. Parameters: n = 30, σ = 1, N = 10,
β = 0.24 (Inset: N = 42, β = 1). In both cases the numerical
result (crosses) is an exponential decay which clearly indicates
diffusive transport behavior and well agrees with the TCL2
result (continuous curve), see text for details.
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FIG. 3: Time evolution of a mode Fq with q = 2π/N , the
longest wavelength (Inset: q = π, the shortest wavelength).
Parameters: n = 30, σ = 1, N = 10, β = 0.08. The TCL2
result (continuous curve) fails to describe the dynamics cor-
rectly for sufficiently long wavelengths.

To check this theory, we exemplarily present some re-
sults here. For, e.g., σ = 1 and n = 30 we numerically
find τC ≈ 10 and γ ≈ 2.9. Thus, additionally choosing
β = 0.24 and considering the longest wavelength mode
in a N = 10 system (q = π/ 5), we find Wγ ≈ 0.064
[cf. (11)]. This corresponds to a ratio τR/ τC ≈ 1.6, that
is, τR > τC , which justifies the replacement of (10) by
(11) [see also discussion of this issue in the following
paragraph]. And indeed, for the dynamics of Fq(t) we
get an excellent agreement of the theoretical prediction
based on (11) with the numerical solution of the full time-
dependent Schrödinger equation (see Fig. 2). Note that
this solution is obtained by the use of exact diagonal-
ization. Naturally interesting is the “isotropic” case of
β = 1. Keeping σ = 1, one has to go to the longest wave-
length in a N = 42 system in order to keep the W from
the former example unchanged. If our theory applies, the

decay curve should be the same, which indeed turns out
to hold (see inset of Fig. 2). Note that the integration in
this case already requires approximative numerical inte-
grators like, e.g., Suzuki-Trotter decompositions [10]. A
numerical integration of systems with larger N rapidly
becomes unfeasible but an analysis based on (11) may
always be performed.
So far, we characterized the dynamics of the diffusive

regime. We turn towards an investigation of its size now.
Obviously, the replacement of (10) by (11) is only self-
consistent for τR > τC , i.e, if the relaxation time is larger
than the correlation time. This will possibly break down
for some large enough q (small enough l), which then
indicates the transition to the ballistic regime. Since the
crossover is expected at τC ≈ τR, we may hence estimate
the maximum diffusive qmax as [cf. (11)]

Wmax = W (qmax) = 1/(τC γ) . (12)

It turns that in the regime of W ≈ Wmax a description
according to (10) still holds. However, in this case Γ̃2(t)
is no longer essentially constant but linearly increasing
during the relaxation period. This corresponds to a diffu-
sion coefficient κ which increases linearly in time, which
in turn is a strong hint for ballistic transport (cf. [9]).
Thus, this transition may routinely be interpreted as the
transition towards ballistic dynamics which is expected
on a length scale below some mean free path.
In the following we intend to show that, in the limit

of long wavelengths, it is the influence of higher order
terms in (7) that describes the deviation from diffusive
dynamics. To those ends we consider L, the ratio of
second order to fourth order terms

L(t) ≡ β4 Γ4,q(t)

β2 Γ2,q(t)
. (13)

Whenever L(t) � 1, the decay is dominated by the sec-
ond order Γ2,q(t), which implies diffusive dynamics. It
turns unfortunately out that the direct numerical evalu-
ation of Γ4,q(t) is rather involved. However, a somewhat
lengthy calculation based on the techniques described in
[11] shows that, for small Γ4,q(t), the fourth order term
assumes the same scaling in β and q as the second order
term and may be approximated as

β4 Γ4,q(t) ≈W 2 Γ̃4(t) , (14)

Γ̃4(t) ≡ t
[

1/n2
∑

i

( t∫

0

dτ 〈i| v̂0(t) v̂0(t′) |i〉
)2

− Γ̃2(t)
2
]

,

where |i〉 are eigenstates of Ĥ0, i.e., Γ̃4(t) may be evalu-
ated from considering some “representative junction” of
only two layers, just as done for Γ̃2(t). The calculation
is based on the fact that the interaction features Van
Hove structure, that is, V̂ 2 essentially is diagonal. We
intend to give the details of this calculation in a forth-
coming publication. Here, we want to concentrate on
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its results and consequences. [We should note that all
our data available from exact diagonalization is in ac-
cord with a description based on (7), (10) and especially
(14). We should furthermore note that Γ̃4(t), other than
Γ̃2(t), scales significantly with n, which eventually gives
rise to the n-dependence in Fig. 4.] With (14) we may
rewrite (13) as

L(W, t) = W 2 Γ̃4(t)

Γ̃2(t)
. (15)

This turns out to be a monotonously increasing function
in t, which is not surprising, since lower order terms in
(7) are expected to dominate at shorter times. Thus,
no visible deviation from the (diffusive) second order de-
scription arises, as long as the decay is “over”, before
L(t) reaches some value on the order of a fraction of one.
Since the decay time scale is given by τR, we are inter-
ested in L(W, τR). If L(τR) is on the order of one, the
dynamics of the corresponding density wave in the corre-
sponding model must exhibit significant deviations from
diffusive, exponential decay. Because (apart from the
model parameters n, σ) τR only depends on W [cf. (11)],
we may now, exploiting (15), reformulate L(W, τR) only
as a function of W and the model parameters n, σ but
without any explicit dependence on β, q:

L[W, τR(W ) ] ≡ R(W ) (16)

We call the above reformulation R(W ). It turns out
that R(W ) decreases monotonously with W such that
the minimum W for which R(W ) < 1 holds may be
found from R(Wmin) = 1. This Wmin corresponds to
the maximum wavelength beyond which no diffusive be-
havior can be expected. Due to the fact that Γ̃4(t), Γ̃2(t)
and τR(W ), τC are numerically accessible, Wmin, Wmax

can be computed for a wide range of model parameters
n, σ. In Fig. 4 we display the ratio χ ≡ Wmin/Wmax

as a function of those model parameters. With the ap-
proximation W ≈ β2 q2 this ratio allows for the following
interpretation:

χ ≡ Wmin

Wmax
≈ q2min

q2max
=

l2min
l2max

(17)

Hence
√

χ (which no longer depends on β) may be viewed
as the ratio of the shortest to the longest diffusive wave-
length, the smaller it is, the larger is the diffusive regime.
Obviously, for each layer size n there is some dis-

order that “optimizes” the diffusive regime (minimizes
χ). But, however, for n = 30 (back of Fig. 4) we find√

χmin ≈ 1/3 at this optimum disorder, which indicates
about one diffusive wavelength. Exactly those respec-
tive wavelengths have been chosen for the examples in
Fig. 2 and the inset in Fig. 3, but not in Fig. 3 itself.
For all σ and up to n = 100 (which is about the limit
for our simple numerics) χ clearly appears to be of the

form χ(σ, n) = A(σ)/n2+B(σ). Extrapolating this 1/n2-
behavior yields a suggestion for the infinite model n =∞
(front of Fig. 4). According to this suggestion, we find√

χmin ≈ 1/7, again at optimum disorder. This indicates
a rather small regime of diffusive wavelengths, even for
the infinite system. We would like to repeat that these
findings apply at infinite temperature, i.e., the above
small diffusive regime is characterized by the fact that
the dynamics within it are diffusive at all energies.

disorder σ

m
ea

su
re

χ

inverse size
1/n2

0.25 4
0

0.50
0.001

FIG. 4: Numerical results for the measure χ with respect to
the amount of disorder σ and the inverse layer size 1/n2. An
absolute minimum χmin ≈ 0.02 is found at σ ≈ 0.5 in the
limit of n → ∞. Note that only 10% of the whole area is
extrapolated (the area in front of the thick line).
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[5] L. Erdős, M. Salmhofer, and H.-T. Yau, Annales Henri

Poincare 8, 621 (2007).
[6] T. Schwartz, G. Bartal, S. Fishman, and M. Segev, Na-

ture 446, 52 (2007).
[7] A. Lherbier, B. Biel, Y.-M. Niquet, and S. Roche, Phys.

Rev. Lett. 100, 036803 (2008).
[8] H. P. Breuer and F. Petruccione, The Theory of Open

Quantum Systems (Oxford University Press, Oxford,
2007).

[9] R. Steinigeweg, H.-P. Breuer, and J. Gemmer, Phys. Rev.
Lett. 99, 150601 (2007).

[10] R. Steinigeweg and H. J. Schmidt, Comp. Phys. Comm.
174, 853 (2006).

[11] C. Bartsch, R. Steinigeweg, and J. Gemmer, Phys. Rev.
E 77, 011119 (2008).


	Titlepage
	Constituents Parts
	Dissertation (Cumulative)
	Preprint of Reference 1
	Preprint of Reference 2
	Preprint of Reference 3
	Preprint of Reference 4
	Preprint of Reference 5
	Reference 6

