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.

That every definite mathematical problem must necessarily be
susceptible of an exact settlement, either in the form of an actual

answer to the question asked, or by the proof of the impossibility of
its solution and therefore the necessary failure of all attempts.

David Hilbert, Paris, Wednesday 8th August, 1900.





Summary

There has been interest in the deficiency indices and the spectral anal-
ysis of Sturm-Liouville operators for a long time but fairly little has
been done regarding the analysis of higher order differential operators.
The main reasons for this limitation of study were lack of finer results
on asymptotic integration, a theory that relates the asymptotics of the
eigenfunctions to the spectral properties of the underlying Hamiltoni-
ans and lack of understanding of the zeros of the characteristic Fourier
polynomials associated with differential operators of unbounded coeffi-
cients. Eastham and others [31, 32, 33, 32] made attempts to approxi-
mate the roots of the Fourier polynomials in their analysis of deficiency
indices if the roots fall into groups of different sizes.

This study has developed a spectral theory of higher order differential
operators with unbounded coefficients if the eigenvalues of the char-
acteristic Fourier polynomials fall into distinct classes or clusters of
different magnitudes. With appropriate smoothness and decay condi-
tions, it has been shown that the spectral properties, deficiency indices
and spectra of the underlying differential operators are superpositions
of the contributions from the individual clusters. The results have been
derived via the method of asymptotic integration. These results are
based on quantitative improvement of Levinson’s Theorem and the
methods are applicable to other classes of linear differential operators.

On the other hand, it has been a well known fact for many years that
Sturm-Liouville equations and their discrete counterparts, Jacobi ma-
trices, can be analysed by similar and closely related methods. In fact,
the spectral theory of Jacobi matrices and Sturm-Liouville operators
has been developed entirely in parallel in recent years. Thus it is not
surprising that the theory of Jacobi matrices has been developed very
far.
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viii SUMMARY

This deep understanding of second order difference operators contrasts
with an almost complete absence for the results of higher order differ-
ence operators. In that respect, the theory does not even parallel that
of differential operators. With appropriate smoothness and decay con-
ditions, it has been shown by asymptotic summation that the minimal
difference operator with almost constant coefficients is limit point and
its self-adjoint extension operator has no singular continuous spectrum
and the absolutely continuous spectrum agrees with that of the con-
stant coefficient limiting operator. In particular, if the characteristic
limiting polynomial has 2k roots of absolute value one, then the abso-
lutely continuous spectrum has multiplicity k. Finally, the absolutely
continuous spectrum of a fourth order difference operator with un-
bounded coefficients has been calculated. These results extend similar
results for even order differential operators to the discrete situation.



Terminology and
notation

τ = formal symmetric differential expression
L = formal symmetric difference expression
T, T ∗ = minimal / maximal differential operator
L,L∗ = minimal / maximal difference operator
ρα = spectral measure
Mα(z) = M -matrix
NT ∗+i = Null space of T ∗ + i · I
NT ∗−i = Null space of T ∗ − i · I
σ(H) = Spectrum of operator H, H is a self-adjoint operator.
σp(H) = Point spectrum of H
σac(H, k) = Absolutely continuous spectrum of H of multiplicity k
σsc(H) = Singular continuous spectrum of H
Mk = The kth-cluster M -factor
T = Diagonalising matrix
O(.), o(.) = Landau Symbols (the ‘big-O’ and ‘little-o’)
USI = Uniformly square integrable
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Chapter 1

INTRODUCTION

Since about 1900 a vast amount of research has been pursued for
Sturm-Liouville operators. In contrast to this, fairly little has been
done regarding the analysis of higher order differential operators. Only
in the late seventies and early eighties the deficiency index and par-
tially the essential spectrum became the centre of attention. These
results were generally shown with the aid of asymptotic integration.
Further analysis of these results, however, was not undertaken. The
main reasons for this limitation of the study were for one, a lack of
finer results on asymptotic integration and secondly, a theory that re-
lates the asymptotics of the eigenfunctions to the spectral properties
of the underlying Hamiltonians.

A new interest in the spectral properties of the differential operators
was awakened with the surprising construction of a concrete Hamilto-
nian with singular continuous spectrum by D. Pearson. About the same
time, Weidmann showed by means of oscillation theory and mostly
classical estimates that Sturm-Liouville operators

τy = −y′′ + (q1 + q2)y on L2([0,∞))

with q′1, q2 ∈ L1 possess an absolutely continuous spectrum. This result
was later extended and derived by means of asymptotic integration by
Behncke. A further important step in spectral analysis was the con-
cept of subordinancy by Pearson. An attempt to extend this method
to higher order differential operators was then undertaken by Remling
in his thesis. This attempt, though futile, established asymptotic in-
tegration as a valuable tool in spectral analysis in conjunction with
the theory of the M -matrix. This latter approach was developed by
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Chapter 1. INTRODUCTION

Atkinson, Hinton and Shaw and refined later by Hinton and Schnei-
der, thus extending an earlier idea of H. Weyl. With this, Remling
could prove some results on the spectral theory of fourth order opera-
tors, though unbounded middle terms formed a basic obstacle. Along
these lines Behncke, Hinton and Remling finally developed the spec-
tral theory for higher even order operators with bounded coefficients
satisfying some regularity conditions. With this and some further re-
sults on asymptotic integration by Behncke and Hinton, it was clear
that one basic obstacle to analysis of absolutely continuous spectrum
of operators with unbounded coefficients is the understanding of the
zeros of the polynomials, here the Fourier polynomial, with unbounded
coefficients. One such class has been singled out in the analysis of the
deficiency index by Eastham and others [31, 32, 33]. For this class, the
zeros fall into groups of different size.

The aim of this thesis is to develop a spectral theory of higher or-
der differential operators for which the eigenvalues fall into clusters
of different magnitude. The study of such special classes of equations
was begun with rather limited results on the deficiency index in the
seventies and eighties [31, 32, 33, 61]. The general idea was that the
individual clusters will contribute independently to the deficiency in-
dex. These results were mostly derived for power coefficients. Here,
these results and the classes will be extended by allowing much more
general coefficients and by including the analysis of the absolutely con-
tinuous spectrum as well, whenever possible. This is made possible by
a refinement of Levinson’s Theorem . In addition, I will develop the
spectral theory of higher order linear difference operators. Apart from
a general study of the M -matrix, these results are new. Part of these
results have been published jointly with Horst Behncke [21, 22].

1.1 Differential Operators

1.1.1 Background Information

The spectral theory of differential operators has attracted the attention
of many researchers during the last decades of the 20th century. This
work began with Sturm-Liouville operator τy = −(p(x)y′)′ + q(x)y
and also with the Schrödinger operator τy = −y′′ + q(x)y. Here, the
concentration will be based on the higher order analogue which has
been studied far less. These operators are generated by differential
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1.1. Differential Operators

equations of the form

τy = w−1{
n∑

k=0

(−1)k(pky
(k))(k)

− i

n∑
j=1

(−1)j((qjy
(j))(j−1) + (qjy

(j−1))(j))},(1.1)

and their odd order counterparts

τy = w−1{(−1)ni(qn+1(qn+1y
n)′)n + Σn

k=0(−1)k(pky
(k))(k)

− iΣn
j=1(−1)j((qjy

(j))(j−1) + (qjy
(j−1))(j))}(1.2)

defined on L2((0,∞), w). On L2((0,∞), w), the scalar product is de-
fined with respect to the weight function w. In this thesis, we will as-
sume that the coefficients pk, qj of the differential operator are real val-
ued and admit a decomposition of the form f = f1 +f2 +f3, f = pk, qj

[10, 61], with f1 twice differentiable, f2 once differentiable and f3 in-
tegrable and measurable. In addition, we will have to demand decay
conditions for the derivatives. These decay conditions are needed for
asymptotic integration. As such, these conditions are extensions of
those used by Behncke, Hinton and Remling [26]. These conditions al-
ways guarantee that the initial value problem for these operators has a
solution. Even though the above conditions are quite general, we will
assume for the proofs that the coefficients are twice differentiable, be-
cause the extension to the general case is now routine. For the spectral
results, these coefficients will be allowed to be unbounded too and the
technique will be to define the operator on [a,∞) where a is a regular
endpoint. Then Remling’s results [52] will be used to extend these re-
sults to [0,∞). In addition, one needs pn, qn+1, w > 0 so that the lower
order terms can be estimated against the leading term.

Any self-adjoint differential expression with sufficiently smooth real
valued coefficients can be written in the form (1.1) or (1.2) [49, The-
orem I.15.2]. So (1.1) and (1.2) are the natural starting point. The
factors (−1)k ensure that the kth summand in the differential expres-
sions are nonnegative in the quadratic form sense if pk ≥ 0.

In the late 19th and early 20th century, many mathematicians have
worked on various aspects of the spectral theory of self-adjoint differen-
tial operators. It was Hermann Weyl, however, who developed a unified
and a far ranging theory of singular formally self-adjoint second-order
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Chapter 1. INTRODUCTION

differential operator. K. Kodaira in his works [45, 46, 47] unified the
results of Weyl and Titchmarsh by methods of functional analysis. His
works complete the general theory of second-order differential opera-
tors and also presented several points of contacts with the development
of the spectral theory of differential operators in the general case. The
main divergence being Kodaira’s use of a method of contracting hy-
persurfaces generating Weyl’s method of contracting circles. Weyl [62],
extended the concept of the Green’s kernel (resolvent) to a differential
operator of second order. This, he did for second order differential op-
erators defined on bounded intervals and later extended the concept
to the semi-axis. He also characterised the essential spectrum of Dirac
operators. While the theory of Sturm-Liouville operators is rather well
developed and extensive by now, the study of differential operators of
higher order has hardly evolved beyond the determination of the defi-
ciency index or the essential spectrum. In fact, the status of spectral
theory of such operators until 1990 were concisely summarised in the
works of Naimark [50], Glazman [38] and partly Weidmann [61].

This line of studies, however, terminated in the seventies, although it
represents only the first step in the understanding of higher order oper-
ators. In fact, the study of the deficiency index and essential spectrum
is generally considerably simpler than the spectral analysis, because
they have much better stability properties [16]. Little is known beyond
these books. Their results were mainly concerned with the deficiency
indices or essential spectrum. As mentioned earlier, such results are
easier to come by, because the deficiency index (essential spectrum)
is stable under Kato-bounded (relatively compact) perturbations. In
addition, the method of Weyl sequences is an effective tool to analyse
the essential spectra. On the other hand, absolutely continuous spec-
trum is only stable under trace class perturbations. Previously, it has
been studied mainly via scattering techniques and physicists generally
equated essential spectrum with continuous spectrum.

These results, however, concern only the essential spectrum. So far,
the only thorough analysis of some class of fourth order differential
operators has been undertaken by C. Remling [52, 53], although he
restricted himself to two narrow classes singled out by Eastham [33] in
his study of deficiency index. In fact, Remling’s results were the first
step beyond Sturm-Liouville operators. Meanwhile, Behncke, Hinton
and Remling [26] and Behncke [7], have analysed differential operators
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1.1. Differential Operators

of order 2k with almost constant coefficients by the same methods,
generalising the results of Behncke [6], Naimark [50] and Weidmann
[59]. It is well known, however, that sparse or oscillatory potentials
may lead to a singular continuous spectrum and all sorts of spectral
anomalies with Sturm-Liouville operators. Most likely, these results
will hold for higher order operators as well. However, techniques like
Prüfer transform, transfer-matrices or subordinacy, which are essential
for the analysis are not available for these more general classes.

The basic technique that one can use instead of subordinacy analysis is
the asymptotic integration of the equations with z, the spectral value,
as a parameter. Asymptotic integration theory may be considered as a
generalisation of the well known WKB-method of Schrödinger opera-
tors. In this case, the asymptotics of the eigenfunctions is typically de-
termined by an exponential factor. This in turn excludes singular con-
tinuous spectrum, which is generally connected with non-exponential
decay. In addition, singular continuous spectrum is unstable with re-
spect to small finite rank perturbation. This makes asymptotic in-
tegration unsuitable for the study of singular continuous spectrum.
For the study of spectral theory by means of asymptotic integration,
it is necessary to extend the classical Levinson type results to the
spectral parameter dependent case. This then leads to estimates of
the M -matrix [40, 43]. For this, however, regularity conditions on the
coefficients which combine smoothness and decay are always impor-
tant and simple examples with second order operators, for example,
−y′′ + A(cos xα)y = zy show that these conditions are almost neces-
sary. Such properties have been used previously by Weidmann [59] and
Behncke [6] for Sturm-Liouville operators. Behncke [10] showed that a
differential operator of order 2n has σac(H) of spectral multiplicity k
if there are 2k bounded and n− k exponentially increasing and n− k
exponentially decreasing solutions.

Eastham [33, Sect. 3.3], has analysed by asymptotic integration, the
asymptotics of solutions of higher order linear differential operators
and their deficiency indices. For him, unbounded coefficients posed
a serious problem [33, Sect. 3.8]. Meanwhile, improved estimates have
remedied this situation. So now, it is essentially the uniform dichotomy
condition that poses a serious obstacle to understanding higher or-
der differential operators. This will be extended and generalised to
even and odd higher order differential operators with unbounded coef-
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Chapter 1. INTRODUCTION

ficients. The spectrum of these operators with eigenvalues of distinct
sizes will also be investigated. Since now the situation where all eigen-
values of the Fourier polynomial are of the same magnitude is fairly
well understood, the challenge lies with the complementary case.

1.1.2 Basic Notations

The study is based on the operators generated by the formal differential
expression τ (1.1) or (1.2). Let T be an operator. The symbol D(T ) will
be used to denote the domain of the operator T . The other notations
of this thesis are standard to those of Weidmann [60]. The deficiency
index, defT , is then defined as the pair

defT = (dimNT ∗−i, dimNT ∗+i).

NT ∗−i is the null space of T ∗−iI and NT ∗+i is the null space of T ∗+iI.
Thus NT ∗−i is the set of all elements such that τy = iy. If one uses
a nonreal complex spectral parameter z, then for Imz > 0, one has
dimNT ∗−i = dimNT ∗−z and dimNT ∗+i = dimNT ∗−z. Although the
definition of the deficiency indices depend on z, as a consequence of
the closed symmetric nature of T , the dimension of the null spaces
are independent of z provided that z remains either in the upper or
lower half-planes. For Imz > 0, N+ and N− will denote dimNT ∗−z and
dimNT ∗−z respectively. N+ and N− may be finite or infinite. Thus
defT = (N−, N+).

It is worth noting that some authors do switch the definition of the
deficiency indices of the operator T . This is evident in the way defT is
defined in [61] and [33]. Throughout this study, the deficiency indices
results will be given in accordance with the definition given above
which is in line with the definition given in [33].
It follows immediately from [60, Theorem 5.21], that T is essentially
self-adjoint if and only if N− = N+ = 0. The deficiency index problem
is thus a problem of determining defT or conditions so that N+ = N−.
In the latter case, one would also want to determine the self-adjoint
extensions as well as their spectral properties.

The spectrum of a self-adjoint extension will be denoted by σ(H) while
various components of the spectrum will be denoted as follows: ab-
solutely continuous spectrum σac(H), discrete spectrum (point spec-
trum) σp(H), singular continuous spectrum σsc(H) and essential spec-
trum

8



1.1. Differential Operators

σess(H). σac(H, k) will denote absolutely continuous spectrum of H
of multiplicity k. In addition, I ⊂ σac(H, k) will mean that I belongs
to the set σac(H, k). If f(x), g(x) are complex valued functions with
x ∈ [a,∞), one writes f(.) ∈ Lp if

∫∞
a ‖f(x)‖p < ∞ and

Lp
0 = {f ∈ Lp | f(x) → 0, as x →∞}.

The matrix function R(.) ∈ Lp, for Rij , will imply that
∫∞
a ‖Rij(x)‖p <

∞, i, j = 1, 2, . . . , 2n for even order case or i, j = 1, . . . , 2n + 1 for odd
order case. Assume f(x) to be a coefficient of the differential operator
T , then f(x) = (1 + hf (x))xα, hf (x) ∈ Fl such that

Fl = {h(x) | h(k)(x) = o(x−k), 0 ≤ k ≤ l}

will be used to denote approximate power type coefficients . The nota-
tion f(x) ≈ g(x) will mean that for some a ≥ 0, there exists a constant
C = C(a) > 0 such that

C−1 | g(x) |≤| f(x) |≤ C | g(x) | ∀x ∈ [a,∞).

Similarly, f(x, z) ≈ g(x), z ∈ A × [0, δ), A ⊂ R and δ sufficiently
small, will define the same relation uniformly in z. Equally, denote by
f(x, z) = o(g(x)) if g(x) 6= 0 and limx→∞

f(x,z)
g(x) = 0 is true for all

z. Finally, the notations � and � will mean much smaller than and
much greater than respectively in the absolute value sense.

1.1.3 Hamiltonian Systems

It is advantageous in spectral analysis to write a higher order equation
as a Hamiltonian system or a first order system. Hamiltonian systems
are first order systems with a particular structure that allow an exten-
sion of the Weyl M -function calculus. Let T ∗ and T be maximal and
minimal operators respectively, generated by (1.1) or (1.2). In order to
define T ∗ and T , one needs the quasiderivatives. With the assumption
that n ≥ 2 in (1.1) or (1.2) and some obvious reindexing, k ↔ n − k,
the quasiderivatives as defined by Walker [58] are given by

(1.3) y[k] = y(k) for 0 ≤ k ≤ n− 1, y[n] = pny(n) − iqny(n−1),

y[n+1] = −(y(n))′+ i(qn/pn)y[n] +(pn−1− (q2
n/pn))y(n−1)− iqn−1y

(n−2),

y[n+k] = −y[n+k−1]′ + pn−ky
[n−k] + i(qn−k+1y

(n−k+1) − qn−ky
(n−k−1))

9



Chapter 1. INTRODUCTION

for 2 ≤ k ≤ n−1 for even order differential expression. Thus for n ≥ 2,
one has

τy = w−1[−(y[2n−1])′ + iq1y
′ + p0y].

The quasiderivatives of odd order differential expressions are defined
by

y[k] = y(k) for 0 ≤ k ≤ n− 1, y[n] = −θqn+1y
(n),

where θ = (1+i)√
2

(1.4) y[n+1] = −(θqn+1)(y[n]′) + i(θpn/qn+1)y[n] − iqny(n−1),

y[n+2] = −y[n+1]′−(θqn/qn+1)(y[n])+pn−1y
(n−1)−iqn−1y

(n−2), if, n ≥ 2,

y[n+k+1] = −y[n+k]′ + pn−ky
[n−k] + i(qn−k+1y

(n−k+1) − qn−ky
(n−k−1))

for 2 ≤ k ≤ n− 1.
In this case, one gets for n ≥ 2

τy = w−1[−(y[2n])′ + iq1y
′ + p0y].

Thus D(T ∗), the domain of T ∗, associated to τ consists of all functions
y for which y[k] with 0 ≤ k ≤ 2n − 1 (0 ≤ k ≤ 2n) are absolutely
continuous and T ∗y ∈ L2([0,∞), w) = L2

w. Precisely, this domain is
given by

D(T ∗) = {y ∈ L2((0,∞) : w) : y[0], y[1], . . . , y[2n−1] are absolutely
continuous in ((0,∞) : w), τy ∈ L2((0,∞) : w)}, τy = T ∗y for y ∈
D(T ∗).

D(T ∗) is thus the maximal possible domain in L2((0,∞) : w) for which
the quasiderivatives make sense. The domain of odd order differential
operator can be defined similarly. It is shown in [61] that T ∗ is densely
defined and closed. An operator defined by restricting the domain of
the maximal operator only to those functions y with compact support
is known as pre-minimal operator. It will be denoted by T1 and its
domain is defined by

D(T1) = {y ∈ D(T ∗) : y has compact support in (0,∞)}.

10



1.1. Differential Operators

T1y = τy = T ∗y for y ∈ D(T1). For unbounded domains, T1 is not
closed but it is densely defined. The closure of the pre-minimal operator
T1, T 1, is the minimal operator generated by (1.1) or (1.2) and will be
denoted by T . It is obvious that T ⊂ T ∗. One can show, however, that
T = T ∗∗. These relations imply that T is symmetric.

Remark 1.1.1. The formulation of these quasiderivatives does not
require smoothness or reality conditions, but requires symmetry as
shown by Walker [58]. The main advantage to be gained from the
quasiderivatives is the formulation of a spectral theory for τ which
does not depend too much on the differentiability of the pk(x) and
qj(x). However, the domain of these operators depends on the differ-
entiability of these coefficients. Thus, the assumption is always that
one can compute quasiderivatives from the functions themselves and
the coefficients.

If T is an even order differential operator and n ≤ N− = N+ ≤ 2n,
then a closed symmetric self-adjoint extension of T exists. Classical
von Neumann theory shows that these are characterised uniquely by
an isometry V : N(T ∗ − z) → N(T ∗ + z), Imz > 0, (von Neumann
first and second formulae) [60, Theorem 8.11 and 8.12] such that the
domain of the self-adjoint extension HV of T , D(HV ), with respect
to the isometric mapping V is given by the following von Neumann
formulae.

D(HV ) = D(T ) u N(T ∗ − z) u N(T ∗ + z) or

D(HV ) = D(T ) u {y + V y : y ∈ N(T ∗ − z)}.

Here, the symbol u denotes the direct sum in the vector space sense.
Therefore, every self-adjoint realisation HV of τ , which is a differential
operator in a natural sense, is a restriction of T ∗ so that T ⊂ HV =
H∗

V ⊂ T ∗.

Walker [58] had shown that every formally self-adjoint equation of
order 2n (1.1) and likewise of order 2n + 1 (1.2) can be written as
Hamiltonian systems of the form

(1.5) J y′(x) = [zA(x) + B(x)]y(x),

where A(x), B(x) and J are matrices of size 2n×2n ((2n+1)×(2n+1)
for an odd order case) and y is a function with values in C2n(C2n+1).
Furthermore, in (1.5), one has for even order operators

11



Chapter 1. INTRODUCTION

J =
[
0n −In

In 0n

]
, A = diag(w, 0, . . . , 0),

with an assumption thatA(x), B(x) are locally integrable in the under-
lying interval [a,∞) and that B(x) = B∗(x), A(x) > 0 (in the positive
definite sense), almost everywhere. For odd order operators, one takes

J =

 0 0 −In

0 i 0
In 0 0

 .

It is this form of J that made the inversion of the last n coordinates
of the quasiderivatives necessary. There are of course many ways of
writing (1.1) and (1.2) as first order system and (1.5) is just but one
of them. For this to make sense, the system in (1.5) will have to satisfy
the following regularity condition.

Condition 1.1.2 (Regularity Conditions). (i) If y satisfies J y′ −
By = z0Ay for some y and some z0 with ‖y‖A = 0, then y = 0
and J y′ − By = Af with ‖y‖A = 0, then ‖f‖A = 0.
In this case, this condition holds automatically for all z ∈ C (see,
[40]).

(ii) In order to express the higher order quasiderivatives by the lower
ones, we demand that our system should satisfy the following
regularity condition as well. The equation

(1.6)
[
0s 0
0 I2n−s

]
(J y′ − By) = 0

can be solved uniquely for ys+1, . . . , y2n in terms of y1, . . . , ys and
formal derivatives of these first s components. For this condition,
see Hinton and Schneider [40].

The (2n − s) equations in (1.6) coincide with the last (2n − s) com-
ponents of (1.5). Thus, the action of the differential operator to be
defined is described by the formal differential operator τ

(1.7) τy =
[
A−1

1 (x) 0
0 0

]
(J y′ − By),

where in our case A1 ∈ Cs×s and A =
[
A1 0
0 0

]
with

A = diag(w(x), 0, . . . , 0). The equation τy = zy is equivalent to (1.5).

12



1.1. Differential Operators

For (1.7) to make sense, one needs (1.6) satisfied for the type of op-
erators studied here. Thus, the differential operator generated by τ
is defined on the Hilbert space HA = PsL2([0,∞)) consisting of the
equivalence classes of measurable Cs-valued functions f with∫ ∞

0
f∗(x)A(x)f(x)d(x) < ∞.

The regularity condition, Condition 1.1.2, is thus needed to get a well
defined operator via (1.7). In the definition of the Hilbert space HA, Ps

is used to denote the projection on the first s components of a vector
in C2n. The scalar product is then given by

〈f, g〉w =
∫ ∞

0
f1(x)g1(x)w(x)d(x),

where f1 and g1 are the first components of the vector functions f and
g respectively. Moreover, a square integrable solution y of (1.5) can be
viewed as a Hilbert space element.

In order to write a higher order equation as a first order system, let u =
(y[0], . . . , y[n−1], y[2n−1], . . . , y[n])t. Then the equation τy = zy leads to
the following system for even order differential operator

(1.8) u′ =
(

A B
C −A∗

)
u = Cu.

The nonzero matrix elements of A, B and C are given by

Aj,j+1 = 1, An,n = i
qn

pn
, Bn,n = p−1

n ,

Cj,j = pj−1, Cj,j+1 = iqj = −Cj+1,j j = 1, . . . , n.

Here, p0 and pn−1 should be read as p0 − zw and pn−1 − q2
n

pn
, where z

is the spectral parameter.
With a similar argument, if u = (y[0], . . . , y[n], y[2n], . . . , y[n+1])t, then
one obtains a first order system of (1.2) of the form

u′ = Cu with C =

A b 0
ct r bt

C c −A∗

 , r = i
pn

q2
n+1

,

where the nonzero entries of the n×n matrices A,C and n-vectors b, c
are given by

13
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Aj,j+1 = 1, j = 1, . . . , n− 1; bn = −(θqn+1)−1, cn = −θqn/qn+1,

C11 = p0 − zw, Cjj = pj−1, j = 2, . . . , n, Cj+1,j = −iqj ,

Cj,j+1 = iqj , j = 1, . . . , n− 1, θ =
1√
2
(1 + i).

The first order system (1.8) and its odd order counterpart are unitarily
equivalent to the Hamiltonian systems and thus their spectral results
are identical provided the regularity conditions hold.

Throughout, the analysis will be done in the formal framework of lin-
ear Hamiltonian systems. In [43], Hinton and Shaw and in [40], Hinton
and Schneider have developed the theory of M -matrix of Hamiltonian
systems that one can use to compute the spectra of H. It follows
that the basic tool is the M -matrix which turns out to be almost the
Borel transform of the spectral measure of the underlying Hamiltonian.
Through a standard inversion theorem, the spectral measure can be
reconstructed from the M -matrix. Similarly, the M -matrix can be ob-
tained from the eigenfunctions of H. So the M -matrix is the ideal tool
that connects spectral properties of H with those of its eigenfunctions.

The underlying interval generally is [0,∞), though in the context of
asymptotic integration, we may use [a,∞), where a is a very large
boundary regular endpoint. It follows from Remling’s results [52] that
the spectral results from [a,∞) can be extended to [0,∞). So in gen-
eral, we will be rather casual about the interval. With the unbounded
coefficients, the limit point conditions are rather rare and quite often
one finds

(1.9) defT = (n + r, n + r), 0 ≤ r ≤ n.

In this case, r further boundary conditions at ∞ are needed.

Weidmann [61, Theorem 4.1] has given the necessary and sufficient
conditions for the existence of self-adjoint extensions whenever τ is
defined on a bounded interval (compact situation). If the differential
operator has equal deficiency indices, its self-adjoint extensions can
be described more explicitly in terms of boundary conditions. This
essentially needs the aid of Green’s formula which one obtains by in-
tegration by parts. Green’s formula similarly follows from Lagrange’s
identity whose version for even order differential operators is stated in
the following

14
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Theorem 1.1.3. Let f, g : (a, b) → Cn be such that
f = f (0), . . . , f (2k−1), g = g(0), . . . , g(2k−1) (n = 2k) are absolutely con-
tinuous. Then for almost all x ∈ (a, b) ⊂ (0,∞), we have the Lagrange
identity

〈w(x)τf(x), g(x)〉 − 〈w(x)f(x), τg(x)〉 =
d

dx
[f, g]x,

where

[f, g]x = Σk
j=1{〈f (j−1)(x), g(2k−j)(x)〉 − 〈f (2k−j)(x), g(j−1)〉}.

The proof can be obtained from [61, Theorem 2.2]. One can easily
state the odd order version of Theorem 1.1.3. Given an interval [a, b],
the Green’s formula for this interval is given by

∫ b

a
[y∗1(x)A(x)τy2(x)− τy∗1(x)A(x)y2(x)]dx = y∗1(x)J y2(x) |ba

with

y∗1(x)J y2(x) |ba= y∗1(b)J y2(b)− y∗1(a)J y2(a) = [y1, y2]ba.

This shows that for all y1, y2 ∈ D(T ∗), limx→∞ y∗1(x)J y2(x) exists for
a regular point a. This makes the Hamiltonian form so convenient.

Lemma 1.1.4.

D(T ) = {y ∈ D(T ∗) | y(a) = 0 and

lim
x→∞

y∗(x)J y1(x) = 0, ∀y1 ∈ D(T ∗)
}

.

In the remainder, we will consider only separated boundary conditions
[61], because the boundary conditions affect at most the point spec-
trum in our case. The boundary condition at the left endpoint 0 can
be described as

(α1, α2)y(0) = 0,

where α1, α2 are n by n complex-valued matrices described with
rank(α1, α2) = n and

(1.10) α1α
∗
1 + α2α

∗
2 = In, α1α

∗
2 − α2α

∗
1 = 0n.

15
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With a a regular boundary point, the boundary conditions at a are
given by [40]

(1.11) (α1, α2)y(a) = 0.

In the limit point case, a boundary condition at infinity is not necessary
and hence by [61, Theorem 4.8], one has

lim
x→∞

y∗(x)J y1(x) = 0 ∀y, y1 ∈ D(T ∗).

This can be shown by using Green’s formula. One thus defines a self-
adjoint extension Hα of T by

D(Hα) = {y ∈ D(T ∗) | (α1, α2)y(0) = 0} .

As noted above, we will only consider separated boundary conditions
here because all self-adjoint extensions have unitarily equivalent ab-
solutely continuous parts. If r ≥ 1 in (1.9), then T is non-limit-point
and additional boundary conditions at infinity are needed. These are
given as

lim
x→∞

w∗kJ y(x) = 0.

The functions w1, . . . , wr are linearly independent modulo D(T ) at
infinity and may be chosen as eigenfunctions of T ∗wj = zwj , z ∈ C\R.
They also satisfy limx→∞w∗k(x)Jwj(x) = 0 for j, k = 1, . . . , r [40].
Define as in [40]

F (z) =
{
f ∈ C2n : Yzf ∈ L2

A[a,∞)
}

, Imz 6= 0 and

R∞ = {y ∈ D(T ∗) : (y∗i J y)(∞) = 0, ∀yi ∈ D(T ∗)} .

Here, Yz = Yα(., z) and (y∗i J y)(∞) denote the limits
limx→∞ y∗i (x)J y(x) for y, yi ∈ D(T ∗). From the results of Schneider
[56, Theorem 6.23], it follows that dim(D(T ∗)/R∞) = 2r. One thus
obtains the following result.

Lemma 1.1.5. Let

D(T̃ ∗) =
{
y ∈ D(T ∗) : (w∗jJ y)(∞) = 0, 1 ≤ j ≤ r

}
, T̃ ∗y = T ∗y

and

C(z) =
{
f ∈ F (z) : (w∗jJ Yzf)(∞) = 0, 1 ≤ j ≤ r

}
, Imz 6= 0

then it follows that

16



1.1. Differential Operators

(i) D(T̃ ∗) = R∞ u L(w1, . . . , wr)

(ii) T̃ has deficiency index (n, n), that is, dimC(z) = n and

(iii) [(Yz1g)∗J (Yz2f)](∞) = 0 for f ∈ C(z2), g ∈ C(z1).

For proof, see [1, 40, 56]. The Lemma shows how to construct a limit-
point differential operator from the domain of a non-limit-point differ-
ential operator. The key idea to introduce the “limit point” operator
T̃ , is to extend Remling’s results [52] to the non-limit-point condition.

Theorem 1.1.6. Let T be a formally symmetric differential operator
of order 2n on the interval [a,∞) for which a is a regular boundary
endpoint. Assume the deficiency index of T is (n + r, n + r). Then the
self-adjoint extensions H of T with separated boundary conditions are
defined by the domain

D(H) = {y ∈ D(T ∗) | (α1, α2)y(a) = 0,

lim
x→∞

w∗k(x)J y(x) = 0, k = 1, . . . , r
}

.

Here, α1, α2 satisfy the conditions in (1.10) and (1.11). The functions
w1, . . . , wr are linearly independent modulo D(T ) at infinity and may
be chosen as eigenfunctions of T ∗wj = zwj, z ∈ C \ R. They also
satisfy limx→∞w∗k(x)Jwj(x) = 0 for j, k = 1, . . . , r

The proof follows at once from [61, Theorems 4.6, 5.4b and 5.5] and
[52]. From the definition of the operator T̃ ∗ in Lemma 1.1.5, it is true
that for any self-adjoint extension H of T , T ⊂ T̃ ⊂ H ⊂ T̃ ∗ ⊂ T ∗ and
from Theorem 1.1.6, it follows that H = Hα with

(1.12) D(Hα) = {y ∈ D(T̃ ∗) : (α1, α2)y(a) = 0},

where α1, α2 satisfy the conditions in (1.10). Thus every self-adjoint
extension of T̃ is an extension of T with separated boundary condi-
tions.

1.1.4 M-Matrix

The M -matrix generalises the m-function of Weyl Titchmarsh and
thus relates the asymptotics of the eigenfunctions of higher order dif-
ferential operators to the spectrum of their self-adjoint realisations.
We will assume that the regularity conditions, Condition 1.1.2 hold.
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Let Yα(., z) = (Uα(., z), Vα(., z)) be the fundamental matrix of (1.5)
with initial values

(1.13) Yα(a, z) =
[
α∗1 −α∗2
α∗2 α∗1

]
, α1, α2 satisfy (1.10) and (1.11).

Uα, Vα are 2n by n complex-valued matrices whose every column solves
τu = zu. Note that Vα(., z) satisfy the boundary conditions at a.
Therefore, the columns of Yα(., z) span the 2n-dimensional vector space
of solutions of (1.5).

In the limit point case, self-adjoint extensions are realised by fixing
boundary conditions at a. Now fix the boundary conditions to the
right through α = (α1, α2) and using the techniques of Hinton and
Shaw [43], for Imz 6= 0, the M -matrix, Mα(z) ∈ Cn×n is defined by

χα(x, z) = Yα(x, z)
[

In

Mα(z)

]
∈ L2

A[a,∞).

Mα(z) is analytic for Imz 6= 0 and ImMα(z) is positive definite in
the upper half plane. The columns of χα(x, z) form a basis for the
square integrable solutions of (1.5). Mα(z) is thus a Herglotz function
and all the properties of the classical m-function for a second order
equation are satisfied for this more general M -matrix [5, 40, 43]. In
the non-limit-point situation, the construction of M -matrix is based
on T̃ .

Theorem 1.1.7. For all z ∈ C with Imz 6= 0, there exists a unique
regular n× n matrix M = Mα(z) with

(i) The columns of χα(., z) = Uα(., z) + Vα(., z)Mα(z) are square
integrable solutions of (1.5) in the domain of T̃ ∗.

(ii) limx→∞w∗j (x)Jχα(x, z) = 0, 1 ≤ j ≤ r, the functions wj are
those in Theorem 1.1.6.

(iii) limx→∞(χα(x, z1)∗Jχα(x, z2)) = 0, ∀Imz1, Imz2 6= 0 where
(Uα(., z), Vα(., z)) is the fundamental matrix of (1.5) and with
initial values of (1.13).

(iv) M(z) is a Herglotz function.

The proof of this theorem follows from [40, Theorem 4.7] and [1,
Theorem 2.4]. The theorem also implies that the M -matrix, Mα(z)
is uniquely determined. One therefore obtains the following result as
a Corollary to Theorem 1.1.7.
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Corollary 1.1.8. For Imzi 6= 0 (i = 1, 2), it follows that

Mα(z1)−M∗
α(z2) = (z1 − z2)

∫ ∞

a
χ∗α(x, z2)A(x)χα(x, z1)dx.

It is also true for Imz 6= 0 that M∗
α(z) = Mα(z) and

〈χα(x, z), χα(x, z)〉 =
∫ ∞

a
χ∗α(x, z)A(x)χα(x, z)dx

=
ImMα(z)

Imz
(1.14)

where ImMα(z) = (Mα(z)−M∗
α(z))

2i .

The proof of this corollary can be obtained from [1, Corollary 2.5].

One can show with the aid of the associated resolvent that Mα(z) is
holomorpic in both the upper and lower half planes, see Lemma 1.1.11.
Now let

(1.15) J y′ = [zA(x) + B(x)]y +A(x)f(x)

be an inhomogeneous differential problem with f(.) ∈ L1
loc[a,∞). Then

its solution, that is, the resolvent of self-adjoint realisation H can be
derived via the following lemma.

Lemma 1.1.9. The inhomogeneous equation (1.15) with initial values
y(a) = ya ∈ C2n has a unique solution given by

(1.16) y(x, z) = Y (x, z)
[[

α1 α2

−α2 α1

]
ya − J

∫ x

a
Y ∗(t, z)A(t)f(t)dt

]
where Y (., z), Y (., z) denote the fundamental matrices of the homoge-
neous equation (1.5) with initial values (1.13).

For the proof, see Weidmann [61, Theorem 2.1] and Hinton and Schnei-
der [40, Theorem 5.1].

Now let Imz 6= 0 and f(.) ∈ L2
A[a,∞), one then obtains the following

representation of the resolvent.

Lemma 1.1.10. The resolvent of an arbitrary self-adjoint extension
H of T is given by

(1.17) ((H − z)−1Psf)(x) = Ps

∫ ∞

a
G(x, t, z)A(t)f(t)dt
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with

G(x, t, z) =
{

χα(x, z)V ∗
α (t, z) : t < x

Vα(x, z)χ∗α(t, z) : t > x

For the proof, see [40]. It follows from this lemma that if Imz 6= 0,
f(.) ∈ L2

A[a,∞) and

y(x, z, f) =
∫ ∞

a
G(x, t, z)A(t)f(t)dt

= χα(x, z)
∫ x

a
V ∗

α (t, z)A(t)f(t)dt + Vα(x, z)
∫ ∞

x
χ∗α(t, z)A(t)f(t)dt,

then the columns of χα are square integrable and y(., z, f) is well de-
fined for every x ∈ [a,∞). Since Mα(z) = M∗

α(z), it follows that

G(x, t, z) =


Y (x, z)

[
0n In

0n Mα(z)

]
Y ∗(t, z) : t < x

Y (x, z)
[
0n 0n

In Mα(z)

]
Y ∗(t, z) : t > x

.

G(., ., z) is thus continuous in (x, t) for x 6= t. For t = x, there may be
a jump of J . This is seen as follows. Recall that Y ∗(x, z)J Y (x, z) = J
and hence for a fixed (x, z), it follows that limδ→0+(G(x, x + δ, z) −
G(x, x − δ, z)) = J . This jump definition around J satisfies the self-
adjoint boundary conditions at x = a as a function of x. Thus y
is also absolutely continuous and satisfies the self-adjoint boundary
conditions at a and thus solves the inhomogeneous equation (1.15).
This shows that Mα is essentially given by the matrix elements of the
resolvent. In fact, one has the following

Lemma 1.1.11. [52, Lemma 3.1] For Imz 6= 0, it follows that

Mα(z) = ReMα(i) + z‖χα(., i)‖2(1.18)
+ (z2 + 1)〈χα(., i), (Hα − z)−1χα(., i)〉.

Here, ‖χα(., i)‖2 is an n× n matrix with matrix elements (‖χα‖2)kl =
〈Ps(χα)k, Ps(χα)l〉A where (χα)k denotes the kth column of χα. The
final term in the right hand side of (1.18) is interpreted analogously.

Remark 1.1.12. Lemma 1.1.11 shows that the M -function is essen-
tially the Borel transform of the spectral measure ρα of Hα. χα =

Y

[
In

Mα(z)

]
relates it to square integrable eigenfunctions and (1.19)
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below allows the reconstruction of ρα. It is thus not surprising that
the M -function is essentially given by an expectation value of the re-
solvent. From Lemma 1.1.11, one relates R = 〈χα, (Hα−z)−1χα〉 with
Rkl = 〈Ps(χα)k, (Hα−z)−1Ps(χα)l〉A. The lemma shows also holomor-
phy of Mα(z) for Imz 6= 0 as well as Herglotz property. The absolutely
continuous spectrum of the self-adjoint extensions is independent of
the boundary conditions and thus the index α will be dropped.

Since M(z) is holomorphic for Imz 6= 0 and satisfies ImM(z) ≥ 0,
it implies that M(z) has a Herglotz representation with a uniquely
determined matrix-valued non-decreasing function ρα(t) on R whose
components are right continuous. The density of the absolutely con-
tinuous part of ρα is given by

ρα(a, b) =
1
π

lim
ε→0+

∫ b

a
ImMα(t + iε)dt

for an interval (a, b) provided that ρα({a}) = ρα({b}) = 0, is the spec-
tral Borel measure of H, that is, there is a unitary transformation
U : HA → L2(R, dρα) with UHU∗ = Tid. H is thus unitarily equiva-
lent to the operator multiplication by the independent variable in the
space L2(R, dρα) (see, [3]), (UHU∗g)(x) = xg(x).
The measure ρα can be recovered from Mα(z) using the following for-
mula

(1.19) dρα(t) =
1
π

w∗ lim
ε→0+

ImMα(t + iε)dt.

It is this representation of Mα(z) in terms of spectral measure matrix
ρα which connects it with the spectral properties of the operator Hα.

A transformation at the boundary point a of α to β = (β1, β2) satis-
fying the assumptions in (1.10) and (1.11) and with the fundamental
matrix Y (a, z) = Y (a, z, β) leads to the following relations [44, 52]

(1.20) Mβ(z) = (−γ2 + γ1Mα(z))(γ1 + γ2Mα(z))−1,

where γ1 = β1α
∗
1 + β2α

∗
2, γ2 = β2α

∗
1 − β1α

∗
2.

It follows that all the spectral information is contained in M(z). Thus
Lemma 5.1 of [52] says that if there are eigenfunctions with poles and
they satisfy the boundary conditions or if there is singular continuous
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spectrum around, then | M(z+) |= ∞ which implies that ImM(z+) =
0 according to the multiplicity. In particular, if σsc(H) = ∅, then each
bounded eigenfunction decreases the rank of ImM(z+). This would
likewise hold for eigenfunctions associated to σsc(H).
This result can be extended to non-limit-point situation since from
Lemma 1.1.5, Theorem 1.1.6 and Theorem 1.1.7, one can construct
χα(., z) from the basis of N(T̃ ∗ − z) for Imz 6= 0. One therefore has

Lemma 1.1.13. Let {u1, . . . , us} such that uj ∈ N(T̃ ∗ − λ) (1 ≤
j ≤ s) be linearly independent and λ real with L({uj}) ∩ D(Hα) =
{0} for a self-adjoint boundary condition α. Then there are s linearly
independent vectors wj ∈ Cn such that

w∗j ImMα(λ + iε)wj = O(ε) when ε → 0+.

Thus rankMα ≤ n− s.

Lemma 1.1.14. For all λ ∈ B, B ⊂ R a real Borel set. Let
L(w1(λ), . . . , ws(λ)) be an s-dimensional subspace satisfying
limε→0+ w∗j (λ)ImMα(λ+iε)wj(λ) = 0, ∀wj ∈ L(w1(λ), . . . , ws(λ)) and
λ ∈ B. Then the spectral multiplicity of the operator of multiplication
by a variable Tid in the space L2(B, dρα) is at most n− s.

Proof. This follows immediately from [52, Lemma 5.2] together with
spectral representation, and Lemma 1.1.13.

Theorem 1.1.15. [52, Theorems 6.1 and 6.3] Let dimN(T̃ ∗−λ) = s,
∀λ ∈ B, B a real Borel set. For the boundary condition α, there
is no eigenvalue λ ∈ B of Hα. Let wj ∈ Cn be the correspond-
ing s-linearly independent vectors from Lemma 1.1.13. Assume that
lim supε→0+ ‖Mα(λ + iε)‖ < ∞ and lim infε→0+ v∗ImMα(λ + iε)v > 0
for v /∈ L({wj(λ)}), 1 ≤ j ≤ s. Then it follows that ρa,β

sc (B) = 0 for an
arbitrary left hand endpoint a and an arbitrary boundary condition β,
that is, the support of ρsc lies outside B.

The asymptotic method that is applied for this analysis makes the
essential spectrum coincide with absolutely continuous spectrum while
singular continuous spectrum will be absent as implied by Theorem
1.1.15.
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1.1.5 Asymptotic Integration

The aim of asymptotic integration is to determine the asymptotics of
the eigenfunctions of differential operators. For second order operators,
this problem has been studied extensively. The basic problem posed
by a differential system (1.8) is that, the solution vectors u(x) cannot
normally be written explicitly as expressions involving the entries of
the given square matrix C(x). It is of course this difficulty which creates
the challenge and interest in developing a wide range of techniques for
investigating the properties of solutions.

One of the most important results in asymptotic integration theory
which helps in solving this problem is the Levinson’s Theorem. It states
that the solutions of a system

(1.21) u′(x) = {Λ(x) + R(x)}u(x), Λ(x) = diag(λi(x))

look like the solutions of the unperturbed system u′ = Λu, if R(x) is
sufficiently small and Λ(x) = diag(λi(x)) satisfies a dichotomy condi-
tion. In Levinson’s original result, small means absolutely integrable.
The dichotomy condition amounts to: Reλi(x) and Re(λk(x)−λj(x)),
k 6= j, have approximately constant sign modulo L1 for large x. Ac-
tually, the condition is slightly weaker, but for us this suffices. Mean-
while, Levinson’s Theorem has been extended in several directions by
modifying the dichotomy condition as well as the allowed perturba-
tions. These permissible perturbations will be called Levinson’s terms
in order to simplify the use of Levinson’s Theorem.

For more details, see the book of Eastham [33] or [25]. In spectral
theory, the matrix elements and λi(x) will generally depend also on
the spectral parameter z. Thus, one writes λi = λi(x, z) for this. In this
case, it will be important to prove Levinson’s Theorem uniformly in
z in order to control the z-dependence of the solutions. The following
z-uniform version will suffice [24, 25, 53].

Theorem 1.1.16. Let Λ(x, z) = diag(λ1(x, z), . . . , λ2n(x, z)) and
R(x, z) be 2n × 2n matrices which for all x, are analytic functions of
z ∈ Ω ⊂ C. For any unequal pair of indices i and j, i, j ∈ [1, . . . , 2n],
assume that Λ = diag(λ1(x, z), . . . , λ2n(x, z)) satisfies the dichotomy
condition uniformly in z, that is, for every unequal pair i, j, a ≤ t ≤
x < ∞, we have
Re{λi(x, z) − λj(x, z)} has constant sign modulo L1([a,∞)) for all
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z ∈ Ω.
Moreover, assume that ‖R(x, z)‖ ≤ ρ(x) with ρ ∈ L1([a,∞)). Then

Y ′(x, z) = [Λ(x, z) + R(x, z)]Y (x, z)

has solutions yk(x, z), 1 ≤ k ≤ 2n, with the asymptotic form

Yk(x, z) = (ek + rk(x, z)). exp(
∫ x

a
λk(t, z)dt)

where ek denotes the kth unit vector and rk(x, z) depends analytically
on z ∈ Ω and tends to 0 z-uniformly as x →∞.

The proof of this theorem follow closely that of Theorem 1.3.1 in [33].
One can also obtain similar proofs in [24, 25, 53]. Thus, the theo-
rem gives the form of solutions of the perturbed system whenever the
eigenvalues satisfy the uniform dichotomy condition and the perturb-
ing terms are integrable.

In order to transform the first order system into Levinson’s form, in our
case, we will need standard Kummer Liouville (K.L)-transformation,
two diagonalisations and possibly some further (I+Q)-transformations
after the two diagonalisations. In particular, these transformations are
carried out in that order. The standard K.L-transform will be used
to simplify the coefficients of the operator and consequently the re-
maining discussions on asymptotic integration. Diagonalisations help
in transforming C into diagonal and integrable terms. After diagonali-
sations, any off-diagonal terms that are not integrable could be reduced
into integrable terms by applying some more (I +Q)-transformations.
These are fairly standard and have been investigated in [6, 26, 33].
Finally, before applying Levinson’s Theorem, one needs to prove a
uniform dichotomy condition for the spectral parameter z.

In order to transform (1.8) into Levinson’s form, (1.8) has to be diago-
nalised. This requires the eigenvalues of C. Expansion of det(C−λ·I) =
P, leads to the characteristic polynomial

(1.22) P(x, z, λ) =
n∑

k=0

(−1)kpk(x)λ2k +2i

n∑
j=1

(−1)j−1qj(x)λ2j−1−zw

for even order differential operators while odd order differential oper-
ators give
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P(x, z, λ) = iqn+1λ
2n+1 +

n∑
k=0

(−1)kpk(x)λ2k

+ 2i

n∑
j=1

(−1)j−1qj(x)λ2j−1 − zw.(1.23)

Since these polynomials do not have real coefficients, it is advantageous
to replace the eigenvalue parameters λ by −iν. Then the corresponding
Fourier polynomials are

(1.24) PF (x, z, ν) =
n∑

k=0

pkν
2k + 2

n∑
j=1

qjν
2j−1 − zw and

(1.25) PF (x, z, ν) = qn+1ν
2n+1 +

n∑
k=0

pkν
2k + 2

n∑
j=1

qjν
2j−1 − zw.

These are polynomials with real coefficients if z is real, reflecting the
symmetry of T .

1.1.6 Transformation of the System
into Levinson’s Form

Kummer-Liouville Transformation:
The main function of Kummer-Liouville (K.L)-transformation is to
make the coefficients as simple as possible. It goes back to the trans-
formation y(x) = µ(x)z(t) which has been used mainly for second
order operators. Just as for second order operators, the starting point
is

(1.26) y(x) = µ(x)z(t), t = f(x) with f ′(x) = γ > 0.

At the system level, this amounts to:

(1.27) u(x) = F (x)v(t), t = f(x) with f ′ = γ > 0,

where F is a 2n×2n or 2n+1×2n+1 matrix for T even or odd order
differential operator respectively. In principle, the matrix elements of
F can be computed explicitly, see [2, 10]. For more details on the
general Kummer-Liouville transformation, see [2, 10, 17].
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In our case, we will use a K.L-transformation which transforms pn

and w into 1 for even order operators, and qn+1 and w into 1 for
odd order operators. This K.L-transformation will be called standard
K.L-transformation. In this case, one simply has

(1.28) γ = (wp−1
n )

1
2n , wµ2 = γ in the even order case and

γ = (wq−2
n+1)

1
2n+1 , wµ2 = γ in the odd order case.

The second relation in each case guarantees that the K.L-transformation
even defines a unitary map U : L2

w → L2 with

Uy(x) = y(x)µ−1(x) = y(g(t)µ)−1(g(t)) and g = f−1

which makes it ideal for spectral analysis.

Diagonalising Transformations:
The main role of diagonalisations is to transform the matrix C in (1.8)
into a diagonal form.

By considering the resultant or the discriminant of P and ∂λP, one
can show that there are only finitely many spectral values z for which
P(λ, z) has multiple roots. Let ω1 < ω2 < · · · < ωk denote all of
the real spectral values z leading to multiple roots. Following [10],
the analysis will be restricted to small complex neighbourhoods of
z0 ∈ (ωi, ωi+1), i = 0, . . . , k, where ω0 = −∞ and ωk+1 = ∞. For a
given z0 ∈ (ωi, ωi+1), one can now choose ε > 0 and a > 0 so that
P(x, λ, z) = 0 has no multiple roots for any

z ∈ Kε(z0) = {z | | z − z0 |≤ ε, Imz ≥ 0} = K

and x ≥ a. This is possible because the roots of P depend analytically
on the coefficients. Throughout the proof of some results, it may be
necessary to adjust a and ε repeatedly. Thus (1.24) and (1.25) have 2n
and 2n+1 distinct roots respectively. It is well known that the matrix
T0 having the eigenvectors %(λ, x) of C as its columns, C(x)%(x, λ) =
λ(x)%(x, λ), diagonalises C. The eigenvectors % of C for the eigenvalue
λ are given by, for 1 ≤ k ≤ n,

%k = λk−1

%n+k = −iqkλ
k−1 +

n∑
r=k

(−1)k+rprλ
2r−k +

n−1∑
r=k

(−1)k+r2iqr+1λ
2r−k+1.
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It is, however, advantageous to base the transformation T (diagonal-
ising matrix) on the eigenvectors wk = w(x, λk) [33, Sect. 3.1 and 3.3],
where

(1.29) wk(x) = M
− 1

2
k %(λk, x) = M

− 1
2

k (1, λk, λ
2
k, . . .),

Mk = ∂λP(x, z, λk).

Since the roots are distinct, Mk is invertible for all k = 1, . . . , 2n for
even order case or k = 1, . . . , 2n + 1 for odd order case. Thus, the
transformation T = (w1, w2, . . . , w2n) and

(1.30) u = T v

lead to

(1.31) v′ = (Λ− T −1T ′)v with Λ = diag(λi(x, z)).

The matrix elements of T −1T ′ are given by (T −1T ′)ii = 0. This is a
consequence of the normalisation of the eigenvectors with the factors

M
− 1

2
k . Then

(T −1T ′)jk = (λk − λj)−1M
− 1

2
j M

− 1
2

k (
n∑

l=0

(−1)lp′lλ
l
kλ

l
j

− i

n∑
l=1

(−1)lq′l(λ
l
kλ

l−1
j + λl−1

k λl
j))(1.32)

[20, 33]. If the coefficients are sufficiently smooth so that T −1T ′ is
small, the system (1.31) is almost diagonal. The matrix T −1T ′ can
be split up into a Levinson part R and a smooth part S. S is a dif-
ferentiable remainder while R is absolutely integrable by assumption.
Under appropriate conditions on the coefficients, the differentiable part
S satisfies Sij(x, z) → 0 for x → ∞ and Sij(x, z) ∈ L2 uniformly for
z ∈ Kε(z0). For this we require decay conditions like

f ′ = o(1), f ′ ∈ L2, (f ′)2, f ′′ ∈ L1, f = pk, qj .

These decay conditions are of course adopted to asymptotic integration
and will be made more precise in Chapter two. Thus the system can
be written as

(1.33) v′ = (Λ + S + R)v with Λ = diag(λk(x, z))
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which can be diagonalised further.

If the system (1.31) is not in Levinson form, a further diagonalising
transformation will be needed. This will make sense in general, only if
the higher derivatives decay faster. To discuss these further transfor-
mations, write (1.31) in the form (1.33) with Λ = diag(λi(x, z)) and
assume that the coefficients of the perturbing matrix S are differen-
tiable while R is integrable. While the general method to diagonalise
Λ + S has been described in [14], a simplified transformation will be
used here, that is,

(1.34) v = (I + B)v1

with Bij = (λj − λi)−1Sij . For this, one needs

(1.35) (λj − λi)−1Sij = o(1)

so that one can form (I + B)−1. The transformed system is then

(1.36) v′1 = (Λ + S1 + (1 + B)−1R(1 + B))v1

with S1 = −(I +B)−1(B′−SB). In general, one should now adjoin the
diagonal part of S1 to Λ, because purely off-diagonal perturbations are
easier to handle ( cf. [11]). (1.36) shows that further diagonalisations
require additional differentiability of the coefficients. But it is only a
small part of the terms in S1, which cannot be differentiated further.
These are the terms in B′ in which p′′k or q′′j appear. Leaving those terms
aside, adjoin them to R, the diagonalisation procedure can be repeated.
These diagonalisations should be repeated until the off-diagonal terms
are suitably small. This of course requires that the terms involving p′′k
and q′′j are suitably small.

(I + Q)-transformation:
Basically, there are only two transformations, that is, the Kummer-
Liouville transformation which involves transforming the independent
variable x and the diagonalisations that transform the system into di-
agonal form and remainder term. (I + Q)-transformations have two
functions namely; turning conditionally integrable terms into inte-
grable terms and making the remainder terms after the diagonalisa-
tions smaller.

A (I +Q)-transformation as described in Eastham’s book [33] is of the
K.L type but with F (x) = I + Q and t = x. Since the coefficients are
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assumed not to possess conditionally integrable terms, only (I + Q)-
transformations that make remainder terms after two diagonalisations
smaller will be discussed.

Assume that after the diagonalisations there are some off-diagonal
terms that are not integrable. Then in this case, one can apply more
(I + Q)-transformations to make them smaller. The starting point for
further (I +Q)-transformations is equation (1.31). Assume −T −1T ′ =
R is the remainder matrix. Adjoin its diagonal elements to the diagonal
elements of Λ such that Rii = 0, i = 1, . . . , 2n. Here the explanation
will be given for even order operators and the same will hold for odd
order operators but with the indices i, j running from 1 up to 2n + 1.
Then with the substitution v = (I + Q)v1, equation (1.31) becomes

(1.37) v′1 = (Λ + (1 + Q)−1(ΛQ−QΛ + R−Q′ + RQ))v1.

Necessary for this (I+Q)-transformation is Q = o(1). Any further (I+
Q)-transformation with this assumption will make the remainder terms
smaller. These can be repeated severally until all remainder terms are
integrable. It is, therefore, necessary to show that the contributions
to the diagonals as a result of these (I + Q)-transformations do not
affect the asymptotics of the solutions. Behncke [13] showed that any
decay in excess of integrability for R is reflected in the decay of the
remainder terms.

Since the diagonal part of R is trivial by assumption, the equation
ΛQ−QΛ+R = Q′ reduces to (2n− 1) · 2n scalar equations, for which
the solutions can be estimated well in terms of the coefficients Rij .
These equations are

(1.38) Q′
ij = (λi − λj)Qij + Rij , i 6= j, i, j = 1, . . . , 2n.

For (1.38), solutions are needed that decay at infinity. One now writes
(1.38) as

(1.39) q′ = λq + r.

If the dichotomy condition holds for Λ, the solutions of (1.38) respec-
tively (1.39), which are small at infinity are given by

(1.40) q(x, z) = −
∫ ∞

x
exp(µ(x)− µ(t))r(t)dt if Reλ ≥ 0
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(1.41) q(x, z) =
∫ x

a
exp(µ(x)− µ(t))r(t)dt if Reλ < 0

where µ(x) =
∫ x
a λ(t)dt. It has been shown in [13] that if h increases

monotonically to ∞ on [a,∞) and rh ∈ L1, then q = O(h−1). This
implies that Q(x) → 0 as x → ∞ and any decay for R in excess of
integrability is passed on to the remainder terms.

In spectral theory, the eigenvalues as well as the remainder terms Rij

depend uniformly on the spectral parameter z or even more often η =
Imz. It is thus important to write (1.39) in terms of z. This can be
written as

(1.42) q′ = (iλ1 + ηλ2)q + r

with λ1, λ2 real valued, 0 ≤ η ≤ ε > 0,

where η takes the role of Imz. It is likewise shown in [13] that if R
satisfies stronger decay conditions, so will rij the elements of R.

In general, the new remainder term RQ will be smaller. This holds
already if Q → 0 and the results of [13] allow to control it. This
gives an improvement of (1.36) which needs small off-diagonal terms.
This type of transformation may be repeated as well. With all these
transformations, one is finally led to a system w′ = (Λ̃+ R̃)w to which
Levinson’s Theorem can be applied. Here, Λ̃ is Λ plus diagonal terms
arising from the various transformations. Thus, the kth solution of this
system is

(1.43) w = (ek + rk(x, z)) exp
∫ x

0
λ̃k(t, z)dt.

The remainder term rk results from the terminal Levinson system,
while λ̃k is λk plus further diagonal terms arising from the various
transformations. Since the coefficients are twice differentiable, after all
the procedures of the asymptotic integration, one has the following
general solutions of (1.1), (1.2) or (1.8)

uk(x, z) = T (I + B)(I + Q1) · · · (I + Qr)

·(ek + rk(x, z)) exp
∫ x

a
λ̃k(t, z)dt.(1.44)

Here, T and (I+B) are diagonalising matrices, while the Qi arise from
the (I + Q)-transformations. In order to analyse (1.44), it is useful to
demand
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“higher order derivatives of the coefficients decay faster” .

This can be expressed, for example, for the coefficients f = pk, qj as

(1.45)
f (k)

f
∈ L

2
k k = 1, 2,

that is, each derivative introduces a factor Lk. If the coefficients are
differentiable more often, this condition can be weakened in an obvious
fashion. The consequences of such a smoothness and decay condition
in addition to (1.35) are

(1.46) B = o(1), Qj+1 = o(Qj) = o(B), rk = o(B),

so that the solution (1.44) is essentially given by

(1.47) uk(x, z) = T (I + B)(ek + o(1)) exp(
∫ x

a
λ̃k(t, z)dt).

Since one is mainly interested in yk, the first component of uk and its

square integrability, one has with T1k = M
− 1

2
k

yk(x, z) = (M
− 1

2
k +

∑
j

M
− 1

2
j Bjk)(ek + r(x, z))(1.48)

· exp(
∫ x

a
λ̃k(t, z)dt).

When the coefficients are bounded, the term M
− 1

2
k dominates∑

j M
− 1

2
j Bjk. Therefore, the form factor, M

− 1
2

k +
∑

j M
− 1

2
j Bjk, can be

estimated by M
− 1

2
k . With unbounded coefficients and eigenvalues of dif-

ferent magnitude, however, the term
∑

j M
− 1

2
j Bjk may be dominant. It

also follows that the correction terms to the eigenvalues are integrable
under normal circumstances but in case of slower decay and higher or-
der smoothness this may not be true. It is an open problem, whether
such higher order corrections can substantially alter the square inte-
grability and thus for example change the spectrum from absolutely
continuous to discrete. We conjecture that this will not occur.
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1.2 Difference Operators

1.2.1 Background Information

The theory of difference equations has grown at an accelerated pace
in the past decade. It now occupies a central position in applicable
analysis and will no doubt continue to play an important role in math-
ematics as a whole. It is undisputable fact that difference equations
appeared much earlier than differential equations and were instrumen-
tal in paving way for the development of the latter. It is only recently
that difference equations have started receiving as much attention as
they deserve.

A very important aspect of the qualitative study of the solutions of
difference systems is periodicity. Even though higher order equations
are expressible as difference systems, they merit some special atten-
tion. It is easy to incoporate the method of variation of constants, the
concept of exact and adjoint equations and Lagrange’s and Green’s
identities into this analysis. This is followed by method of generating
functions, which is a very elegant technique for obtaining the closed
form of solutions of higher order difference equations.

It has been known for many years that Sturm-Liouville equations and
their discrete counterparts, Jacobi matrices, can be analysed by similar
and closely related methods. In fact, the spectral theory of Jacobi
matrices and Sturm-Liouville operators has been developed entirely in
parallel in recent years. As an example, note the recent far reaching
results of Remling concerning the so called Oracle Theorem [54, 55].
Many Schrödinger type results have their discrete counterparts and
often a result in the discrete or continuous sector leads to a result in
the other area. It is not surprising that the theory of Jacobi matrices
has been developed very far. This deep understanding of second order
operators contrasts with an almost complete absence for results of
higher order difference operators. In that respect, the theory does not
even parallel that of differential operators. For example, there are no
results on the deficiency index for higher order difference operators.

While the Titchmarsh-Weyl M -function has long been known to be a
valuable tool for spectral analysis of differential operators, presently,
there are only three papers that have developed the general M -function
theory for difference systems. These are the papers of Clark and
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Gesztesy [29], Y. Shi [63] and Fischer and Remling [36]. The theory of
M -function for difference operators as developed in these papers are
equivalent but the approach in [63] will be applicable in this study
since its results are closer to the traditional approach of Hinton and
Shaw [43]. Thus, the analysis will be developed parallel to that of Shi
[63].

The spectral analysis will be done for higher even order difference
operators generated by the discrete analogue of (1.1). Contrary to
differential equations, there does not seem to be a theory of odd order
difference operators, not even for simple constant coefficient third order
operators. Thus the difference equation, which is the discrete analogue
of (1.1), is given by

Ly(t) = w−1(t)

{
n∑

i=0

(−1)i∆i[pi(t)∆iy(t− i)]

− i

n∑
j=1

(−1)j [∆j−1(qj(t)∆jy(t− j))

+ (∆j(qj(t)∆j−1y(t− j + 1))]
}

,(1.49)

defined on `2(N) or `2(Z) with w(t), pn(t) > 0 and t ∈ N. The study will
be done in two stages: general even higher order difference operators
with both odd and even coefficients, pk(t) and qj(t), and finally, fourth
order difference operators with unbounded coefficients.

In the definition of the difference equation (1.49), the notation ∆ will
denote the forward difference operator, that is, ∆f(t) = f(t+1)−f(t).
The underlying function space will be `2

w(N) or `2
w(Z). Thus, the terms

∆k(pk(t)∆ky(t−k)) actually represent ∆k(pk(t)∆∗ky(t)) and this also
shows the symmetry of L. The notations that will be used in this study
are largely standard and follow closely those of [63]. Thus like in the
differential case, the coefficients will be assumed to be almost constant,
real valued and admit a decomposition of the form

(1.50) f = f0 + f1 + f2 + f3 with f0 constant and

∆2f1, (∆f1)2,∆f2, f3 ∈ `1, f1,∆f1, f2 = o(1), f = pk, qj .

For the highest order coefficient pn and the weight function w, assume

pn, w > 0 and normalise pn,0 = w0 = 1
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(1.51) pk(t) → ck, qj(t) → dj as t →∞.

1.2.2 Hamiltonian System

Discrete Hamiltonian systems originated from the discretisation of con-
tinuous Hamiltonian system and from the discrete processes acting in
accordance with the Hamiltonian principle such as discrete physical
problems, and discrete control problems. Thus, in order to define dis-
crete Hamiltonian system, one introduces quasi-differences, see [21, 63]

xi(t) = ∆i−1y(t− i), i = 1, . . . , n,

un(t) = y[n] = pn(t)∆ny(t− n)− iqn(t)∆n−1y(t− (n− 1))

uk(t) = y[2n−k] =
n∑

l=k

(−1)l−k∆l−k(pl(t)∆ly(t− l))

− i

n∑
l=k+1

(−1)l−k
{

∆l−k(ql(t)∆l−1y(t− l + 1))(1.52)

+ ∆l−k−1(ql(t)∆ly(t− l))
}
− iqk(t)∆k−1y(t− k + 1)

k = 1, . . . , n− 1.

These formulae correspond very closely to the expressions in (1.3).

Define the vector valued functions x(t), u(t) and y(t) by

x(t) = (x1(t), . . . , xn(t)), u(t) = (u1(t), . . . , un(t)),

y(t) = (x(t), u(t))tr

and also the partial shift operator R(y)(t) by (Ry)(t) = (x(t +
1), u(t))tr, where the superscript tr denotes transpose. (1.49) can be
written in its discrete linear Hamiltonian form, see [63]

(1.53) J∆y(t) = [zW (t) + P (t)]R(y)(t),

where t ∈ Z+ := [0,∞) = {t}∞t=0, W (t) and P (t) are 2n × 2n com-
plex Hermitian matrices, W (t) = diag(w(t), 0, . . . , 0), w(t) > 0, is the
weighted function, x(t), u(t) ∈ Cn, J is a canonical symplectic matrix,
that is,

J =
(

0 −In

In 0

)
and P (t) =

(
−C(t) A∗(t)
A(t) B(t)

)
.
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The nonzero elements of n× n matrices A, B and C are given by

Aj,j+1 = 1, An,n = i
qn

pn
, Bn,n = p−1

n ,

Cj,j = pj−1, Cj,j+1 = iqj = −Cj+1,j , j = 1, . . . , n.

Here, p0 and pn−1 should be read as p0 − zw and pn−1 − q2
n

pn
, where z

is the spectral parameter.

Let `2
w([0,∞)) be a Hilbert space with weight function w and define

this Hilbert space using the vector valued functions x(t), u(t) and y(t)
by

l2w([0,∞)) = {y : y = {y(t)}∞t=0 ⊂ C and
∞∑

t=0

(Ry∗)(t)W (t)(Ry)(t) < ∞

}
.

Then the scalar product for the vector valued functions of the system
is, see [63]

∞∑
t=0

y1(t + 1)w(t)y(t + 1) = 〈y1, y〉w, y, y1 ∈ `2
w([0,∞)).

Thus, one defines the maximal difference operator L∗ on N, generated
by (1.49), by its domain

D(L∗) =
{
y ∈ `2

w[0,∞) : there exists f ∈ `2
w[0,∞)

such that J∆y(t)− P (t)(Ry)(t) = W (t)f(t), t ∈ [0,∞)} ,

L∗y = f, if J∆y(t)− P (t)(Ry)(t) = W (t)f(t).

In this case, one defines a pre-minimal operator generated by (1.49)
by

D(L′) = {y ∈ D(L∗) : there exists n ∈ N
such that y(0) = y(t) = 0, ∀t ≥ n + 1} , L∗y = L′y.

The closure of the pre-minimal operator L′, L′, is defined as the min-
imal difference operator generated by (1.49), that is, the minimal op-
erator is a restriction of maximal operator L∗ by further Dirichlet
boundary conditions at 0. This minimal operator will be denoted by
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L. It follows that L and L∗ are symmetric, L ⊂ L∗ and L = L∗∗ as
expected.

However, it is advantageous to write (1.53) in the form

J∆
(

x(t)
u(t)

)
=
(

0 −∆
∆ 0

)(
x(t)
u(t)

)
=
(
−C(t) + zW A∗(t)

A(t) B(t)

)(
x(t + 1)

u(t)

)
.(1.54)

One can then write (1.54) as a first order system. In order to ensure
the existence, uniqueness and continuation of the solution of the initial
value problem of (1.54), it will always be assumed that In − A is
invertible in N (Z). In this case, (1.54) becomes(

x(t + 1)
u(t + 1)

)
= S(t, z)

(
x(t)
u(t)

)
=
(

E EB
CE I −A∗ + CEB

)(
x(t)
u(t)

)
.(1.55)

Here, E = (In −A)−1.

Just as in Section 1.1.2, define the deficiency indices of the operator L
by

defL = (NL∗−i,NL∗+i) = (N−, N+).

Thus n ≤ N± ≤ 2n and if N− = N+, then a closed symmetric self-
adjoint extension H of L exists. It is worth noting that a regularity
condition similar to Condition 1.1.2 will be needed for the spectral
analysis of higher order difference operators, that is, there exists an n0

such that for all nontrivial solutions y(., z) of (1.54) and all z ∈ C [63,
(1.7)]

n∑
t=0

(Ry(t, z))∗W (t)(Ry(t, z)) > 0, n ≥ n0.

For the difference operators with equal deficiency indices, the self-
adjoint extensions can be described more explicitly in terms of bound-
ary conditions. These can be defined via Green’s identity. Let [a,∞)
be the underlying interval of integral numbers. Then Green’s identity
is given by
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1.2. Difference Operators

〈y1, Ly2〉 − 〈Ly1, y2〉 =
∞∑

t=a

y∗1(t + 1)A(t + 1)y2(t + 1)

−
∞∑

t=a

y∗1(t)A(t)y2(t)

= lim
t→∞

y∗1(t + 1)J y2(t + 1)− y∗1(a)J y2(a).

One requires that the boundary terms limt→∞ y∗1(t + 1)J y2(t + 1)
and y∗1(a)J y2(a) vanish, see [63]. As for difference equations, one then
defines boundary conditions for L in the systems form. For this, one
fixes two n by n matrices α1 and α2, that is, α = (α1, α2) ∈ Cn×n,
with

(1.56) α1α
∗
1 + α2α

∗
2 = In, α1α

∗
2 − α2α

∗
1 = 0n.

As before, the boundary condition for the left regular endpoint a is
given as

(1.57) (α1, α2)y(a) = 0.

We will be interested in the limit point case and thus the boundary
conditions will be needed for the regular endpoint a only. If L is limit
point, then L has self-adjoint extensions. With a = 0, the self-adjoint
extensions H of L are precisely defined by

D(H) = {y ∈ D(L∗) : (α1, α2)y(0) = 0} , L∗y = Hy

and L ⊂ H = H∗ ⊂ L∗.

Here, we will show that with the conditions (1.50), H is limit point.

1.2.3 M-Matrix

Many results of the M -matrix described in Section 1.1.4 carry over to
the difference operator case. Thus, let Yα(., z) = (Uα(., z), Vα(., z)) be
the fundamental matrix of (1.54) with initial values

(1.58) Yα(a, z) =
[
α∗1 −α∗2
α∗2 α∗1

]
, α1, α2 satisfy (1.56) and (1.57).

Uα, Vα are 2n by n complex-valued matrices whose every column solves
Ly = zy and that Vα(., z) satisfy the self-adjoint boundary conditions
at a. Therefore, the columns of Yα(., z) span the 2n-dimensional vector
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space of solutions of (1.54). Then in the limit point case with Imz > 0,
one has a matrix M ∈ Cn×n such that

χα(t, z) = Yα(t, z)
[

In

M(z)

]
= Uα(t, z) + Vα(t, z)M(z),

where χα(t, z) satisfies the boundary conditions (1.57). As before,
M(z) is determined from the solutions that stay absolutely square
summable as Imz ↘ 0, it is unique, analytic both in the upper and
lower half planes and satisfies M∗(z) = M(z), see [63]. Most of the
results on the M -matrix in the continuous version that were obtained
by Remling [52] carry over to the discrete case and have similarly been
derived by Shi [63, Sect. 6]. It has been shown in [63] that if L is limit
point at t = ∞, then one can construct the M -matrix M(z) for the
Hamiltonian restricted to [a,∞) with Dirichlet boundary conditions.

To do this, let
[
W1(a, z)
W2(a, z)

]
be a system of n square summable solutions

for Imz > 0. Then from the theory of Hinton and Shaw [43], it fol-

lows that these solutions also arise from Y (t, z)
[

In

M(z)

]
, where Ya(t, z)

is the fundamental solution of the system satisfying the appropriate
boundary conditions at a. In this case, these are Ya(a, z) = I2n. If one
compares both sets of solutions, it shows that there is an invertible n
by n matrix C such that

χ(a, z) =
[
W1(a, z)
W2(a, z)

]
C = Ya(t, z)

[
In

M(z)

]
.

This in turn implies M(z) = W2(a, z)W−1
1 (a, z). Now let Fα(., z) be

an n by 2n system of square summable solutions of (1.54) satisfying
boundary conditions at a and infinity and z′, z /∈ R, then Fα(., z) −
Fα(., z′) ∈ D(H) and by results of Remling [52, Lemma 3.1] and Shi
[63, Theorem 6.3], it follows that 〈Fα(., z), Fα(., z)〉 = (Imz)−1ImM(z)
if z′ = z. Therefore, if z = µ + iε for some ε > 0, then one has for
µ+ = limε→0+ µ + iε

ImM(µ+) = lim
ε→0+

ImM(µ+ + iε)(1.59)

= lim
ε→0+

ε〈Fα(., µ+ + iε), Fα(., µ+ + iε)〉.

All other properties outlined in Section 1.1.4 are satisfied by this M -
matrix. Besides most of the properties have been shown in [63, Sect.
6].
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1.2. Difference Operators

Now let y(t) ∈ `2
W ([a,∞)) and R(y)(t) be vector valued function and

partial shift operator respectively as defined in Section 1.2.2 and as-
sume that φ(., z) is 2n× n matrix-valued solution of the Hamiltonian
system satisfying φ(a, z) = Jα∗, α = (α1, α2). Define now the inho-
mogeneous Hamiltonian system by

(1.60) Ly(t) = zW (t)(Ry)(t) + W (t)(Rf)(t), t ∈ [a,∞),

with the homogeneous boundary conditions satisfied at t = a and f a
function in `2

w([a,∞)).

Theorem 1.2.1. [63, Theorem 6.11] For any z ∈ C with Imz 6=
0 and for any f ∈ `2

w([a,∞)), (1.60) has a unique solution y(., z)
satisfying the inhomogeneous boundary conditions (α1, α2)y(a) = v0,
y ∈ `2

w([a,∞)). Furthermore, y(t, z) can be expressed as

y(t, z) = χ(t, z)v0 +
∞∑

s=a

G(t, s, z)W (s)(Rf)(s), t ∈ [a,∞)

where the Green’s function is defined as

G(t, s, z) =
{

χ(t, z)(Rφ)∗(s, z) : a ≤ s ≤ t− 1
φ(t, z)(Rχ)∗(s, z) : t ≤ s < ∞ .

1.2.4 Asymptotic Summation

Levinson’s Theorem is one of the most useful results in the asymptotic
integration of linear differential equations as mentioned earlier. For
linear systems, one can expect that a good deal of the results extend
from the differential calculus setting also to difference calculus setting.
This is indeed the case. For example, the Benzaid-Lutz results [27]
are the difference equations counterparts of Levinson’s Theorem. Also
Hartman-Wintner Theorem has its discrete counterpart. These results
are concerned with systems of linear difference equations of the form
y(t + 1) = A(t)y(t) for t ≥ t0 and A(t) is an invertible square ma-
trix. Then, the Levinson’s-Benzaid-Lutz (LBL)-Theorem states that
the solutions of a system

(1.61) y(t + 1) = [Λ(t) + R(t)]y(t),

where Λ(t) is diagonal and invertible, look like the solutions of the un-
perturbed system y(t + 1) = Λ(t)y(t), if R(t) is sufficiently small and
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Λ(t) = diag(λi(t)) satisfies a dichotomy condition. In the Benzaid-
Lutz results [27], small means absolutely summable, that is, for all
i = 1, . . . , 2n, λ−1

i R(t) ∈ `1. The dichotomy condition in this case will
amount to: for any pair of indices i and j, such that i 6= j, assume
there exists δ with 0 < δ < 1 such that | λi(t) |≥ δ for all t ≥ t0, then
either | λi(t)

λj(t)
|≥ 1 or | λi(t)

λj(t)
|≤ 1 for a large t. The LBL-result has been

extended in many directions by either strengthening the dichotomy
condition and weakening the decay conditions of R(t) and vice versa.
For more details, see [27] or [15]. As in the continuous case, in the
spectral theory of the difference operators, the matrix elements and
λi(t) will generally depend also on the spectral parameter z. Thus one
writes λi = λi(t, z) for this. In this case, it will be important to prove
LBL-Theorem uniformly in z in order to control the z-dependence of
the solutions. The following theorem, which will be called Levinson’s-
Benzaid-Lutz Theorem throughout this study, will suffice for the ap-
plication of asymptotic summation to the system (1.54).

Theorem 1.2.2. Let Λ(t, z) = diag{λ1(t, z), . . . , λ2n(t, z)} for t ≥ t0.
Assume

(i) λi(t, z) 6= 0 for all 1 ≤ i ≤ 2n and t ≥ t0

(ii) R(t, z) is a 2n× 2n matrix defined for all t ≥ t0, satisfying∑∞
t=0 |

1
λi(t,z) ||| R(t, z) ||< ∞, for all i = 1, 2, . . . , 2n

(iii) Λ(t, z) satisfies the following uniform dichotomy condition. For
any pair of indices i and j, such that i 6= j, assume there exists
δ with 0 < δ < 1 such that | λi(t) |≥ δ for all t ≥ t0. Then either
| λi(t)

λj(t)
|≥ 1 or | λi(t)

λj(t)
|≤ 1 for a large t.

Then the linear system X(t + 1, z) = [Λ(t, z) + R(t, z)]X(t, z) has a
fundamental matrix satisfying, as t →∞

(1.62) X(t, z) = [I + o(1)]
t−1∏
l=t0

Λ(l, z).

The proof follows closely from Lemma 2.1 and Theorem 3.3 in [27].

In order to solve (1.55) by asymptotic summation, (1.55) has to be
diagonalised. This requires the eigenvalues of S(t, z). Expansion of
det(S − λ · I) = P(t, λ, z) leads to the following result
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1.2. Difference Operators

F(λ, z, t) =
pn − iqn

λn
P(λ, t, z)

=
n∑

k=0

pk(1− λ)k(1− λ−1)k

+
n∑

j=1

qj(1− λ)j−1(1− λ−1)j−1(iλ + (iλ)−1).(1.63)

In this case, p0 should be read as p0 − zw. This shows that with λ
also λ−1 is a root. If one assumes that qj(t) = 0 for all j = 1, . . . , n,
then a special form of (1.63) for even order difference operators with
even coefficients only may be obtained. In this case, F is a function of
ζ = λ + λ−1 only.

1.2.5 Transformation of the System

In order to transform (1.55) into Levinson-Benzaid-Lutz form or LBL-
form

(1.64) y(t + 1, z) = (Λ(t, z) + R(t, z))y(t, z),

Λ(t) = diag(λi(t, z), . . . , λ2n(t, z) and λ−1
i (t, z)Rij(t, z) ∈ `1,

we will need two diagonalisations and some (I + Q)-transformations.

Diagonalisations:
The eigenvalues are determined from (1.63) by analysing P(t, λ, z) and
F(t, λ, z) with the aid of limiting expressions P0(t, λ, z) and F0(t, λ, z).
These are obtained by replacing the coefficients by their limiting values
pk,0 and qj,0. By considering the resultant or the discriminant of P0 and
∂λP0, one can show that there are only finitely many spectral values z
for which P0(λ, z) has multiple roots. Let ω1 < ω2 < · · · < ωk denote
all of the real spectral values z leading to multiple roots. Following
[10], the analysis will be restricted to small complex neighbourhoods
of z0 ∈ (ωi, ωi+1), i = 0, . . . , k, where ω0 = −∞ and ωk+1 = ∞. For
a given z0 ∈ (ωi, ωi+1), one can now choose ε > 0 and a > 0 so that
P(t, λ, z) = 0 has no multiple roots for any

z ∈ Kε(z0) = {z | | z − z0 |≤ ε, Imz ≥ 0} = K

and t ≥ a. This is possible because the roots of P0 depend analytically
on the coefficients. Throughout the study, it may be necessary to adjust
a and ε repeatedly.
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Since P(t, λ, z) has 2n distinct roots, one can determine the corre-
sponding eigenvectors. Because the coefficients are assumed to be al-
most constant, in the ideal situation of constant coefficients, a time
shift corresponds to a multiplication by λ. Somewhat, more generally,
one has

∆ → (λ− 1), y(t + k) → λk, k ∈ Z.

Here → means “replace by” or “corresponds to”. With this and (1.52),
one obtains

xi = (λ− 1)i−1λ−1, i = 1, . . . , n,

un = pn(λ− 1)nλ−n − iqn(λ− 1)n−1λ−(n−1)

uk =
n∑

l=k

(−1)l−k(λ− 1)2l−k(plλ
−l

− i

n∑
l=k+1

(−1)l−k(λ− 1)2l−k−1λ−l (qlλ + ql)− iqk(λ− 1)k−1λ−k+1

k = 1, . . . , n− 1.

These eigenvectors are indeed bounded. Since, by assumption, the coef-
ficients converge to their limiting values, the eigenvectors will converge
to limiting vectors likewise(

x(t, λ)
u(t, λ)

)
→
(

x
u

)
, λ(t) → λ(∞).

It is well known that the matrix T (t) formed with the eigenvectors as
columns will diagonalise S(t, z). One thus transforms the system by(

x(t, z)
u(t, z)

)
= T (t, z)y(t, z).

This results into a system of the form

y(t + 1, z) = T−1(t + 1, z)S(t, z)T (t, z)y(t, z)(1.65)
= (Λ + R)(t, z)y(t, z),

where R(t, z) = −T−1(t + 1, z)∆T (t, z)Λ(t, z). The expression R(t, z)
consists of `2 and `1 terms. One can thus split R(t, z) into V (t, z) and
R̃(t, z), where V (t, z) ∈ `2 and R̃(t, z) ∈ `1. (1.65) therefore simplifies
to
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(1.66) y(t + 1, z) = (Λ(t, z) + V (t, z) + R̃(t, z))y(t, z),

V (t, z) → 0, t ≥ t0.

Using results of Behncke [15], one can diagonalise (1.66) further. A
matrix (I + B(t)) formed with the eigenvectors of (Λ + V )(t) can be
used to diagonalise (1.66). By adjoining the diagonals of V (t) to Λ(t)
and dropping the spectral parameter z temporarily, B(t) is constructed
as follows [15]:

(1.67) Bii = 0, Bij = (λj − λi)−1Vij , i 6= j,

i, j = 1, . . . , 2n, t ≥ t0.

The corrections to the eigenvalues-diagonal are given by (Λ2)ii =
(V B)ii, i = 1, . . . , 2n. Applying the transformation y(t + 1) = (I +
B(t))v(t) on (1.66), one obtains

v(t + 1) =
{
[(I + B(t + 1))−1(I + B(t))][Λ(t) + Λ2(t)](1.68)

+ (I + B(t + 1))−1R(t)(I + B(t))
}

v(t).

(I + Q)-Tranformation:
Although (I + Q)-transformations can be used to eliminate condition-
ally summable terms, in our case it will be assumed that these terms
are absent. It follows that (I +Q)-transformations will only be needed
to make remainder terms after two diagonalisations smaller. Assume
the system to be in the form (1.66) which is comparable to [27, Case
III] and moreover, let R̃ii = 0, i = 1, . . . , 2n. Applying the transforma-
tion y(t) = (I + Q(t))v(t) to (1.66), one obtains

v(t + 1) =
{
Λ(t) + (I + Q(t + 1))−1[−Q(t + 1)Λ(t) + Λ(t)Q(t) + V (t)

+V (t)Q(t) + R̃(t)(I + Q(t))]
}

v(t).

This equation simplifies greatly if one assumes that

V (t) = −Λ(t)Q(t) + Q(t + 1)Λ(t).

For this kind of assumption to make sense, one requires the solutions
Q(t) of this equation to satisfy the condition Q(t) → 0 as t → ∞.
Concretely as in [27, (3.18)], one has

(1.69) Qij(t + 1) = Qij(t)
λi(t)
λj(t)

+
Vij(t)
λj(t)

, i 6= j.
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It has been shown in [15, Lemma 1 and Theorem 2] that whenever
(1.69) satisfies uniform dichotomy condition, then the solution Q(t) →
0 as t → ∞ and any decay in R in excess of summability is passed
onto the remainder.

With all these transformations, one is finally led to a system of w(t +
1) = (Λ̃ + R̃)w(t) to which LBL-Theorem can be applied. The kth
solution of this system is

(1.70) wk(t, z) = (ek + rk(t, z))
t−1∏
s=t0

λ̃k(s).

One can perform backward transformations to obtain the general solu-
tions of (1.49) or (1.64). In (1.70), λ̃k is λk plus further diagonal terms
arising from various transformations. One also formally requires that

“higher order of the differences to decay faster.”

Because the coefficients are assumed to have second order difference,
the above statement somewhat translates to

(1.71) ∆lf ∈ `
2
l , l = 1, 2, f = pk, qj .

The consequences of such a smoothness and decay conditions are

Q1 = o(B), Qj+1 = o(Qj), rk = o(B),

so that the solutions (1.70) in the general form are essentially given by

yk(t, z) = (T (t, z)(I + B(t, z)))(ek + o(1))
t−1∏
s=t0

λ̃k(s, z)(1.72)

= (%k(t, z) + rk(t, z))
t−1∏
s=t0

λk(s, z),

where %k(t, z) is the normalised eigenvector.
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SPECTRAL THEORY OF
HIGHER ORDER
DIFFERENTIAL
OPERATORS

With the smoothness and decay conditions (1.45), the major diffi-
culties in determining the asymptotics of the eigenfunctions and the
spectral analysis lie with the roots of the characteristic polynomial.
This and the behaviour of these polynomials near these roots, which is
a necessary ingredient for the dichotomy condition, are now the major
obstacles to an understanding of the asymptotics of the eigenfunctions
of these differential operators. Thus, any class of polynomials, which
readily leads to a solution of these properties, results into a class of dif-
ferential operators with an accessible spectral theory. Such a particular
class of polynomials was investigated in connection with the study of
the deficiency index by Eastham and others [31, 32, 33, 34, 61]. These
authors, however, never investigated the more ambitious spectral the-
ory.

The studies on the deficiency indices were only limited to few cases and
the results were geared towards deficiency indices with the assumption
that one diagonalisation will transform the system form into Levinson’s
form, Eastham [33, Sect. 3.2, 3.3 and 3.11]. The basic idea in the
approach of [33, Sect. 3.3] is to consider polynomials which lead to
eigenvalues with different orders of magnitude. This is achieved by
considering polynomials for which the coefficients can be ordered in
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their respective size. Thus, the characteristic polynomial can be broken
up into segments

pn = pkl
, . . . , pkl−1

, . . . , pkl−2
, . . . , pk1 , . . . , p0

with two consecutive pkj
(j = 0, 1, . . . , l) forming clusters and each

cluster leading to eigenvalues λ of the characteristic polynomial, which
can be computed approximately from that cluster alone. Moreover,
eigenvalues λ and µ associated to different clusters should satisfy λ �
µ or λ � µ [20, 23]. Actually, in these earlier studies, only clusters of
size two with no odd order coefficients were considered.

Eastham’s results had a further limitation since the asymptotics of
eigenfunctions were obtained only in terms of various derivatives. This
kind of asymptotic formulae cannot produce spectral results and differ-
ing with his techniques, an extension of these results will be carried out
in this study where the system will be diagonalised repeatedly in order
to achieve Levinson’s form with the only assumption that higher order
derivatives decay faster. Like in [33], the study will begin in Section 2.1
with eigenvalues of cluster size two for even order differential operator.
In Sections 2.2-2.5, this technique will be generalised to eigenvalues in
bands of distinct sizes using the technique of partial cluster polynomial
determined by pivot coefficients associated with various coefficients of
differential equation (1.1) and (1.2). The length of the intervals will
be assumed to be both odd and even. Thus, the following assumptions
will be made to guarantee the existence of the solutions of the system.

(i) In Section 2.1, it will be assumed that pk, qj ,0 ≤ k ≤ n, 1 ≤
j ≤ n, are twice differentiable, while pk are nowhere zero in the
interval [a,∞) where a > 0.

(ii) In Sections 2.2-2.5, it will be assumed that pk and qj , 0 ≤ k ≤ n,
1 ≤ j ≤ n or 1 ≤ j ≤ n + 1 for even or odd order differential
operators respectively are twice differentiable while rkj

, the pivot
coefficients, (1 ≤ j ≤ l) associated with these coefficients are
twice differentiable and nowhere zero in [a,∞) and in Section
2.5, in the case of decomposition method, it will be assumed
that these coefficients are nowhere zero in R.

(iii) It will also be assumed throughout this chapter that the coeffi-
cients are at least twice differentiable and

“higher order derivatives if they exist decay faster”.
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The latter condition will have to be made more precise, however.

(iv) It will further be assumed that the pivot coefficients rkj
(x) satisfy

| rkj
(x) |> 0 for x ≥ a > 0. This condition restricts the analysis

initially to the interval [a,∞). However, by the results of Remling
[52], these results can be extended to [0,∞).

(v) In this chapter, it will either be taken that p0 ≈ w or w =
o(p0) and quite often zw will be absorbed into p0 unless stated
otherwise.

Section 2.6 is about the extension of the results in Sections 2.1-2.5 to
approximate power type coefficients and also an extension to differen-
tial operators with coefficients having a certain form of decomposition.
Even on the level of deficiency index alone, the results of Section 2.1
are far reaching extensions of those in [33, Sect. 3.8 and 3.11]. The re-
sults on the absolutely continuous spectrum are new and can be found
in a joint paper with Behncke [23]. These results were envisioned and
sketched, however, in the paper of Behncke and Hinton [20].

2.1 Clusters of Size Two

Consider the differential equation (1.1) with the coefficients pk and qj

twice differentiable and pk nowhere zero in [0,∞) satisfying

(2.1)
pk−1

pk
= o(

pk

pk+1
) and qk = O((pk−1pk)

1
2 ),

k = 1, . . . , n − 1. Define {pk, qk, pk−1} as the kth cluster and assume
that | pk−1

pk
|
1
2 = mk is not integrable. In the remainder, the relation

f � g or g � f if g = o(f) will be interpreted as very much larger
than in the absolute value sense.

Lemma 2.1.1. a) For k = 1, . . . , n, the roots of characteristic
Fourier polynomial PF (x, λ, z) (1.24), if ν is replaced by λ and
(2.1) is satisfied, are approximately given by the roots of the clus-
ter polynomials pkλ

2 + 2qkλ + pk−1 = 0

(2.2) λ0
k± ≈ − qk

pk
± (−pk−1

pk
+ (

qk

pk
)2)

1
2 .

b) With mk =| pk−1

pk
|
1
2 , one has mk−1 � mk and λk = O(mk).
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c) For j < k − 1, | pj | m2j
k �| pk−1 | m

2(k−1)
k ≈| pk | m2k

k . This
also holds for j > k.

The proof of this is straight forward but can also be found in [33,
34]. The proof of a considerably more general result will be given in
Section 2.2. As regards (2.2), assume in addition the roots to be non-
degenerate, that is,

(2.3) mk ≈| −
pk−1

pk
+ (

qk

pk
)2 |

1
2 k = 1, . . . , n.

Thus mk is a measure for the size of the eigenvalues for the kth cluster.
The Lemma also shows that the roots of the characteristic polynomial
may be determined from (2.2) by iteration. For this, write for the
Fourier polynomial

P = pkλ
2k + 2qkλ

2k−1 + pk−1λ
2k−2 + Rk(λ)

and solve

(2.4) λ2 + 2
qk

pk
λ +

pk−1

pk
+ Rk(λ0

k)λ
0(−2(k−1))
k p−1

k = 0,

where λ0
k is the first order approximation for λk± (Lemma 2.1.1). This

approximation is important if one wants to assess the influence of zw
on λk and thus the contribution of the kth cluster to the deficiency
index and spectrum. In (2.4), consider R̃k = Rk(λ0

k)λ
0(−2(k−1))
k as a

perturbation of pk−1. Its contribution is then in first order

(2.5) ∆± = −1
2
R̃kp

−1
k (λk± +

qk

pk
)−

1
2 .

In particular, the perturbation term of the spectral parameter can be
estimated by

(2.6) ∆z± =
zw

2pkλ
0(2(k−1))
k (λ0

k± + qk
pk

)
1
2

≈ zw

| pk | m2k−1
k

.

Of course, this can also be estimated as

λ(z0 + iη) = λ(z0) + (∂λPλ(λ(z0)))−1iwη = λ(z0) +
iwη

Mk
.

Thus a key role in all perturbing terms is played by

Mk = ∂λP(λk).

Mk will thus be referred to as the M -factors. This is of course an
adoption of Eastham’s notation and this M has nothing to do with
the M -matrix defined earlier. They can be estimated as
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Lemma 2.1.2. | Mk |≈| pkλ
2k−1
k |≈| pk−1λ

2k−3
k | and

| Mk+1 |�| Mk |, k = 1, . . . , n− 1.

Proof. Clearly

| pkm
2k−1
k |=| pk

pk−1

pk
| m2k−3

k =| pk−1m
2k−3
k | .

Now | pkm
2k−1
k+1 |�| pkm

2k−1
k | shows by induction

| pnm2n−1
n |�| pn−1m

2n−3
n−1 | and | Mn |�| Mn−1 |� . . . �| M1 |

follows because the leading terms for the kth cluster in P arise in that
cluster itself.

Lemma 2.1.2 essentially uses conditions based on the pk, because, in
some sense, they determine the clusters, while the qj only satisfy (2.1).
Lemma 2.1.2 also shows that for the kth cluster, the contribution of
the spectral parameter can be estimated by

∆z± ≈
zw

| Mk |
.

This result is of course of critical importance for the analysis of the
deficiency indices and the dichotomy condition.

An important ingredient for asymptotic integration as mentioned in
Chapter one is the dichotomy condition. In this case, one needs that
for any unequal pair of indices k and j, sign Im(λk(x, z) − λj(x, z))
is constant modulo L1. This is because we are determining the eigen-
values from the Fourier polynomial. Because of spectral analysis, this
will be needed uniformly in the spectral parameter z, z ∈ Kε(z0).

Lemma 2.1.3. The roots of the Fourier polynomial satisfy the uniform
dichotomy condition.

Proof. Since the dichotomy condition within each cluster is trivial be-
cause of (2.3), it suffices to analyse Im(λk(x, z) − λj(x, z)) for k > j.
It is worth mentioning here that the roots are those of the Fourier
polynomial. If Imλk ≈ mk, there is nothing to show. Thus, one may
assume Imλk(x, z) ≈ ηw

Mk
, η = Imz. If then Imλj ≈ ηw

Mj
, the dichotomy

condition follows from Lemma 2.1.2. Now mj ≥| ηw
Mj

|�| ηw
Mk

| finally
proves the dichotomy condition.
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Once the dichotomy condition is settled, it remains to estimate the
matrix elements of T −1T ′. These are made up of expressions of the
form

(λk − λj)−1M
− 1

2
j M

− 1
2

k {
p′l
pl

plλ
l
jλ

l
k,

q′l
ql

ql(λl
kλ

l−1
j + λl−1

k λl
j)}

and by antisymmetry, one may assume k ≥ j. The elements of the
matrix T −1T ′ within the eigenvalue blocks can be estimated by

(2.7)
f ′

f
with f = pk, qj .

Next assume cluster l to be distinct from cluster k and j. Then estimate
the above terms as

m
− 1

2
k M

− 1
2

k m
− 1

2
j M

− 1
2

j

m
1
2
j

m
1
2
k

{
p′l
pl
| plλ

2l
j |

1
2 | plλ

2l
k |

1
2 , or

q′l
ql
| λk

λj
|
1
2 | ql(λ2l−1

k |
1
2 | qlλ

2l−1
j |}.

Since mk | Mk |≈| pkλ
2k
k | and that the maximal values of P(λ) for

λk are attained within the cluster k, the above expression can be esti-
mated by

(2.8)
f ′

f
·
m

1
2
j

m
1
2
k

· o(1),
g′

g
· o(1),

for f = pk, g = qj , k 6= j. In the same manner, one can show that
the above expression gives an estimate also for l = k or l = j. If
the coefficients are of approximate power type, the o(1) factor can be
written as x−ε for some ε > 0 even.

Remark 2.1.4. The estimates (2.7) and (2.8) are clearly not optimal.
(T −1T ′)jk will mainly involve pk, pj , qk and qj , while coefficients from
clusters, which are further apart, appear with smaller and smaller o(1)
factors.

While (2.7) and (2.8) suggest a condition like f (l)

f ∈ L
2
l for f = pk, qj ,

l = 1, 2, the condition

(2.9)
f ′

f
.m−1

1 = o(1), f = pk, qj ,
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is critical for the application of second diagonalising transformation.
For power coefficients, this implies that | p1 |≤ o(p0x

2). For general
coefficients, (2.9) is difficult to assess if one does not have any more
detailed information on the smallest eigenvalues. It may be possible to
avoid (2.9) if one also introduces separate diagonalising transforma-
tions for the small eigenvalue block. The perturbation term after the
second diagonalisation is

(2.10) −(I + B)−1(B′ + (T −1T ′)B) = R1.

Note that we assumed the coefficients pk and qj to be twice differen-
tiable and also in chapter one, it was stated that only two diagonalisa-
tions will be required. This then implies that one needs only one matrix
B for the second diagonalisation. Thus the perturbing term R1 = o(1)
(1.35). However, if one has to apply more than two diagonalisations or
(I + Q)-transformations, then one requires

(2.11)
f ′′

f
.m−1

1 ∈ L1,
f ′

f
m
− 1

2
1 ∈ L2, f = pk, qj .

A further (I +Q)-transformation makes the remainder terms after the
two diagonalisations smaller so that a chain of such transformations
will make the remainder term very small, that is, Levinson’s term. It
thus remains to estimate the corrections to the eigenvalues, that is,
the diagonal terms of the transformation matrices. These are given by∑

j

(T −1T ′)ijBji = (T −1T ′)ij(λj − λi)−1(T −1T ′)ji = Λ2ii

because Bii = 0. By (2.11), these terms are integrable and therefore
irrelevant for the square integrability of the eigenfunctions. Thus, the
eigenfunctions are approximately given by

uk ≈ T (I + B) · (ek + o(1)) · exp
∫ x

a
λk(t)dt(2.12)

= Gk(x) · exp
∫ x

a
λk(t)dt,

where Gk(x) = T (I + B) · (ek + o(1)).

In general, the growth of the eigenfunctions is mainly determined by
the exponential factor. In order to interpret (2.12) more easily, we shall
just assume that. For this, we have to consider two cases for all k.
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a) If w
Mk

∈ L1, then we need w
Mk

· exp εmkx nonintegrable for any
ε > 0.

b) If w
Mk

/∈ L1, then we need w
Mk

· exp−εmkx ∈ L1 for any ε > 0.

This condition will be referred to as the regularity condition on the
form factors Gk. For power bounded coefficients, this amounts to

(2.13) pk, qj = O(xN ), | w

Mk
(x) |≤ Cx−1−ε or | w

Mk
(x) |≥ Cx1+ε

in order to exclude the occurrence of simple logarithmic terms in the
exponents. This is, of course, only a technical constraint to simplify the
representation. The methods expounded here are applicable in much
more general circumstances. This assumption avoids the interference
of the form factors Gk with the exponents. It can be avoided at the
cost of further technical assumptions. (2.12) shows that all clusters
contribute individually to the deficiency index and spectrum. Thus,
since σsc(H) = ∅, one has

defT =
∑
k=1

(defT )k

and

(2.14) σac(H) = ∪n
k=1σac(H)k.

Here, the sum respectively the union goes by all clusters k = 1, . . . , n
and the union in (2.14) is to be understood as additive with respect
to the multiplicities.

Lemma 2.1.5. If w
Mk

is integrable, then the form factor (T B)k is
square integrable.

Proof. Assume that w
Mk

is integrable, then we need to show that (T B)k

is square integrable [32, (2.8)] and [33, Theorem 3.9.1]. Thus, one has
to analyse for k > j

(T B)kj =
∑

j

∑
l

M−1
j M

− 1
2

k (λj − λk)−2((−1)lp′lλ
l
kλ

l
j

− iq′l(λ
l
jλ

l−1
k + λl

kλ
l−1
j )) =

∑
Ak,j,l + Bk,j,l.(2.15)

More specifically, one has to show that each summand, Ak,j,l and Bk,j,l

is square integrable if w
Mk

is integrable. This result will be shown for
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Ak,j,l only. Since for l < j, | pl+1λ
2(l+1)
k |>| plλ

2l
k | and for l > k,

| pl+1λ
2(l+1)
k |<| plλ

2l
k |, one may even assume j ≤ l ≤ k. The proof

will now be by induction on n. If also w
Mk−1

is integrable, the problem

reduces to k − 1, because | Ak,j,l

Ak−1,j,l
|= o(1) for k − 1 ≥ l ≥ j. Thus,

assume that k = n is the only term for which w
Mn

is integrable. By using
a K.L-transform if necessary, one may also assume | pn |=| p0 |= 1.
Then w | Ak,j,l |2 can be estimated by

w | M−1
k | m−4

k | M−2
j ||

p′l
pl
|2| plλ

2l
k || plλ

2l
j |≤

≤| M−1
j | m−2

k |
p′l
pl
|2 w(m−1

k | M−1
j || plλ

2l
j |)(m−1

k | M−1
k || plλ

2l
k |).

Since the terms in brackets are bounded and since | p′l
pl
| is w-square

integrable, it remains to show that m−2
k | M−1

j |≤ m−2
k | M−1

1 | is
bounded. Since M1 = O(1) and since w | M−1

k |= w(| pk | m2k−1
k )−1 =

wm
−(2k−1)
k is integrable, while w is not, this follows easily.

The proof provided in Lemma 2.1.5 can easily be extended to clusters
of arbitrary lengths and the extension of this result will be pursued in
Section 2.4.

Theorem 2.1.6. Consider the differential operator T generated by
(1.1), where the coefficients pk, qj, k = 0, . . . , n and j = 1, . . . , n are
twice differentiable, pk are nowhere zero in [a,∞) and satisfy (2.1) and
(2.11). For the general coefficients, assume the regularity conditions
on the form factors are satisfied while for the power type coefficients,
assume (2.13) to be satisfied. Moreover, if p0 ≈ w, assume the coef-
ficients of the lowest cluster to be almost constant. Then the clusters
k = 1, . . . , n contribute individually to the deficiency index and spec-
trum, that is, (2.14) holds. Specifically, one has for the k-th cluster,
k > 1:

a) Imλk ≈ mk, then one of the two eigenfunctions is z-uniformly
square integrable and depends analytically on z so that

(defT )k = (1, 1), σac(H)k = ∅.
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b) Imλk ≈ ηw
Mk

, η = Imz, w
Mk

not integrable. Then (T B)k is not
square integrable and (defT )k = (1, 1) and this cluster contributes
to the absolutely continuous spectrum, σac(H, 1)k = R. There is
an index r ≤ n so that w

Mk
is integrable for k ≥ r and noninte-

grable for 1 ≤ k < r.

c) Imλk ≈ ηw
Mk

, w
Mk

integrable then the form factor (T B)k is square
integrable and both eigenfunctions of cluster k are z-uniformly
square integrable. In particular, (defT )k = (2, 2) and σac(H)k =
∅.

Cluster 1, the smallest cluster, plays a particular role.

d) If w = o(p0), the above statements remain valid for cluster 1.

e) If w ≈ p0 and p1 > 0, let c = sup(p0

w − q2
1

p1w ) and c = inf(p0

w −
q2
1

p1w ), then if m1 =| w
p1
|
1
2 is nonintegrable, (defT )1 = (1, 1) and

σac(H, 1)1 ⊃ [c,∞), while σess(H)1 ∩ (−∞, c) = ∅.

f) With w ≈ p0 and p1 < 0, and c, c as above (defT )1 = (1, 1) and
(−∞, c] ⊂ σac(H, 1)1, (c,∞) ∩ σess(H1) = ∅.

Proof. The results about the deficiency index follow directly from
(2.12). The square integrability of the form factor (T B)k follows im-
mediately from Lemma 2.1.5.

The theorem above can be extended in various ways. Here, a Levinson
term should signify an expression which is ultimately transformed into
L1. In the proof of Theorem 2.1.6, it has been assumed that Levinson
terms are irrelevant for the asymptotics and hence condition (2.9) can
be weakened somehow. This can be illustrated easily for coefficients of
approximate power type.

The example below shows that condition (2.9), the regularity condi-
tion, can be weakened for low lying clusters. That is, the regularity
conditions are not necessary for low lying clusters but one has to pay
a price for this. If the coefficients are unbounded, then only discrete
spectrum can be obtained. The regularity condition can be weakened
by performing eigenvalue block transformation for the low lying clus-
ters after the first diagonalisation until the off-diagonal elements are
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sufficiently small, and a second diagonalisation and further (I + Q)-
transformations can be carried out as usual. More precisely, for ap-
proximate power type coefficients and the lowest cluster, one has

Example 2.1.7. Consider (2.1) with pk ∼ xαk and assume that (2.9)
is violated by the first cluster so that one has instead the following
inequality

αn − αn−1 < αn−1 − αn−2 < . . . < α2 − α1 < 2 < α1 − α0.

By applying a K.L transformation, one can even achieve αn = α0 = 0.
Now the smallest eigenvalue block after the first diagonalisation has
the form

A =
(

λ+ a
−a λ−

)
with λ± given by (2.2), k = 1 and a determined by (T −1T ′)1,2. This
may be essentially evaluated at the small eigenvalue part of the poly-
nomial. a is complex valued and a ∼ x−1, while λ± ≈ x−

α1
2 . Thus,

as in [14, 34], one uses a block transformation, which only acts on
the small eigenvalue block to transform the system into Levinson’s
form, before proceeding with other transformations. The transforma-

tion S = 2−
1
2

(
1 −i
−i 1

)
turns A into

S−1AS =
1
2

(
λ+ + λ− − 2ia −i(λ+ − λ−)

i(λ+ − λ−) λ+ + λ− + 2ia

)
.

Since λ± ∈ L1, the small eigenfunctions are essentially given by (2.12).
They are independent of z though, which by itself implies the discrete-
ness of the spectrum. Thus, one sees as in [14] that σ(H)1 is discrete
while (defT )1 = (1, 1)((2, 2)) if p1 → ∞ (p1 → −∞). The case where
p1 ∼ x2 is described in [14, Theorem 4.2]. In this case, absolutely
continuous spectrum may arise.

The extension of the above example to more general coefficients or
more of the low lying clusters should be obvious and will be pursued
in Section 2.6.

Remark 2.1.8. The restriction in Theorem 2.1.6 (e) and (f) to the
complement of [c, c] is necessary. As an example, consider a differential
operator T generated by τy = −y′′ + A(cos xα)y with 0 < α < 1. This
operator could lead to singular continuous spectrum in [−A,A]. These
methods, however, only show σess(H) = [−A,∞) and σac(H, 1) ⊃
[A,∞) in this case.
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2.2 Roots of Polynomials

In this section and the subsequent ones, the previous analysis will
be pursued for systems for which the eigenvalues have distinct sizes
and fall into clusters of arbitrary length. To some extent, this requires
that the coefficients satisfy some rather stringent growth conditions.
Actually, one will assume that the coefficients form bands leading to
eigenvalues of distinct sizes. The endpoint of these bands will be called
pivot coefficients, since their growth determines the magnitude of the
eigenvalues. Needless to say that this set up extends and unifies ap-
proaches that have been used in connection with the analysis of the
deficiency index [33] and Section 2.1. In particular, it will be an exten-
sion of the results of Section 2.1 to clusters of general length, that is,
three or more. So the starting point are general characteristic Fourier
polynomials (1.24) and (1.25) that are associated to differential oper-
ators generated by (1.1) and (1.2) respectively.

To unify the analysis of (1.24) and (1.25), one introduces pivot co-
efficients rkj

(x), 0 ≤ j ≤ l = n in case of even order operator or
0 ≤ j ≤ n+1 for odd order operators. It will be assumed that r2k = pk

and r2k−1 = 2qk. The introduction of pivot coefficients will make the
analysis of the roots of the characteristic Fourier polynomial indepen-
dent of the order of the differential operator unless stated otherwise.
Now assume the pivot indices to be n = kl > kl−1 · · · kj > kj−1 >
· · · > k1 > k0 = 0 and let rkj

be pivot coefficients associated with pk

or qj . The pivot coefficients rkj
(1 ≤ j ≤ n) are assumed to be nonzero

for x ≥ a > 0 and will limit the growth of the in-between coefficients.
Absorbing zw into p0 as mentioned earlier and replacing ν by λ, (1.24)
and (1.25) can be written as

(2.16) P(λ, x, z) =
n∑

k=0

rkλ
k.

Although the odd order coefficients have a factor 2, for the simplicity
of the analysis, these odd order coefficients will also be normalised
correspondingly to rk. This type of notation is chosen because in the
remaining analysis of the roots, it is irrelevant, whether a coefficient is
even or odd. The jth segmental polynomial will be controlled mainly by
the pivot coefficients rkj

and rkj−1
. One then defines the jth segmental

polynomial as
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(2.17) Pj(λ, x, z) =
kj∑

k=kj−1

rkλ
k−kj−1 .

This interval can be of odd or even length depending on which coef-
ficients of odd or even order the end pivot coefficients are associated
to. To this interval one then associates

(2.18) mj =|
rkj−1

rkj

|
1

kj−kj−1

and demands that ml � ml−1 � · · · � m1. This means that mk =
o(mj) for k = 1, . . . , j − 1. Hence the condition

(2.19) | rkj−2
|kj−kj−1 · | rkj

|kj−1−kj−2= o(| rkj−1
|kj−kj−2)

will be necessary.

The mj will be a measure of the size of the eigenvalues in any cluster
j if for the in-between coefficients rk, kj−1 < k < kj , one has

(2.20) | rk

m
(k−kj)
j

rkj

|≈| rk

m
(k−kj−1)
j

rkj−1

|= O(1).

In order to see this, apply to the cluster polynomial Pj a normalising
transform by dividing by rkj−1

and factoring λ = mj · ν. Thus

P̃j(x, λ, z) =
Pj(x, λ, z)

rkj−1

=
kj∑

k=kj−1

1
rkj−1

(rkm
k−kj−1

j )νk−kj−1

=
kj∑

k=kj−1

r̃kν
k−kj−1 ,

where r̃k = rk
rkj−1

m
k−kj−1

j . One then demands that r̃k = O(1) which

is just (2.20). Throughout, P̃j(x, ν, z) will be called the jth reduced
cluster polynomial.

Lemma 2.2.1. Consider a polynomial P (γ) = anγn+an−1γ
n−1+· · ·+

a1γ + a0 such that | a0 |, | an |= 1 and ai (1 ≤ i ≤ n− 1) are bounded.
Then there exists a constant K so that for any root γ of P (γ), one has
K−1 ≤| γ |≤ K.
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Proof. Assume that | ai |≤ M with M ≥ 1 for all i = 1, . . . , n − 1.
Then each root γ of the polynomial P (γ) satisfies | γ |≥ 1

2M(n+1) . The
proof will be by contradiction. Assume that γ with | γ |< 1

2M(n+1) is
a root of P (γ), then it follows that

1 =| a0 | = |
n∑
i

aiγ
i |≤

n∑
i

| ai || γ |i

< M

n∑
i=1

(
1

2M(n + 1)

)i

<
1
2
,

which leads to the desired contradiction. The proof in the other direc-
tion is now similar. Just replace γ by γ−1.

The uniform dichotomy condition as demanded in the book of East-
ham [33] is stronger but in our case we will only need a weaker version
even though for our analysis we need a z-uniform dichotomy condi-
tion. The uniform dichotomy condition that will suffice in this study
simply states that sign Re(λj(x, z) − λi(x, z)) is constant modulo L1

for any unequal pair of indices i and j. The dichotomy condition thus
gives an x-uniform control of different solutions of the unperturbed
equation. It says that the ratio of two given solutions does not oscil-
late between zero and infinity for large values of x but the change of
behaviour should take place in a controlled fashion. Since the analysis
is carried out for Fourier characteristic polynomials, throughout, the
following assumptions will suffice as a dichotomy condition and should
hold uniformly in x and z.

D(i) The νs, (s = 1, . . . , kj − kj−1), roots of the reduced cluster poly-
nomial P̃j are distinct for all x ≥ a and for all z ∈ K.

D(ii) The sign Im(νi(x, z) − νk(x, z)) is constant modulo L1 for all
x ≥ a, ∀z ∈ K, for each unequal pair of indices k and i of the
same cluster and also
| Imνi(x, z) |≥ c > 0 and Imνi(x, z) has constant sign for all
x ≥ a and ∀z ∈ K, for the nonreal eigenvalues of P̃j(x, ν, z),
j = 1, . . . , n.

D(iii) | ∂λP̃j(λk(x, z)) |> 0 and ∂λP̃j(λk(x, z)) has constant sign for all
x ≥ a and ∀z ∈ K, k = 1, . . . , kj − kj−1, j = 1, . . . , n for all real
eigenvalues.
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D(iv) For real eigenvalues λi(x, z) and λj(x, z) of the same cluster
k, k > 1, such that λi(x, z) 6= λj(x, z), and w

Mk
is noninte-

grable, we will assume that ∂λP̃k(λj(x, z)) 6= ∂λP̃k(λi(x, z)) and
∂λP̃k(λj(x, z))− ∂λP̃k(λi(x, z)) has a constant sign for all x ≥ a
and for all z ∈ K.

The roots of the reduced Fourier cluster polynomial ν now determine
the roots of the cluster polynomial Pj which lie in circular bands
of almost equal magnitude. In turn, the roots of the Pj are almost
the roots of the Fourier polynomial PF . In the remaining part of the
study, the analysis will be carried out based on the Fourier polynomial
PF (x, λ, z). So the subscript F will be dropped temporarily unless
there is confusion arising, then it will be stated clearly.

Now consider the Fourier characteristic polynomial P with reduced
cluster polynomials P̃j , j = 1, . . . , n where j is fixed. Then denote
the corresponding reduced Fourier characteristic polynomial by P̃ and
write

(2.21) P̃ = R̃1 + P̃j + R̃2,

where R̃1 =
∑kj−1−1

k=0
rk

rkj−1
λ

k−kj−1

j and R̃2 =
∑n

k=kj+1
rk

rkj−1
λ

k−kj−1

j

with
R̃1, R̃2 → 0 uniformly in λj .

In the remaining part of the analysis, the term O(maxj(
mj−1

mj
)) will

appear quite often thus we define a function c(x, z) = O(maxj(
mj−1

mj
)).

In most cases, we will denote this function as c but one has to remember
that it is a function of x and z. Of course, c(x, z) = o(1).

Theorem 2.2.2. a) Let rk be any coefficient of (2.16) such that
k is an index outside the jth cluster interval [kj−1, kj ]. Then
rk(mj)k � rkj

m
kj

j .

b) The functions R̃i(λ), i = 1, 2 defined by (2.21) satisfy R̃i(λ) ≈
c(x, z).

Proof. It suffices to show that for any k outside the jth cluster

(2.22)
rk

rkj

m
k−kj

j ≈ c(x, z).
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First consider the pivot coefficients rkl
outside the jth cluster. By

equation (2.19) and (2.20), one has

rkj−2
m

kj−2

j−1 ≈ rkj−1
m

kj−1

j−1 = rkj−1
m

kj−1

j (
mj−1

mj
)kj−1 � rkj−1

m
kj−1

j .

This is true because mj−1 � mj . Continuing this way, one easily
obtains rkl

mkl
j � rkj

m
kj

j for kl < kj . Now consider kl > kj and begin

with kl = kj+1, then one obtains rkj+1
m

kj+1

j+1 ≈ rkj
m

kj

j+1 which implies

that
rkj+1

rkj
≈ m

kj
j+1

m
kj+1
j+1

. Hence, it follows that

rkj+1

rkj

·
m

kj+1

j

m
kj

j

= m
(kj−kj+1)
j+1 ·

m
kj+1

j

m
kj

j

≈ (
mj

mj+1
)(kj+1−kj) ≈ o(1).

By induction, the claim is now true for all pivot coefficients outside
the [kj−1, kj ] interval.

Assume now that k is an index from the ith cluster such that i < j.
With (2.20), one has rkm

k
i ≈ rki−1

m
ki−1

i ≈ rki
mki

i . It now follows that

rk ≈ O(rki
m

(ki−k)
i ).

So that

rkm
k
j ≈ O(rki

mki
j m

(ki−k)
i m

(k−ki)
j )

≈ O(rki
mki

j ·
m

(ki−k)
i

m
(ki−k)
j

)

≈ o(rki
mki

j ).

This is true because mi � mj and ki − k > 0. The claim now fol-
lows since for all pivot coefficients it has been shown that rki

mki
j =

o(rkj
m

kj

j ) for ki an index outside the jth cluster.

Now consider the ith-interval with ki > kj (j < i) and let again k be
from the [ki−1, ki] interval. Then one has rk ≈ O(rki−1

m
(ki−1−k)
i ) so

that

rkm
k
j ≈ O(rki−1

m
(ki−1−k)
i mk

j )

≈ O(rki−1
m

ki−1

j m
(ki−1−k)
i m

(k−ki−1)
j ) ≈ o(rki−1

m
ki−1

j ).
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The claim again follows at once since mj � mi and k−ki−1 > 0. This
proves (a).

In order to prove (b), the same arguments in (a) apply and by induction
one can easily show that

rkl

rkj−1

≈ m
kj−1−kl

j (
ml

mj
)kj−1−kl , l < j − 1.

It follows that R̃1 can be expressed as

(2.23) R̃1 =
j−1∑
l=0

m
kj−1−kl

j (mjν)kl−kj−1(
ml

mj
)kj−1−kl , l < j − 1.

(2.23) holds also for arbitrary indices k, such that k < j − 1. In that
case, simply replace kl by k and note that k < j − 1. Since ν is finite
and bounded away from zero by results of Lemma 2.2.1, and for the
lower clusters ml � mj , it now follows that | R̃1 |= o(1). In the case
of upper clusters, one can equally show by induction that

rkl

rkj−1

≈ m
kj−1−kl

j (
mj

ml
)kl−kj , j < l,

and hence R̃2 can be expressed as

(2.24) R̃2 =
n∑

l=j+1

m
kj−1−kl

j (mjν)kl−kj−1(
mj

ml
)kl−kj , j < l.

This expression again holds for arbitrary indices k, k > j. In that case,
simply replace kl by k and note again that k > j. Since ν is finite and
bounded away from zero, and for upper clusters ml � mj . It now
follows that | R̃2 |= o(1).

It should be noted, however, that the further one moves away from the
cluster polynomial, the smaller the terms ml

mj
(l < j−1) and mj

ml
(j < l)

become. Since R̃ = R̃1 + R̃2 is a meromorphic function of λ outside
the set of eigenvalues, R̃i(λ) is analytic even. Its first derivative exists
and by previous arguments can be estimated as

R̃′ =
∑

k<kj−1

m
kj−1−k
j (mjν)k−kj−1−1(

mk

mj
)kj−1−k

+
∑
k>kj

m
kj−1−k
j (mjν)k−kj−1−1(

mj

mk
)k−kj .
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Similarly, one can show that R̃′
i(λ, x) → 0 as x →∞.

The M -factors as defined in chapter one are given by M(λj) =
∂λP(λj). Here, | Mj |=| ∂λj

Pj(λj) |≈| ∂λj
(
∑kj−kj−1

l=0 rlλ
l
j) | will be

the measure of the size of the M -factor corresponding to a particular
eigenvalue λj .

Corollary 2.2.3. The size of the M -factors can be estimated by
| Mj |≈| rkj

| mkj−1
j and | Ml |�| Ml−1 |� · · · �| M1 |.

Proof. It suffices to show that
∑n

k=1 | rk | mk−1
j for k outside the jth

cluster interval is small. This is similar to showing that | rk | mk−1
j ≈

o(rkj
m

kj−1
j ) for every k outside the jth cluster interval [kj−1, kj ]. The

procedure of doing this is similar to the proof in Theorem 2.2.2 and
only the outline will be included here with details omitted. Thus for
an index k from the ith cluster with i < j and with (2.20), one has
| rk | mk−1

i ≈| rki−1
| mki−1−1

i ≈| rki
| mki−1

i . It now follows that

| rk |≈ O(| rki
| m(ki−k)

i ).

So that

| rk | mk−1
j ≈ O(| rki

| mki−1
j m

(ki−k)
i m

(k−ki)
j )

≈ O(| rki
| mki−1

j ·
m

(ki−k)
i

m
(ki−k)
j

)

≈ o(| rki
| mki−1

j ).

This is true because mi � mj and ki − k > 0.
Now consider ith interval with ki > kj (j < i) and let again k be from
the [ki−1, ki] interval. Then one has | rk |≈ O(| rki−1

| m
(ki−1−k)
i ) so

that

| rk | mk−1
j ≈ O(| rki−1

| m(ki−1−k)
i mk−1

j )

≈ O(| rki−1
| mki−1−1

j m
(ki−1−k)
i m

(k−ki−1)
j )

≈ o(| rki−1
| mki−1−1

j ).

The claim again follows at once since mj � mi and k − ki−1 > 0.
Assume that | Mj |≈| rkj−1

| (mj | ν |)(kj−1−1) and Mj−1 is from
(j − 1)th cluster.
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2.2. Roots of Polynomials

It then follows that | Mj−1 |≈| rkj−1
| (mj−1 | ν |)(kj−1−1). But mj �

mj−1 implies that

| Mj | ≈ | rkj−1
| (mj | ν |)(kj−1−1) �| rkj−1

| (mj−1 | ν |)(kj−1−1)

≈ | Mj−1 | .

The proof is then completed by induction since

ml � ml−1 � · · · � m1.

Theorem 2.2.4. a) To each root λ(x, z) of PF (x, λ, z), there exists
a unique interval (segment) j and a root λj(x, z) of Pj(x, λ, z),
the jth segmental shadow eigenvalue of λ, such that | λ(x, z) −
λj(x, z) |≤ c(x, z) where c(x, z) = O(maxj(

mj−1

mj
)), j = 1, . . . , n.

b) λ(x, z) is real if and only if its segmental shadow eigenvalue
λj(x, z) is real. Similarly, λ(x, z) is non-real if and only if its
segmental shadow eigenvalue λj(x, z) is non-real.

Here, a is choosen so large so that all the eigenvalues of the Fourier
polynomial PF (x, λ, z) are distinct and satisfy

| λ(x, z)− λj(x, z) |≤ c(x, z).

Proof. Let PF be the Fourier polynomial in (2.16). Now write PF as
PF = R1 + Pj + R2. Normalise PF by dividing it by rkj−1

λ
kj−1

j (λj =
mjν) to obtain P̃F . It thus follows that P̃F (ν, x, z) = P̃j(ν, x, z) +
R̃(ν, x, z) which is similar to (2.21) with R̃ = R̃1 + R̃2. Let ν0 be a
fixed root of P̃j and write P̃j = (ν − ν0)Q̃j(ν). Then the equation
P̃F = 0 amounts to: 0 = ν − ν0 + eReQj

(ν). Without loss of generality,

restrict this equation to a bounded neighbourhood of ν0 which may be
taken as a disc of radius c

4 , where c = O(maxj(
mj−1

mj
)), j = 1, . . . , n. It

now remains to find a root ν̃0 within this neighbourhood that satisfies
the equation 0 = (ν̃0 − ν0) + eReQ(ν̃0). Now let

eR(ν)eQ(ν)
= f(x, ν) for a

large x and use the estimates f ′, f ≈ max(mj−1

mj
), j = 2, . . . , n. The

proof now follows by an obvious iteration scheme. By applying the
method of successive iterations to the equation 0 = ν − ν0 + f(ν, x),
define the sequence {νi}n

i=0 where νi+1 = ν0 − f(x, νi). The function
f(x, ν) caters for the remainder term R̃(ν). Because of this, it follows
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Chapter 2. DIFFERENTIAL OPERATORS

that in approximating the λ roots of the Fourier polynomial by their
corresponding segmental shadow eigenvalues λj , the correction terms
as a result of this approximation are built into the iteration procedure
through this function f(x, ν). One now has to show that the sequence
{νi}n

i=0 converges uniformly on the disc of radius c
4 to a limiting root

ν̃0.

By the mean value theorem, one has

| νn+1 − νn | = | f(x, νn)− f(x, νn−1) |

≤ max
νω∈(νn−1,νn)

| (f(x, νω))′ || νn − νn−1 |<
c

4
| νn − νn−1 | .

Thus one obtains

| νn+1 − νn |< (
c

4
)n | ν1 − ν0 | .

If one further assumes that | ν1 − ν0 |=| f(x, ν0) |≤ c
8 , one easily gets

| νn − ν0 | ≤ | νn − νn−1 | + | νn−1 − νn−2 | + · · ·+ | ν1 − ν0 |

<

n−1∑
k=0

(
c

4
)k | ν1 − ν0 |≤

c

8

n−1∑
k=0

(
c

4
)k.

As n → ∞, νn → ν∞, it follows that | ν∞ − ν0 |< c
4 and one has

ν∞ = ν0 − f(x, ν∞) with f(x, ν∞) → 0 uniformly as x → ∞. One
thus concludes that the sequence {νi}∞i=0 converges uniformly in the
bounded neighbourhood of ν0 as x → ∞. Let the limit of this con-
vergence be ν̃0. The uniqueness of this convergence now follows by
the Banach fixed point theorem. Since for a real spectral parameter z
the remainder term R̃(ν) is real, the correction term to the segmental
shadow eigenvalue is real and thus a real segmental shadow eigenvalue
leads only to a real root of the Fourier polynomial. The proof for a
complex root is similar. One only notes that if ν0 is a root then ν0 is
a root too.

Since all the eigenvalues of the reduced cluster polynomials are distinct
by the assumption D(i), thus by iteration, we obtain all the eigenvalues
of the Fourier polynomial which will be distinct too. Therefore, the
Fourier polynomial has 2n or 2n + 1 distinct roots for even or odd
order differential operators respectively.
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2.3. The Dichotomy Condition

For a non-real valued spectral parameter z = z0 + iη, η small and
z0 ∈ Kε(z0), it follows that for each root λ of the Fourier polyno-
mial P(x, λ, z) with λ(z) = λ(z0) + iηw(∂λP(λ(z0))−1, there exists
a unique jth segmental shadow root λj of Pj(x, λ, z) with λj(z) =
λj(z0) + iηw(∂λPj(λj(z0))−1 such that | λ(z0)− λj(z0) |≤ c(x, z).
iηw(∂λP(λ(z0))−1 and iηw(∂λPj(λj(z0))−1 are the perturbation terms
of the imaginary part of the spectral parameter z for λ and λj respec-
tively. By results of Corollary 2.2.3, they can be estimated by iηw

Mj
and

iηw

Mjm
−kj−1
j

respectively. In general, up to a multiplication by a constant,

the two values can be estimated by O( iηw
Mj

).

One could also use Kantorovic theorem [4] to show the existence of
the roots of P near the roots of Pj .

2.3 The Dichotomy Condition

Once the approximate values for the roots of the Fourier polynomial
PF (x, λ, z) and the M -factors are known, one has enough ingredients
to establish the uniform dichotomy condition for the eigenvalues of the
differential operator. As stated earlier, the uniform dichotomy condi-
tion in Levinson’s Theorem guarantees an x-uniform control of the
unperturbed equation u′ = Λu which in some sense is also uniform in
Imz, 0 ≤ Imz = η ≤ ε. Since the roots of P(x, λ, z) are calculated
from characteristic Fourier polynomial, the uniform dichotomy condi-
tion needed is equivalent to sign Im(λj(x, z)−λi(x, z)) being constant
modulo L1 for all unequal pair of indices i and j. In spectral theory, a z-
uniform dichotomy condition is needed in general but this will only be
relevant for the first cluster if p0 ≈ w. In this study, slightly stronger
conditions will suffice. Before the proof of dichotomy condition, one
needs the following results.

Theorem 2.3.1. Consider the system u′ = (Λ + R)u and assume
λi(x) = λi0 + λi1(x) + λi2(x) with λi1 = o(1) and λi2(x) conditionally
integrable, i = 1, . . . , 2n. Sort the eigenvalues into classes C1, . . . , Ck

so that

i) λi ∈ Cl then Reλi0 = αl, where αl is a constant.

ii) λi ∈ Cl, λj ∈ Cm, l 6= m then |Re(λi0 − λj0)| ≥ δ > 0, l,m =
l, . . . , k.
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Now let ml± = maxλi∈Cl
(Reλi1(x))±, where f(±) denotes the positive

(negative) part of f, f = f+−f−. Let |Cl| denote the number of elements
in Cl. Then the system has |Cl| independent solutions u associated to
Cl satisfying

K1 exp(αlx−
∫ x

a
ml−(t)dt) ≤ ||u(x)||(2.25)

≤ K2 exp(αlx +
∫ x

a
ml+(t)dt),

where K1 and K2 are constants.

Since λi2(x) is conditionally integrable, a simple transformation
exp(

∫ x
0 Λi2(t)dt) eliminates these terms while preserving the L1 nature

of the off-diagonal terms. The rest of the proof follows directly from
that of [12, Theorem 2.1].

Assume the roots of the Fourier polynomial P(x, λ, z) for z0 ∈ R are
α1 ± iβ1, . . . , αr ± iβr, γ2r+1, . . . , γ2n(γ2n+1) where αj , βj and γl are
functions of x and z, with αj(x, z), βj(x, z), γl(x, z) ∈ R, then Theorem
2.3.1 implies that the nonreal eigenvalues lead to r square integrable
solutions, which decay exponentially and a corresponding set of expo-
nentially increasing solutions. This holds regardless of the dichotomy
conditions. For the real eigenvalues, one has by the implicit function
theorem

γl(x, z) = γl(x, z0) + (∂λP(x, γl, z))−1(z − z0) for small | z − z0 | .

Thus, the dichotomy condition holds if

(∂λP(γl)) 6= (∂λP(γm)), l 6= m,

because (∂λP(λ)) is real. γl = γl(x, z0) will then contribute to the de-
ficiency index if (∂λP(γl)) < 0, because the corresponding exponent
is −iγl(x, z0 + iη) ≈ −iγl(x, z0) + η(∂λP(γl(x, z0)))−1. The associated
eigenfuctions, however, will lose their square integrability as η → 0+

if the coefficients are bounded. Since the signs of (∂λP(γl)) are evenly
distributed, half of the γ’s will lead to square integrable solutions for
η = Imz > 0 and the complementary γ’s will lead to square integrable
solutions in the lower half plane. This shows that for bounded coef-
ficients with an even number of eigenvalues say 2n, T is limit point
and defT = (n, n). If the coefficients are unbounded, some of the γ-
eigenfunctions may stay square integrable as Imz ↘ 0 and T may be
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non-limit-point. But in all cases, it suffices to check the dichotomy
condition only for the real roots of P(x, λ, z))–see [26].

Theorem 2.3.2. [39, Bezout’s Theorem, Theorem 7.5] Suppose
two plane algebraic curves C1 and C2 have no common curve compo-
nents (that is, the polynomials defining C1 and C2 have no common
factor). Then their intersection number is given by

(C1 · C2) =
∑

p∈C1∩C2

(C1 · C2)p = degC1 · degC2.

Bezout’s theorem implies that two irreducible algebraic curves inter-
secting in infinitely many points are identical. That is, two distinct
irreducible algebraic curves intersect at most in finitely many points.

Lemma 2.3.3. Assume D((i)-(iv)) hold uniformly in x and z for re-
duced cluster polynomials P̃j(x, λ, z), j = 1, . . . , n. If p0 ≈ w, then as-
sume the coefficients of the lowest cluster to be almost constant. Then
the roots of the Fourier polynomial satisfy the uniform dichotomy con-
dition.

Proof. Since D(i) holds uniformly in x and z for all the reduced cluster
polynomials, it implies that all the segmental polynomials Pj(x, λ, z)
have distinct roots. By results of Theorem 2.2.4, for each root λ of
P(x, λ, z), there is a unique segmental shadow root λ̃ of Pj(x, λ, z),
thus the Fourier polynomial P(x, λ, z) has 2n distinct roots. The anal-
ysis will be restricted to even order operators since the case for odd
order operators is similar. Assume now that D((ii)-(iv)) hold uniformly
in x and z for all clusters j such that j > 1. Then the proof of uni-
form dichotomy condition is divided into two parts, namely: the di-
chotomy condition between the eigenvalues of different clusters and
the dichotomy condition between the eigenvalues of the same cluster.

a) Assume that the roots λj(x, z) and λl(x, z) are from clusters j
and l respectively such that l < j. Then, one has three cases to
consider.

(i) Assume that Imλj(x, z0) ≈ mj , then for any arbitrary
Imλl(x, z) the dichotomy condition is satisfied since
mj � ml.

(ii) Assume also that Imλj(x, z0) = 0 and
Imλl(x, z0) ≈ ml � ηw | M−1

l |� ηw | M−1
j |, then the

dichotomy condition is satisfied again.
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(iii) Finally, assume Imλj(x, z0) = Imλl(x, z0) or that the two
roots are essentially real. Then in both cases, one would
consider the z-influence on the zeros of the higher clusters.
The dichotomy condition would still be satisfied since D(iii)
holds and | M−1

l |�| M−1
j |.

b) By results of Theorem 2.3.1, for the roots of the same clus-
ter, one only needs to check the dichotomy condition for real
roots. Now assume λi(x, z) and λj(x, z) to be real eigenvalues
of P(x, λ, z) coming from the same cluster k, k > 1. If w

Mk
is

integrable, then the eigenfunctions determined by λi(x, z) and
λj(x, z) will be square integrable irrespective of the uniform di-
chotomy condition. Assume that w

Mk
is nonintegrable, then the

assumption that ∂λP̃k(λi(x, z)) 6= ∂λP̃k(λj(x, z)) in D(iv) im-
plies that ∂λPk(λi(x, z)) 6= ∂λPk(λj(x, z)) if λi(x, z) 6= λj(x, z).
We need to show that ∂λP(λi(x, z)) 6= ∂λP(λj(x, z)).

Now write P as P = Pk+R. It then follows that ∂λPk(λi(x, z)) =
∂λP(λi(x, z))−∂λR(λi(x, z)). ∂λPk(λj(x, z)) can be expressed in
a similar way. By the triangle inequality

0 < | ∂λPk(λj(x, z))− ∂λPk(λi(x, z)) |
≤ | ∂λP(λj(x, z))− ∂λP(λi(x, z)) |
+ | ∂λR(λj(x, z))− ∂λR(λi(x, z)) | .

The second term of the last inequality above can be approxi-
mated by c(x, z) which tends to zero uniformly both in
λi(x, z) and λj(x, z) as x → ∞ by results of Theorem 2.2.2 (ii).
This is the required result at the cluster level. If w = o(p0), then
the above reasoning applies to the lowest cluster too.

It now remains to establish the z-uniform dichotomy condition within
the eigenvalues of the lowest cluster when p0 ≈ w. Here also, one
follows the same steps as above. Assume λk(x, z) and λ1(x, z) are roots
from clusters k, k > 1, and the lowest cluster respectively. In order to
show the dichotomy condition between these two eigenvalues, we need
to compare Imλk(x, z) and Imλ1(x, z). In this case, one applies similar
argument as in a((i)-(iii)) above and the uniform dichotomy condition
will follow immediately since mk � m1 and ηw | M−1

1 |� ηw | M−1
k |.

Now we only need to prove z-uniform dichotomy condition for real
roots of the lowest cluster because if p0 ≈ w, then the dichotomy
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condition is needed uniformly in z. The proof now follow closely the
techniques used in [26]. There exists a countable exceptional set E0

such that the lowest cluster Fourier polynomial P1(x, λ, z) has multiple
roots. we will exclude multiple roots of the lowest Fourier polynomial
P1(x, λ, z) from our study. Thus let −∞ < ω1 < ω2 < · · · < ωk < ∞
be the enumeration of all the spectral values which lead to double
roots of the Fourier cluster polynomial P1(x, λ, z). Because the coeffi-
cients of lowest cluster in this case are assumed to be almost constant,
and since the eigenvalues are analytic functions of z ∈ Kε(z0) and the
coefficients, the eigenvalues λ(x, z) of the lowest cluster Fourier poly-
nomial P1(x, λ, z) will converge to the eigenvalues λ(z) of the limiting
lowest cluster Fourier polynomial P1,0(x, λ, z). Thus with z ∈ K ∩ R,
one defines a set

U1,2 =
{

z ∈ (ω1, ωi+1) |
dλ1(z)

dz
=

dλ2(z)
dz

}
for two distinct real roots of the first cluster λ1(z) and λ2(z). We show
that uniform dichotomy condition is satisfied for z values off this set
U1,2. If U1,2 is countable with accumulation points (ωi, ωi+1), then one
has uniform dichotomy condition satisfied for a real z outside U1,2, be-
cause λ1(z+iη) = λ1(z)+iwη dλ1(z)

dz with dλ1(z)
dz real by implicit function

theorem. Since the eigenvalues of the first cluster depend analytically
on the pivot coefficients rk1 and p0 − z, this extends immediately to
λ1(z + iη) by continuity. This, however, is the required uniform di-
chotomy condition for λ1(z) and λ2(z) for the first cluster. If U1,2 has
accumulation point inside (ωi, ωi+1), analyticity gives

dλ1(z)
dz

=
dλ2(z)

dz
or λ1(z) = λ2(z) + K

for z ∈ (ωi, ωi+1). Finally, one has to show that the above relation is
possible only if K = 0. To see this, consider the algebraic curves C1

and C2 generated by the zeros of the polynomials P1(λ1, z) (P1(λ2 +
K, z)) and P1(λ2, z) respectively. It is easy to see that C1 and C2 are
irreducible because λ1(z) and λ2(z) appears linearly and the leading
coefficient rk1 6= 0. The Riemann surfaces generated by C1 respectively
C2 have a common segment since λ1(z) = λ2(z) + K and hence by
Bezout’s theorem, C1 and C2 must agree and this can only be true if
λ1(z) = λ2(z) which again proves the uniform dichotomy condition for
the first cluster.
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Remark 2.3.4. (i) The condition ∂λP̃k(λi(x, z)) 6= ∂λP̃k(λj(x, z))
if w

Mk
is nonintegrable is not optimal even, because the difference

then will arise in the rest terms R̃(λ).

(ii) The dichotomy condition for eigenvalues of different clusters will
certainly be satisfied if Im(λj(x, z) − λl(x, z)) ≶ 0 for all x ≥
a. This can be made so by choosing appropriate a. Thus, the
only remaining case will be to determine the uniform dichotomy
condition if Imλj(x, z) = Imλl(x, z) or if the two eigenvalues
are essentially real. The uniform dichotomy condition will also
be achieved by the roots of intermediate clusters if the reduced
cluster polynomials have almost contant coefficients.

2.4 Deficieny Indices and Spectra

With the dichotomy condition settled, one can now apply Levinson’s
Theorem to obtain the eigenfunctions of the system (1.5) respectively
(1.8). In this case, the system has to be in Levinson’s form. This re-
quires that (1.8) be transformed into Levinson’s form by applying stan-
dard K.L-transformation, two diagonalisations and possibly (I + Q)-
transformations. In such a case, a condition similar to (2.9) and (2.11)
will thus be important in controlling the remainder terms and hence
is necessary for the application of second diagonalisation and further
(I + Q)-transformations. Thus we demand that

(2.26)
f ′

f
m−1

1 = o(1),
f ′

f
m
− 1

2
1 ∈ L2, (

f ′

f
)2m−1

1 ,
f ′′

f
m−1

1 ∈ L1,

f = pk, qj .

Equation (2.26) is true for all mj , j > 1, because m−1
1 � m−1

j . If the
coefficients are of approximate power type, then (2.26) amounts to:
| rk1 |≈ o(wxk1). After the first diagonalisation, the system is then
diagonalised again using the matrix (I + B), with B constructed as in
(1.34). By estimating Bij using the techniques in Section 2.1, where
(T −1T ′)ij is estimated by (2.7) and (2.8), and because of (2.26), it fol-
lows that B = o(1). The perturbing term after the second diagonalisa-
tion is given by R1 (2.10). If the remainder term R1 is not a Levinson’s
term, then a chain of (I + Q)-transformations can be applied to the
system after the second diagonalisation to make it a Levinson’s term.
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As mentioned in Section 2.1, the corrections to the diagonal terms as
a result of the second transformation can be estimated by∑

j

(T −1T ′)ijBji = (T −1T ′)ij(λj − λi)−1(T −1T ′)ji = Λ2ii

because Bii = 0. By (2.26), these terms are integrable and therefore ir-
relevant for the square integrability of the eigenfunctions. As in chapter
one and also Section 2.1, the eigenfunctions associated to an eigenvalue
λ(x, z) of P(x, λ, z) within the jth cluster is approximately given by

(2.27) y(x, z) ≈ (M
− 1

2
j +ΣkM

− 1
2

j Bjk)(ej +rj(x, z)) ·exp
∫ x

a
λ̃(t, z)dt,

where λ̃(x, z) is λ(x, z) plus correctional terms arising from the var-
ious transformations. As a consequence of (2.26), note that one has
conditions similar to those in (1.46), that is, B = o(1), rj(x, z) = o(1)
and Qj = o(B). As noted above, the assumption (2.26) implies that
the first and higher order correction terms to the diagonals as a result
of the transformation are all integrable, so that we may take even
λ̃(x, z) = λ(x, z). In general, the growth of the eigenfunctions are
mainly determined by the exponential factors. However, for the general
coefficients, the regularity conditions on the form factors as stated in
Section 2.1 are necessary. If the coefficients are of approximate power
type, in order to exclude the occurence of logarithmic terms in the ex-
ponentials, one demands that the coefficients be power bounded, that
is,

(2.28) rk(x) = O(xN ), | w(x)
Mj

(x) |≤ Cx−1−ε or

| w(x)
Mj

(x) |≥ Cx1+ε.

These are just technical constraints to simplify the representation. The
assumptions avoid the interference of the form factors Gj(x) with the
exponents.

Since | Mn |�| Mn−1 |� · · · �| M1 |, there exists an index
s, (1 ≤ s ≤ n), such that wM−1

n , . . . , wM−1
s are integrable, while

wM−1
s−1, . . . , wM−1

1 are not integrable, see [32]. The following lemma,
Lemma 2.4.1, is an extension of Lemma 2.1.5 to clusters of arbitrary
length and the proof will be done by applying similar techniques.
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Lemma 2.4.1. Assume that the pivot coefficients rkj
are nowhere zero

in [a,∞). If wM−1
k is integrable, then (T B)k (form factor) is square

integrable.

Proof. Assume that w
Mk

is integrable, then it suffices to analyse the ex-
pression (T B)k for k > j because | M−1

j |�| M−1
k | if j > k and thus

the higher ones will be integrable too. Since the correction term to the
Mk-factors and the eigenvalues can be estimated by O(maxk(

mk−1

mk
)),

which is bounded and tends to zero uniformly as x →∞, this correc-
tion term does not affect the integrability and square integrability of
w

Mk
and (T B)k respectively. As we have seen above in the formula of

(T −1T ′)k,j , (T B)k,j is given by

(T B)k,j =
∑

j

∑
l

M−1
j M

− 1
2

k (λj − λk)−2((−1)lp′lλ
l
kλ

l
j

− iq′l(λ
l
jλ

l−1
k + λl

kλ
l−1
j )) =

∑
Ak,j,l + Bk,j,l.

It suffices to show that each summand Ak,j,l and Bk,j,l in the above
expression is square integrable. As in Lemma 2.1.5, the result will be
shown only for Ak,j,l since the result for Bk,j,l is shown in a similar way.
The proof is by induction on n. If also w

Mk−1
is integrable, the problem

reduces to k − 1 because | Mk |�| Mk−1 | and | Ak,j,l

Ak−1,j,l
|= o(1) for

k − 1 ≥ l ≥ j. Assume that k = n is the only term for which w
Mn

is
integrable. By using a K.L-transform if necessary, one may also assume
that | rn |=| p0 |= 1. Then w | Ak,j,l |2 can be estimated by

w | M−1
k | m−4

k | M−2
j ||

p′l
pl
|2| plλ

2l
k || plλ

2l
j |≤

≤| M−1
j | m−2

k |
p′l
pl
|2 w(m−1

k | M−1
j || plλ

2l
j |)(m−1

k | M−1
k || plλ

2l
k |).

Since the terms in brackets are bounded and since | p′l
pl
| is w-square

integrable, it remains to show that m−2
k | M−1

j |≤ m−2
k | M−1

1 | is
bounded.

Let rkl
and rkl+1

be the two pivot coefficients associated with pk’s such

that kl < kl+1 < j < k. Then it follows that m
(kl+1−kl)
k � m

(kl+1−kl)
l+1 ≈|

rkl
rkl+1

| from which one has | rkl+1
m

kl+1

k |�| rkl
mkl

k |. By induction, this

will be true for all pivot coefficients rks associated with pk’s such that
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ks < j < k. Similarly, if l > k, then | rkl
rkl+1

|≈ m
(kl+1−kl)
l+1 � m

(kl+1−kl)
k

and | rkl
mkl

k |�| rkl+1
m

kl+1

k | and by induction again, it will be true
for all pivot coefficients rks such that ks > k. It remains to show
that the same inequalities hold for the in-between coefficients that
are associated with the pk’s. Assume that rs is a coefficient from the
[kl, kl+1] cluster such that kl+1 < j < k, then by (2.20), rsm

s
l+1 ≈

rkl+1
m

kl+1

l+1 so that | rs
rkl+1

|≈ m
kl+1−s
l+1 . But m

kl+1−s
l+1 � m

kl+1−s
k . This

implies that | rkl+1
m

kl+1

k |�| rsm
s
k |. By induction, this will be true

for all the in-between coefficients rs associated with pk’s that are from
cluster l, l < k. Similarly, if rs is from a higher cluster l such that
l > k, we can assume rs to be an in-between coefficient of the cluster
[kl, kl+1] and is associated with pk. In this case, rsm

s
l+1 ≈ rkl

mkl
l+1. This

implies that | rkl
rs
|≈ ms−kl

l+1 . But ms−kl
l+1 � ms−kl

k since s − kl > 0 and
ml+1 � mk. Then it follows that | rkl

mkl
k |�| rsm

s
k |. By induction,

this will be true again for all the in-between coefficients rs associated
with pk’s that are from cluster l, l > k. These inequalities imply that
the value of | rlm

l
k | can be estimated by its value within the cluster

k. Since M1 = O(1), m1 � mj , | M−1
j |�| M−1

1 |, j > 1 and since

w | M−1
k |= w(| pk | m2k−1

k )−1 = wm
−(2k−1)
k is integrable, while w is

not, it now follows that m−2
k | M−1

j | is bounded.

One needs also the following lemma before establishing the segmental
deficiency indices and spectral results.

Lemma 2.4.2. Let λ(x, z) be an eigenvalue of the operator T and
λj(x, z) its jth segmental shadow eigenvalue and assume D((i)-(iv))
hold. Then the eigenfunctions determined by λ(x, z) are in a one to one
correspondence with the segmental shadow eigenfunctions determined
by λj(x, z). If p0 ≈ w and if the coefficients of the lowest cluster are
bounded, then the segmental deficiency index of T are determined by
the segmental shadow eigenfunctions and the deficiency index of the
operator T is the sum of all the segmental deficiency indices.

Proof. Let P(x, λ, z) be the Fourier polynomial (2.16) and Pj(x, λ, z)
be the jth segmental (cluster) polynomial (2.17). By the results of The-
orem 2.2.4, for every root λ(x, z) of P(x, λ, z), there exists a shadow
root λj(x, z) of Pj(x, λ, z) such that | λ(x, z)−λj(x, z) |≤ c(x, z). Since
the cluster polynomial is a real valued polynomial, its roots can be
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written as α1± iβ1, . . . , αr± iβr, γ2r+1, . . . , γl, where αk, βk and γs are
functions of x and z with αk, βk, γs ∈ R, k = 1, . . . , r, s = 2r+1, . . . , l,
l = kj − kj−1. The uniform dichotomy condition follows from Lemma
2.3.3. Assume the eigenfunctions and their segmental shadow eigen-
functions are given by

y(x, z) ≈ (M̌
− 1

2
j +

∑
s

M̌
− 1

2
j Bjs)(ek + řk(x, z)) · exp

∫ x

a
λ(t, z)dt

and

yj(x, z) ≈ (M
− 1

2
j +

∑
s

M
− 1

2
j (Bjs)(ek + řk(x, z)) · exp

∫ x

a
λj(t, z)dt

respectively with ř(x, z) = o(1), ř(x, z) is the diagonal element of the
remainder matrix R in (1.21). Here, M̌j = Mj + c(x, z). It also follows

that
∑

s M
− 1

2
j Bjs = o(M

− 1
2

j ). There are now two cases to consider in
determining the square integrability of the eigenfunctions and their
corresponding segmental shadow eigenfunctions.

Case I: Nonreal Eigenvalues
Assume the root λ(x, z) of the Fourier polynomial P(x, λ, z) is nonreal,
then its jth segmental shadow root λj(x, z), is nonreal too by Theo-
rem 2.2.4 and the square integrability of the eigenfunction determined
by λ(x, z) and of its segmental shadow eigenfunction determined by
λj(x, z) are determined from the formula

‖y‖2 ≈
∫

w | Gj |2 · exp(−2i

∫ x

a
λ(t, z)dt)dx

and
‖yj‖2 ≈

∫
w | Gj |2 exp(−2i

∫ x

a
λj(t, z)dt)dx

respectively. If Imλ(x, z) < 0, then Imλj(x, z) < 0 too since the correc-
tion term to λ(x, z) is real and does not affect the square integrability of
the eigenfunctions. In this case, both the eigenfunction and its segmen-
tal shadow eigenfunction are square integrable. If Imλ(x, z) > 0, then
Imλj(x, z) > 0 too and the eigenfunction and its shadow segmental
eigenfunction are nonsquare integrable. It thus implies that if y(x, z)
(the eigenfunction) is square integrable, then yj(x, z) (the segmental
shadow eigenfunction) is also square integrable and vice versa. Here,
the eigenfunctions are determined by their corresponding eigenvalues.
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Case II: Real Eigenvalues
Assume λ(x, z) is a real root of the Fourier polynomial P(x, λ, z),
then its corresponding jth segmental shadow eigenvalue λj(x, z) is
real too since first and higher order correction terms of a real eigen-
value are real too. In this case, the square integrability of the eigen-
functions and their corresponding segmental shadow eigenfunctions
are determined off the real axis, that is, by a nonreal spectral pa-
rameter z. In particular, choose the spectral parameter z so that
z = z0 + iη where Imz = η 6= 0 and z ∈ Kε(z0) and write
λ(x, z) = λ(x, z0) + iwη(∂λP(λ(x, z0)))−1 and λj(x, z) = λj(x, z0) +
iwη(∂λPj(λj(x, z0)))−1. Thus the square integrability of the eigenfunc-
tions and their segmental shadow eigenfunctions are determined by the
terms iwη(∂λP(λ(x, z0)))−1 and iwη(∂λPj(λj(x, z0)))−1 respectively.
Note that up to a multiplication by a constant, the two terms can be
estimated as O( iwη

Mj
). The square integrability in both cases is thus

determined by the formula

‖yj‖2 ≈
∫

w | Gj |2 exp(−2i

∫ x

a
ηw(∂λP(t, λj , z))−1dt)dx.

Assume wM−1
j is integrable, then w(Mj + c(x, z))−1 is integrable too.

By results of Lemma 2.4.1, the form factors and the segmental shadow
form factors are both square integrable. The eigenfunction and its
corresponding segmental shadow eigenfunction are both square inte-
grable.

If wM−1
j is nonintegrable, then w(Mj + c(x, z))−1 is nonintegrable

too. Assume the jth segment has even length, then the signs of
∂λP(λ(x, z0)) within the jth segment and the signs of ∂λPj(λj(x, z0))
are evenly distributed. Thus if the sign of iwη(∂λP(λ(x, z0)))−1 ≈

iwη
Mj+c leads to a square integrable eigenfunction, then the sign of

iwη(∂λPj(λj(x, z0)))−1 ≈ iwη
Mj

will also lead to a square integrable
eigenfunction and vice versa. The same behaviour will be exhibited
for odd length clusters but with one more eigenfunction and its seg-
mental shadow eigenfunction either both square integrable in the lower
half plane or upper half plane because odd length clusters have odd
number of real eigenvalues. Again in this case, the square or nonsquare
integrability of an eigenfunction implies the square or nonsquare inte-
grability of its segmental shadow eigenfunction.
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Thus, the square or non-square integrability of the eigenfunctions of T
within the jth cluster will imply the square or non-square integrability
of their jth segmental shadow eigenfunctions. This implies that the
deficiency indices of the jth segments, (defT )j , can be read off from the
jth segmental shadow eigenfunctions. If w = o(p0), then the deficiency
indices of the lowest cluster are determined by the above reasoning.
But if p0 ≈ w and if the coefficients of the lowest cluster are bounded,
then the deficiency indices results of [10] or [18] apply when the lowest
cluster has even or odd length respectively. In general, defT will be
the sum of all these segmental deficiency indices, that is,

defT =
∑

j

(defT )j .

This also gives the standard inequalities for (defT )j .

We now introduce the term USI to mean uniformly square integrable
since the z-uniformly square integrable eigenfunctions will never con-
tribute to absolutely continuous spectrum.

Theorem 2.4.3. Consider the differential operator T generated by
(1.1) or (1.2) with the coefficients pk, qj twice differentiable, the pivot
coefficients rkj

nowhere zero in [a,∞) and D((i)-(iv)) hold. Assume
that all the pivot coefficients rkj

satisfy (2.18)-(2.20) and (2.26). More-
over, assume the regularity conditions on the form factors to be satis-
fied for the general coefficients and (2.28) to be satisfied for approxi-
mate power type coefficients. Let s be the critical index, 1 ≤ s ≤ n for
even order differential operator or 1 ≤ s ≤ n+1 for odd order differen-
tial operator, so that wM−1

j is integrable for j ≥ s and nonintegrable
for 1 ≤ j < s. Then the following results hold.

(i) Assume the cluster j, j > 1, has even length, that is, kj −
kj−1 = 2k and assume the roots of the cluster Fourier polynomial
Pj(x, λ, z) are given by

α1 ± iβ1, . . . , αr ± iβr, γ2r+1, . . . , γ2k

with α, β and γ as functions of x and z are real valued. If j ≥ s
so that wM−1

j is integrable, then (T B)j is square integrable and
2k − r solutions are z-uniformly square integrable, (defT )j =
(2k − r, 2k − r) and USI holds. If j < s so that wM−1

j is not
integrable, then (T B)j is not square integrable and (defT )j =
(k, k).

76



2.4. Deficieny Indices and Spectra

(ii) Assume cluster j, j > 1, has odd length, that is, kj−kj−1 = 2k+1
and assume the roots of the cluster polynomial Pj(x, λ, z) are
given by

α1 ± iβ1, . . . , αr ± iβr, γ2r+1, . . . , γ2k+1

with α, β and γ real valued functions. If j ≥ s so that wM−1
j is

integrable, then (T B)j is square integrable and 2k−r+1 solutions
are z-uniformly square integrable, (defT )j = (2k−r+1, 2k−r+1)
and again USI holds. If j < s so that wM−1

j is not integrable,
then (T B)j is not square integrable and (defT )j = (k, k + 1) if
rkj−1

rkj
> 0 and (defT )j = (k + 1, k) whenever

rkj−1

rkj
< 0.

(iii) If w = o(p0), then the results in (i) and (ii) remains valid for
cluster 1.

(iv) If p0 ≈ w, assume the coefficients of the lowest cluster to be
almost constant so that they converge to their limiting values as
x → ∞. Thus if cluster 1 has even length with the eigenvalues
assumed to be given as in part (i) above, then (defT )1 = (k, k)
by the results of [10]. If cluster 1 has odd length with eigenvalues
assumed to be given as in part (ii) above, then by results of [18],
(defT )1 = (k, k + 1) for rk1 > 0 and (defT )1 = (k + 1, k) for
rk1 < 0.

Proof. By the results of Lemma 2.4.2, there is a one to one correspon-
dence between the eigenfunctions of the operator T and their corre-
sponding segmental shadow eigenfunctions. Thus the segmental defi-
ciency indices can be read off directly from the segmental shadow eigen-
functions that are of the form (2.27). The square integrability of the
form factors (T B)j follows immediately from Lemma 2.4.1 whenever
wM−1

j is integrable. In case wM−1
j is integrable, then all the segmental

shadow eigenfunctions determined by real segmental shadow eigenval-
ues are uniformly square integrable and can at most contribute only
to discrete spectrum, that is, USI holds.

Theorem 2.4.4. Let T be a differential operator generated by (1.1)
or (1.2) with equal deficiency index and defined on [0,∞). Assume
the coefficients of T to be twice differentiable, the pivot coefficients rkj

associated to its coefficients pk and qj are nowhere zero in [a,∞) and
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satisfy (2.18)-(2.20) and (2.26), and D((i)-(iv)) hold. For the general
coefficients, assume that the regularity condition on the form factors
are satisfied and that the approximate power type coefficients satisfy
(2.28). Moreover, if p0 ≈ w, then assume the coefficients of the lowest
cluster to be almost constant. Then the singular continuous spectrum
is absent, σsc(H) = ∅, and the eigenfunctions that lose their square
integrability as Imz → 0 contribute to absolutely continuous spectrum
with the multiplicity of the absolutely continuous spectrum equal to the
number of such eigenfunctions. In particular, if all the clusters have
equal deficiency indices then σac(H) = ∪jσac(H)j with the spectral
multiplicities of the clusters regarded as additive.

Proof. Let T be the differential operator generated by (1.1) or (1.2).
Then by using quasiderivatives, (1.1) or (1.2) can be written in its
first order system (1.8). An application of standard K.L-transformation
simplifies the leading and p0 coefficients as well as the weight function
w(x) to 1. In order to transform the first order system into Levin-
son’s form, one applies two diagonalisations since the coefficients are
assumed to be twice differentiable. This needs the eigenvalues of C,
which can be approximated from the polynomial (2.16) by employing
pivot coefficients technique. By the assumption D(i), all the cluster
polynomials have distinct eigenvalues. It now follows that the Fourier
polynomial P(x, λ, z) has distinct eigenvalues which can be written as

α1 ± iβ1, . . . , αr ± iβr, γ2r+1, . . . , γ2n

for even order operator or the real eigenvalues γ are γ2r+1, . . . , γ2n+1 if
the operator is of odd order. Here, αj , βj and γs as functions of x and z
are real valued functions. Since D((i)-(iv)) hold, the uniform dichotomy
condition follows from Lemma 2.3.3. Thus, one uses the eigenvectors to
diagonalise the first order system (1.8) to transform it into Levinson’s
form. After two diagonalisations, the system will almost be in diagonal
form and if not, then the off-diagonal elements can be made smaller
by application of more (I +Q)-transformations. Once Levinson’s form
is achieved, one applies Levinson Theorem to the system and thus
obtains the eigenfunctions of the form (2.27). The deficiency indices of
T can therefore be read off directly from these eigenfunctions.

By assumption, T has equal deficiency indices. In this case, one has the
following two cases to consider. First, assume the operator T is limit
point at infinity, then all the eigenfunctions that are square integrable
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are z-uniformly square integrable as Imz → 0+. In this case, only the
self-adjoint extension H of T generated by (1.1) can be obtained and
this is defined by D(H) = {y ∈ D(T ∗) | (α1, α2)y(a) = 0}, where
α1 and α2 satisfy (1.10) and (1.11). One now uses the results of [40,
43] to construct the M -matrix of the self-adjoint operator H. Since
all eigenfunctions that are square integrable are z-uniformly square
integrable, that is, USI holds and one only obtains discrete spectrum
at most.

Secondly, assume that the operator T is non-limit-point at infinity,
that is, defT = (n + r, n + r), 1 ≤ r ≤ n. Then one constructs a
subspace from the space of all square integrable eigenfunctions by im-
posing further boundary conditions. In this case, we choose the func-
tions wj(x) ∈ D(T ∗) such that limx→∞w∗j (x)J y(x) = 0, j = 1, . . . , r
thereby imposing r-further boundary conditions at infinity. The func-
tions wj(x) are linearly independent modulo D(T ) at infinity and may
be chosen as eigenfunctions of T ∗wj = zwj , z is nonreal, and they
satisfy also w∗k(x)Jwj(x) = 0, k, j = 1, . . . , r. By introducing these
boundary conditions at infinity, we construct a subspace of D(T ∗)
with co-dimension r. This subspace consists of only square integrable
eigenfunctions which satisfy further boundary conditions at infinity
and they are a linear combination of those square integrable eigen-
functions of T . Now using the results of Lemma 1.1.5, we construct a
limit point operator T̃ from this subspace such that the operator T ∗ is
an r-dimensional extension of T̃ ∗. For further details on the operator
T̃ , see Lemma 1.1.5.

By results of Theorem 1.1.6, one then constructs the self-adjoint ex-
tension Hα of operator T̃ . The operator Hα is constructed from the
domain of the operator T̃ ∗, D(T̃ ∗), and its domain is defined by (1.12).
Now choose z ∈ K, such that z = z0 + iη, Imz = η 6= 0 and from
Theorem 1.1.7, it is possible to construct a 2n by n system Vα(x, z)
of square integrable eigenfunctions which stay square integrable as
η = Imz ↘ 0+ and also satisfy the separated boundary conditions.
With (1.14), one obtains the corresponding M -matrix for the self-
adjoint extension Hα. Note that the absolutely continuous spectrum
of Hα and its spectral multiplicity is identical to that of H. By (1.14),
one has

ImMα(z+) = lim
η→0+

η〈χa(x, z + iη), χa(x, z + iη)〉.
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Thus limη→0+ ImMα(z0 + iη) = ImMα(z0+), z = z0 + iη exists bound-
edly for all z ∈ K ∩ R and is even continuous within each K ∩ R. To
show this claim, it suffices to show that the limit is finite. Let the
elements of 〈χa(x, z + iη), χa(x, z + iη)〉 be denoted by Iij(x, z). In
evaluating the elements of the scalar product, we will consider two
cases namely: the scalar product of eigenfunctions determined by non-
real eigenvalues and the scalar product of eigenfunctions determined
by real eigenvalues. To simplify the argument, we will assume that

| Gj(x, z) |≈| M
− 1

2
j (x, z) |. In the estimation below, we will assume

that Ci are positive constants that are independent of z = z0 + iη.

Assume the eigenfunctions are determined by nonreal eigenvalues
αj(x, z)−iβj(x, z) with βj(x, z) > 0 a real valued function. Then these
eigenfunctions are z-uniformly decreasing and therefore their integrals
exist boundedly. This implies that the limit of the product of their
integral and η as η → 0+ is zero. By using Cauchy-Schwarz inequality
and similar argument, one obtains the same limit for any scalar product
of two eigenfunctions with one of the eigenfunctions determined by
nonreal eigenvalue. It now remains to show that the limit exists if the
two eigenfunctions are determined by real eigenvalues. In this case,
one has

lim
η→0+

ηIkk(a, z) = lim
η→0+

η

∫ ∞

a

w(x)
| Mk(x) |

| ek + rkk(x, z) |2

· exp(−2
∫ x

a

ηw(t)
| Mk |

dt)dx

≤ lim
η→0+

ηC1

∫ ∞

a

w(x)
| Mk(x) |

exp(−2
∫ x

a

ηw(t)
| Mk |

dt)dx

≤ lim
η→0+

ηC2

∫ ∞

0
exp(−ηs)ds = C3.

Here, of course, a is the left regular endpoint. To obtain the inequal-
ities, we have used the fact that rkk(x, z) = o(1) and can be esti-
mated uniformly in x and z, assumption D(iii) which implies that
| ∂λP̃k(x, λ, z) |> 0 and so w(x)

|Mk(x)| is bounded by a certain constant.

Even if
∫∞
a

w(x)
|Mk(x)|dx = ∞, note that the exponential function is de-

termined by the same function w(x)
|Mk(x)| and thus decreases rapidly as

x →∞. Finally, we have also applied transformation of the variable. It
follows that limη→0+ ηIkk(a, z) ≤ C3. With a similar argument, one can
show that limη→0+ ηIkk(a, z) ≥ C4 for some positive constant C4. Thus
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we may take even limη→0+ ηIkk(a, z) ≈ 1. This implies that ImMα(z+)
is finite and consists of the elements 0 and O(1).

By Theorem 1.1.15, Hα has no singular continuous spectrum and apart
from the isolated poles, the density of the spectral measures of Hα is
continuous. From the resolvent calculus of differential operators, it fol-
lows that the M -function is the Borel transform of the spectral mea-
sure. Thus, the existence of a finite limit implies the absolute continu-
ity of the corresponding spectral measure ρα and in fact, 1

π ImMα(z0+)
gives the density of the absolutely continuous spectrum, see [52]. The
rank of ImMα(z0+) is thus the multiplicity of σac(Hα). Thus z0 be-
longs to the associated absolutely continuous spectrum if and only if
there is at least one eigenvalue λ(x, z0), which for x → ∞, its eigen-
function loses square integrability as Imz ↘ 0. The multiplicity of
the absolutely continuous spectrum is then given by the number of
these eigenvalues. If all the clusters have equal deficiency indices, then
the eigenfunctions that lose their square integrability as Imz → 0
are those that are determined by the real eigenvalues with segmen-
tal shadow eigenvalues that are real too. Since there is a one to one
correspondence between the eigenfunctions and their corresponding
segmental shadow eigenfunctions, it implies that the absolutely con-
tinuous spectrum of H and its spectral multiplicity is determined by
all the segments. Thus σac(H) = ∪jσac(H)j and the spectral multi-
plicity is the sum of all cluster spectral multiplicities. Now Remling’s
results [52] can be used to extend this result to the interval [0,∞).

Remark 2.4.5. It is worth noting that even order differential oper-
ators with clusters of mixed lengths, that is, odd and even lengths,
may have unequal deficiency indices. As an example, consider a fourth
order differential operator generated by

τy = yiv − 1
2
i{(qy′)′′ + (qy′′)′}+ (p− zw)y,

where z is a spectral parameter. Assume that w(x) = 1 and absorb
z into p. Moreover, assume that the coefficients p and q are twice
differentiable, satisfy all the smoothness and decay conditions (2.26),
the regularity conditions on the form factors if they are general coeffi-
cients and (2.28) if they are approximate power type coefficients that
are needed for asymptotic integration. Assume also that | q |4�| p |.
Then, the measure of the magnitude of the eigenvalues of the operator
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T generated by τy are m2 ≈| q |, m1 ≈| p
q |

1
3 . It follows that m2 � m1.

Assume further that the critical index s in Theorem 2.4.3 is s = 2, so
that | q |−3 is integrable while | q |−

1
3 | p |−

2
3 is not integrable. Then,

the eigenfunctions of τy are given by (2.27). The deficiency index of
the operator T can therefore be read off from the eigenfunctions. It
follows that cluster 2 contributes (1, 1) to the deficiency index while
cluster 1 contributes (1, 2) if q > 0 or (2, 1) if q < 0 to the deficiency
index. Thus defT = (2, 3) if q > 0 or defT = (3, 2) whenever q < 0.

Similarly, one can construct an example of an odd order operator with
equal deficiency indices on half line.

2.5 Operators on R

As noted in the previous section, the differential operators studied in
Sections 2.2-2.4, might have unequal deficiency indices on the positive
half line irrespective of their order. Furthermore, odd order differential
operators on half line tend to have unequal deficiency indices in general
and therefore, no proper spectral results can be obtained apart from
the abstract theory of the M -matrix of these operators as developed in
[41, 42]. For operators on R, however, the situation is quite different.
In this case, the decomposition method studied by [18, 19] can be used.
The methods of [18, 19] show that the classical decomposition method
can be applied not only in the computation of the deficiency indices
but can also be extended to derive spectral results.

Assume the differential operator T generated by (1.1) or (1.2) is defined
on R. Let T± be the ‘partial’ operators defined on R± respectively.
To define T−, set y(x) to be y(−x) in (1.1) or (1.2) [18, 19] so that
T− is defined on R−. Then y(−x) satisfies an equation like (1.1) or
(1.2) where all qs are replaced by −q and then the new equation is
multiplied by −1. Thus one obtains an operator that is defined on
[0,∞) and which is unitarily equivalent to T−. Similarly T+ is defined
as the differential operator generated by (1.1) or (1.2) on R+. The basic
idea of reflecting T− on [0,∞) is to obtain a combined system of either
2(2n) or 2(2n+1) dimensional equation on [0,∞) to which one can even
apply even-order theory with one singular endpoint. Thus, the point
x = 0 becomes an intermediate regular point. Now by means of two
separate standard K.L-transformations, one can achieve r±kn

= w± = 1.
Then define the operator T0 by
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D(T0) =
{

y ∈ L2
w | y[0], · · · , y[2n−1] are absolutely continuous,

T y ∈ L2
w, y[0](0) = . . . y[2n−1](0) = 0

}
for an even order differential operator T . Similarly, one defines D(T0)
for an odd order differential operator T though with (2n+1) conditions.
Then

T0 = T− ⊕ T+.

Thus by definition
defT0 = defT− + defT+.

By results of [19], the operator T0 has a dimension twice that of T .
The Hamiltonian and first order systems of T0 as well as the resolvent
can be constructed and for more details on how to do this, see [18, 19].

For asymptotic integration and spectral results, we will demand that
the following conditions are satisfied.

(a) Assume the coefficients r±k satisfy the smoothness and decay con-
ditions (2.18)-(2.20) and (2.26) needed for asymptotic integration
with r±kj

being the pivot coefficients. In addition, assume the reg-
ularity conditions on the form factors as stated in Section 2.1 are
satisfied for the general coefficients and for approximate power
type coefficients, assume (2.28) holds.

There are various conditions which guarantee that T0 has equal
deficiency indices. In our case, we will have to assume, in addition
to condition (a) above, that one of the following conditions (b)-
(d) is satisfied.

(b) For the operators T− and T+, assume that defT−+defT+ = (l, l)
where 2n ≤ l ≤ 4n or 2n + 1 ≤ l ≤ 2(2n + 1) for even or odd
order differential operator respectively.

(c) Assume the deficiency index reflection property on the deficiency
indices of T− and T+, that is, defT− = (n + s1, n + s2) and
defT+ = (n + s2, n + s1), 0 ≤ s1, s2 ≤ n or 0 ≤ s1, s2 ≤ n + 1.

(d) (i) Assume the same cluster ordering for the pivot coefficients
both on R− and R+ so that
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(2.29) |
r±kj−1

r±kj

|
1

kj−kj−1→ m±
j .

Here, m−
j and m+

j need not necessarily be of the same size
but m−

1 � m−
2 � · · · � m−

n and m+
1 � m+

2 � · · · � m+
n .

(ii) Assume w+

Mj
is integrable if and only if w−

Mj
is integrable so

that the square integrability of the eigenfunctions are pre-
served.

(iii) Assume the reflection property on the segmental deficiency
indices of T− and T+, that is, (defT−)j = (n1, n2) and
(defT+)j = (n2, n1).

If the condition (a) in addition to one of the conditions (b)-(d) above
are satisfied, then the operator T0 has equal deficiency indices and
thus the self-adjoint extensions of T0 exist. Denote these self-adjoint
extensions of T0 by H̃. If T is limit point at ±∞, then T is essentially
self-adjoint and either a 2n- or 2n + 1-dimensional extension of T . In
fact, T is the extension which gives the continuity of y[k], 0 ≤ k ≤ 2n−1
or 0 ≤ k ≤ 2n at x = 0 for even or odd order operators respectively.

The construction of the resolvent and the M -matrix of the operator
T0 can be obtained from [18, 19]. The construction of the M -matrix as
done in [19] is so general that the results apply in our case too. Since
the coefficients satisfy smoothness and decay conditions necessary for
asymptotic integration, the self-adjoint extension of T has no singular
continuous spectrum and its absolutely continuous spectrum can be
computed in all cases from the Fourier polynomial [19]. One then has
the following result.

Theorem 2.5.1. Consider the differential operator T generated by
(1.1) or (1.2) on R with coefficients that are twice differentiable. As-
sume the pivot coefficients r±kj

to be nowhere zero in R and condition
(a) in addition to one of the conditions (b)-(d) to be satisfied. More-
over, assume D((i)-(iv)) hold. If p0 ≈ w, assume the coefficients of the
lowest cluster to be almost constant . Then T0 has equal deficiency in-
dices and self-adjoint extensions H̃. The singular continuous spectrum
of H̃ is absent and the absolutely continuous spectrum of H̃ is con-
tributed by the eigenfunctions of both T− and T+ that lose their square
integrability as Imz → 0+. In particular, the spectral multiplicity is the
number of the eigenfunctions of both T− and T+ with this property.
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Proof. Since the coefficients of each operator T− and T+ satisfy the
necessary conditions needed for asymptotic integration, one can apply
method of asymptotic integration to the operator T0. The dimension
of the operator T0 on [0,∞) is twice that of T and one can apply
even-order theory on half lines with one singular endpoint in order
to obtain the deficiency indices and spectral results. The Hamiltonian
and the first order systems of the operator T0 follow immediately from
[19]. Assume after the two diagonalisations and some further (I + Q)-
transformations, that the system is in Levinson’s form, then one can
apply Levinson Theorem so as to obatin the corresponding eigenfunc-
tions. These eigenfunctions will be of the form (2.27). The deficiency
index can be read off from the eigenfunctions. Because one of the con-
ditions (b)-(d) is satisfied, T0 has equal deficiency indices and thus the
self-adjoint extensions of T0 exist. For spectral results, one has the fol-
lowing two cases. If T is limit point on [0,∞), then T defined on R is
self-adjoint and is also one of the self-adjoint extensions of T0. In this
case, the spectral theory of self-adjoint operators applies. But if T is
non-limit-point on [0,∞), then T0 is non-limit-point and one can con-
struct a limit point operator T̃0 from a subspace of D(T ∗0 ). For more
details on this, see Lemma 1.1.5 and Theorems 1.1.6 and 2.4.4. One
then uses the results of [19] to construct the corresponding M -matrix.
With the knowledge of the M -matrix, all other spectral information
can be obtained.

2.6 Power Coefficients and Extensions

2.6.1 Power Coefficients

In [32, 34], Eastham and others considered mainly power coefficients.
For approximate power type coefficients, the conditions for asymptotic
integration can be weakened in several ways. In this Section, we show
that for the approximate power type coefficients, condition (2.26) is
not necessary for the application of the second diagonalisation. As in
Section 1.1.2, a coefficient f(x), f(x) = pk, qj , of the operator T is said
to be of approximate power type if f(x) = (1 + hf (x))xαf , hf (x) ∈ Fl

such that

Fl = {h(x) | h(k)(x) = o(x−k), 0 ≤ k ≤ l}.

Before the generalised result, consider the following example.
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Example 2.6.1. Consider a fourth order differential operator T de-
fined on [0,∞) and generated by

τy = w−1

{
y(iv) − 1

2
i((q2y

′′)′ + (q2y
′)′′)

− (p1y
′)′ +

1
2
i((q1y

′) + (q1y)′) + p0

}
,

where p0 = (1+hf ), q1 = (1+hf )xγ , p1 = (1+hf )xβ, q2 = (1+hf )xα

and the following conditions are satisfied:

xα = O(x
β
2 ), xγ = O(x

β
2 ), x−β = o(xβ) and β > 2.

It then follows that there are two sets of eigenvalues with different
magnitudes, namely; λ2± ∼ x

β
2 and λ1± ∼ x−

β
2 . Assume that the

measures of magnitude of λ2± and λ1± are denoted by m2 and m1

respectively, then m1 � m2, M−1
1 ≈ x−

β
2 , M−1

2 = x−
3β
2 and wM−1

1 ,
wM−1

2 are all integrable. Since λ1± ∈ L1 and β > 2, (2.26) is definitely
violated and hence one cannot proceed with the second diagonalisation
without transforming the in-block matrix elements of the first cluster
after the first diagonalisation into integrable terms. This can be done
with a similar procedure outlined in Example 2.1.7. One then has the
following results for β > 2.

If Imλ2 ≈ m2 and Imλ1 ≈ m1, then in each cluster, only one of the
eigenfunctions is square integrable and def(T )1 = def(T )2 = (1, 1)
and defT = (2, 2) and the solutions that are square integrable are z-
uniformly square integrable hence σac(H) = ∅. On the other hand, if
Imλ2 ≈ ηwM−1

2 and Imλ1 ≈ ηwM−1
1 , for Imz = η 6= 0, then def(T )1 =

def(T )2 = (2, 2) and defT = (4, 4) and σac(H) = ∅. One equally obtains
defT = (3, 3) and σac(H) = ∅ if either Imλ2 ≈ m2 and Imλ1 ≈ ηwM−1

1

or if Imλ2 ≈ ηwM−1
2 and Imλ1 ≈ m1.

Whenever β < 2, the condition (2.26) for this example is not violated
and hence the theory developed in Sections 2.1-2.4 applies. There is
no need to perform the in-block diagonalisation but one demands that
(2.26) is satisfied before the second diagonalisation is carried out.

Theorem 2.6.2. Let T be a differential operator generated by (1.1)
or (1.2) having approximate power type coefficients and D((i)-(iv))
hold. Assume the coefficients rk satisfy (2.18)-(2.20) and (2.28) and
the pivot coefficients rkj

are nowhere zero in [0,∞). Moreover, assume
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(2.26) holds for some l+1 ≤ k ≤ n and r′k
rk

m−1
k /∈ L2, 1 ≤ k ≤ l. Here,

rk are associated with pk and qj. Then

(i) defT =
∑

j(defT )j and if T has equal deficiency indices then T
has self-adjoint extensions, σsc(H) = ∅ and the absolutely con-
tinuous spectrum of H are contributed by eigenfunctions that lose
their square integrability as Imz → 0+. In particular, if all seg-
ments have equal deficiency indices, then σac(H) = ∪jσac(H)j

with the spectral multiplicities of the clusters regarded as additive.

(ii) If | p0

rk1
|= o(x−k1) and α0 > 0, then the square integrable eigen-

functions of clusters j, j > 1, are z-uniformly square integrable
and contribute at most to discrete spectrum only. But if the low-
est cluster has even length, p0 ≈ w, rk1 = O(xk1) and the coef-
ficients of the lowest cluster are almost constant then absolutely
continuous spectrum can arise from the lowest cluster.

Proof. By performing a standard K.L-transformation if necessary, one
can achieve even αn = α0 = 0 and w(x) = 1. In order to diagonalise
the system so as to transform it into Levinson’s form, one needs the
eigenvalues of T . These can be calculated from the roots of the char-
acteristic polynomial det(C − λ · I) = 0 where C is the 2n by 2n or
2n+1 by 2n+1 matrix in (1.8). Since the coefficients rk satisfy (2.18)-
(2.20), the roots of the Fourier polynomial P(x, λ, z) can be estimated
by techniques of Theorem 2.2.4 and because D(i) holds, these roots
will be distinct. Thus P(x, λ, z) has either 2n or 2n + 1 distinct roots.
The uniform dichotomy condition follows immediately from Lemma
2.3.3 because D((i)-(iv)) hold. It is well-known that the matrix formed
by the eigenvectors of these eigenvalues diagonalises the matrix C.

After the first diagonalisation, assume the system is of the form v′ =
(Λ−T −1T ′)v where Λ = diag(λi(x, z)). Provided the eigenvalues of the
system are suitably ordered, one can adjoin the diagonals of −(T −1T ′)
into Λ and write the system in the form

v′ = (Λ̃ + S + R1)v,

where Λ̃ = Λ + diag(−T −1T ′),

S =
(

0 O(x−1)
O(x−1) 0

)
, and R1 =

(
0 O(x−1−ε)

O(x−1−ε) 0

)
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for some ε > 0. Here, R1 ∈ L1[a,∞) by assumption. The terms O(x−1)
and O(x−1−ε) are complex valued. Because (2.26) is not satisfied for
k, 1 ≤ k ≤ l, one cannot diagonalise (Λ̃+S) as a system. We therefore
require block transformations in order to transform the off-diagonal
elements of (Λ̃ + S) into integrable terms. Now write the block ele-
ments of (Λ̃ + S) as (Λ̃k + Sk), k = 1, . . . , n. Then each kth- block
matrix is a skew symmetric matrix which has a diagonalising matrix.
Let this diagonalising matrix be Pk. Each kth-block matrix is then di-
agonalised using the corresponding Pk matrix. The kth-blocks are then
substituted by the new block matrices P−1

k (Λ̃k + Sk)Pk. Since the co-
efficients are assumed to be twice differentiable, the diagonal elements
of P−1

k (Λ̃k + Sk)Pk can be approximated by λ̃k + O(x−1−ε) where
O(x−1−ε) are the correction terms to the diagonals as a result of block
transformation and λ̃k = λk + (−T −1T ′)kk . The terms O(x−1−ε) are,
however, integrable and thus will not affect the square integrability of
the eigenfunctions. The off-diagonal elements of the new block matri-
ces are determined by P−1

k P ′
k and can be approximated by O(x−1−ε).

The off-diagonal elements are now integrable by assumption but if they
are not then the above procedure can be repeated again. The system
is now in Levinson’s form to which one can apply Levinson Theorem.

The eigenfunctions and their segmental shadow eigenfunctions are of
the form (2.27) and the segmental deficiency indices can be read off
from the segmental shadow eigenfunctions. Thus by the results of
Lemma 2.4.2, defT =

∑
j(defT )j . If T has equal deficiency indices,

then T has self-adjoint extensions. By constructing the appropriate
M -matrix, all spectral information can be obtained and if all the seg-
ments have equal deficiency indices, then by results of Theorem 2.4.4,
σac(H) = ∪jσac(H)j and the spectral multiplicity is the sum of all
cluster spectral multiplicities.

To prove the second claim, assume that | p0

rk1
|= o(x−k1) and α0 > 0.

It suffices to show that w
Mj

, j = 2, . . . , n are integrable. Since the coef-
ficients are of approximate power type, by assumption, it follows that

−αk1
k1

< −1− α0
k1

. Now M−1
1 ≈ x

−α0+
α0
k1
−

αk1
k1 and by analysing the ex-

ponent of x and substituting the previous inequality into the exponent
of x, one can show that M−1

1 = o(x−1). From the results of Corollary
2.2.3, | M−1

n |�| M−1
n−1 |� · · · | M−1

2 |�| M−1
1 |, and it follows that

w
Mj

, j = 2, . . . , n are all integrable. Therefore, by Lemma 2.4.1, all the
form factors of the clusters j, j > 1, are all square integrable. Thus
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the eigenfunctions of the clusters j, j > 1, that are square integrable
are z-uniformly square integrable and contribute at most to discrete
spectrum only.

The lowest cluster behaves like an operator itself such that if the lowest
cluster has even length, p0 ≈ w, rk1 ≈ O(xk1) and the coefficients of
the lowest cluster are almost constant, then the absolutely continuous
spectrum can arise from the lowest cluster. The proof of this follows
from results of [10].

The following example shows that the theory developed above in Sec-
tions 2.1-2.5 works also when the operators T− and T+ are defined by
coefficients with different exponents.

Example 2.6.3. Assume that the operators T− and T+ are generated
by the following differential equations

τ−v(x) = −1
2
i{(q−(x)v′′′(x))′′+(q−(x)v′′(x))′′′}− (p−(x)v′(x))′+ v(x)

and

τ+y(x) = −1
2
i{(q+(x)y′′′(x))′′+(q+(x)y′′(x))′′′}− (p+(x)y′(x))′+ y(x)

respectively. Here, x ∈ [0,∞), v(x) = y(−x), p− = p0(1 + hp)xγ ,
p+ = p0(1 + hp)xα, q− = −q0(1 + hq)xω, q+ = q0(1 + hq)xβ and p0,
q0 are constants. The mode in which the coefficients are defined is to
make them be consistent with the theory developed in Section 2.5, see
also [18, 19]. Now T− and T+ are defined on R− and R+ respectively.
Here, of course, γ 6= α and likewise β 6= ω. In order to have eigenvalues
of different magnitudes, we demand that

5γ > 2ω and 5α > 2β.

One then employs the techniques in Section 2.2 to estimate the roots of
the corresponding Fourier polynomials. A straight forward calculation
gives the following estimates m−

1 ∼ x−
γ
2 , m+

1 ∼ x−
α
2 , m−

2 ∼ x
γ−ω

3

and m+
2 ∼ x

α−β
3 so that m−

1 � m−
2 and m+

1 � m+
2 . Similarly, the

M -factors can be estimated by M−
1 ∼ x

γ
2 , M+

1 ∼ x
α
2 , M−

2 ∼ x
1
3
(4γ−ω)

and M+
2 ∼ x

1
3
(4α−β) so that | M−

1 |�| M−
2 | and | M+

1 |�| M+
2 |.
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In order to preserve the square integrability of the eigenfunctions,
we demand that γ > 0 if and only if α > 0 and also that ω < 4γ
if and only if β < 4α so that w(M−

i )−1 is integrable if and only
if w(M+

i )−1 is integrable. After two diagonalisations and possibly
(I + Q)-transformations, the system is transformed into Levinson’s
form. Thus the deficiency index and spectra results are as follows.

Assume β + 3 < 4α then ω + 3 < 4γ and w(M−
2 )−1 and w(M+

2 )−1 are
all integrable and (defT−)2 = (defT+)2 = (2, 2). Thus (defT−⊕T+)2 =
(4, 4) and USI. Therefore, σac(H̃)2 = ∅. If β > 4α, it implies that
ω > 4γ and w(M−

2 )−1 and w(M+
2 )−1 are all nonintegrable. Then

(defT−)2 = (2, 1) and (defT+)2 = (1, 2) whenever p0

q0
> 0 and

(defT−)2 = (1, 2) and (defT+)2 = (2, 1) for p0

q0
< 0. In either case,

(defT− ⊕ T+)2 = (3, 3).

Finally, if p0 > 0 then (defT−)1 = (defT+)1 = (1, 1), σac(H̃)1 = ∅
and USI. If p0 < 0 and α > 0 implying that γ > 0 then (defT−)1 =
(defT+)1 = (2, 2) and USI. But if p0 < 0 and α < 0 implying that γ < 0
then (defT−)1 = (defT+)1 = (1, 1). Now using the results of Lemma
2.4.2, Theorem 2.4.4 and Theorem 2.5.1, one can obtain def(T−⊕ T+)
and σac(H̃) for the various conditions imposed on the coefficients and
the exponents.

As a remark, note that one can define the operator T on R by taking T−
to be generated by differential equation (−1)n(pny(n))(n) + p0y = zw
on R− and T+ to be generated by (1.1) on R+. One can show that
the eigenvalues of T− satisfy the uniform dichotomy condition. The
methods of [19] can then be used to obtain the spectral results. This
is akin to Example 6.6 of [18].

2.6.2 Extensions

Let the coefficients pk and qj in (1.1) and (1.2) have a decomposition
of the form

(2.30) f = f1 + f2 + f3, f = pk, qj f2 = o(f1),

w(x) = 1 and qn,3 = pn,3 = 0,

where f1 is twice differentiable, f2 is once differentiable and f3 in-
tegrable. In addition, we require decay conditions like f ′1 = o(1),
f ′′1 , f ′2, f3 ∈ L1. These decay conditions are of course adopted to asymp-
totic integration. Note that the matrix C in (1.8) will also assume a
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decomposition similar to that of the coefficients in (2.30). Here, C1+C2

will be called the smooth part of C. Thus after the first diagonalisation,
we demand that

T −1C3T , (λk − λj)−1M
− 1

2
k M

− 1
2

j [p′l,2λ
l
kλ

l
j , q

′
l,2λ

l
kλ

l−1
j , q′l,2λ

l−1
k λl

j ] ∈ L1

so that these terms become Levinson’s terms and thus are irrelevant
for the asymptotics. Because we needed (2.9), (2.11) and (2.26) in
Section 2.1 and Section 2.4 respectively for application of the second
diagonalisation, we will need also similar conditions here, too. Thus,
the above conditions amount to;

(2.31)
f ′1
f

m−1
1 = o(1),

f ′1
f

m
− 1

2
1 ∈ L2,

((
f ′1
f

)2,
f ′′1
f

,
f ′2
f

, f3)m−1
1 ∈ L1, f = pk, qj .

One has

Theorem 2.6.4. Let T be a differential operator generated by (1.1)
or (1.2), defined on [0,∞) and D((i)-(iv)) hold. Assume the coeffi-
cients pk, qj to have a decomposition of the form (2.30) and the pivot
coefficients rkj

associated to pk and qj are nowhere zero in [0,∞).
Moreover, assume (2.18)-(2.20), (2.31) and regularity conditions on
the form factors to be satisfied. If T has equal deficiency indices, then
σsc(H) = ∅ and the absolutely continuous spectrum is contributed by
the eigenfunctions that lose their square integrability as Imz → 0+.

Proof. The proof follows closely that of Theorem 2.4.4 and only a
sketch of the proof will be given with many details omitted. The pro-
cedure of asymptotic integration by now is standard, that is, stan-
dard K.L-transformation if necessary, two diagonalisations, (I + Q)-
transformations, deficiency indices and the M -matrix. After the first
diagonalisation, one obtains a system of the form

v′ = (Λ + V1 + R2 + R3)v,

where R2, R3 are integrable and consist of p′k,2, q
′
j,2 and pk,3, qj,3 re-

spectively. The matrix V1 ∈ L2 consists of the elements p′k,1, q
′
j,1. This

implies that the system must be diagonalised again before application
of Levinson Theorem. Since (2.31) is satisfied, it is possible to diag-
onalise the system for the second time. With these smoothness and
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decay conditions, the matrix Λ + V1 + R2 + R3 can be diagonalised
again using (1.34). The resulting system will be in Levinson’s form
and if not, then (I + Q)-transformations can be used to make the
off-diagonal elements smaller.

The next example shows that the techniques developed in the previous
sections can also be applied to differential operators with conditionally
integrable terms.

Example 2.6.5. Consider a 2nth order differential operator generated
by

(−1)ny(2n)(x) + (−1)k(p(x)y(k)(x))(k) + (q(x)− zw(x)) = 0.

z will be absorbed into q. Assume w(x) = 1, | p |n�| q |n−k and
D((i)-(iv)) hold. Let the coefficients p and q admit a decomposition
of the form p = p1 + f1 sin g1 and q = q1 + f2 sin g2 with p1 and q1

twice differentiable. In this case, the standard K.L-transformation is
not necessary. Let the term fi sin gi, i = 1, 2 be rapidly oscillating with
g′i ↗ ∞. Then we need a (I + Q)-transformation to eliminate these
terms before we perform diagonalisations. In this case, the elements of
Q(x, z) will be of the form −

∫∞
x fi(t, z) sin gi(t, z)dt. Thus one needs

that fi

g′i
, (fi

g′i
)′ ∈ L1. Here, fi can also be unbounded. Then the oscillating

terms do not alter the spectrum and this can be shown by repeated
(I + Q)-transformations. But if fi

g′i
/∈ L1, that is, fi

g′i
does not tend to

zero as x → ∞, then the spectrum might be altered. As an example
for this, consider τy = y(iv) + (py′)′ with p = aex sin ex where a is a
constant. In this case, σac(H) = [−a4

16 ,∞) with a subzero part being
of multiplicity 2, see [8]. By asymptotic integration, one can achieve
the Levinson form of this differential operator. Note that we have
two groups of eigenvalues with different magnitudes because of the
assumptions we have made on the coefficients p and q. The uniform
dichotomy condition follows from Lemma 2.3.3 and the eigenfunctions
are of the form (2.27). Thus if p < 0, q > 0, | p |

1−2n
2(n−k) and | p |−

1
2k

· | q |
1−2k
2k are nonintegrable, and w = o(q) then σac(H, 2) = R. But

if q ≈ w, p > 0, q < 0 and | p |
1−2n

2(n−k) and | p |−
1
2k · | q |

1−2k
2k are

nonintegrable, then [c,∞) ⊂ σac(H, 1) where c = lim sup q(x).
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Chapter 3

DIFFERENCE
OPERATORS

This chapter is concerned with the spectral theory of 2nth order differ-
ence operator L, defined on `2(N) or `2(Z), generated by (1.49). It will
be assumed generally that the coefficients pk and qj are almost con-
stant, real valued and admit a decomposition of the form (1.50). For
the highest order coefficients and the weight function, one will assume
(1.51). Here, the actual proofs will be carried out with f = f0 + f1

only, f = pk, qj , w, k = 0, 1, . . . , n, j = 1, . . . , n, since the extension
of these results to the more general case is rather routine now. This
chapter, therefore, extends the spectral results of differential operators
with almost constant coefficients to difference setting. The results are
thus considered as discrete counterparts to those in [10, 26, 52].

The chapter is divided into three sections namely: the constant coeffi-
cients, even order operators and examples.

3.1 The Constant Coefficient

Before the study of the almost constant coefficient case, some results
on the constant coefficient situation will suffice. This means that it
is natural to begin the analysis with the unperturbed problem, that
is, with operators having constant coefficients. One thus considers an
operator L generated by (1.49) whose coefficients are constants. The
advantage of this is that the domain of the self-adjoint realisation
Hα of such an operator is still easy to describe after taking Fourier
transforms. Here, Hα refers to the self-adjoint realisation of L (with
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constant coefficients), whereas the index α refers to the boundary con-
ditions at t = 0. In the differential equation situation, the cosine- or
sine- transformation which are derived from the Fourier transform and
an extension from [0,∞) to R, can be used to diagonalise the operator,
that is, obtain a multiplication representation of the operator. Here,
one proceeds in the same fashion and extends the operator from `2(N)
to `2(Z). Because of the λ and λ−1 symmetry, this means essentially
doubling the operator. On `2(Z) the operator, however, becomes F(U)
with U the bilateral shift and F as in (1.63). So apart from the bound-
ary conditions which amounts to a finite rank perturbation, the oper-
ator is unitarily equivalent to multiplication with F(eiα), 0 ≤ α ≤ π,
because the spectrum of U is absolutely continuous of multiplicity 1
and because a finite rank perturbation leaves the absolutely continuous
spectrum and its multiplicity invariant. Note that the reduction from
R to [0,∞) corresponds to the restriction to [0, π] here. The λ versus
the λ−1 symmetry of F also shows that F takes on the same values
in the upper semicircle as in the lower. Thus, the range of F(eiα),
0 ≤ α ≤ π, determines the absolutely continuous spectrum. In partic-
ular, µ belongs to the absolutely continuous spectrum of multiplicity
k if F(eiα) = µ has k solutions in [0, π].

While the above method is tailored parallel to the situation with the
differential equations, see [26, Sect. 3], one can also employ the method
of the M -matrix to obtain the result on the spectrum of Hα in the
constant coefficient case. This will also indicate how to proceed in the
nonconstant coefficient case.

In [52], Remling had proposed two methods to determine ImM(z).
The first is based on [52, equation (8)]

(3.1) 〈Fα(., z), Fα(., z′)〉(z − z′) = M∗
α(z)−Mα(z′).

Here, Fα is the n by 2n system of square integrable solutions satis-
fying the boundary conditions α at 0 and the (i, j) matrix element is
formed with the ith and jth vector. The method of proof shows that
it is valid for discrete systems as well. Indeed, the discrete analogue is
Theorem 6.3 in [63]. The second method is stated in [53] and has been
used extensively in [26]. Nonetheless, (3.1) is preferable since it yields
ImM(z) for z = µ ∈ R directly as
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ImM(µ+) = lim
ε→0+

ImM(µ+ + iε)(3.2)

= lim
ε→0+

ε〈Fα(., µ + iε), Fα(., µ + iε)〉.

Now let Fα(., z) = V C where C is a constant matrix and V is a 2n×n

matrix. Decompose V into n × n matrices, that is, V =
(

V1(., z)
V2(., z)

)
.

By considering the difference operator on [a,∞) for a large a, one can
impose α-boundary conditions at a, and in particular, one chooses the
Dirichlet boundary conditions with α1 = In and α2 = 0n. It then fol-
lows that the square summable solution matrix Fα(., z) has the initial

values Fα(a, z) =
(

In

Mα(z)

)
. If one computes

ImM(µ+) = lim
ε→0+

εC∗〈V (., z), V (., z)〉C,

at the initial value t = a, then C is a regular matrix and

Mα(z) = V2(a, z)V −1
1 (a, z).

This second method works only in the even case. So it can be used if
fairly complete knowledge of the eigenfunctions is obtained.

If the boundary condition α does not give rise to a bound state, the
limit on the right hand side of (3.2) exists boundedly and defines a
continuous function of µ. To see this, note that the eigenfunctions are
proportional to (λk), where λ is a root of F (1.63). Now let λ1(ε) and
λ2(ε) be two roots of F = 0 for the spectral value z = µ + iε defining
square summable solutions, that is, | λj(ε) |< 1 for ε > 0, j = 1, 2.
Then one has in first order for z = µ + iε

(3.3) λj(ε) = exp(i(αj + εβj)).

For this, one has to consider F = F(t, z, ζ), as a function of ζ = λ+λ−1

first and determine

ζ(ε) ≈ ζ(0) + (∂ζF)−1iε.

Then use (3.3) to determine the βj . With (3.3), the expression in (3.2)
becomes a geometric series, for which the existence of the limit can be
shown easily. To see this, note that the eigenfunctions are c ·λt where λ
is a root of F(t, λ, z) and c is a finite constant. Now let λi(ε) and λj(ε)
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be two roots of F(t, λ, z) defining square summable solutions, that is,
| λi(ε) |, | λj(ε) |< 1, for ε > 0. Assume that yi(t, ε) and yj(t, ε) are two
square summable solutions determined by λi(ε) and λj(ε) respectively,
then by Cauchy-schwarz and Hölders (Cauchy-Buniakowski) inequali-
ties, (3.2) gives

lim
ε→0+

ε | 〈yi(t), yj(t)〉 |

≤ lim
ε→0+

ε(
2n∑

k=1

| ci,k |2| λt
i(ε) |2)

1
2 (

2n∑
k=1

| cj,k |2| λt
j(ε) |2)

1
2 ,

where ci,k and cj,k are the appropriate eigenvectors. The term on the
right hand side is bounded and converges absolutely as t → ∞ since
| λi(ε) || λj(ε) |< 1. This implies that its limit exists and consequently
ImM(µ+) is nontrivial. This shows that the spectrum of Hα has no
singular continuous part.

Here also, the analysis will follow that one of [26]. There exists an
exceptional set E ⊂ R so that for µ /∈ E , M(µ+) = limε→0+ M(µ + iε)
exists finitely. This set E has only finitely many accumulation points
and is thus irrelevant for the continuous spectrum. By results of [26,
Proposition 3.2 and Lemma 3.3], off the critical set E , it can be shown
that the point spectrum of Hα has no accumulation points on extended
R. On the other hand, a non-real λ cannot be an eigenvalue of Hα,
since Hα is a self-adjoint operator and thus its spectrum is real. So
non-real eigenvalues cannot be accumulation points. Thus the point
spectrum of Hα is finite. Moreover, assume that the first k solutions
of Fα are uniformly square summable, then the corresponding limit
matrix elements of ImMα(µ+) vanish so that ImMα has nontrivial
matrix elements only in the lower (n−k) by (n−k) right hand corner.
Thus, rank Mα(µ+) ≤ n− k.

This result implies that whenever a solution loses its square summa-
bility as Imz ↘ 0, then it contributes only to absolutely continuous
spectrum. In order to see that rank Mα(µ+) = n−k, we state a general
Lemma from abstract algebra.

Lemma 3.1.1. Let H be a Hilbert space and let v1, . . . , vn ∈ H. Then
the matrix A with Aij = 〈vi, vj〉 is nonnegative definite and rankA =
dim linspan{v1, . . . , vn} = H0.

Proof. Let w1, . . . , wk be an orthornormal basis of H0 with vi =∑
bilwl. Then A = BB∗ and the result follows.
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The results are formulated suggestively as:

“Only eigenfunctions, which lose their square summability as Imz → 0
contribute to the absolutely continuous spectrum.”

This implies that the multiplicity of the absolutely continuous spec-
trum is k, if F has 2k roots of absolute value 1. Needless to say that
this result is the analogue of the differential equation situation. There,
one has 2k real roots of the Fourier polynomial [26].

3.2 Even Order Difference Operators

In this section, the spectral analysis of the difference operator L gener-
ated by (1.49) will be pursued. Thus consider the difference operator
L generated by (1.49), defined on `2(N). Assume the coefficients pk

and qj to be real valued and admit a decomposition of the form (1.50)
with smoothness conditions in (1.50) satisfied. For the highest order
coefficient and the weight measure, pn and w, assume that

(3.4) pn, w > 0 and normalise pn,0 = w0 = 1.

The underlying Hilbert space will be `2(N) with the scalar product de-
fined as in Section 1.2.2. For the eigenvalues of the propagator matrix
S(t, z), one considers the characteristic polynomial (1.63). In order to
obtain the eigenfunctions of (1.55) and the spectral results of H by
asymptotic summation, one requires that z-uniform dichotomy condi-
tion be satisfied by the eigenvalues of S(t, z).

One, therefore, needs the following results and in particular, Theo-
rem 3.2.2 which is the discrete analogue of Theorem 2.3.1, in order to
simplify the discussion of the uniform dichotomy condition.

Lemma 3.2.1. A pair of eigenvalues λ, λ−1 with ζ = λ+λ−1 satisfies
| λ |> 1 and | λ−1 |< 1 unless ζ is real with | ζ |< 2.

The analysis is based mainly on the limiting constant coefficient poly-
nomial

97



Chapter 3. DIFFERENCE OPERATORS

F0(λ, z, t) =
pn,0 − iqn0

λn
P0(λ, t, z)

=
n∑

k=0

pk,0(1− λ)k(1− λ−1)k

+
n∑

j=1

qj,0(1− λ)j−1(1− λ−1)j−1(iλ + (iλ)−1).(3.5)

Here, pn,0, pk,0 and qj,0 are the limiting constant values of the coeffi-
cients pn, pk and qj respectively, k = 0, . . . , n − 1, j = 1, . . . , n. Also
in this case, a finite exceptional set E0 of real z values which leads to
double roots will be excluded. Now fix a small set

K = {z | | z − z0 |≤ ε, Imz ≥ 0}

of spectral values z0 ∈ R off E0. In (3.5), if λ is a root of F0(t, λ, z),
then λ−1 is also a root. Now let the roots of F0 = F(λ, z0) be
λ1, λ

−1
1 , . . . , λn, λ−1

n . Since the roots are analytic functions of the co-
efficients, this extends to F(t, λ, z). Thus, for a suitable ε and t ≥
t0, F(t, λ, z) has the λ-roots, λ1(t, z), λ−1

1 (t, z), . . . , λn(t, z), λ−1
n (t, z)

which for t → ∞ converge to the appropriate limits. Assume that
ζ = λ + λ−1, then ζ-values such that | ζ |> 2 will lead to λ-values
with | λ |> 1 and | λ−1 |< 1. All this will extend from F0(λ, z0) to
F(t, λ, z), t ≥ t0, | z− z0 |< ε, z ∈ R, for t0 sufficiently large and ε > 0
sufficiently small by analyticity.

Now one forms eigenvalue classes based on | λ |< 1, because one will
be looking for square summable solutions.

Theorem 3.2.2. Let

(3.6) u(t + 1) = [Λ(t) + R(t)]u(t), t ≥ t0,

Λ(t) = diag(λ1(t), . . . , λ2n(t)),

be asymptotically constant difference equation such that∑t−1
t=t0

‖R(t)‖ | λ−1
i (t) |< ∞. Assume the eigenvalues λi(t) for i =

1, . . . , 2n satisfy

(3.7) λi(t) = λi,0 + λi,1 + λi,2, with λi,0 constant,

λi,1(t) → 0 as t →∞, λi,2 is conditionally summable and λi0 distinct.
Let h(t) > 0 be a nonsummable, monotonic function in N and assume
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the eigenvalues λ(t) can be sorted into classes C1, . . . , Cn so that
if λi(t), λj(t) ∈ Ck, then ( |λi(t)|

|λj(t)| − 1) = o(h(t));

if λi(t) ∈ Ck, λj(t) ∈ Cl, k 6= l, then |λi(t)|
|λj(t)| ≤ 1−h(t) or |λi(t)|

|λj(t)| ≥ 1+h(t).
For each λ(t) write now | λ(t) |= 1 + µ(t) with µ+ = max(0, µ) and
µ− = min(0, µ) and define for each class k

ak(t) = max
λ∈Ck

µ(t)+ and bk(t) = max
λ∈Ck

µ(t)−.

Then associated to each Ck there are | Ck | (| Ck | is the number of
elements in the kth-class) solutions u(t) of (3.6) satisfying

(3.8) K1

t−1∏
t=t0

(1− bk(t)) ≤ ‖u(t)‖ ≤ K2

t−1∏
t=t0

(1 + ak(t)).

The conditionally summable terms can be removed by a simple trans-
formation

∏t−1
t0

Λi2(s). The rest of the proof follow by iteration and is
identical to the proof of Theorem 5.1 in [12].

When λ is a root of the polynomial F(t, λ, z), then λ−1 is also a root.
Thus let

λ1, λ
−1
1 , . . . , λn, λ−1

n

be roots of the polynomial F(t, λ, z) which for t → ∞ converge to
the appropriate limits. One can arrange these roots into two groups,
that is, λ1, λ

−1
1 , . . . , λm, λ−1

m and λ2m+1, . . . , λ2n such that | λl |> 1,
| λ−1

l |< 1, l = 1, . . . ,m and | λj |= 1, j = 2m + 1, . . . , 2n. Theorem
3.2.2 implies that the first 2m λ-roots lead to m square summable
solutions and m solutions which are not square summable. This holds
regardless of the uniform dichotomy condition. The other 2(n−m) λ-
roots with magnitude 1 can be written with their first order correction
terms as

λj(z) = λj(z0) + (∂λF(t, λj , z))−1(z − z0) for small | z − z0 | .

Thus, the dichotomy condition holds if

∂λF(t, λj , z) 6= ∂λF(t, λi, z), i 6= j.

By symmetry of λ and λ−1,

λj(z0) + (∂λF(t, λj , z))−1(z − z0),
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j = 2m+1, . . . , 2n will contribute (n−m) to the deficiency index since
(n−m) solutions off the real axis will be square summable for Imz > 0.
The other complementary (n−m) solutions will be square summable in
the lower half plane. This shows that for limiting coefficients, L is limit
point and defL = (n, n). It thus suffices to check uniform dichotomy
condition only for the λ-roots of F(t, λ, z) with | λ |= 1.

Lemma 3.2.3. Assume the λ-roots of the polynomial F(t, λ, z) to be
distinct. Moreover, assume that ∂λF(t, λi, z) 6= ∂λF(t, λj , z) for
| λi |=| λj |= 1, i 6= j. Then the eigenvalues of F(t, λ, z) satisfy the
uniform dichotomy condition.

Proof. In order to sum (1.55) asymptotically by employing the
Levinson-Benzaid-Lutz Theorem, Theorem 1.2.2, one needs the uni-
form dichotomy condition for the roots of P respectively F . By conti-
nuity, it suffices to prove it only for P0 or F0, because then it can be
extended to t ≥ a. The dichotomy condition for discrete systems re-
quires a t-uniform control of | λi | and | λi(t)

λj(t)
| for different eigenvalues.

For this one will, to begin with, exclude all double roots of F from
the study. Thus let ω1 < . . . < ωl be the set of all real z for which F
has double roots. Moreover, let ω0 = −∞ and ωl+1 = ∞. If one stays
with Rez strictly in (ωi, ωi+1), i = 0, . . . , l, all relevant quantities like
eigenvalues, eigenvectors,.. will be analytic functions of the matrix ele-
ments of S(t, z, λ), in particular z. If possible, one requires | λi |6=| λj |
for i 6= j. This cannot be achieved always because with λi also λi is
an eigenvalue and one has | λi |=| λj | at least as long as z is real. Off
the real axis, however, this will change.

Because of Theorem 3.2.2, it suffices to show the uniform dichotomy
condition only for eigenvalues λ with | λ |= 1. To do this, one employs
the z-transform in the analysis of F0 = F0(λ, z) [35]. It is defined by

(3.9) λ =
(s + 1)
(s− 1)

.

(3.9) leads to s = (λ+1)
(λ−1) . The z-transform maps the interior of the unit

circle onto the left hand plane and the unit circle onto the imaginary
axis. With

(1− λ)(1− λ−1) = −4(s2 − 1)−1 and i(λ− λ−1) = 4is(s2 − 1)−1,

one gets
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(s2 − 1)nF0

(
s + 1
s− 1

, z

)
=

n∑
k=0

(−1)kpk022k(s2 − 1)n−k(3.10)

+
n∑

j=1

(−1)j−122jqj0(s2 − 1)n−jis

− z(s2 − 1)n.

As in the study of differential operators, however, one should switch
to the Fourier variant Q of this polynomial, by replacing s by is. Then

Q(s, z) = (s2 + 1)nF0(
is + 1
is− 1

, z)(3.11)

=
n∑

k=0

pk022k(s2 + 1)n−k

+
n∑

j=1

22jqj0(s2 + 1)n−js− z(s2 + 1)n.

Q is a polynomial with real coefficients. Thus, its roots will be of the
form α1± iβ1, . . . , αr± iβr, γ2r+1, . . . , γ2n with α1, β1, . . . , γ2n real and
they are functions of t and z. It follows that the solutions corresponding
to the eigenvalues αj − iβj will be z-uniformly square summable for
z ∈ K. In order to see this, multiply αj−iβj by −i since s was replaced
by is. The eigenfunctions are given by

vj(t, z) = (%j(t, z) + rj(t, z))
t−1∏
l=t0

sj(l, z)

with rj(t, z) → 0 as t →∞ uniformly for z ∈ K.

In order to evaluate
∏t−1

l=t0
sj(l, z), take logarithms and use Euler sum-

mation formula to get ln
∏t−1

l=t0
| sj(l, z) |2≈ −2

∑t−1
t0

βj(l, z). Thus
one has modulo some constant factor that

‖vj(., z)‖2 ≈
∫ ∞

t0

%j(t, z) exp(−2
∫ t

t0

βj(l, z)dl)dt,

where %j(t, z) is a suitable eigenvector of the eigenvalue αj − iβj . This
norm is bounded and converges to a unique limit as t →∞. It follows
that vj(., z) is square summable. As a consequence of Theorem 3.2.2
even, square summability has to be checked for eigenvalues λ with
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| λ |= 1 only. In this case, the z-uniform dichotomy condition for two
roots λ1 and λ2 with | λ1(z0) |=| λ2(z0) |= 1 amounts to (cf. [26])

(3.12) | λ1(z0 + iδ)
λ2(z0 + iδ)

|≥ 1 + cδ or | λ1(z0 + iδ)
λ2(z0 + iδ)

|≤ 1− cδ

with c > 0 and all 0 ≤ δ ≤ ε > 0.
If (3.12) holds for the pair λ1, λ2 of eigenvalues, this inequality can be
extended by continuity to {λi(t, z)}, i = 1, 2 for t ≥ a and z ∈ K, if
ε, c and a are adjusted if necessary. In order to analyse this condition,
write

λj = exp(iαj) =
(isj + 1)
(isj − 1)

= exp(iβj) · exp(−i(π − βj)),

where βj = arctan sj(z). Thus,

(3.13)
dβ

dz
= (1 + s2)−1 ds

dz
.

Note that ds
dz is real for z ∈ R ∩ K. Thus, one has for z ∈ R ∩ K by

analyticity

λ(z + iδ) = − exp(2iβ(z)) · exp(−2
dβ

dz
δ).

(3.12) will hold for the pair (λ1, λ2) out of γ2r+1, . . . , γ2n if

dβ1

dz
(z0) 6=

dβ2

dz
(z0).

Somewhat, more generally, it suffices that the set

(3.14) U12 = {z | dβ1

dz
(z) =

dβ2

dz
(z)}

is countable, with accumulation points at the ωj only. More generally,
it suffices that U12 is spectrally irrelevant, that is, it cannot carry a
singular continuous measure. Now define the sets U12 for eigenvalue
pairs λ1, λ2 with | λ1(z) |=| λ2(z) |= 1. Assume that U12 has accu-
mulation point z inside (ωi, ωi+1). Then the analyticity of λ1 and λ2

implies

(3.15)
dβ1

dz
(z) =

dβ2

dz
(z), z ∈ (ωi, ωi+1)
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and in fact this relation can be extended to all of C excluding the
singular points where Q has multiple roots. (3.15) implies

arctan s1(z) = arctan s2(z) + C.

Then the addition theorem of the tangent gives

(3.16) s1(z) =
s2(z) + C ′

1− s2(z)C ′ .

It remains to show that (3.16) is possible only for C ′ = 0 or s1(z) =
s2(z). To see this, consider the polynomial

(3.17) Q̃(s, z) = (1− sC ′n)Q
(

s + C ′

1− sC ′ , z

)
.

It is easy to see that Q as well as Q̃ are irreducible, because z appears
linearly and because pn,0 6= 0. The Riemann surfaces generated by Q,
respectively Q̃, have a common segment by (3.16), hence by Bezout’s
Theorem, Theorem 2.3.2, Q and Q̃ must agree, that is, s1(z) = s2(z).
This shows that the set U12 is spectrally irrelevant.
Similarly, this can be shown for all other sets Uij for pairs λi and λj

with | λi(z) |=| λj(z) |= 1.

Theorem 3.2.4. Consider the difference operator L generated by
(1.49) on `2

w(N) with real coefficients satisfying (1.50) and (3.4). Let
P0 be the characteristic limiting polynomial

P0(λ, z) =
n∑

k=0

pk,0(1− λ)k(1− λ−1)k

+
n∑

j=1

qj,0(1− λ)j−1(1− λ−1)j−1(iλ + (iλ)−1)− zw.

Here pk,0, qj,0 are the limiting constant values of the coefficients. Then,
the associated minimal operator L is limit point and for any boundary
condition α at 0, the corresponding self-adjoint extension Hα has no
singular continuous spectrum, σsc(Hα) = ∅. The absolutely continu-
ous spectrum, σac(Hα) of Hα, agrees with that of constant coefficient
limiting operator H0. In particular, µ belongs to absolutely continuous
spectrum of multiplicity k, µ ∈ σac(Hα, k) if the characteristic limiting
polynomial has 2k zeros of absolute value one. So the spectrum is given
by the image of the characteristic polynomial on the torus.
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Proof. By considering the resultant or the discriminant of P0 and
∂λP0, one can show that there are only finitely many spectral val-
ues z for which P0(λ, z) has multiple roots. Let ω1 < ω2 < · · · < ωk

denote all of the real spectral values z leading to multiple roots.
The analysis will be restricted to small complex neighbourhoods of
z0 ∈ (ωi, ωi+1), i = 0, . . . , k, where ω0 = −∞ and ωk+1 = ∞. For a
given z0 ∈ (ωi, ωi+1), one can now choose ε > 0 and a > 0 so that
P(t, λ, z) = 0 has no multiple roots for any z ∈ Kε(z0) and t ≥ a. This
is possible because the roots of P0 depend analytically on the coeffi-
cients. Throughout the proof, it may be necessary to adjust a and ε
repeatedly. This will be done without further comment. The results of
Remling [[52], Sect.6] can be used to extend the results from [a,∞) to
[0,∞). For z0 ∈ (ωi, ωi+1) chosen as above, one can find a constant
coefficient transformation D, which diagonalises the limiting matrix
S0, D−1S0D = diag(λ1,0, . . . , λ2n,0). Thus

v = D

(
x
u

)
satisfies

(3.18) v(t + 1) = (Λ(t) + R(t))v(t) with Λ = diag(λi(t)) and

λi(t) = λi0 + (R1 + R2)ii(t).

Here, R1, R2 arise from the f1, f2 parts of the coefficients. One has, in
particular, Rii(t) = 0 and

(3.19) ∆2R1, (∆R1(t))2, ∆R2, R3 ∈ `1 and

R1(t), R2(t) → 0 as t →∞.

Since the eigenvalues of Λ are distinct and since R1, R2 = o(1), the
matrix Λ + R1 + R2 can be diagonalised again with a diagonalising
transformation of the form (I + B) with Bii = 0 and Bij = (λj −
λi)−1(R1 + R2)ij . Such a diagonalisation can be repeated and leads to
a system in Levinson-Benzaid-Lutz form (3.18) with R ∈ `1. It should
be noted that the λi(t) may be taken as the roots of P(t, λ, z), because
the final two diagonalisations create at most summable perturbations
of the diagonal.

The dichotomy condition now follows from Lemma 3.2.3. In (3.13),
note that ds

dz is real for z ∈ R ∩ K. Thus, one has for z ∈ R ∩ K by
analyticity
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3.2. Even Order Difference Operators

λ(z + iδ) = − exp(2iβ(z)) · exp(−2
dβ

dz
δ).

The contribution of eigenvalues γ2r+1, . . . , γ2n, to the deficiency index
will depend on the sign of dsj

dz where γj(z) = − exp(2iβj(z)). However,
because Q is an even polynomial, the signs are evenly distributed.
Thus, the deficiency index of L is (n, n) and half of the eigenfunctions
of L corresponding to the eigenvalues γ2r+1(z0 + iδ), . . . , γ2n(z0 + iδ)
are square summable as long as δ > 0. But these solutions lose their
square summability as δ → 0.

The proof will now be completed by first determining the eigenfunc-
tions of L for z ∈ K. They are of the form

vi(t, z) = (%i(t, z) + ri(t, z))
t−1∏
l=t0

λi(l, z) with ri(t, z) = o(1).

Here, %i(t, z) is a suitable eigenvector of S(t, z) for the eigenvalue
λi(t, z). Let Fα(t, z + iδ), z ∈ K∩R, δ > 0, denote the n by 2n system
of n square summable solutions of (1.55) satisfying the α boundary
condition at 0. Then by (3.1) and (3.2),

(3.20) lim
δ→0+

ε〈Fα(., z + iδ), Fα(., z + iδ)〉 = ImM(z+)

exists boundedly for z ∈ K∩R. Thus, the continuous spectrum of Hα is
absolutely continuous with multiplicity (n− r). This proof also shows
that the density of the absolutely continuous measure 1

π ImM(z+) is
continuous.

Remark 3.2.5. Let L̃ be a difference operator generated by (1.49)
with pk, k = 0, 1, . . . , n, satisfying (1.50) and qj = 0 for all j = 1, . . . , n.
Then one obtains a limiting Fourier polynomial of the form

F0(λ, z) =
n∑

k=0

ck(2− ζ)k − z, pk(t) → ck, t →∞,

where ζ = λ + λ−1. In this case, the analysis will be based on ζ as a
function of t and z. Thus the dichotomy condition is only proved for
the ζ-roots such that | ζ |≤ 2. The uniform dichotomy condition will
hold whenever ∂ζF(t, ζi, z) 6= ∂ζF(t, ζj , z), for | ζi |≤ 2, | ζj |≤ 2 and
i 6= j. One can then show that L̃ is limit point and for any boundary
condition α at 0, the self-adjoint extension of L̃ has identical spectral
results to those of Hα in Theorem 3.2.4.
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By the decomposition method, this result can readily be extended to
L on `2

w(Z). For this, one considers the minimal operators L+ and L−
corresponding to the two half lines Z+ = N and Z− = {−1,−2, . . .}.
Then L+ ⊕ L− has deficiency index (2n, 2n) and the original self-
adjoint operator L on Z is a finite rank perturbation of H+ ⊕ H−.
Thus, σsc(H) = ∅ and

σac(H, k) = ∪k=k1+k2(σac(H+, k1) ∩ σac(H−, k2)).

3.3 Examples

The following examples illustrate the results of Sections 3.1-3.2. Ex-
ample 3.3.1 and 3.3.2 are two term difference operators, defined on
`2(Z) and `2(N) respectively, showing that one can obtain absolutely
continuous spectrum of multiplicity one. In particular, Example 3.3.1
is a step potential operator.

Example 3.3.1. Let pn = 1,

p0(t) =
{

0; t < 0
a; t ≥ 0

and pk = qj = 0, k = 1, . . . , n − 1, j = 1, . . . , n. Now consider a 2nth
order step potential difference operator L defined by these coefficients.
In this case, σac(H−, 1) = [0, 4n] and σac(H+, 1) = [a, a + 4n]. Thus,
for 0 < a < 4n, σac(H, 1) = [0, a] ∪ [4n, a + 4n], σac(H, 2) = [a, 4n].
While for a ≥ 4n, σac(H, 1) = [0, 4n] ∪ [a, a + 4n].

The following example shows how absolutely continuous spectrum can
easily change in the case of a two term difference operator depending
on the p0 term. The example shows that if p0 → ∞, as t → ∞, that
is, dominant p0, then the spectrum is discrete but if p0 → 0 as t →∞,
then absolutely continuous spectrum is obtained of multiplicity 1.

Example 3.3.2. Consider a 2nth order difference operator generated
by the difference expression

(−1)n∆2ny(t− n) + tαy(t) = zw(t)y(t),

where t ∈ N, w(t) = 1, α is a nonzero real-valued constant and z
the spectral parameter. Thus, the ζ-charateristic polynomial from this
equation is of the form
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F(t, ζ, z) = (2− ζ)n + tα − z.

By adjusting a and ε as mentioned in Section 1.2.2 and choosing z ∈
Kε(z0) appropriately, one can obtain n distinct ζ-roots of the above
polynomial.

Thus, by determining the values of z that satisfy the inequality
| ζ |=| 2−(z−tα)

1
n |≤ 2, one obtains tα ≤ z ≤ 4n+tα. Now assume that

α > 0, then as t →∞, the spectrum is discrete and σac(H) = ∅. On the
other hand, if α < 0, then one obtains absolutely continuous spectrum
of multiplicity 1, that is, (0, 4n] ⊂ σac(H, 1). Thus, a dominant p0(t)
term, p0(t) →∞ as t →∞, leads to discrete spectrum.

The next example shows that in contrast to the continuous square well
of diameter one which has large number of bound states for deep wells,
the discrete analogue has at most one bound state.

Example 3.3.3 (The square well of diameter 1).

pn = 1, p0(t) = −aδ0t, t ∈ Z, a > 0.

This is a rank 1 perturbation of the zero potential operator. So there
can at most be one bounded state, in contrast to the differential equa-
tion situation, where one has a large number of bound states for deep
wells.

The next example illustrates the results of Theorem 3.2.4.

Example 3.3.4 (The case of the vanishing weight function). Assume
the weight function w = w(t) satisfies w(t) = o(1) and assume pn =
1 =| p0 | and

pk(t)− ck, qj(t)− dj ∈ `1 k = 0, . . . , n− 1, j = 1, . . . , n.

Moreover, assume that the limiting Fourier polynomial

F(t, λ, z) = (1− λ)n(1− λ−1)n +
n−1∑
k=0

ck(1− λ)k(1− λ−1)k

+
n∑

j=1

dj(1− λ)j−1(1− λ−1)j−1(iλ + (iλ)−1)− zw,

has 2n distinct roots. Let µ1, . . . , µ2k denote the roots of magnitude 1
and λ1, λ

−1
1 , . . . , λr, λ

−1
r , r = 1, . . . , n− k denote the roots with either
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Chapter 3. DIFFERENCE OPERATORS

| λr |< 1 or | λr |> 1. Also assume that w(t) is not summable and
that | ∂λF(µ, z) |6=| ∂λF(µ̃, z) | for roots µ and µ̃ with | µ |=| µ̃ |= 1.
The z-uniform dichotomy condition follows immediately from Theo-
rem 3.2.2 and Lemma 3.2.3. Then defL = (n, n) and σac(H, k) = R,
because k square summable eigenfunctions lose their square summa-
bility as Imz → 0+. To see this, write the polynomial F(t, λ, z) above
in terms of Q(s, z) (3.11) and note that the sign of dµj

dz , j = 1, . . . , 2k,
are evenly distributed since Q(s, z) is an even polynomial. This leads
to a limit point situation whenever w(t) is not summable. For the spec-
tral result, since w(t) vanishes as t → ∞, the absolutely continuous
spectrum is determined by evaluating the range of z values for which
the eigenvalues µj , the roots of Q(s, z), has | µj |= 1. Thus, the abso-
lutely continuous spectrum covers the whole of R and this can easily
be verified for even operators of lower order. Besides, k eigenfunctions
lose their square summability as Imz → 0+. If w(t) is summable then
defL = (n + k, n + k) and σ(H) is discrete.
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Chapter 4

SPECTRAL THEORY OF
FOURTH ORDER
DIFFERENCE
OPERATORS

The spectral analysis of difference operators generated by difference
equations discussed in Chapter three has been extended here to fourth
order difference operators with unbounded coefficients. In particular,
this chapter has deficiency indices and spectral results of fourth order
difference operators when certain smoothness and decay conditions are
imposed on the coefficients. It can be considered as the extension of
some known spectral results of fourth order differential operators to
difference operator setting. These results illustrate the problems aris-
ing with unbounded coefficients but also extend some results which
are known so far only for Jacobi matrices, see [30]. Concretely, the de-
ficiency indices and spectral results of fourth order difference operator
defined on `2(N) are obtained through asymptotic summation with the
help of Levinson-Benzaid-Lutz theorem, Theorem 1.2.2.

The chapter is divided into three sections: System formulation, Un-
bounded Coefficients and Examples. In most cases, the analysis follows
closely that in Chapter three.
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4.1 System Formulation

Consider a fourth order difference operator L defined on `2(N) and
generated by a difference equation of the form

(4.1) ∆2[∆2y(t− 2)]−∆[p(t)∆y(t− 1)] + (q(t)− zw(t))y(t) = 0.

The corresponding quasi-differences can be obtained by application of
(1.52). By absorbing zw into q, (4.1) can be written into its propagator
form which is equivalent to (1.55).

(4.2)
(

x(t + 1)
u(t + 1)

)
=


1 1 0 1
0 1 0 1
q q 1 q
0 p −1 1 + p

(x(t)
u(t)

)
.

For application of asymptotic summation, one needs the eigenvalues
of the four by four propagator matrix in (4.2). This requires the ex-
pansion of det(S(t, z) − I4 · λ) = P(t, λ, z) where S(t, z) is the first
term on the right hand side of (4.2) while I4 is a four by four identity
matrix. Dividing the characteristic polynomial P(t, λ, z) by λ2, one ob-
tains a Fourier polynomial F(t, λ, z) of order four with the term q(t)
independent of λ, that is

F(t, λ, z) =
P(t, λ, z)

λ2

= (1− λ)2(1− λ−1)2 + p(1− λ)(1− λ−1) + q − zw.(4.3)

The eigenvalues can be determined explicitly, because (4.3) is the ana-
logue of a biquadratic, well known from differential equations. Con-
cretely, one has with ζ = λ + λ−1

(4.4) ζ± =
(
2 +

p

2

)
±
[
p2

4
− (q − z)

] 1
2

if w(t) is assumed to be 1. So the roots are λ±, λ−1
± .

4.2 Unbounded Coefficients

4.2.1 p(t) ↗∞, q(t) bounded

Assume that as t →∞
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(4.5) p(t) ↗∞, q(t) bounded and w(t) = 1,

p(t), q(t) are real valued functions and have second order difference.
In order to apply asymptotic summation to determine the solutions of
(4.2), the following smoothness and decay assumptions are necessary.

(4.6)
∆p

p
1
2

, p
1
2 ∆q ∈ `2,

∆2p

p
1
2

, p
1
2 ∆2q ∈ `1, p(t) = o(t2).

These conditions are more strict than their differential equation coun-
terparts.

In order to diagonalise the propagator matrix S(t, z), approximations
of its eigenvalues are required, which are simply the roots of the Fourier
polynomial (4.3). By absorbing z into q, and using (4.4), one has for
the two ζ = λ + λ−1 values

(4.7) ζ1/2 =

{
2 + q

p + q2

p3 mod(p−5)

2 + p− q
p −

q2

p3 mod(p−5)
.

From the ζ-values (4.7), the S-eigenvalues can be determined from
ζ = λ + λ−1. Because p(t) is unbounded, the roots λ are calculated
modulo p−3. Thus for the small ζ-values, one has

λ1
± = 1±

(
q

p

) 1
2

+
q

2p
± 1

8

(
q

p

) 3
2

(4.8)

± q
3
2

2p
5
2

∓ 1
128

(
q

p

) 5
2

± · · · , mod(p−3)

while from the large ζ-values, one has

(4.9) λ2
± ≈

{
ζ − ζ−1 − ζ−3 + · · · mod(ζ−5)

ζ−1 + ζ−3 + · · · mod(ζ−5)
.

This leads to the following eigenvalues

λ2
+ ≈ 2+ p− p−1(1+ q)+2p−2 +O(p−3), λ2

− ≈ p−1− 2p−2 +O(p−3).

For the eigenvalue λ, the corresponding λ-eigenvector, v(λ), is given
by

v(λ) =
(
λ−1, (λ− 1)λ−2,(4.10)

p(λ− 1)λ−1 − (λ− 1)3λ−2, λ−2(λ− 1)2
)tr

.

111



Chapter 4. FOURTH ORDER DIFFERENCE OPERATORS

Thus, the eigenvalues and eigenvectors admit an expansion in terms
of q

1
2 and p−

1
2 . It is well known that the matrix T (t) formed with

the eigenvectors as columns will diagonalise S. In order to do this,
the eigenvectors (4.10) will be normalised. For the small ζ-values, the
third component is normalised to 1 while the large ζ-eigenvectors have
their fourth component normalised to 1. Assume λ1/2 to be the small
ζ- eigenvalues while λ3 ≈ p + 2 and its inverse λ4, with an accuracy of
O(p−3), one finds with some rather tedious computations

T (t) =


α− 1

2p −α− 1
2p

1
p

1
p

1
p + q

2p2 − b 1
p + q

2p2 + b 1
p −

1
p2 −1− 1

p + 1
p2

1 1 q
p + q

p2 − q
p2

b− q
2p2 −b− q

2p2 1 1

 ,

where α = 1

(pq)
1
2

[
1 + q

8p + q
2p2 − q2

128p2

]
and b = q

1
2

p
3
2

+ q
3
2

8p
5
2
. While

T−1(t) =
1
Ω


−µ1 µ2 + q

2p2 µ3 − γ1 µ2 + µ4

µ1 µ2 − q
2p2 µ3 + γ1 µ2 − µ4

2b
p −γ2

2α
p −γ2 + γ3

2b + 2b
p γ2 γ4 γ3 + 2αq

p2 − 2b
p

 ,

where detT = Ω and

Ω = −2α− 4α

p
+

4α

p2
+

2αq

p2
+

2b

p

≈ − 2

(pq)
1
2

− q
1
2

4p
3
2

− 4

q
1
2 p

3
2

+
5q

1
2

2p
5
2

+
4

q
1
2 p

5
2

+
q

3
2

64p
5
2

with

µ1 = 1 +
2
p
− (2 + q)

p2
, µ2 =

αq

p
+

2αq

p2

µ3 = −α− 2α

p
+

b

p
+

2α

p2
, µ4 =

q

2p2
+

1
p

+
2
p2

γ1 =
1
2p

+
1
p2

, γ2 = 2α− 2b

p

γ3 = −2α

p
+

2α

p2
, γ4 = −2α

p
− αq

p2
+

b

p
.

Now one can transform (4.2) by
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(4.11)
(

x(t)
u(t)

)
= T (t)v(t).

This transformation leads to

v(t + 1) = T−1(t + 1)S(t)T (t)v(t)(4.12)
= T−1(t + 1)(T (t)− T (t + 1))Λ(t)v(t) + Λ(t)v(t)
= (Λ +R)(t)v(t).

Here, Λ(t) = T−1(t)S(t)T (t) = diag(λi(t)) is the diagonal matrix
formed with the eigenvalues of S. Even though T−1 is unbounded,
the perturbing term R is O(p−

1
2 ).

Lemma 4.2.1. Assume (4.5) as t → ∞. Moreover, assume the λ-
roots of (4.3) to be distinct and given by (4.4). Then, the λ-roots of
P(t, λ, z) satisfy the uniform dichotomy condition.

Proof. Because of Theorem 3.2.2, it suffices to prove uniform di-
chotomy condition only for the eigenvalues that are obtained from
the small ζ-value. The large ζ-value resulting into λ3 ≈ 2 + p and
λ4 ≈ p−1−2p−2 leads to two solutions which are non-square summable
and square summable respectively, irrespective of the dichotomy con-
dition. Now assume that λ1

+ = λ1 and λ1
− = λ2, q(t) bounded and

p(t) ↗ ∞ as t → ∞, then the uniform dichotomy condition between
these two roots are proved off the real axis. Let z = z0 + iη with
z ∈ Kε(z0) such that Imz = η. One can then absorb Rez = z0 into
q and write q − z = q − iη. Then there are two cases to consider for
q(t) namely: q(t) ≥ ε > 0 and q(t) ≤ −ε < 0 for ε > 0. The proof
is now done for one case only since the other case can be shown in a
similar fashion. Now expand λ1 and λ2 (4.8) in terms of p, q and η, and
without loss of generality, this can be done with accuracy of O(p−1).
If η > 0, then | λ1 |= 1 − η

(|qp|)
1
2

and | λ2 |= 1 + η

(|qp|)
1
2
. In this case,

one obtains |λ1(t,z)|
|λ2(t,z)| < 1 − δ and if η < 0, then |λ1(t,z)|

|λ2(t,z)| > 1 + δ where

δ ≈ 2|η|
(|qp|)

1
2

+ O(p−1) > 0. This is, however, the uniform dichotomy

condition required for λ1 and λ2 as t →∞.

For differential operators, it was shown in [20] that the large eigenval-
ues contribute (1, 1) to the deficiency index and discrete eigenvalues to
the spectrum only, while the small eigenvalues contribute (1, 1) to the
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deficiency index and [q,∞) to σac(H, 1), while (−∞, q)∩ σess(H) = ∅.
Here,

(4.13) q = lim inf q(t), q = lim sup q(t).

In this case, the situation is not different and one has:

Theorem 4.2.2. Assume p and q have second order difference with
∆2p(t),∆2q(t) → 0 as t →∞. Moreover, assume (4.5) and (4.6), then
the difference operator L generated by (4.1) is limit point, defL =
(2, 2) and [q,∞) ⊂ σac(H, 1) while σess(H) ⊂ [q,∞) and (−∞, q] ∩
σess(H) = ∅.

Proof. The proof follows the by now well established routine: system
formulation, diagonalisations, dichotomy condition and the M -matrix.
One thus writes the difference equation (4.1) into its propagator form
(4.2). The eigenvalues of the matrix S(t, z) are then approximated
from the Fourier polynomial (4.3) via (4.4). The uniform dichotomy
condition will then follow from Lemma 4.2.1.

The matrix T (t) formed from the eigenvectors (4.10), is then used to di-
agonalise S(t, z). With the transformation (4.11), one obtains the sys-
tem (4.12) where R = −T−1(t+1)∆T (t)Λ(t). Even though T−1(t+1)
is unbounded, the perturbing term R(t) is O(p−

1
2 ). In fact, all matrix

elements outside the (1, 2) block and different from (1, 3) and (2, 3)
elements are O(∆p

p ) or O(∆q
p ). Thus, the system (4.12) can be diag-

onalised again with a matrix of the form (I + B(t)), see [14], whose
components can be calculated explicitly using (1.67). The resulting
system is then in the Levinson-Benzaid-Lutz form

w(t + 1) = (Λ(t) + R̃(t))w(t).

For this, the conditions (4.6) are needed. Then the matrix elements
outside the (1, 2)-block can be estimated by ∆p

p
3
2
, ∆q

p
1
2
.

Responsible for the rather strict conditions (4.6) are the small ζ eigen-
values, which are too close together. The corresponding eigenvectors
are likewise rather close, making T−1 unbounded. With higher order
smoothness of p and q, these conditions could be weakened. It should
be noted that this second diagonalisation gives only summable, that is,
neglegible contribution to the diagonal outside the (1, 2) block. Thus
(I + B) is essentially the matrix for diagonalising the (1, 2)-block. one
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may base the analysis on the eigenvalues (4.8) and (4.9). The eigen-
value λ4 ≈ p−1 leads to a z-uniformly square summable solution. The
large ζ-eigenvalues contribute (1, 1) to the deficiency index and to the
discrete spectrum at most, as expected.

In order to analyse the small ζ-eigenvalues, absorb Rez into q and
write q − z as q − iη, η ≥ 0. As is well known from the differential
operators, reasonable spectral results can be obtained only outside
[q, q]. Here, this means that one has to consider the cases q(t) ≥ ε > 0
and q(t) ≤ −ε < 0. The case q(t) ≥ ε > 0 or Rez ∈ (−∞, q) will in
general only lead to uniformly square summable solutions. In order to

see this, note that p(t) = o(t2) implies that
∏k

(
1±

(
q
p

) 1
2

)
can be

estimated against
∏k(1 ± ( c

t )) ≈ k±c for large c. Thus, defL = (1, 1)
and σess(H) ∩ (−∞, q) = ∅.

It remains, therefore, to analyse the case q ≤ −ε < 0. Expanding

λ± = 1 ±
(

q−iη
p

) 1
2 + q−iη

2p + · · · with respect to η shows that λ−

leads for η > 0 to a square summable solution which loses its square
summability as η → 0+. Alternatively, note that in this case | ζ |< 2 for
η = 0. In order to determine the M -matrix, one needs the approximate
forms of the eigenfunctions. By the LBL- theorem, Theorem 1.2.2, they
have the form

uk(t) = T (t)(I + B(t))(ek + rk(t))
t−1∏
s=t0

λk(s)

= (vk(t) + rk(t))
t−1∏
s=t0

λk(s).(4.14)

Here, λk is the kth eigenvalue of S and vk is the normalised kth eigen-
vector. For the small ζ-eigenfunctions, this means for t ≥ t0 suitably
large

(4.15) (v1/2)1(t) = p−1(t)(λ1/2 − 1)−1(1 + r1/2(t))
t−1∏
s=t0

λ1/2(s).

Following the approach in [14, Sect. 2], one has to evaluate the square
summable solutions v1 in dependence on η = Imz > 0. For this, one
needs the expansion of λ1/2 = λ± in terms of p, q and η. One finds
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λ± = 1±
(

q − iη

p

) 1
2

+
(q − iη)

2p
(4.16)

± 1
8

(
q − iη

p

) 3
2

± · · · mod(p−
5
2 )

≈ 1∓ iη

(qp)
1
2

+
q

2p
±
(

q

p

) 1
2

− iη

2p
+ · · ·

Thus λ+ = λ1 leads to square summable solutions with
| λ+ |≈ 1 − η

(|qp|)
1
2
. In order to evaluate

∏t−1
t0

λ+(s), take logarithms

and use the Euler summation formula

ln
t−1∏
t0

| λ+(s) |2≈ −2η

t−1∑
t0

1

| qp(s) |
1
2

≈ −2η

∫ t

t0

| qp(s) |−
1
2 ds

since

| p−1(t)(λ1 − 1)−1(t) |≈ (pq)−
1
2

(
1 +

(
q

p

) 1
2

)−1

(t).

Thus for η > 0, one has modulo a constant factor, which is 1 +
o
(
p−

1
2 (t0)

)
,

‖v1(., η)‖2 ≈
∫ ∞

t0

(pq)−
1
2 (t)(exp(−2η

∫ t

t0

| qp(s) |−
1
2 ds))dt

and thus limη→0+ ‖v1(., η)‖2 exists nontrivially and consequently
ImM(z+) is nontrivial.

Remark 4.2.3. Apart from the approximation devices, logarithms
and Euler summations, the derivation of the nontriviality of ImM(z+)
is rather similar to that for differential equations.

Theorem 4.2.2 extends to the case q(t) → +∞ or q(t) → −∞ as well
provided q does not grow too fast. In this case, one needs

(4.17)
∆p

p
1
2

.q
1
2 , p

1
2
∆q

q
1
2

∈ `2,
∆2p

p
1
2

.q
1
2 , p

1
2
∆2q

q
1
2

∈ `1.

Theorem 4.2.4. Assume p and q have second order difference with
∆2p(t),∆2q(t) → 0 as t → ∞. Moreover, assume (4.17) with q(t) →
∞, then it implies that q = ∞ so that σ(H) is discrete as expected.
For q(t) → −∞ we have correspondingly q = −∞ and σac(H) = R
provided q does not grow too fast.
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4.2.2 p(t) → −∞, q(t) bounded

The analysis of this case proceeds exactly as the case p(t) →∞. There-
fore, only the main results are stated.

Theorem 4.2.5. Assume that p and q have second order difference
with ∆2p(t),∆2q(t) → 0 as t → ∞. Moreover, assume (4.6) with
p(t) < 0 and p(t) → −∞ as t →∞, then the difference operator L gen-
erated by (4.1) is limit point, defL = (2, 2) and (−∞, q] ⊂ σac(H, 1)
while σess(H) ⊂ (−∞, q] and [q,∞) ∩ σess(H) = ∅.

An analogue of Theorem 4.2.4 as | q(t) |→ ∞ slowly can be obtained
easily.

4.2.3 | q(t) |→ ∞
If q is dominant, the spectrum tends to be discrete as the next result
shows.

Theorem 4.2.6. Let an, dn ∈ R and bn, cn ∈ C satisfying an > dn >
0, dn ↗∞

| bn | (an − dn)−
1
2 (an+1 − dn+1)−

1
2

+ | cn | (an − dn)−
1
2 (an+2 − dn+2)−

1
2 ≤ 1

2
(4.18)

| bn | (an − dn)−
1
2 (an+1 − dn+1)−

1
2

+ | cn−1 | (an−1 − dn−1)−
1
2 (an+1 − dn+1)−

1
2 ≤ 1

2
.(4.19)

Then the matrix

A =



a1 b1 c1 · · · · · ·
b1 a2 b2 c2 · · ·

c1 b2 a3 b3
. . .

... c2 b3 a4
. . .

...
...

. . . · · · . . .


defines an operator with a compact resolvent, that is, an operator with
a discrete spectrum.

Proof. We will show A ≥ D = diag(di). Since D > 0 with di ↗ ∞,
D−1 is compact. However, D−1 ≥ A−1 shows that A has compact
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resolvent likewise. Now A−D ≥ 0 is equivalent to Q− 1
2 (A−D)Q− 1

2 =
I +C +C∗ ≥ 0 where Q = diag(ai−di) and where the non-zero matrix
elements of C are given by Ci,i+1 = bi.(ai − di)−

1
2 (ai+1 − di+1)−

1
2 and

Ci,i+2 = ci.(ai − di)−
1
2 (ai+2 − di+2)−

1
2 . Applying the Schur test [[51],

Theorem. 4.1.2] with p = r = 2, φi = 1, µi = 1, i = 1, 2, . . . shows
that | Ci,i+1 | + | Ci,i+2 |≤ M2

1 , | Cj−1,j | + | Cj−2,j |≤ M2
2 and which

implies that ‖C‖ ≤ M1M2, i, j = 1, 2, . . ..

Remark 4.2.7. The theorem will also be valid if the conditions (4.18)
and (4.19) hold only for n ≥ n0 for some n0. The result can easily
be extended to finite band matrices. For three band matrices (4.18)
suffices and gives a condition, which is rather similar to that in [30].

Remark 4.2.8. The conditions of the proof need only hold for i, j ≥
n0. For an unbounded and bn, cn bounded, one may also use a Simon-
Spencer type of argument, see [57].

Remark 4.2.9. As in the case of differential operators, one can
weaken the decay conditions if higher order smoothness is required
for the coefficients.

4.3 Examples

The following example shows the location of absolutely continuous
spectrum when the term p(t) = 0 and q(t) is bounded or unbounded.

Example 4.3.1. Consider a fourth order difference operator L gener-
ated by

∆4y(t− 2) + t−αy(t) = zw(t),

where z is a spectral parameter and defined on `2
w(N). Moreover, as-

sume w(t) = 1 for all t ∈ N. Thus the Fourier polynomial F(t, ζ, z),
where ζ = λ + λ−1 is given by

(2− ζ)2 + t−α − z = 0.

If ζ− = 2 − (z − t−α)
1
2 and | ζ− |≤ 2, then t−α ≤ z ≤ 16 + t−α. Now

assume that α > 0, then t−α → 0 as t →∞. Thus σac(H, 1) ⊂ [0, 16].
On the other hand, if α < 0, then t−α → ∞ as t → ∞ and the
spectrum is discrete.

The next example illutrates the results of Theorems 4.2.2 and 4.2.5.
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Example 4.3.2. Let

∆4y(t− 2)−∆[btα∆y(t− 1)] + ay(t) = zw(t)

be a fourth order difference equation with a, b and α as finite constants,
and assume that L is the fourth order difference operator generated
by this equation on `2

w(N). Moreover, assume that w(t) = 1. Thus the
corresponding Fourier polynomial F(t, ζ, z) is given by

(2− ζ)2 + btα(2− ζ) + a− z = 0.

Assume α < 0, then all the coefficients are uniformly bounded, and
btα tends to zero as t → ∞. As t → ∞, it follows that σac(H, 1) =
[a, a + 16].

Now assume that b > 0 and α > 0, then as t → ∞, btα → ∞ and
the λ-roots of the polynomial can only be approximated using (4.7).
The large ζ-value contributes (1, 1) to the deficiency index and at
most discrete spectrum only while the small ζ-value can be analysed
as follows. Assume Rez < a, then by (4.8), the small ζ-value leads
to deficiency index (1, 1) and only discrete spectrum can be obtained.
On the other hand, if Rez ≥ a, then the small ζ-value leads to two
roots whose solutions are square summable though one of the solutions
loses its square summability as Imz ↘ 0. It is this solution which
loses its square summability that contributes to absolutely continuous
spectrum. One has [a,∞) ⊂ σac(H, 1) while σess(H) ⊂ [a,∞) and
σess(H) ∩ (−∞, a) = ∅.

Similarly, if one assumes that b < 0 and α > 0, then absolutely con-
tinuous spectrum can only be obtained for Rez ≤ a while Rez > a will
only lead to discrete spectrum with no accumulation of eigenvalues.
Thus (−∞, a] ⊂ σac(H, 1) and σess(H) ∩ (a,∞) = ∅.
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