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Abstract

Lattice Density Functional Theory (LDFT) is a powerful tool in the calculation
of the density functionals in condensed matter systems. In this work we used a
LDFT approach based on the Markov chain to set up an exact density functionals
for some lattice models. At first, we considered the lattice hard rod mixtures.
In this case, a set of multi-component random variables were introduced to refer
to each species of rods. This set reflects the property of the zero dimensional
cavity to hold at most one particle. With this connection, our results were reduced
to those previously derived within Lattice Fundamental Measure Theory (LFMT).
Following the Markov chain approach, we then considered hard rods with arbitrary
nearest neighbour interactions extending over two rods lengths. Explicit results
for the thermodynamics of the homogeneous hard rods with contact interactions
were derived from the corresponding free energy functional. The results show
the dramatic effects of thermal interactions over the simple athermal hard core
exclusion. Combining strategies from the previous work, we could set up an exact
density functional for hard rod mixtures with contact interactions. An interesting
aspect of the Markov chain approach is that its density functionals have the same
form as the fundamental measure functionals. This feature makes it possible the
extension of the exact density functional in one dimension to approximate density
functional in higher dimensions using the dimensional crossover. In the presence
of interactions, we identified two types of zero-dimensional cavities as expected.
The first one is 1-particle cavity, which is a cavity that cannot hold more than one
particle (in our language, at most one occupation number can be one in the range
of the cavity). The second type is a 2-particle cavity, which is a cavity that cannot
hold more than two particles (at most, two occupation numbers can be one in the
range of the cavity). In order to account for time dependent phenomena, we have
also considered the lattice Time-Dependent Density Functional Theory (LTDFT),
applying it to hard rods with contact interactions. By taking some appropriate
limits, the corresponding results reproduce those of the standard totally asymmetric
exclusion process (TASEP) with interactions and those of the driven hard rods with
pure hard core exclusion.



Zusammenfassung

Die Gitter-Dichtefunktionaltheorie (LDFT) ist eine wichtige Methode zur Berech-
nung von Dichtefunktionalen in der Festkörperphysik. In dieser Arbeit wird die
LDFT-Methode auf Basis der Markovkette verwendet, um genauere Dichtefunk-
tionale für einige Gittermodelle zu berechnen. Zu Beginn untersuchen wir Mis-
chungen harter Stäbe. Hierfür wurden eine Reihe von Zufallsvariablen eingeführt,
die jeder Stabspezies zugeordnet werden können. Das garantiert die Gültigkeit
der ”nulldimensionalen Cavity” zumindest für das Ein-Teilchen-Modell. Unsere
Ergebnisse konnten mit den zuvor abgeleiteten Resultaten aus der ”Fundamental
Measure Theory” in Einklang gebracht werden. Anschliessend haben wir harte
Stäbe mit beliebigen nächste-Nachbar-Wechselwirkungen betrachtet. Explizite Erg-
ebnisse für die Thermodynamik homogener harter Stäbe mit Kontaktwechselwirkun-
gen wurden aus den entsprechenden Dichtefunktionalen abgeleitet. Die Ergeb-
nisse zeigen die drastischen Auswirkungen der thermischen Wechselwirkungen,
die zusätzlich zu den Hard-Core-Wechselwirkungen eingeführt wurden. Durch
Überlegungen früherer Arbeiten waren wir in der Lage die genauen Dichtefunk-
tionale für Mischungen harter Stäbe mit Kontaktwechselwirkungen herzuleiten.
Es ist davon auzugehen, dass die Dichtefunktionale, die durch die Markovketten-
Methode hergeleitet wurden, die gleiche Form aufweisen, wie die ”Fundamental
Measure Functionals”. Diese Tatsache erlaubt uns, die gewonnenen Dichtefunk-
tionale aus einer Dimension in Dichtefunktionale höherer Dimensionenen unter
Verwendung dimensionaler Crossover zu erweitern. Unter Berücksichtigung von
Wechselwirkungen werden zwei Arten von nulldimensionalen Cavities erwartet.
Zum einen ist es die Ein-Teilchen-Cavity, die höchstens ein Teilchen beinhaltet,
das heisst höchstens einmal besetzt ist. Zum anderen ist es die Zwei-Teilchen-
Cavity, die im Gegensatz zur Ein-Teilchen-Cavity bis zu zwei Teilchen beinhal-
ten kann. Des Weiteren werden dynamische Phänomene unter Anwendung der
zeitabhängigen Gitter-DFT harter Stäbe mit Kontaktwechselwirkungen untersucht.
Unter bestimmten Bedingungen, die für einen Vergleich nötig waren, konnten die
früheren Ergebnisse des Standard-TASEPs und Resultate getriebener harter Stäbe
mit Hard-Core-Wechselwirkungen reproduziert werden.
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Chapter 1

Introduction

The classical density functional theory (DFT) has been proposed as an alternative
way to investigate the equilibrium thermodynamic properties of classical many-
body systems [1–4]. Its basic idea is that the free energy functional of a physi-
cal system is a unique functional of the density. At equilibrium, this free energy
functional is minimum and equals to the grand canonical free energy functional.
The corresponding thermodynamics quantities can be inferred from the free en-
ergy functional via functional differentiation and integration. This consists a great
advance in the treatment of the many body problems in statistical physics over the
traditional way of calculating the partition function, because various exact and ap-
proximate methods have been introduced to calculate the free energy functional.
The theory has been successfully applied to a wide range of physical systems in-
cluding liquid-gas transition [1, 5], wetting phenomena [6], fluids in porous me-
dia [7, 8], surface and interface behaviour [9–11] as well as confinements effects
on bulk phase transition [12, 13]. It has even been extended to nonspherical hard
bodies [14–19] and time dependent phenomena [20–44].

Based on the same theoretical basis of classical DFT, a lattice version of this
theory was constructed to account for the appropriate discrete description for many
systems in condensed matter and statistical mechanics. This includes ordering
phenomena in metallic alloys, submonolayer adsorbate systems [45], glasses and
fluids in porous media [46], roughening [47] and DNA denaturazion [48].

In order to also account for the dynamics of structure formation and phase
transitions in lattice condensed matter systems, the LDFT has been extended to
time dependent phenomena [45, 49–54]. The LTDFT has been constructed based
on the local equilibrium approximation, in which the non-equilibrium distribution
function is expressed by the Boltzmann distribution with a time-dependent exter-
nal potential that needs to be calculated self-consistently. The LTDFT has been
successfully applied to the kinetics of ordering transitions and time evolution of
density profiles in Ising and Potts models [52] as well as in the asymmetric exclu-
sion process of stochastic interacting lattice gas [53,54]. The results were in a good
agreements with kinetic Monte Carlo simulations.
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A great deal of attention has been focused on the exactly solvable models in
one dimension. It is known that the latter played a crucial rule in the development
of classical DFT. The importance of these models has recently grown due to the
discovery of the dimensional crossover [5, 55–62], which means that an exact free
energy functional in one dimension can be used to build an approximate free energy
functionals in higher dimensions. Various schemes have been introduced to set up
an exact free energy functionals, including the Robledo-Varia approach [63], the
Markov chain approach [64, 65] and lattice fundamental measure theory (LFMT)
[60–62, 66–69].

Despite the tremendous progress in using LDFT for systems with hard core
exclusion, very few results have been achieved for systems with thermal interac-
tions [70]. The latter have been proved to be realistic for many physical phenomena
including crystallization of polymers [71], micelles [72], protein solutions [73],
DNA coated colloids [74, 75], as well as ionic fluids [76].

It is along this line, that we are interested in this work in deriving some ex-
act density functionals in one dimension. A paradigm model of our study is the
one dimensional hard rods system with thermal interactions. Both one-component
and multi-components hard rod systems are considered. The interactions are of
arbitrary shape and range and can be repulsive or attractive [77–79].

In Chap. 2 and 3, we present a short introduction to the basic of classical DFT
and its lattice version.

In Chap. 4, we use the Markov chain approach to re-derive the exact density
functional for a hard rod mixtures on a one-dimensional lattice, which forms the
basis of LFMT. The transition probability in the Markov chain depends on a set
of occupation numbers, which reflects the property of a zero-dimensional cavity
to hold at most one particle. For a given mean occupation numbers, an exact ex-
pression of the equilibrium distribution of microstats is obtained, that means an
expression for the unique external potential that generates the density profile in
equilibrium. By considering the rod ends to fall onto the lattice sites, the mixture
is always additive [77].

In Chap. 5, we derive an exact free energy functional for a hard rods with arbi-
trary nearest neighbour interactions on a one-dimensional lattice. The derivation is
based on the Markov property of the system, which allows us to express the exact
joint probability distributions. Application was made to rods interacting via sticky
core (contact) interactions. The free energy functional and the pair densities of the
Ising model were recovered by taking an appropriate limits and the results coincide
with those derived earlier using the LFMT. However, our derivation extends previ-
ous work, as we have also investigated the case of in-homogeneous coupling. An
explicit expression for the entropy, free energy and chemical potential were derived
for homogeneous hard rods with contact interactions [78, 79].

In Chap. 6, we extend our results to hard rod mixtures with contact interac-
tions. In the derivation, we combined strategies from the two previous chapters.
The density functional is shown to have the fundamental measure form. The free
energy functional contains two different contributions. One due to the hard core
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exclusion, is encoded in the 1-particle cavity. The second due to the 2-particle
cavity and it contains the effects of the interactions. For rods of size one, results
previously derived for the Potts model were recovered. Once we have the free en-
ergy functional, equilibrium thermodynamics could be worked out using the DFT
formalism. Some of the thermodynamic functions are presented at the end of the
chapter.

In Chap. 7, we extend the DFT to the pair level. We start by generalizing the
Marmin theory to the pair DFT. The formulation makes use of the invariance of
the Hamiltonian under the two particles partition of the system. Based on the same
previous theoretical bases, we prove that the same theory holds for lattice systems.
The results combined with the generalized Markov property permit us to construct
an exact pair free energy functional for one dimensional hard rods. The latter has
the same form as a fundamental measure functionals and hence can be extended to
higher dimensions using the cavity theory.

In Chap. 8, We investigate the steady state dynamics of hard rods with contact
interactions within the LTDFT. The dynamics of this system attracted much atten-
tion recently because of its numerous applications in condensed matter systems and
biophysics as for example, ribosomes moving along mRNA and large molecules or
vesicles that are transported by motor proteins along microtubules. An important
model in this field is the asymmetric exclusion process (ASEP) which constitutes
one of the few models in non-equilibrium statistical mechanics that can be solved
exactly. This model describes the diffusion of particles along one-dimensional
channels. Our system of interacting driven hard rods is a generalization of the
TASEP. Rods of size l are moving in one direction on a one dimensional lattice
with some rates and they are interacting through a contact interactions. Current-
density relation and phase diagram of system with periodic and open boundary
conditions are calculated. Results for a rods with pure hard core interactions and
those for lattice gas with nearest neighbour interactions are recovered by taking an
appropriate limits.

In Chap. 9 we conclude with a summary and some outlooks for future work.
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Chapter 2

Density functional theory

2.1 Introduction

Classical Density Functional Theory (DFT) has become one of the most important
tools in statistical mechanics [1–4]. Its basic idea is that for a classical system
at some temperature and chemical potential, the free energy functional is a unique
functional of the density for a given inter-atomic interactions and external potential.
It was first introduced as a technique for treating the quantum mechanical many
body problems [80–83] and its development is based on two theories of Hohenberg
and Kohn [84]. The first theory states that the energy of the system is a unique
functional of the density

E = E[ρ(r)] (2.1)

The second theory states that the minimization of the energy functional E[ρ] with
respect to the density ρ yields the ground state energy E0 and the ground state
density ρ0. As a result, the ground state problem is reduced to a variation principle

δE[ρ(r)]
δρ(r)

= 0 (2.2)

Despite being crucial for the development of the DFT, the Hohenberg-Kohn theory
does not give any recipes to calculate the energy functional. This was later provided
by the Kohn-Sham theory [85]. Kohn and Sham set up an exact theory that maps
the Hamiltonian of the interacting many body electrons system to a Hamiltonian
of non-interacting electrons system that can be treated exactly plus some exchange
and correlation terms that need to be incorporated as a perturbation. Initially, they
developed the Local Density Approximation (LDA) to approximate the exchange
and correlation terms. The aim of all subsequent works in DFT is to develop an
exact or approximate methods to calculate the exchange and correlation terms for
a wide range of applications in condensed matter systems.

These theories (Hohenberg-Kohn and Kohn-Sham), which had a great impact
on the electronic structure theory of matter, are only valid for systems where the
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quantum effects are dominated over the thermal fluctuations. Mermin made a cru-
cial improvement of the DFT by extending the Hohenberg-Kohn theory to no zero
temperature systems. He wrote down a variational principle for the grand canon-
ical free energy functional [86]. The new theory leads to the formulation of DFT
for classical many body theory in statistical physics. The Mermin recipe consists
of first proving that the free energy functional of a system at finite temperature is
a unique functional of the density and second that the free energy functional at
equilibrium is minimum and equals to the grand canonical free energy functional.
The minimization principle provides a unique relation between the equilibrium
density and the external potential. Following Mermin [86], let us consider an in-
homogeneous electrons system at finite temperature T and chemical potential µ in
the grand canonical ensemble. The states of the system are described by the matrix
density ρ̂ defined by

ρ̂ = ψ∗(r)ψ(r) (2.3)

with ψ(r) is the wave function associated with the HamiltonianH of the system. ρ̂
fulfills the normalization condition Tr ρ̂ = 1, where the trace denotes a sum over di-
agonal elements. The maximum entropy principle yields the following expression
for the density matrix at equilibrium

ρ̂0 =
e−β(H−µN)

Tre−β(H−µN)
(2.4)

N is the operator number of particles. The equilibrium grand potential is defined
by

Ω[ρ̂0] =Tr ρ̂0(
1
β

ln ρ̂0 +H − µN)

= − kBT ln Z (2.5)

where
Z = Tre−β(H−µN) (2.6)

is the grand canonical partition function. To prove that Ω[ρ̂] is minimum at ρ̂0 let
us calculate the difference

Ω[ρ̂] −Ω[ρ̂0] = Tr
[
ρ̂(

1
β

ln ρ̂ +H − µN) −
1
β

ln Z
]

=
1
β

Tr[ρ̂(ln ρ̂ − ln ρ̂0)]

≥ 0 (2.7)

The inequality fellows from an equivalent relation to the Gibbs-Bogoliubov in-
equality proved by Mermin for finite temperature quantum systems [86].

To prove the second assumption of Mermin, let suppose that there are two
external potentials V(r) and V

′

(r) differing by more than a constant and leading to
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the same equilibrium density ρ(r). We refer respectively by H
′

, ρ̂
′

0 and Ω
′

to the
Hamiltonian, the probability distributions and the grand potential associated with
the external potential V

′

(r). Making use of the minimization principle (2.2) for the
free energy functional, we have

Ω
′

= Tr
[
ρ̂
′

0(
1
β

ln ρ̂
′

0 +H
′

− µN)
]

< Tr
[
ρ̂0(

1
β

ln ρ̂0 +H
′

− µN)
]

= Ω +

∫
dr(V

′

(r) − V(r)) (2.8)

By the same way and interchanging the primed and un-primed quantities we find

Ω < Ω
′

+

∫
dr(V(r) − V

′

(r)) (2.9)

Adding the two Eqs (2.8) and (2.9), we arrive to the contradiction

Ω + Ω
′

< Ω + Ω
′

(2.10)

and hence the density uniquely determines the external potential and vice versa.
The same formalism above holds for classical systems at finite temperature

[87, 88]. The density matrix becomes the joint probability distributions

χ(r1, . . . , rN ,p1, . . . ,pN) =
e−β(H−µN)

Z
(2.11)

and the partition function is given by

Z = Trcl
[
e−β(H−µN)

]
(2.12)

where the trace denotes

Trcl =

∞∑
N

1
N!h3N

∫
dr1 . . . drNdp1 . . . dpN (2.13)

One important aspect of the Gibbs free energy functional is that it can be separated
on two parts

Ω[ρ] = F[ρ] +

∫
drρ(r)(V(r) − µ) (2.14)

F[ρ] is the intrinsic Helmholtz free energy functional. It is independent of the
external potential and contains two contributions

F[ρ] = Fid[ρ] + Fex[ρ] (2.15)

Fid[ρ] is the ideal gas part and it has a universal form

Fid[ρ] =

∫
drρ(r)[ln ρ(r) − 1] (2.16)
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Fex[ρ] is the excess free energy functional and It contains the inter-particles in-
teractions. Once the free energy functional has been calculated, we can get in
principle all the equilibrium thermodynamic properties of the system. In particular
the equilibrium density profiles which can be inferred from the condition that Ω is
minimum at equilibrium

δF[ρ]
δρ(r)

= µ − V(r) (2.17)

Eq (2.17) is the Euler-Lagrange equation of the system. It gives a unique relation
between equilibrium density profiles and the external potential.

The total Helmholtz free energy functional is the legend transform of the Gibbs
free energy functional and it is given by [2]

A = F[ρ] +

∫
drρ(r)V(r) (2.18)

The direct correlation functions (DCF) can be generated from the excess free en-
ergy functional

c(1)(r) = −
δFex[ρ]
δρ(r)

(2.19)

for the one point DCF and

c(2)(r1, r2) = −
δ2Fex[ρ]

δρ(r1)δρ(r2)
(2.20)

for the two pint DCF and

c(n)(r1, . . . , rn) =
δc(n−1)(r1, . . . , rn−1)

δρ(rn)
(2.21)

for the n-point DCF.
The first derivative of Ω with respect to the external potential is the one-body

density

ρ(r) = −
δΩ[ρ(r)]
δu(r)

(2.22)

where u(r) = µ − V(r). The second derivative is the density-density correlation
function

−G(r1, r2) =
1
β

δ2Ω[ρ(r)]
δu(r2)δu(r1)

= −
δρ(r1)
δu(r2)

= ρ(r1)ρ(r2)h(r1, r2) + ρ(r1)δ(r1 − r2) (2.23)

the structure function (or the total correlation function) h(r1, r2) is given by

h(r1, r2) = g(r1, r2) − 1 (2.24)
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where g(r1, r2) is the radial (pair) distribution function.
From (2.15), (2.20) and (2.23) we find

−β
δu(r1)
δρ(r2)

= −G−1(r1, r2) = −
δ(r1 − r2)
ρ(r1)

+ c(2)(r1, r2) (2.25)

Inserting G(r1, r2) and G−1(r1, r2) in the expression∫
dr3G−1(r1, r3)G(r3, r2) = δ(r1 − r2) (2.26)

we get

h(r1, r2) = c(2)(r1, r2) +

∫
dr3h(r1, r3)ρ(r3)c(2)(r3, r2) (2.27)

Eq (2.27) is the Ornstein-Zernike (OZ) equation for an in-homogeneous systems.
It relates the DCF to the total correlation function [89]. Different methods have
been proposed to solve the OZ equation, include the Percus-Yevick [90], the Hyper-
netted chains [91, 92], Born-Green [93] and Mean spherical approximations [94].
All these approximations are based on introducing a closer relation between the
two unknowns of the OZ equation, namely the total correlation function h and the
two-point direct correlation function c(2). The Percus-Yevick approximation sup-
plements the OZ equation with the relation

c(2)(r) = g(r)[1 − e−βv(r)] (2.28)

where v(r) is the inter-particle interactions. To get a more simpler form for the OZ
equation, Percus and Yevick introduced the function y(r) = g(r)e−βv(r). Accord-
ingly, the DCF can be written as

c(2)(r) = f (r)g(r) (2.29)

f (r) is the Mayer function. Inserting Eq (2.29) in (2.27) yields the Percus-Yevick
equation

y(r12) = 1 + ρ

∫
dr3 f (r13)y(r13)h(r23) (2.30)

where ρ = N/L3 is the density of the homogeneous system.
The hypernetted chain approximation supplements the OZ equation with

c(2)(r) = h(r) − ln(g(r)) − βv(r) (2.31)

These procedures have been applied to many systems, such as the hard spheres and
sticky hard spheres. The resulting DCF’s have been used as a building block to
build the free energy functionals using Eq (2.20). Integration of Eq (2.20) between
two densities through a path of integration parameterized as [4]

ρλ(r) = (1 − λ)ρ0(r) + λρ1(r) (2.32)
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yields the expression

1
V
βFex[ρ1] = β fex(ρ̄0) +

∂β fex(ρ̄0)
∂ρ̄0

(ρ̄1 − ρ̄0)

−
1
V

1∫
0

dλ

λ∫
0

dλ′
∫

dr1dr2 c(2)(r1, r2, [(1 − λ′)ρ0 + λ′ρ1])

× (ρ1(r1) − ρ̄0)(ρ1(r2) − ρ̄0) (2.33)

where the reference state is taken to be a uniform liquid with excess free energy
functional fex(ρ) and density ρ0(r) = ρ̄0. To make (2.33) tractable, the direct
correlation function has been expanded as Taylor series and only the leading terms
in the development has been taken into account [4]

c(2)(r1, r2, [ρλ]) = c(2)(r12, ρ̄(λ))

+

∞∑
n=3

1
(n − 2)!

∫
dr3 . . . drN c(n)(r3, . . . , rN , ρ̄(λ))

× (ρλ(r3) − ρ̄(λ)) . . . (ρλ(rN) − ρ̄(λ)) (2.34)

c(n) is the n-point direct correlation function. Eqs. (2.33) and (2.34) which are
exact have been extensively used to derive a free energy functionals for an in-
homogeneous systems such as solids, based on the knowledge of the properties of
the homogeneous ones. The most simplest DFT based on (2.33) and (2.34) is the
Ramakrishnan-Yussouff approximation. It has been developed for the case where
the target system is a uniform fluids with density ρ̄0 = ρ̄1. In this case, the series is
truncated at a second order [95]. The theory has been successfully applied to the
study of freezing.

2.2 Approximate DFT

2.2.1 Effective Liquid Approximation

In order to build a DFT for freezing, Baus and Colot [96] developed a perturbative
theory based on eqs (2.33) and (2.34) with ρ̄0 = ρ̄1. They approximated the direct
correlation function by that of a liquid at density ρ̄(λ) = ρ̄ELA for which the first
peak of the structure factor of the liquid occurs at the smallest reciprocal lattice
vector. Replacing the density in eq (2.33) yields [4]

1
V
βFex[ρ1] = β fex(ρ̄1)−

1
2V

∫
dr1dr2 c(2)(r12, ρ̄ELA)(ρ1(r1)− ρ̄1)(ρ1(r2)− ρ̄1) + ...

(2.35)
A modified version of the ELA has been introduced later by Baus [97] under the
name Self-Consistent effective liquid approximation (SCELA). It consists of taking
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ρ̄0 = 0 and choose ρ̄(λ) = λρ̄S CELA which leads to [4]

1
V
βFex[ρ1] = −

1
V

1∫
0

dλ
∫

dr1dr2(1 − λ)c(2)(r12, λρ̄S CELA)ρ1(r1)ρ1(r2) + ...

(2.36)
ρ̄S CELA is chosen so that the free energy per atom of liquid is equal to those of
solid.

The last version of the ELA named the Generalized ELA has been introduced
by Lutsko and Baus [2, 98, 99] . The idea of the theory is based on a mapping of
the the nonuniform system to a uniform one leading to a self-consistence equa-
tions. The first mapping which is termed the thermodynamics mapping consists of
equating the excess free energy functional of a nonuniform fluid with those of an
effective fluid at density ρ̂1. This can be done as follows [2, 4]: Taking the initial
density to be zero in the exact expression of the excess free energy

βFex[ρ] = βFex[ρi] −
∫

dr(ρ(r) − ρi(r))c(1)([ρi], r) (2.37)

−

∫ 1

0
dλ

∫
dr1(ρ(r1) − ρi(r1))

∫ λ

0
dλ′

∫
dr2(ρ(r2) − ρi(r2))c(2)(ρλ′ , r1, r2)

leads to

βFex[ρ] = −

∫ 1

0
dλ

∫
dr1ρ(r1)

∫ λ

0
dλ′

∫
dr2ρ(r2)c(2)(λ′ρ, r1, r2) (2.38)

and for a uniform system it becomes

βFex[ρ] = −Nρ
∫

dr
∫ 1

0
dλ

∫ λ

0
dλ′c(2)(λ′ρ, r) (2.39)

Equating the two excess free energies gives

ρ̂1[ρ] =
1
N

∫
dr1ρ(r1)

∫
dr2ρ(r2)ω(r1, r2, ρ) (2.40)

and the weighted density is given by

ω(r1, r2, [ρ]) =

∫ 1
0 dλ

∫ λ

0 dλ′c(2)(λ′ρ, r1, r2)∫
dr1

∫ 1
0 dλ

∫ λ

0 dλ′c(2)(λ′ρ̂1, r)
(2.41)

The second mapping which is called the structural mapping consists of equating
the density averaged direct correlation function of the nonuniform fluid with those
of an effective liquid at a density ρ̂2∫

dr1

∫
dr2ρ(r1)ρ(r2)c(2)([ρ], r1, r2) =

∫
dr1

∫
dr2ρ(r1)ρ(r2)c(2)(ρ̂2[ρ], |r1−r2|)
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demanding the two mapping to hold simultaneously at density ρ̂1[ρ] = ρ̂2[ρ] = ρ̂[ρ]
leads to the expression for ρ̂[ρ] with the same form as in Eq (2.40) and the weight
function is given by

ωGELA(|r1 − r2|, [ρ]) = −ρ̂

∫ 1
0 dλ

∫ λ

0 dλ′c(2)([λ′ρ], |r1 − r2|)

βψex(ρ̂)
(2.42)

where ψex(ρ̂) is the GELA excess free energy functional per atom

βψex(ρ̂) = −
1
N

∫ 1

0
dλ

∫
dr1ρ(r1)

∫ λ

0
dλ′

∫
dr2ρ(r2)c(2)(ρ̂[λ′ρ], |r1−r2|) (2.43)

By taking an appropriate limits the previous effective liquid approximations can
be recovered from the GELA. The GELA has been used to describe the freezing
of hard spheres and the results were in good agreement with simulation and even
better than previous density functional approximations but it fails in describing of
freezing into the bcc or fcc lattice for an inverse power low potentials.

2.2.2 Weighted Density Approximation

The weighted density approximation has been proposed by Nordholm et al [100]
as a theory for the in-homogeneous hard spheres fluid. It consists of approximating
the excess free energy functional as

Fex[ρ(r)] =

∫
drρ(r)ψex[ρ̄(r)] (2.44)

ψex(ρ) = Φ(ρ)/ρ is the excess free energy per particle of the homogeneous system
and the weighted density ρ̄ is given by [3]

ρ̄(r1) =

∫
dr2ρ(r1 + r2)w(r2, ρ̄(r1)) (2.45)

where w(r′, ρ̄(r)) is a normalized wight function. The choice of the wight functions
is a key element in the WDA because it determines the non-local dependence of
Fex[ρ(r)]. Different choices have been proposed leading to different versions of the
WDA.

Local density approximation

The choice:
w(r) = δ(r) (2.46)

corresponds to the local density approximation earlier introduced to set up an ap-
proximate free energy functionals. It is the simplest scheme used to build approx-
imate free energy functionals for nonuniform systems from the knowledge of the
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properties of the uniform ones. The LDA approximate the excess free energy func-
tional as

Fex[ρ] =

∫
V

drψex(ρ(r)) (2.47)

It is well known that the LDA gives an acceptable results only if the density
varies very smoothly over the molecular size distances. It fails for sharp interface
like the liquid-vapor interface, because the gradient of the density will generate
a forces applied on volumes with different densities. This effect has not been in-
corporated in the LDA [4]. An improved version of the LDA is when the density
functional depends not only on the density but on also on square gradient of the
density

Fex[ρ] =

∫
V

dr
[
ψex(ρ(r)) + ψ(ρ)(Oρ(r))2

]
(2.48)

the second coefficient can be determined by imposing additional requirement on
the excess free energy functional Fex[ρ]. It is given by [2]

ψ(ρ) =
1

12β

∫
dr r2c(2)(r, ρ(r)) (2.49)

This approximation named the square gradient approximation (SGA) has been in-
troduced earlier than the WDA [101]. It was discussed even by Boltzmann himself
in study of the liquid-vapor interface [102]. The SGA is useful for a wide range
of inter-facial problems and it has been extended to the case of mixtures. Another
close version of the SGA has been introduced by Ebner et al and it consists of the
following functional

F[ρ] =

∫
drψ(ρ(r)) +

1
4β

∫
dr1

∫
dr2c(2)(r12, ρ

m)[ρ(r1) − ρ(r2)]2 (2.50)

where ρm = (ρ(r1) + ρ(r2))/2. The previous functional reduces to the gradient
approximation one for slowly varying density and it is consistent with the linear
response theory. The SGA is failed when the local density achieves a high values
and the WDA has been introduced as a refined DFT [4].

Mean field approximation

The choice:
w(r) =

v(r)
v0

(2.51)

where v(r) is the iner-molecular interactions and v0 =
∫

drv(r) corresponds to the
mean field approximation (MFA). The free energy functional has the form

F[ρ] =
1
2

∫
dr1dr2ρ(r1)ρ(r2)v(r1 − r2) (2.52)

The MFA has been used for soft interactions where the particles can be assumed to
be uncorrelated and it gives an accurate results for systems with ultra-soft interac-
tions, like the case of polymer chains in bad solvents [3].
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WDA of Nordholm et al

The first density dependent wight function has been proposed by Nordholm et
al [100]. The weight functions were tailored to reproduce the direct correlation
function of the homogeneous fluid. The results largely improve the previous DFT
such as the LDA and the SGA for the homogeneous systems, but on the other side
this complicated the derivation or the numerical minimization of Ω because the
weight function becomes now an equation for ρ̄(r) which needs to be solved at
every point r. The following forms have been used for ρ̄(r)

ρ̄(r) =

∫
dr′w0(|r − r′|)ρ(r′) (2.53)

where
w0(r) =

3
4πσ3 θ(σ − r) (2.54)

the excess density functional ψex[ρ̄(r)] is chosen to be

ψex[ρ̄] = − ln(1 −
2
3
πσ3ρ) (2.55)

The theory has been used to study the hard spheres near wall and the results for
density present an oscillatory profile not in good agreement with simulations and
it fails also in the study of phase transitions.

WDA of Tarazona

The choice of Tarazona for the weight functions consists of [103]

w(r) = w0(r) + ρw1(r) + ρ2w2(r) (2.56)

where w0(r) and w1(r) are calculated by comparison with the virial expansion of
c(2)

hs . w2(r) which is purely empirical has been obtained from a fit to the Percus-
Yevick results. w0(r) has been calculated exactly and it has the same form as the
Nordholm et al wight function

w0(r) =
3

4πσ3 θ(σ − r) (2.57)

w1(r) is a solution of the equation

10π
3
σ3w0(r) + 8w1(r) +

5π
3
σ3

∫
dr′w0(r′)w0(|r + r′|)

+ 8
∫

dr′w0(r′)w1(|r + r′|) =

[
8 − 6

r
σ

+
1
2

( r
σ

)3
]
θ(σ − r) (2.58)

which can be obtained by the inverse Fourier transform

w1(k) =
σ3

12πr

∞∫
0

dkk sin(kr)
f̂ (k) − 20ŵ0(k) − 10ŵ0(k)2

8[1 + ŵ0(k)]
(2.59)
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where ŵ0(k) and f̂ (k) are the Fourier transforms of w0(r) and f (r) respectively.
w2(r) has the form

w2(r) =
5πσ3

24

[
1 − 2

r
σ

+
5
6

( r
σ

)5
]
θ(σ − r) (2.60)

The requirement that the weighted density ρ̄(r) reduces to ρ in the case of homo-
geneous fluids implies ∫

drw0(r) = 1 (2.61)

and ∫
drwν(r) = 0 for ν = 1, 2 (2.62)

ρ̄(r) in this case is given by

ρ̄(r) =
2ρ̄0(r)

1 − ρ̄1(r) + [(1 − ρ̄1(r))2 − 4ρ̄0(r)ρ̄2(r)]1/2 (2.63)

This approximation makes use of the Carnahan-Starling equation of state to fix

ψCS (ρ) =
4η − 3η3

(1 − η)2 (2.64)

where the packing fraction is given by η = πσ3ρ/6. The theory has been applied
to study hard spheres near hard wall and the results for density profiles and surface
tension are in good agreement with simulations. It yields also a realistic oscillatory
density profiles for fluids near hard wall and realistic equation of state for two
dimensional fluid. It has been extended straightforwardly to the case of mixtures
[3].

WDA of Curtin and Ashcroft

Curtin and Ashcroft’s theory [104] consists of avoiding the expansion of the weighted
density used by Tarazona. Curtin and Ashcroft fixed the weight function by requir-
ing that the resulting direct correlation function for the in-homogeneous system
leads to those derived from the Percus-Yevick equation for all fluid densities. The
weight function is determined from

kBT c̃(2)(k, ρ̄) = − 2
∂ψex(ρ̄)
∂ρ̄

w̃(k, ρ̄) − ρ̄
∂2ψex(ρ̄)
∂ρ̄2 w̃2(k, ρ̄)

− 2
∂ψex(ρ̄)
∂ρ

w̃(k, ρ̄)
∂w̃(k, ρ̄)
∂ρ̄

(2.65)

where w̃(k, ρ̄) is the Fourier transform of w(r, ρ̄), and ψex(ρ̄) is the free energy
density functional. The direct correlation function and the density functional of
the uniform fluid constitute an input for the theory. This approximation has been
extended to the case of mixtures by Denton and Ashcroft [105].
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2.2.3 Fundamental Measure Theory

Original FMT

The idea behind the previous DFT’s is to construct an approximate free energy
functionals of in-homogeneous systems based on information from the correspond-
ing uniform systems. A new theory for the in-homogeneous systems has been pro-
posed by Rosenfeld with the aim to find the properties of the uniform systems as an
output rather than an input [55]. Inspired by the exact results for one dimensional
hard rods of Percus [106] and the Scaled Particle Theory (SPT) [107,108], Rosen-
feld observed that two fundamental quantities enter in the construction of the exact
free energy functional of hard rods which is given by

Fex[ρ] = −

∫
dxn(x) ln(1 − η(x)) (2.66)

The two fundamental quantities are

n(x) =
1
2

(ρ(x + R) + ρ(x − R)) (2.67)

η(x) =

∫ R

−R
dyρ(x + y) (2.68)

where R is the radius of the rod. These two quantities (called the weighted den-
sities) can be re-written as a convolution between the density and some weight
functions as

n(x) =

∫
dyρ(y)ωn(x − y), (2.69)

and
η(x) =

∫
dyρ(y)ωη(x − y) (2.70)

The weight functions (fundamental measures)

ωn(x) =δ(|x| − R)

ωη(x) =θ(|x| − R) (2.71)

are constructed based on the geometry of the rod. The first one restricts the inte-
gration to the two surfaces of the rod, while the second restricts integration to the
volume of the rod. A further important observation is that the convolution of the
two fundamental measures gives the Mayer function of the system. This suggests a
connection to the SPT. Rosenfeld generalized the exact results of hard rods in one
dimension to 3D hard spheres using the following recipes [61]
”(i) decomposing the Mayer function into a sum of convolution of the one-particle
measures;
(ii) using these measures to define a set of weighted densities;
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(iii) determining the functional form by restoring to SPT.”
In 3D and in addition to the two weight functions ωn(r) and ωη(r), the first step led
to a new vector weight function given by

w(r) =
r
R
δ(|r| − R)

sD
(2.72)

and the corresponding vector weighted density

v(r) =

∫
dr′ρ(r + r′)w(r′) (2.73)

here R is the radius of the hard sphere. sD being the total molecular surface in
D dimensions (s1 = 2, s2 = 2πR, s3 = 4πR2) [3]. The three weighted densi-
ties (result from the convolution of the weight functions and the density) are the
building blocks for the free energy functional of hard spheres in three dimensions
ΦFMT ([ρ], r) = φ(η(r), n(r), v(r)). By requiring the consistency of the resulting
free energy functional with the SPT, Rosenfeld proposed the following form for
the free energy density functional

ΦFMT ([ρ], r) =

3∑
i=1

φ(3D)
i (η(r), n(r), v(r)) (2.74)

where φ(3D)
i (η(r), n(r), v(r)) are given by

φ(3D)
1 (η, n) = −n(r) ln(1 − η(r)), (2.75)

φ(3D)
2 (η, n, v) = 4πR3 n2 − vv

1 − η
, (2.76)

and

φ(3D)
3 (η, n, v) = 8π2R6n

n2/3 − vv
(1 − η)2 . (2.77)

The resulting free energy functional has been proved to be better than those of the
WDA in studying hard spheres against hard wall. However, it fails to describe
the structure of the crystal because the convolution of delta function used for the
density in this case with the weight delta function leads to a strong divergence of
the free energy functional [3]. This failure leads later to a new versions of the FMT
and to the cavity theory developed by Tarazona [58, 59].

Dimensional reduction and cavity theory

The original version of the FMT has been proposed to reproduce the PY correlation
function and equation of state, but it fails in the crossover of the free energy func-
tional to lower dimension, where only the two first terms in the free energy den-
sity functional (2.74) reproduce the exact results of hard rods. The dimensional
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crossover [5, 56–59] has been introduced as a solution for this failure. The di-
mensional crossover means that the approximate free energy functionals for higher
dimensional (3D) systems contain predictions for free energy functionals for lower
dimensional systems (2D and 1D) and vise versa. It played a crucial role in subse-
quent developments and applications of the FMT. The dimensional reduction from
3D to 2D can be recovered by replacing the z-dependence in the 3D distribution by
delta function along this direction (ρ(x, y, z) = ρ(x, y)δ(z)). By the same way the
dimensional reduction to 1D can be recovered by taking ρ(x, y, z) = ρ(x)δ(y)δ(z).
Observing that the third term in the total free energy density functional (2.74) must
vanish in this limit, and to produce the exact free energy functional of the 0D cavity
(a cavity so narrow that it cannot hold more than one particle), Tarazona enlarged
the two fundamental measure by a new tonsorial term which has the following
weighted density components [58, 59]

Tα,β(r) =

∫
dr′ρ(r + r′)

r′αr′β
R2

δ(R − |r′|)
4πR2 (2.78)

α and β refer to the Cartesian coordinates x, y, z. The unique combination of n, η, v
and T such that the resulting total free energy density functional recovers the bulk
PY direct correlation function and the exact free energy functional in the limit of
0D cavity is given by φ(3D)

1 and φ(3D)
2 with the same form as the original FMT and

the third term φ(3D)
3 is given by

φ(3D)
3 = 12π2R6 v.T .v − nvv − Tr[T 3] + nTr[T 2]

(1 − η)2 (2.79)

the resulting free energy has very appealing features [59]¨
(i) It reproduces the exact density functional for hard rods with arbitrary 1D distri-
butions of hard spheres.
(ii) It is free from the divergences for any 0D distribution and it reproduces the free
energy of the cavity which is given by

F[ρ] = η + (1 − η) ln(1 − η) (2.80)

(iii) It reproduces the PY direct correlation function and compressibility equation
of state in the bulk fluid.¨
The original fundamental measure functional can be recovered from the last one by
taking an isotropic form for the tensor, Tα,β(r) ≈ δα,βn(r). This explains the good
results obtained via the original fundamental measure functional for the planar
wall-fluid interface, and its complete failure in describing the hard spheres crystal
where the tensor measure is strongly anisotropic.

2.3 Exact DFT in one dimension

Exactly solvable models in one dimension are important tools in the development
of DFT. This is due to the fact that they hint the internal structure of the theory and
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also that they have been used as a basis to develop approximate methods in higher
dimensions. As it is mentioned in sec. 2.2.3, the FMT has its roots partly in the
exact free energy functional of Percus. In addition, the semi-empirical weighted
density approximation has been motivated by this functional as well [4]. The first
exact derivation of free energy functional in one dimension has been presented
by Percus for hard rods in arbitrary external potential using the inverse problem
approach [106]. The free energy density functional of simple hard rods is known
to have the form

Φex[ρ] = −n(x) ln(1 − η(x)) (2.81)

where the weighted densities n(x) and η(x) are given respectively by Eqs. (2.67)
and (2.68). They have been written as a convolution between the density ρ and
some weight functions ωn and ωη. This free energy functional has been re-derived
by Robledo and Varea [63] using a more simpler approach. They started by writing
down an exact free energy functional for lattice hard rods rods of size m and it is
given by

βF[ρ] =
∑

s

{ρs(ln ρs + βus) + (1 − tm) ln(1 − tm) − (1 − tm−1) ln(1 − tm−1)} (2.82)

where ρs and us are respectively the density and the external potential at site s and
tm is given by

tm =

m∑
l=0

ρs−l (2.83)

To obtain the free energy functional for continuum system, they employed the fol-
lowing transformations

1
N!
→

∏
s

( e
N

)ρs

, for large m (2.84)

and [
1 −

ρs

1 − tm

](1−tm)/ρs

→ e, for large m (2.85)

Inserting in the expression of the lattice free energy functional yields those for
continuum space hard rods and it coincides exactly with the Percus’s functional.

The inverse problem approach of Percus has been generalized to the case of
hard rods mixture by Vanderlick et al [109]. Let us summarize their approach. The
grand canonical partition function can be written as

ZT = 1 + 〈1|ω(I − eω)−1|1〉 (2.86)

where ω is a matrix representation of

ωαβ(x, y) = ωα(x)δαβδ(x − y) (2.87)
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where ωα(x) = eβ(µα−uα(x)), α denote the species of particles, µα is the chemical
potential of particles of type α and uα is the external potential. e is a matrix repre-
sentation of

eαβ(x, y) = θ(x − y − dαβ) (2.88)

in the (α, x) space. dαβ = (dα + dβ)/2, dα is the diameter of rod of type α. In
Eq (2.86), I is the vector Iα(x) = 1 and the notation 〈〉 denotes a sum of the number
of particles and integration over coordinates. The density which is defined by

ρα(x) =
1

ωα(x)
δZT

δωα(x)
(2.89)

can be written as

ρα(x) =
ωα(x)Ẑα(x)Zα(x)

ZT
(2.90)

where the truncated partition functions satisfy

Zα = 1 + eα∧, ∧ =
∑
β

δβωβZβ (2.91)

Ẑα = 1 + ∧̂eα, ∧̂ =
∑
β

Ẑβωβδβ (2.92)

In deriving (2.91) and (2.92), eαβ has been written as a convolution of two func-
tions as eαβ(x, y) = eαδβ where

eα(x, y) = θ(x − y − Rα)

δβ(x, y) = δ(x − y − Rβ) (2.93)

Rα is the radius of rods of type α. Some algebra leads to the following equations

dZ(x)
dx

=
ρ−(x)
Ẑ(x)

ZT

dẐ(x)
dx

=
ρ+(x)
Z(x)

ZT (2.94)

where

ρ−(x) =
∑
β

ρβ(x − Rβ)

ρ+(x) =
∑
β

ρβ(x + Rβ) (2.95)

and

Zα(x) = Z(x − Rα)

Ẑα(x) = Ẑ(x + Rα) (2.96)
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Solving the system of equations (2.96) yields the following expressions for the
truncated partition functions

Z(x) = exp

∫ x

−∞

ρ−(y)

1 +
∫ y
−∞

dz[ρ−(z) − ρ+(z)]
dy


Ẑ(x) = ZT exp

∫ x

−∞

−ρ+(x)

1 +
∫ y
−∞

dz[ρ−(z) − ρ+(z)]
dy

 (2.97)

Inserting (2.97) in the expression (2.89) yields

β(µα − uα(x)) = ln ρα(x) −
∫ x−Rα

−∞

ρ−(y)

1 +
∫ y
−∞

dz[ρ−(z) − ρ+(z)]
dy

+

∫ x+Rα

−∞

ρ+(x)

1 +
∫ y
−∞

dz[ρ−(z) − ρ+(z)]
dy (2.98)

and the free energy functional can be integrated from the following expression

µα − uα(x) =
δF[ρ]
δρα(x)

(2.99)

and it leads to

βF[ρ] =
∑
α

∫
dx[ρα(x) ln ρα(x) − ρα(x)] +

∫ ∑
α

1
2

[
ρα(y + Rα) + ρα(y − Rα)

]
× ln

1 −∑
β

∫ y+Rβ

y−Rβ
ρβ(z)dz

 dy (2.100)

The inverse problem approach has been used also to derive an exact free energy
functional for sticky hard rods system [110]. It leads to an exact partition function

ZT = exp
∫ ∞

−∞

1
2γ


1 + 2γ

n(x + R) + n(x − R)

1 −
∫ x+R

x−R n(y)dy

+ γ2

n(x + R) − n(x − R)

1 −
∫ x+R

x−R n(y)dy


2

1/2

− 1

 dx (2.101)

The free energy functional can be inferred from the previous partition function and
the expression for external potential u(z) as a function of the density. The latter is
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given by

β(µ − u(z)) = ln[K(z + d)K̃(z − d)/n(z)] +
1
2

ln
(
1 −

∫ z

z−d
n(y)dy

) (
1 −

∫ z+d

z
n(y)dy

)

+
1

2γ

∫ z

z−d

1
2γ


1 + 2γ

n(x + d) + n(x)

1 −
∫ x+d

x n(y)dy

+ γ2

 n(x + d) − n(x)

1 −
∫ x+d

x n(y)dy


2

1/2

− 1

 dx (2.102)

where K̃(x) and K(x) are defined by

K̃(x) =
1

2γ



1 − γ n(x + d) − n(x)

1 −
∫ x+d

x n(y)dy


2

+
4n(x + d)γ

1 −
∫ x+d

x n(y)dy


1/2

−

1 − γ n(x + d) − n(x)

1 −
∫ x+d

x n(y)dy


 (2.103)

K(x) = K̃(x − d) −
n(x) − n(x − d)

1 −
∫ x

x−d n(y)dy
(2.104)

n(x) is the density at position x, γ is related to the stickiness of the rod and d is its
diameter.

Brannock and Percus [111] have extended the Vanderlick et al’s strategy to the
case of hard rod mixtures with arbitrary nearest neighbour interactions. In the latter
case, the Boltzmann factor e contains an additive term related to the finite range
interactions. In this new approach, and based on the Wertheim theory [112, 113],
the terms of the grand canonical partition function are reorganized in such a way
that the additive term in the inter-particles potential is absorbed in the activity and
the new Boltzmann factor is given by a modified step function. This transforma-
tion maps the hard rod mixtures with arbitrary nearest neighbour interactions to a
pure hard rod mixtures. This mapping can be reached by collecting the particles
into a blocks of any numbers of particles and rewrite the grand canonical partition
function in terms of blocks of particles rather than a single particles. Within this
method an exact expression for the free energy functional of a mixtures of hard rod
with sticky and square well potential has been derived with closure relations for
the weighted densities. The same approach has been extended by Percus [114] and
Tutschka and Cuesta [115] to hard rods with next nearest neighbour interactions
where applications are made to the sticky core interactions.
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Lattice density functional theory

3.1 Overview of LDFT

Despite the success of continuum classical DFT in applications to a wide varieties
of systems, there are still many systems where the description in terms of discrete
molecular configuration is more appropriate. These include the ordering phenom-
ena in metallic alloys, submonolayer adsorbate systems, glasses [46], and fluids in
porous media [116].

Based on this necessity, the DFT has been formulated for lattice systems [45,
60–65, 67, 68, 117–121]. For a system at temperature T, chemical potential µ, and
external potential ui, the free energy functional is known to have the form [45]

Ω[ρ] = F[ρ] +
∑

i

(ui − µ)ρi (3.1)

where ρi is the density at site i. The first term on the rhs of (3.1), which is known
to be universal (independent of the external potential), can be written as

F[ρ] = Fid[ρ] + Fex[ρ] (3.2)

Fid[ρ] is the ideal gas part and Fex[ρ] is the excess part. The later one includes the
inter-particles interactions. The equilibrium density profiles can be obtained from
the minimization principle which reads

δF[ρ]
δρi

= µ − ui (3.3)

The n-points direct correlation function is the n-th derivative of the excess free
energy functional with respect to the density

c(n)
i1...in

=
δnFex[ρ]
δρi1 . . . δρin

(3.4)

A closer relation between the direct correlation function and the pair correlation
function hi, j is given by the discrete Ornstein-Zernicke equation [52]

hi, j = ci, j +
∑

k

ci,kρkhk, j (3.5)
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where ci, j is related to the two-point direct correlation function by

ci, j = c(2)
i, j −

δi, j

1 − ρi
(3.6)

The radial distribution function is given by

gi, j = hi, j − 1 (3.7)

In analogy to the continuum DFT, the aim of LDFT is to find exact or approximate
methods to calculate the excess free energy functionals. In one dimension, various
exact methods have been constructed to set up a free energy functionals. These
methods include the Robledo-Varea approach, the Markov chain, and the lattice
fundamental measure theory (LFMT).

3.2 Robledo and Varea approach

The first derivation of the exact free energy functional of hard rods on a lattice
has been reported by Robledo and Varea [63]. Their approach is based on the
observation that for a uniform ideal lattice gas of N particles on a one dimensional
lattice of L sites, the probability for any configuration to happen is given by

χ[ρ] =
1

N!
ρN(1 − ρ)L−N =

1
N!

[
ρρ(1 − ρ)1−ρ

]L
(3.8)

which for a nonuniform lattice gas becomes

χ[ρ] =
1

N!

L−1∏
s=0

ρ
ρs
s (1 − ρs)1−ρs (3.9)

For particles with size l and due to the l−th neighbour exclusion, Eq. (3.9) becomes

χ[ρ] =
1

N!

L−1∏
0

ρ
ρs
s

(1 − tl)1−tl

(1 − tl−1)1−tl−1
(3.10)

where

tl =

l∑
l=0

ρs−l (3.11)

The free energy functional inferred from Eq. (3.10) is

βF[ρ] =
∑

s

[
ρs(ln ρs + βus) + (1 − tl) ln(1 − tl) − (1 − tl−1) ln(1 − tl−1)

]
(3.12)

where us is the external potential at site s and β = 1/kBT is the inverse temperature.
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3.3 Markov chain approach

Buschle et al [64, 65] have been derived an exact free energy functional for lattice
hard rods system using the Markov chain approach. To summarize their derivation,
let us consider a system of N hard rods of length l in the presence of an external
potential. The rods are located on a one-dimensional lattice with L sites. The lattice
is defined in such a way that the ends of the rods coincide with lattice sites. A set
of occupation numbers n j, j = 1, . . . , L, are introduced to specify the microstates
of the system. If the left end of a rod is at site j then n j = 1, while n j = 0
otherwise. The mutual exclusion of hard rods implies the constraint nkn j = 0 for
j = k, . . . , k + l − 1. In a grand canonical description the chemical potentials µ
specify the mean numbers of rods. A fixed boundary conditions are considered
here where site 0 and L + 1 are supposed to be occupied by a rod. Here we assume
that β = 1/kBT = 1 where T is the temperature and kB is the Boltzmann constant.
The joint probabilities χ(n1, . . . , nL) of the microstates can be decomposed as

χ(n1, . . . , nL) =

L∏
j=1

ψ(nk|nk−1, . . . , n1) (3.13)

where ψ(.| . . .) denotes the corresponding conditional probabilities. By using the
Boltzmann expression for the joint probabilities of microstates in the grand canon-
ical ensemble, Buschle et al proved that the conditional probabilities satisfy the
following Markov property

ψ(nk|nk−1, . . . , n1) = ψ(nk|nk−1, . . . , nk−l+1) (3.14)

The previous equation results from the hard core exclusion and the rhs denotes the
probability to observe occupation number nk at site k given that {n j|k − l + 1 ≤
j ≤ k − 1} are given. The conditional probabilities ψ(nk|nk−1, . . . , nk−l+1) can be
calculated based only on constraint of mutual exclusion between rods. We have

ψ(nk|nk−1, . . . , nk−l+1) =
φ(nk, . . . , nk−l+1)
φ(nk−1, . . . , nk−l+1)

(3.15)

where φ(.) denotes joint probabilities which can be calculated as following: By
definition, the mean occupation at site i, ρi = 〈ni〉 is given by

ρi =
∑

n
niφ(nk, . . . , nk−l+1)

= φ(0k, . . . , 0i+1, 1i, 0i−1, . . . , 0k−l+1) (3.16)

and we further have from the normalization condition

φ(0k, . . . , 0k−l+1) +

k∑
i=k−l+1

ρi = 1 (3.17)
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From Eqs (3.16) and (3.17) we get

ψ(nk|0k−1, . . . , 0k−l+1) =



ρk

1 −
k−1∑

j=k−l+1
ρ j

for nk = 1

1 −
k∑

j=k−l+1
ρ j

1 −
k−1∑

j=k−l+1
ρ j

for nk = 0

(3.18)

The total conditional probabilities are given by

ψ(nk|nk−1, . . . , nk−l+1) = ρnk
k

[
1 −

k∑
j=k−l+1

ρ j

](1−
k∑

j=k−l+1
n j)

[
1 −

k−1∑
j=k−l+1

ρ j

](1−
k−1∑

j=k−l+1
n j)

(3.19)

Inserting the total conditional probabilities (3.19) in Eq (3.13) we get an exact
expression for the joint probability distributions.

Based on the Gibbs-Bogoliubov inequality the density functional for N hard
rods in an external potential U(n) =

∑
k uknk is defined as

Ω[ρ] =
∑

n
χρ(n)

[
kBT log χρ(n) + U(n) − µN

]
= F[ρ] +

L∑
k=1

(uk − µ)ρk (3.20)

where F[ρ] = kBT
∑

n χρ(n) logχρ is the free energy functional.
Inserting the expression of the joint probability distributions in Eq (3.20), we get
an exact expression for the free energy functional,

Ω[ρ] =

L∑
k=1

ρk ln ρk + (1 −
k∑

j=k−l+1

ρ j) ln(1 −
k∑

j=k−l+1

ρ j)

−(1 −
k−1∑

j=k−l+1

ρ j) ln(1 −
k−1∑

j=k−l+1

ρ j) + β(uk − µ)ρk

 (3.21)

The previous expression coincides exactly with the earlier result of Robledo and
Varea [63].

3.4 Lattice fundamental measure theory

3.4.1 Free energy functional of hard rod mixtures

Despite its successful applications to continuum systems [5,55–59], the FMT stays
for longer time away from application to lattice systems. The challenge is that the
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simple recipe for constructing the free energy functionals for continuum systems
is not directly transferable to the discrete case. The reason for that on one hand
is that there is no equivalent to the SPT for lattice systems and on the other hand
the decomposition of the discrete Mayer function is not unique which precludes a
definition of the weight functions [60, 61].

In 2002, Lafuente and Cuesta have succeeded to extend the fundamental mea-
sure theory to lattice systems by constructing an exact free energy functional for
hard rod mixtures in one dimension [60, 61]. The derivation is based on the ap-
proach suggested by Vanderlick et al [109], explained in Chap. (2). The resulting
free energy functional has the same form as the fundamental measure functionals,
and this makes it possible to extend the free energy functional to higher dimen-
sions. Within this construction, it was possible to set up a lattice version for the
cavity theory and hence makes the dimensional reduction possible as well. This
theory permits to construct free energy functionals for hard cubes and hard squares
form free energy functional of hard hypercubes in d dimensions.

To briefly review the basic idea behind the LFMT, let us consider a hard rod
mixtures on a one dimensional lattice. The inter-particles potential between rod of
type α at site i, and rod of type β at site j is given by

vαβ(i, j) =

{
∞ when |i − j| < σαβ
0 when |i − j| ≥ σαβ

(3.22)

where σαβ = (lα + lβ)/2, lα is the length of rod of type α. The grand canonical
partition function can be written as

ZT = 1 +

∞∑
N=1

Tr

ωα1(s1)

N−1∏
i=1

eαiαi+1(si, si+1)ωαi+1(si+1)

 (3.23)

where the trace denotes a summation over all positions and all species of the rods.
The Mayer function eαβ(i, j) = θ(i − j − σαβ), and ωαβ(i, j) = ωα(i)δαβδi j are
represented here as a matrices in the (α, s) space. The density of rods of species α
can be written as

ρα(i) =
ωα(i)

ZT

δZT

δωα(i)

=
Ẑα(i)ωα(i)Zα(i)

Z
(3.24)

where the left and right truncated partition functions are defined by

Zα(i) = 1 +
∑
(β, j)

(eω)αβ(i, j)Zβ( j)

Ẑα(i) = 1 +
∑
(β, j)

Ẑβ( j)(ωe)βα( j, i) (3.25)

As noted by Lafuente and Cuesta, the system of equations (3.25) can be solved
exactly only if the Boltzmann factor has rank one. Depending on this observation,
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two cases arise for lattice systems. The additive case, where all the rods have an
even or an odd diameters. In this case the Boltzmann factor has rank one and the
system can be solved exactly. The second is the non-additive case where some
of the rods have an even diameters and others have odd diameters. In the latter
case the Boltzmann factor is not of rank one, nevertheless, Lafuente and Cuesta
could calculate the free energy functional in the non-additive case by mapping
the additive mixtures to non-additive mixtures [60]. First consider the additive
mixtures, where the rods diameters can be written as: lα = 2aα + ε with aα ∈ N
and ε = 0, 1.

Let us write the Mayer function as a convolution of two functions eαβ(i, j) =

eα ∗ δβ(i − j), where

eα(i) = θ(i − aα − ε)

δα(s) = δ(s − aα) (3.26)

Because eα(i + aα) = θ(i − ε) (independent of α), we define

Z(i) = Zα(i + aα)

Ẑ(i) = Ẑα(i − aα) (3.27)

ρ±(i) =
∑
α

ρα(i ± aα) (3.28)

Inserting Eqs (3.27) and (3.28) in Zα at i + aα and Ẑα at i − aα we find

Z(i) = 1 + ZT

i−ε∑
r=−∞

ρ−(r)
Ẑ(r)

Ẑ(i) = 1 + ZT

∞∑
r=i+ε

ρ+(r)
Z(r)

(3.29)

Applying the discrete differential operator on the two Eqs (3.29), we get

∆Z(i) = ZT
ρ−(i + 1 − ε)
Ẑ(i + 1 − ε)

∆Ẑ(i) = ZT
ρ+(i + ε)
Z(i + ε)

(3.30)

using the discrete Leibniz rule for the discrete differential operator ∆( f g)(i) = f (i+
1)∆g(i) + g(i + 1)∆ f (i), the two Eqs (3.30) reduce to

∆(ZẐ)(i) = ZT
{
ρ−(i + 1 − ε) − ρ+(i + ε)

}
(3.31)

With the following boundary conditions

Zα(∓∞) = ZT

Ẑα(±∞) = 1 (3.32)
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the solution of (3.32) can be written as

Z(i)Ẑ(i) = ZT

1 −
∑
α

i+aα−1+ε∑
r=i−aα+1−ε

ρα(r)

 (3.33)

Eq (3.33) permits to decouple the system of equations (3.30), and the final results
are

Z(i)
ZT

= (1 − n(0)(i − ε))
∞∏

r=i−ε

1 − n(1)(r)
1 − n(0)(r)

Ẑ(i) =

∞∏
r=i

1 − n(1)(r)
1 − n(0)(r)

(3.34)

where Lafuente and Cuesta introduced the weighted densities n(k)(i) =
∑
α

w(k)
α ∗ρα(i)

and the weight functions w(k)
α are given by

w(k)
α =

{
1 if −aα − k − ε < i < aα
0 else

(3.35)

form Eq (3.32) and (3.34) , the total partition function is given by

ZT =

∞∏
r=−∞

1 − n(1)(r)
1 − n(0)(r)

(3.36)

ZT and ωα(i) determine the free energy functional. It is given by

βF[ρα] = βFid[ρα] +
∑

i

[
Φ0(n(1)(i)) − Φ0(n(0)(i))

]
(3.37)

Fid is the ideal gas part and the second term represents the excess part which is due
to the inter-particles interactions. Φ0 has the form

Φ0(n(k)(i)) = n(k)(i) + (1 − n(k)(i)) ln(1 − n(k)(i)) (3.38)

Comparing with its continuum counterpart, Φ0(η) represents the excess free energy
functional for a zero-dimensional cavity and η represents the mean occupancy of
the cavity.

The free energy functional of the non additive hard rod mixtures can be derived
from the additive one by mapping the former to the latter using l̂α = 2lα, and the
positions of the rods are restricted to lie on the even sites of the lattice (by imposing
ρα(i) = 0 if i = 2r + 1 with r ∈ Z). This yields the following expression for excess
free energy functional

Fex[ρα] =
∑
i∈Z

[
Φ0(n(1)

1 (i) + Φ0(n(1)
0 (i)) − Φ0(n(0)

0 (i)) − Φ0(n(1)
0 (i))

]
(3.39)
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The zero-dimensional excess free energy functional has the same form as for the
additive case. The weighted densities are defined by

n(k)
j (i) =

∑
α

w(k)
j,α ∗ ρα(i) (3.40)

where l, k = 0, 1, and the weight functions are given by

w(k)
j,α(i) =

 w( j+k(1− j))
α (i) if lα is even

w(1− j+k j)
α (i) if lα is odd

(3.41)

The form in which the free energy functional has been written makes it possible to
extend to approximate functional in d dimensions. The quality of this functional
has been tested by making a dimensional reduction of the d-dimensional density
functional to density functionals of hard cubes, hard squares, and hard hexagons
[67, 68].

3.4.2 Dimensional crossover and Cavity theory

As for the continuum FMT, an alternative way to construct the functional in any
dimension is the zero-dimensional cavity theory. This important feature states that
once we have the exact free energy functional in one dimension, approximate free
energy functionals can be constructed in higher dimensions using the dimensional
crossover. The inverse transformation called the dimensional reduction is possible
as well. This means exact free energy functionals in zero and one dimension can
be constructed from the knowledge of the approximate functionals in higher di-
mensions (if they have the fundamental measure forms). A general diagrammatic
procedure for the dimensional crossover on a lattice has been worked out by La-
fuente and Cuetsa [62]. Their procedure consists of (i) Identifying the set of all
0D maximum cavities, which are 0D cavities enlarged by one site stop being a 0D
cavities. (ii) Write an ansatz for the excess free energy functional as a sum over
all excess free energies of the maximum cavities. (iii) Imposing a dimensional
reduction to these free energy functional (which is equivalent to inserting the cor-
responding 0D density profile of any of the maximum cavities in the free energy
functional) must yield the exact excess free energy of the 0D cavity. If not, the free
energy functional in (i) are not the true one and spurious terms must be appeared
in the dimensional reduction. (iv) Eliminating the spurious terms by adding to the
free energy functional a new terms correspond to the non maximum cavities. To
make ideas clear, let us consider the case of non-additive hard rod mixtures of size
l1 = 2 and l2 = 3 [70].

Non-additive hard rod mixtures

Let us consider a mixture of hard rods of size 2 and 3. In this case, because both
even and odd diameters are present, two kind of maximum cavities are present and
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this can be explained in the following. The weight functions for rods of size l1 = 2
are given by

w(1)
1 (s) =

{
1 for −2 < s < 1
0 else

w(0)
1 (s) =

{
1 for −2 < s < 1
0 else

w(1)
0 (s) =

{
1 for −2 < s < 1
0 else

w(0)
0 (s) =

{
1 for −1 < s < 1
0 else

(3.42)

and for rods of size l2 = 3,

w(1)
1 (s) =

{
1 for −3 < s < 1
0 else

w(0)
1 (s) =

{
1 for −2 < s < 2
0 else

w(1)
0 (s) =

{
1 for −2 < s < 1
0 else

w(0)
0 (s) =

{
1 for −2 < s < 2
0 else

(3.43)

The maximum cavity for rods of size 2 is the set of the connected points −2 < s < 1
and for rods of size 3 is the set of the connected points −3 < s < 1. The two
maximum cavities are shown graphically in Fig (3.1).
Merging the two diagrams, we find the set of all possible maximum cavities for

Figure 3.1: Maximum cavities for rods of size l1 = 2 (left), and l2 = 3 (right).

the mixtures which are shown in Fig (3.2).

Figure 3.2: Set of all possible maximum cavities for a mixture of hard rods of size
2 and 3.

Lafuente and Cuesta chose the following notation for the set of maximum cav-
ities

Cmax = { , |s ∈ Z} (3.44)

The weighted densities corresponding to a maximum cavity can be calculated by
placing the maximum cavity at all possible points of the 0D density profiles and
choose only densities which result from the overlapping between the points of the
maximum cavity and those of 0D density profiles, then add them up and this is
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exactly the effect of convolution. A first ansatz for the free energy functional is the
following

Fex1[ρα] =
∑
s∈Z

[
Φ0( ) + Φ0( )

]
(3.45)

If we choose (η = ) as a 0D density profiles (the second choice leads exactly
to the same result), the exact dimensional reduction of the free energy functional
with respect to this 0D density must lead to excess free energy functional of this
cavity Φ0( ). Taking the dimensional reduction of the expression (3.45), we
find

Fex1[ρ ] =
∑
s∈Z

[
Φ0( ) + Φ0( ) + Φ0( ) + Φ0( )

+Φ0( ) + Φ0( ) + Φ0( ) + Φ0( ) + 2Φ0( )
]

(3.46)

which doesn’t coincide with the exact 0D excess free energy functional. It contains
some spurious terms which can be eliminated by adding (or extracting) new terms
correspond to a non-maximum cavities, and . This leads to the following
expression for the final free energy

Fex[ρ] =
∑
s∈Z

[
Φ0( ) + Φ0( ) − Φ0( ) − Φ0( )

]
(3.47)

Given that

n(1)
1 (s) = = ρ1(s) + ρ1(s + 1) + ρ2(s) + ρ2(s + 1) + ρ2(s + 2)

n(1)
0 (s) = = ρ1(s) + ρ1(s + 2) + ρ2(s) + ρ2(s + 1) + ρ2(s + 2)

n(0)
0 (s) = = rho1(s + 2) + ρ2(s) + ρ2(s + 1) + ρ2(s + 2)

n(1)
0 (s) = = ρ1(s) + ρ1(s + 1) + ρ2(s) + ρ2(s + 1) (3.48)

The expression (3.47) for the free energy functional coincides exactly with those
derived previously within the inverse problem approach of Percus.

Hard squares with nearest neighbour interactions on a lattice

As a second example for the dimensional reduction, let us consider another cases,
(i) hard squares of length a = 1 with contact interactions, (ii) hard squares of length
a = 2 and contact interactions. The first case (i) is equivalent to standard lattice
gas or Ising model with nearest neighbour interactions. The set of all maximum
cavities is

Cmax =

{
, ,

}
(3.49)

where the first diagram represents the 1-particle 0D cavity. The second and the
third diagrams represent the 2-particles 0D cavities. The latter contains the hori-
zontal and vertical interactions. The corresponding 0D density profiles of the 0D
cavities have these forms

ρC =

{
t, t ,

t
}

(3.50)
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It is not difficult to prove that in 2 dimensions, the only combination which reduces
to the 0D excess free energy functional under the dimensional reduction with re-
spect to any 0D density profiles is

Fex[ρ] =
∑

s

[
Φ0( ) + Φ0( ) − 3Φ0( )

]
(3.51)

In arbitrary dimension, the free energy functional of hard squares of length a = 1
have the form (see also [70])

Fex[ρ] =
∑

all nn{s,t}
F{s,t}[ρ] −

∑
s

(q(s) − 1)F{s}[ρ] (3.52)

where the first term is the contribution the 2-particle maximum cavity and the sec-
ond term is the contribution the 1-particles maximum cavity [70]. q(s) is the coor-
dination number at site s.

In the second case (ii), the set of maximum 0D cavities is

ρC =

 , ,

 (3.53)

Where s in this case refers to a two dimensional vector. The first diagram repre-
sents the 1-particle 0D cavity and the last two diagrams represent the 2-particle
0D cavities. The latter includes the contact interactions of the hard square with
its horizontal and vertical nearest neighbour hard squares. Making use of the di-
mensional reduction with respect to any density profiles which are outside the 0D
cavity yields the following 2D free energy functional

Fexc[ρ] =
∑

s

[
Φ0( ) + Φ0( ) − 3Φ0( ) + Φ0( )

]
(3.54)

The last term represents the contribution of non-maximum cavity. The dimensional
reductions of the different terms Fi

exc, i = 1, 2, 3, 4 in (3.54) with respect to the 0D
density profiles of the 1-particle maximum cavity are

F1
exc[ρ ] =2Φ0( ) + Φ0( ) + Φ0( ) + 2Φ0( ) + 2Φ0( )

+ Φ0( ) + Φ0( ) + Φ0( ) + Φ0( ) (3.55)

F2
exc[ρ ] =2Φ0( ) + 2Φ0( ) + 2Φ0( ) + Φ0( ) + Φ0( )

+ Φ0( ) + Φ0( ) + Φ0( ) + Φ0( ) (3.56)

F3
exc[ρ ] =Φ0( ) + Φ0( ) + Φ0( ) + Φ0( ) + Φ0( )

+ Φ0( ) + Φ0( ) + Φ0( ) + Φ0( ) (3.57)

F4
exc[ρ ] = Φ0( ) + Φ0( ) + Φ0( ) + Φ0( ) (3.58)

Inserting Eqs. (3.55)-(3.58), in (3.54), the functional reduces neatly to the 0D
excess free energy functional.
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3.5 Lattice Time Dependent Density Functional Theory

The LTDFT has been developed to account for the dynamics of structure formation
and phase transitions in condensed matter systems [45, 49–54, 117, 118, 122]. It is
based on the local equilibrium approximation in which the non-equilibrium distri-
bution function is expressed by the Boltzmann distribution with a time dependent
external potential. The kinetic equations resulting from this ansatz are nonlinear
and yield a significant improvement over ordinary mean field approaches. The
theory has been successfully used to kinetics of ordering transitions and time evo-
lution of density profiles in Ising and Potts models [51] as well as the asymmetric
exclusion process of interacting stochastic lattice gas [53, 54] and the results were
in good agreements with kinetic Monte Carlo simulations. We briefly review the
basic idea behind the LTDFT.

Consider a lattice system defined by the Hamiltonian

H =
∑
i< j

vi, jnin j +
∑

i

uini (3.59)

where ni, vi, j and ui are the occupation number, the inter-particle interactions and
the external potential respectively. The dynamics of this system are defined by
the master equation, which describes the time evolution of the probability of any
configuration of the system. It reads

dPi(t)
dt

=
∑
j,i

[
wi, jP j(t) − w j,iP j

]
(3.60)

Pi(t) = P(Ci, t) refers to the probability to find the system in a configuration Ci at
time t, and wi, j is the transition rate from C j to Ci. These rates satisfy the so called
detailed balance condition,

wi, je−βH j = w j,ie−βHi (3.61)

H j is the energy of configuration C j and β = 1/kBT is the inverse of temperature.
The continuity equation inferred from the master equation reads

dρi(t)
dt

=
∑

j

〈Ji, j〉 (3.62)

where ρi(t) here represents the density at site i and at time t, Ji, j is the current in
the bond i − j. 〈. . .〉 denotes to the mean with respect to the distribution Pi(t) and
the sum include all nearest neighbour sites. The probability distributions can be
approximated as

Pi(t) =
1

Z(t)
exp

−β(H −∑
i

hi(t)ni − µN
) (3.63)
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it describes the equilibrium probability distributions in the presence of a time de-
pendent external potential which needs to be determined self-consistently as fol-
lows: The equilibrium grand canonical free energy functional is given by

Ω[ρ] = F[ρ] +
∑

i

(ui − µ)ρi (3.64)

Minimizing the grand canonical free energy functional, we find

µ =
δF[ρ]
δρi

+ ui + hi(t) (3.65)

Using the fact that the free energy functional F[ρ] is a sum of two contributions,
the ideal gas term and the excess term, we get

ρi(t) =
1

1 + eβ(ui−µ+hi(t))−c(1)
i [ρ(t)]

(3.66)

where the 1-point direct correlation function is given by

c(1)
i [ρ(t)] =

δFex[ρ]
δρi

(3.67)

To evaluate the expression (3.66), we need to know c(1)
i [ρ(t)] in term of the density.

For cases where the excess free energy functionals are not explicitly known, this
can done by expanding c(1)

i [ρ(t)] as a Taylor series, and truncating the series to its
leading terms

c(1)
i [ρ(t)] = c(1)

i (ρ̄) +
∑

j

ci− j(ρ j − ρ̄) (3.68)

where ρ̄ is the density of the uniform system considered as a reference system and
ci− j is the two-point direct correlation function of the reference system. Solving
eq (3.66) yields a relation for hi(t) as a functional of the density. Inserting it in
(3.60) yields an expression for the non-equilibrium joint probability distributions.

The current from site i to site i + 1 is given by

Ji,i+1 = 〈ni(1 − ni+1)wi,i+1〉 (3.69)

wi,i+1 is the transition rate from site i to site i + 1. The expression for the cur-
rent involves n-point correlators which can be decomposed in terms of two-point
correlator. In the case that the latter is known, we can use the local equilibrium ap-
proximation which states that equilibrium two-point correlator is still valid locally
in time for non-equilibrium system. This allows to find an approximate expression
for the current as a functional of the density. Inserting the latter in the continuity
equation and solving it leads the density profiles of the system. The LTDFT has
been used to study kinetics of lattice gas and Ising model and also the kinetics of
lattice gas in contact with a wall and it has been extended to systems with internal
degree of freedom [52]. Recently it has been applied to the totally asymmetric
exclusion process of interacting particles [53, 54]. The results were in good agree-
ments with kinetic Monte Carlo, and this has shown the power of the method for
studying the kinetics phase transformations.
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Chapter 4

Exact density functional of hard
rod mixtures

4.1 Introduction

The extension of density functional theory from continuum to lattice fluids [117]
has proven to be useful for treating problems like ordering transitions [117, 118],
properties of interfaces separating different phases [119,120,122], phase separation
in mixtures [121], or polymer adsorption at solid-liquid interfaces [123]. Time-
dependent density functional theory [49] furthermore allows one to describe the
kinetics of lattice fluids [45], as emerging in phase ordering phenomena [50], re-
laxation processes [52], and particle transport in driven lattice gases [53, 54, 124].

In 2002 Lafuente and Cuesta extended Rosenfeld’s fundamental measure the-
ory to lattice models based on a derivation of an exact density functional for hard
rod mixtures in one dimension [60, 61]. This derivation was carried out following
a procedure developed by Vanderlick et al. [109] for continuum fluids. Since the
excess free energy part of the functional could be expressed in terms of differences
between parts that agree in their functional form with the excess free energy func-
tional of a zero-dimensional cavity, approximate functionals in higher dimensions
were obtained by dimensional expansion of the corresponding difference opera-
tor. By construction these fundamental measure functionals have the property to
become exact under dimensional reduction and their impressive power was first
shown by determining phase diagrams of hard squares [61,66] and hard cube mix-
tures [60, 61, 67] with good quality. The fundamental measure functionals more-
over allow one to apply the method of dimensional crossover and the merit of this
was demonstrated by deriving functionals for lattice gases with nearest neighbor
exclusion for different lattice types (square, triangular, face- and body-centered cu-
bic) from the functional for cubes in (d + 1) dimensions [68]. The structure of the
corresponding results led to a suggestion how to construct fundamental measure
functionals for hard core lattice gases for any type of lattice, shape of the particles,
and arbitrary dimension [62].
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In this chapter we rederive the exact density functional for hard rod mixtures
in one dimension, that means the starting point of the fundamental measure the-
ory for hard core lattice gases, by applying the Markov chain approach developed
by Buschle et al. [64]. This approach is conceptually different from the proce-
dure of Vanderlick et al. [109] and we believe that it is useful and important on
the following reasons: (i) The derivation of the functional becomes surprisingly
simple. Making use only of the constraints of mutual rod exclusions, the relevant
transition probability in the Markov chain is determined almost without any cal-
culation. (ii) The transition probability is (conditionally) dependent on a spatial
region, where at most one particle can be placed, i.e. that of a zero-dimensional
cavity. In this respect it reflects a property which turned out to be decisive for
the generalized construction of fundamental measure functionals by Lafuente and
Cuesta [62]. (iii) The simplicity of the derivation suggests that it can be extended to
hard rod mixtures with additional (thermal) interactions. (iv) The derivation yields
also an explicit expression for the probability distribution of microstates for a given
density profile. This means that in the present case an explicit expression for the
“Mermin potential” is obtained, i.e. the unique external potential that would gen-
erate the given density profile in thermal equilibrium. In addition to these points
we show that it is not necessary to consider non-additive mixtures when mixing
parities of rod lengths are present (i.e. rods with both even and odd lengths in units
of the lattice spacing).

4.2 Joint probability distribution

The mixture is considered to consist of q types of hard rods with length lα, α =

1, . . . , q in the presence of an external potential. It is convenient (although not
necessary) to order the lengths according to l1 ≥ l2 ≥ . . . lq, where different types of
rods could have the same lengths due to a different coupling to an external potential.
The rods are located on a one-dimensional lattice with L sites and we set the lattice
spacing equal to one. The lattice is defined in such a way that the ends of the rods
coincide with lattice sites and we introduce occupation numbers nαj , j = 1, . . . , L,
α = 1, . . . , q, to specify the microstate of the mixture. If the left end of a rod of
type α is at site j, then nαj = 1, else nαj = 0 (here and in the following Greeks
superscripts refer to the type and must not mixed up with exponents). The mutual
exclusion of hard rods implies the constraint nαk nβj = 0 for j = k, . . . , k + lα − 1 (and
k = j, . . . , j + lβ − 1). In a grand-canonical description the chemical potentials µα
specify the mean numbers of rods of type α.

To set up the Markov chain approach following [64] it is useful to introduce
the multicomponent state variables n̂ j = (n1

j , . . . , n
q
j) that can assume (q + 1) states

ê0, . . . , êq, where ê0 refers to an empty site, i.e. ê0 = (0, . . . , 0), while êα, α =

1, . . . , q, refer to a site occupied by rods of type α, i.e. êα = (0, . . . , 1, . . . , 0) with
the 1 at the (α + 1)th entry. The probability χ(n̂1, . . . , n̂L) of microstates can be
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Figure 4.1: Illustration of the set of occupation numbers affecting the occupation
of site k. Any placement of the left end of a rod of type α at the sites j with
k − lα + 1 ≤ j ≤ k means that site k is covered by a part of this rod. This implies
(i) that if a left rod end is at site k, all occupation numbers in the set {nαj }k−1 =

{nαj |1 ≤ α ≤ q, k − lα + 1 ≤ j ≤ k − 1} must be zero, and (ii) that in the set
{nαj }k = {nαj |1 ≤ α ≤ q, k − lα + 1 ≤ j ≤ k} there can be at most one occupation
number with value 1.

decomposed as

χ(n̂1, . . . , n̂L) =

L∏
k=1

ψ(n̂k|n̂k−1, . . . , n̂1) (4.1)

where ψ(.| . . .) denote the corresponding conditional probabilities. To keep the no-
tation simple, we have labeled the starting of the chain, i.e. ψ(n̂1)ψ(n̂2|n̂1)
×ψ(n̂3|n̂2, n̂1) . . ., by the same symbol “ψ” (meaning in particular that ψ(n̂1) is not a
conditional probability). By using the Boltzmann expression for the probability of
microstates in the grand-canonical equilibrium ensemble, i.e. χ ∝ exp[−β

∑
i,α(uαi −

µα)nαi ], where β = 1/kBT is the inverse thermal energy and uαi the external poten-
tial, it can be proven [64] that the conditional probabilities satisfy the following
Markov property:

ψ(n̂k|n̂k−1, . . . , n̂1) = ψ(n̂k|{nαj }k−1) (4.2)

where {nαj }k−1 = {nαj |1 ≤ α ≤ q, k− lα+ 1 ≤ j ≤ k−1} denotes the set of occupation
variables, which have an influence on the occupation of site k, see Fig. 4.1.

In the set {nαj }k = {nαj |1 ≤ α ≤ q, k − lα + 1 ≤ j ≤ k}, i.e. all occupation vari-
ables involved in Fig. 4.1, there can be at most one occupation variable nαj = 1 due
to the hard rod constraints, which reflects the corresponding property of a zero-
dimensional cavity. In fact this set corresponds exactly to the zero-dimensional
cavity for a mixture introduced in [61] as a collection of sets for each rod type.
The property to have at most most one occupation variable nαj = 1 in {nαj }k can be
utilized to determine the conditional probabilities by simple probabilistic consid-
erations. First let us write for α = 0, . . . , q

ψ(n̂k = êα|{n
β
j }k−1) =

Prob(n̂k = êα, {n
β
j }k−1)

Prob({nβj }k−1)
(4.3)
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where Prob(.) denote joint probabilities. If α , 0, then all nβj in the set {nβj }k−1 must

be zero. This implies Prob(n̂k = êα, {n
β
j }k−1) = Prob(n̂k = êα, {n

β
j = 0}k−1) = pαk ,

where pαk = 〈nα〉 is the mean occupation of site k (〈. . .〉 denotes an average over the
microstate distribution χ(n̂1, . . . , n̂L)). Since with the same reasoning Prob({nβj =

1, all other nγl = 0}k−1) = pβj , we further have

Prob({nαj = 0}k−1) +

q∑
β=1

k−1∑
j=k−lβ+1

pβj = 1 (4.4)

due to normalization. Accordingly, we obtain for α , 0

ψ(n̂k = êα|{n
β
j }k−1) =

pαk
1 − S (0)

k

(4.5)

where we used one of the weighted densities (weighted mean occupations)

S (m)
k =

q∑
α=1

lα−1∑
j=1−m

pαk− j m = 0, 1 (4.6)

appearing in the lattice fundamental measure theory [60]. If n̂k = ê0 there are
two possibilities: Either one element in {nβj }k−1 is one, or all elements are zero. In
the first case, n̂k must be equal to ê0, implying that the corresponding conditional
probability is one. In the second case we need Prob(n̂k = ê0, {n

β
j = 0}k−1) =

Prob({nβj = 0}k) in Eq. (4.3), which by utilizing normalization as in Eq. (4.4) (now

with inclusion of site k), is given by Prob({nβj = 0}k) = 1 −
∑q
β=1

∑k
j=k−lβ+1 pβj =

1 − S (1)
k . In summary,

ψ(n̂k = ê0|{n
β
j }k−1) =


1 , one nβj = 1 in {nβj }k−1

1 − S (1)
k

1 − S (0)
k

, all nβj = 0 in {nβj }k−1

(4.7)

Combining Eqs. (4.5) and (4.7), we can write

ψ(n̂k|{n
β
j }k−1) =

1 − S (1)
k

1 − S (0)
k


1−

∑q
β=1

∑k−1
j=0 nβj q∏

α=1

 pαk
1 − S (0)

k

nαk

(4.8)

where the distinction between the possible configurations in the set {nβj }k is taken
into account by the exponents.

Inserting Eq. (4.8) into Eqs. (5.3) and (4.1), the probability distribution of mi-
crostates is given by the product of ψ(n̂k|{n

β
j }k−1) from Eq. (4.8) over all lattice sites,

i.e. an explicit expression for χ(n) as function of the set n = {nαi |1 ≤ α ≤ q, 1 ≤
i ≤ L} of occupation numbers is obtained (we define χ(n) = 0 for all microstates
n violating the hard rod constraints). This means that, for a given density profile
p = {pαk |1 ≤ α ≤ q, 1 ≤ k ≤ L}, the distribution of microstates is uniquely deter-
mined if we require it to satisfy the Markov property Eq. (5.3), i.e. χ(n) = χp(n).
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4.3 Mermin potential and free energy functionals

From the last observation, one could get the impression that this is more general
than the uniqueness implied by the Mermin theorem, which states that the prescrip-
tion of p fixes the external potential uαk = uαk (p) in the sense that the Boltzmann
distribution yields p in equilibrium in the presence of uαk (p). However, since the
Boltzmann distributions satisfy the Markov property Eq. (5.3), and χp(n) is unique,
there is in fact no more generality, i.e. the microstate distribution for given p sat-
isfying the Markov property Eq. (5.3) and the Boltzmann distribution generating
p in equilibrium must be the same [125]. Hence we can identify the “Mermin
potential” Up(n) =

∑
k,α uαk (p)nαk by setting βUp(n) ∝ − log χp(n), which, up to

irrelevant constant contributions, yields (after some rearrangement of summations)

uαk (p) = log pαk − log(1 − S (0)
k ) +

k+lα−1∑
j=k

log

1 − S (0)
j

1 − S (1)
j

 (4.9)

Based on the Gibbs-Bogoliubov inequality the density functional for Nα hard
rods of type α in the external potential U(n) =

∑
k,α uαk nαk is defined as

Ω(p) =
∑

n
χp(n)

kBT log χp(n) + U(n) −
q∑
α=1

µαNα


= F(p) +

L∑
k=1

q∑
α=1

(uαk − µα)pαk (4.10)

where F(p) = kBT
∑

n χp(n) logχp is the free energy functional. Inserting χp(n)
one obtains

βF(p) =

L∑
k=1

{
(1 − S (1)

k ) log(1 − S (1)
k ) (4.11)

− (1 − S (0)
k ) log(1 − S (0)

k ) +

q∑
α=1

pαk log pαk
}

When minimizing Ω(p) with respect to the pαj , the density profile in equilibrium is
obtained.

Following Lafuente and Cuesta [61], one can define an “ideal part” Fid(p) by

βFid(p) =

L∑
k=1

q∑
α=1

pαk (log pαk − 1) (4.12)

This differs from the expression
∑

k{pαk log pαk − (1−
∑
α pαk ) log(1−

∑
α pαk )} for a

non-interacting multi-component Fermionic lattice gas, but has the advantage to
lead to a fundamental measure structure of the excess free energy part Fexc(p) =
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F(p)−Fid(p). When using Eqs. (5.16), (4.12), and
∑
α pαk = S (1)

k −S (0)
k this becomes

βFexc[p] =

L∑
k=1

{[
S (1)

k + (1 − S (1)
k ) log(1 − S (1)

k )
]

−
[
S (0)

k + (1 − S (0)
k ) log(1 − S (0)

k )
]}

(4.13)

The terms in the square brackets have the same functional form as the excess free
energy fexc(η) = η + (1 − η) log(1 − η) of a zero-dimensional cavity with mean
occupation η [5, 57]. The free energy functional can be written in a compact form
as

βFexc[p] =

L∑
k=1

Dm fexc[ p̃(m)
k ] (4.14)

where Dm f (m) = f (1) − f (0) is the discrete difference operator.
The excess free energy in Eq. (4.13) is equal to that found by Lafuente and

Cuesta for an additive mixture. To recover their expressions, occupation numbers
ñαk = 0, 1 need to assigned to the rod centers, which amounts to a simple transfor-
mation of the site indices, nαk → ñαk = nαk+(lα−ε)/2

, where ε = 0 if all lα are even and
ε = 1 if all lα are odd.

A non-additive mixture appears when considering a setup where the rod centers
fall onto lattice sites and both even and odd lα are present, since in this case rods
with even and odd lα have a minimum separation of half a lattice unit between
their ends. For such non-additive mixture one can construct the corresponding
functional from that for additive mixtures [61]. This can be done by imposing
l̂α = 2lα, and restrict the positions of the rods to lie on the even sites of the lattice
(by imposing ρα(i) = 0 if i = 2r + 1 with r ∈ Z). The resulting free energy
functional is

βFexc[p] =

L∑
k=1

Dm

∑
j=0,1

fexc[ p̃(m)
k, j ]

 (4.15)

where the weight functions p̃(m)
k, j are given by Eq. (3.41). When the rod ends fall

onto lattice sites, the mixture is always additive irrespective of having mixed pari-
ties of rod lengths.

Approximate fundamental measure functionals in higher dimensions can be
constructed by considering the two terms in the square brackets as resulting from
applying a one-dimensional difference operator and by generalizing this operator
together with the weighted densities to higher dimensions (for details, see [60,61]).
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Simple hard rods with nearest
neighbour interactions

5.1 Introduction

Lattice density functional theory is drawing increasing attention on account of its
wide range of applicability to phenomena of strong interest in current research
[49,117,126]. Its applications include ordering phenomena in metallic alloys, sub-
monolayer adsorbate systems, [45] colloid-polymers mixtures, [69] fluids in porous
media, [116] and DNA denaturation [48]. In certain cases, exact density function-
als in zero and one dimension can be written in a so-called fundamental measure
form, which allows one to construct approximate functionals in higher dimensions
that reduce to the exact ones upon dimensional crossover [55,61,62,66–68]. More-
over, the theory can be extended to time-dependent phenomena [51–54].

Particles with shapes that interact solely via hardcore repulsion on a lattice or
in a continuum do produce interesting effects including phase transitions, e.g. for
hard hexagons [127]. However, the inclusion of attractive or repulsive forces on
contact or at some distance is important for more realistic modelling [110, 111,
128–137]. Models with square-well interaction potentials including potentials of
the zero-range, stickycore type have proven to exhibit realistic physical features
for many systems: colloids suspensions, [138–140] crystallization of polymers,
[71, 141] micelles, [72] protein solutions, [73, 142], DNA coated colloids, [74, 75]
ionic fluids, [76] and microemulsions. [143, 144]. It is well established that many
effects of generic short-range interactions can be reproduced by contact forces of a
strength that yields matching second virial coefficients [145].

In this chapter we will used an ideas suggested by Buschle et al., [64, 65] to
derive an exact free-energy functional for hard rods with first-neighbor coupling of
arbitrary shape.
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Figure 5.1: Hard rods with size σ = 3 interacting with a “nearest-neighbor” poten-
tial. The rods on the left are in contact. The interaction between the two rods on
the right becomes zero for k > j + ξ (ξ < 2σ).

5.2 Model

We consider rods of size σ on a one-dimensional lattice of L sites, as sketched in
Fig. 5.1. Occupation numbers ni are assigned to the lattice sites, where ni = 1 if
the left end of a rod is located at site i, and ni = 0 else. The mutual exclusion of
hard rods implies the constraint nini+ j = 0 for j = 0, . . . , σ − 1. A grand-canonical
description is used, where the chemical potential µ specifies the mean numbers of
rods in the system. A fixed boundary condition is considered where the occupation
numbers at the two boundaries are fixed to be one.

In addition to the mutual exclusion, an interaction between neighboring rods is
present with range ξ in the interval σ ≤ ξ < 2σ. The lattice gas Hamiltonian is

H(n) =
∑
i< j

vi, jnin j +
∑

i

uini (5.1)

where vi, j is the interaction potential (vi,i+ j = 0 for j > ξ), ui the external potential,
and n denotes the microstate n = {n1, . . . , nL}. The model includes the special case
of a square well potential, where a region of constant interaction, vi, j = const. for
σ ≤ |i − j| ≤ ξ, is added to the hard-core part (vi, j = ∞ for |i − j| ≤ σ). If vi,i+σ , 0
and vi,i+ j = 0 for j ≥ σ + 1, the model corresponds to the so-called sticky core
potential introduced by Baxter for continuum systems. [146] In this situation, two
rods interact only if they are in contact.

5.3 Distribution of microstates

For given interaction V(n) =
∑
i< j

vi, jnin j, the external potential Up(n) =
∑

i ui[p]ni,

which yields the set p = {p1, . . . , pL} of mean occupation numbers pi = 〈ni〉

(“density profile”) in equilibrium, is a (unique) functional of p. [86] We will de-
rive in this section an explicit expression for the corresponding joint probability
χp(n) = exp{Ω[p] − V(n) − Ũp(n)}, where Ũp(n) =

∑
i ũi[p]ni, ũi[p] = ui[p] − µ,

and Ω[p] is the grand canonical functional. All energies here and in the following
are given in units of kBT .

The derivation follows from the method introduced in Ref. [64] and proceeds in
three steps. In the first step, a Markov property is utilized to reduce the calculation
of χp(n) to the calculation of joint probabilities φ(ni, . . . , ni−ξ). In the second step,
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these joint probabilities are then expressed in terms of the pi and correlators Ci, j =

〈nin j〉 by making use of the mutual exclusion constraint, which implies that at
most two occupation numbers can be equal to one in the set {ni, . . . , ni−ξ}. In the
last step, the Ci, j = Ci, j[p] are given as functional of p by comparing χp(n) with
the Boltzmann expression for a few simple configurations n. The knowledge of
Ci, j[p] means that we provide an example for the rare cases, where the “Mermin
potential” Up(n) = Ω[p] − 〈V(n)〉 − ln χp(n) can be given. The density functional
Ω[p] is derived in Sec. 5.4.

5.3.1 Reduction to joint probabilities of finite range

The joint probability distribution can be decomposed as

χ(n) =

L∏
s=1

ψ(ns|ns−1, . . . , n1) , (5.2)

where ψ(ns|ns−1, . . . , n1) is the probability of finding the occupation number ns

at site s under the condition that all occupation numbers left to site s are given.
Because of the finite interaction range and because we are dealing with a one-
dimensional system, one can prove the following Markov property,

ψ(ns|ns−1, . . . , n1) = ψ(ns|ns−1, . . . , ns−ξ)

=
φ(ns, . . . , ns−ξ)
φ(ns−1, . . . , ns−ξ)

, (5.3)

where φ(ns, . . . , ns−ξ) denotes the joint probability of finding the set {ns, . . . , ns−ξ}

of occupation numbers.

5.3.2 Joint probabilities of finite range

Because of the mutual exclusion of the rods, we can subdivide the range s, . . . , s−ξ
of lattice sites into two ranges s, . . . , s − σ + 1 and s − σ, . . . , s − ξ, where in each
of these ranges at most one occupation number can be equal to one. Moreover, if
in both ranges appears an occupied site, their distance must be larger than (σ − 1).
It is convenient to introduce the shortened notation φs(0, 0), φs(0, 1 j), φs(1i, 0), and
φs(1i, 1 j), where the first and second argument refer to the first range i ∈ {s, . . . , s−
σ+ 1} and second range j ∈ {s−σ . . . , s− ξ}, respectively. A zero in one argument
means that all occupation numbers in the corresponding range are zero, and a 1k

in an argument means that nk = 1 in the corresponding range, while all other
occupation numbers are zero. For example, φs(1i, 0) = φ(ns = 0, . . . , ni+1 = 0, ni =

1, ni−1 =0, . . . , ns−ξ=0).
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The joint probability φ(ns, . . . , ns−ξ) can then be written as

φ(ns, . . . , ns−ξ) =φs(0, 0)
(
1−

∑
(i)1 ni

)(
1−

∑
( j)2 n j

)
×

∏
(i)1

φs(1i, 0)ni(1−
∑

( j)2 n j)

×
∏
( j)2

φs(0, 1 j)n j(1−
∑

(i)1 ni)

×
∏
(i, j)

φs(1i, 1 j)nin j , (5.4)

where (i)1 and ( j)2 refer to indices running over the first and second range, re-
spectively. The specification (i, j) means that the two indices run over the set
i = s, . . . , s − ξ + σ, j = i − σ, . . . , s − ξ. Equation (5.4) amounts to expressing the
joint probability in terms of the φs(., .) by selecting all possible configurations via
the exponents. For example, for the configuration (1i, 0), the associated exponent
ni(1−

∑
( j)2 n j) is one for ni = 1 and all n j = 0 in the second range, while otherwise

it is zero and thus giving an (irrelevant) factor one in Eq. (5.4). Note that, different
from a case selection by products in the exponents, e.g.. by ni

∏
( j)2 (1 − n j) for the

configuration (1i, 0), we have written sums. This is allowed because at most one
occupation number can be one in the two ranges and

∏
( j)2 (1 − n j) = 1 −

∑
( j)2 n j.

The joint probability φ(ns−1, . . . , ns−ξ) in the denominator appearing in Eq. (5.3)
can be expressed in the same way with the only difference that now the range of in-
dices indicated by (i)1 refers to s−1, . . . , s−σ+1 and the range of indices indicated
by (i, j) refers to i = s − 1, . . . , s − σ − 1, j = i − σ, . . . , s − ξ. The range indicated
by ( j)2 remains unchanged. The corresponding shortened notation is indicated by
a tilde, i.e. φ̃s(0, 0), φ̃s(1i, 0) etc. For example, φ̃s(1i, 0) = φ(ns−1 = 0, . . . , ni+1 =

0, ni =1, ni−1 =0, . . . , ns−ξ=0).
The φs(., .) can be written in terms of the mean occupation numbers pi and cor-

relators Ci, j based on their definition and by utilizing the normalization condition.
It holds

Ci, j = 〈nin j〉 =
∑
(k,l)

nin jφs(nk, nl) = φs(1i, 1 j) (5.5a)

pi = 〈ni〉 =
∑
{n}s

niφs(nk, n j)

= φs(1i, 0) +
∑
( j)2

φs(1i, 1 j) , (5.5b)

1 =
∑
{n}s

φs(ni, n j) = φs(0, 0) +
∑
(i)1

φs(1i, 0)

+
∑
( j)2

φs(0, 1 j) +
∑
(i, j)

φs(1i, 1 j) , (5.5c)
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where {n}s = {ns, . . . , ns−ξ}. From this follows

φs(0, 0) = 1 −
s∑

k=s−ξ

pk +

s∑
i=s−ξ+σ

i−σ∑
j=s−ξ

Ci, j (5.6a)

φs(1i, 0) = pi −

i−σ∑
j=s−ξ

Ci, j (5.6b)

φs(0, 1 j) = p j −

s∑
i= j+σ

Ci, j (5.6c)

φs(1i, 1 j) = Ci, j (5.6d)

The equations for the φ̃s(., .) are the same except that in the upper limit of the sums
s has to be replaced by (s − 1).

Equations (5.3), (5.4), and (5.6) yield the joint probabilities χ(n) in Eq. (5.2)
as functionals of the pi and Ci, j.

5.3.3 Correlators as functionals of densities

To express the Ci, j as functionals of the pi joint probabilities χ(n) calculated from
the approach described above are now compared with the Boltzmann probability
for a few simple configurations n:

χ(01, . . . , 0L) =
1
Z
, (5.7a)

χ(01, . . . , 1i, . . . , 0L) =
e−ũi

Z
, (5.7b)

χ(01, . . . , 1 j, . . . , 1i, . . . , 0L) =
1
Z

e−(ũi+ũ j+vi, j) , (5.7c)

where ũi = ui − µ, and in Eq. (5.7c) the expression is valid for i− j ≥ σ. This gives
the following relation:

χ(01, . . . , 0L)χ(01, . . . , 1i, . . . , 1 j, . . . , 0L)

= e−vi, jχ(01, . . . , 1i, . . . , 0L)χ(01, . . . , 1 j, . . . , 0L) (5.8)

One can now insert into this relation the results for χ(n) from the previous Secs. 5.3.2
and 5.3.3. For example, for a configuration with two rods at site i and j with
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σ ≤ (i − j) ≤ ξ we have

χ(01, . . . , 1i, . . . , 1 j, . . . , 0L) = j−1∏
s=1

φs(0, 0)
φ̃s(0, 0)

 φ j(1 j, 0)
φ̃ j(0, 0)

 i−1∏
s= j+1

φs(1 j, 0)
φ̃s(1 j, 0)

 φi(1i, 1 j)
φ̃ j(0i, 1 j)

×

 j+ξ∏
s=i+1

φs(1i, 1 j)
φ̃s(1i, 1 j)


 i+σ−1∏

s= j+ξ+1

φs(1i, 0)
φ̃s(1i, 0)


×

 i+ξ∏
s=i+σ

φs(0, 1i)
φ̃s(0, 1i)


 L∏

s=i+l+1

φs(0, 0)
φ̃s(0, 0)

 . (5.9)

The different terms in this equation are a consequence of the Markov chain in
Eq. (5.3) with progressing s index: The first four factors arise from successively
capturing the rods located at sites j and i. The next four terms are associated with
the following specific s-values: If s = j + ξ + 1, the rod at site j falls out of the
interaction range, and if s = i + σ, the rod at site i is no longer in the first range
(see above) with respect to site s. If s = i + ξ + 1, the rod at site i eventually falls
out of the interaction range.

Decomposing the other joint probabilities in Eq. (5.7) in an analogous way and
inserting the φ(., .), φ̃(., .) from Eq. (5.6), yields, after elementary algebra,

Ci, j =
φi(1i, 0)φi(0, 1 j)

φi(0, 0)

 j+ξ∏
s=i+1

φs(0, 1 j)
φ̃s(0, 1 j)

φ̃s(0, 0)
φs(0, 0)

 e−vi, j (5.10)

for σ ≤ |i− j| ≤ ξ. With the Ci, j determined from Eqs. (5.10) as functional of p, the
distribution of microstates becomes also a functional of p using Eqs. (5.6), (5.4),
(5.3), and (5.2), i.e. χ = χp(n).

For general interactions vi, j, Eqs. (5.10) needs to be solved numerically. In the
special case of (spatially homogeneous) contact interaction vc ≡ vi,i+m, Eq. (5.10)
gives

Ci−σ,i =
[pi −Ci−σ,i][pi−σ −Ci−σ,i]

[1 −
∑i

k=i−σ pk + Ci−σ,i]
e−vc , (5.11)

with explicit solution

Ci−σ,i =
Ai −

[
A2

i − 4e−vc(e−vc − 1)pi−σpi
]1/2

2(e−vc − 1)
, (5.12)

where

Ai = 1 + e−vc(pi−σ + pi) −
i−σ∑
k=i

pk . (5.13)

Figure 5.2 shows, as an example, the contact correlators Cc ≡ Ci−σ,i for a spatially
homogeneous bulk system (ui = 0) with mean occupation numbers pi = p. The
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Cc are plotted as functions of the coverage (or “mass density”) ρ = pσ for two
fixed rod lengths σ = 1 and 5, and repulsive (vc > 0) as well as attractive (vc < 0)
interactions. For comparison, the results for the non-interacting case (vc = 0) are
also shown.

In the non-interacting case for σ = 1, Cc = p2 = ρ2, because of absence of
correlation effects in the simple Fermi lattice gas, while for larger rod size σ = 5,
Cc ≥ p2 = ρ2/σ2, meaning that neighboring rods have some tendency to come into
contact. This is a consequence of the well-known entropy effect in systems with
athermal (exclusion) interactions: Bringing neighboring rods closer to each other
gives the remaining rods more configurational freedom and in total the system more
configurational space.

For repulsive interactions, Cc decreases with increasing vc and for vc → ∞

approaches zero for ρ ≤ [σ/(σ + 1)], because σ/(σ + 1) is the maximal coverage
where all rods can avoid to come into contact. For ρ > [σ/(σ + 1)], as less as
possible rods want to get into contact, leading to a linear increase of Cc with ρ

until Cc = p = ρ/σ is reached at ρ = 1. For attractive interactions, Cc increases
with increasing interaction strength |vc|, and for vc → −∞ approaches the line
Cc = p = ρ/σ, because all rods want to come into contact.

5.4 Density functionals

Based on the Gibbs-Bogoliubov inequality the following functional is defined in
density functional theory,

Ω[p] =
∑

n
χp(n)

[
ln χp(n) + V(n) + U(n) − µN

]
(5.14)

= F[p] +

L∑
k=1

(uk − µ)pk , (5.15)

where F[p] =
∑

n χp(n)[ln χp(n) + V(n)] is the free energy functional. Minimizing
Ω[p] yields the equilibrium density profile peq = {peq

i }.
Inserting χp(n) from the previous Sec. 5.3 and setting Φ(x) := x ln x one obtains

F[p] =
∑
i, j

vi, jCi, j +

L∑
s=1

{
Φ
(
ps−

s−σ∑
i=s−ξ

Cs,i
)

+ Φ
(
1−

s∑
i=s−ξ

pi+

s∑
i=s−ξ+σ

i−σ∑
j=s−ξ

Ci, j
)

− Φ
(
1−

s−1∑
i=s−ξ

pi +

s−1∑
i=s−ξ+σ

i−σ−1∑
j=s−ξ

Ci, j
)

+

s−σ∑
i=s−ξ

{
Φ
(
Cs,i

)
+ Φ

(
pi −

s∑
j=i+σ

C j,i
)

− Φ
(
pi −

s−1∑
j=i+σ

C j,i
)}}

, (5.16)

where Ci, j = Ci, j[p] from Eq. (5.10). In the case of contact interaction in particular,
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Figure 5.2: Contact correlators Cc = Ci−σ,i for spatially homogeneous systems of
hard rods of sizes σ = 1 and 5, and different strength of repulsive and attractive
contact interactions vc = vi−σ,i.

we obtain

F[p] =
∑

s

{
Cs−σ,svs−σ,s + Φ

(
ps −Cs−σ,s

)
(5.17)

+ Φ
(
1 −

s∑
k=s−σ

pk + Cs−σ,s
)
− Φ

(
1 −

s−1∑
k=s−σ

pk
)

+ Φ
(
Cs−σ,s

)
+ Φ

(
ps−σ −Cs−σ,s

)
− Φ

(
ps−σ

)}
For the Ising model, σ = 1, one can proof that this functional agrees with the one
previously determined in Ref. [64], for which Lafuente and Cuesta [70] derived a
fundamental measure form also.

In fact, eliminating vi,i+σCi,i+σ in Eq. (5.17) in favor of correlators and densities
via Eq. (5.10), a fundamental measure form is readily obtained also for extended
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hard rods (σ > 1) with contact interaction,

F[p] =

L∑
s=1

(F2[ps−σ, . . . , ps] − F1[ps−σ, . . . , ps−1]) (5.18)

where

F1[ps−σ, . . . , ps−1] = ps−σ ln ps−σ + (1 −
s−1∑

i=s−σ

pi) ln(1 −
s−1∑

i=s−σ

pi) (5.19)

and

F2[ps−σ, . . . , ps] =ps ln(ps −Cs−σ,s) + ps−σ ln(ps−σ −Cs−σ,s)

+ (1 −
s∑

i=s−σ

pi) ln(1 −
s∑

i=s−σ

pi + Cs−σ,s) (5.20)

are the free energy functionals of one-particle and two-particle cavities, respec-
tively. A one-particle cavity refers to a range of successive lattice sites, where at
most one occupation number can be one, in analogy to the zero-dimensional cav-
ity in Rosenfeld’s fundamental measure theory in continuous space. For discrete
lattice gas systems, following Lafuente and Cuesta, [70] an m-particle cavity refers
to a range of successive lattice sites, where at most m occupation numbers can be
one. Notice that the size of an m-particle cavity can vary between mσ (minimal
m-particle cavity) and (m + 1)σ − 1 (maximal m-particle cavity). In this respect,
F1 in Eq. (5.19) refers to a maximal one-particle cavity and F2 in Eq. (5.20) to a
minimal two-particle cavity. Fundamental measure forms allow for a straighfor-
ward extension to approximate functionals in higher dimensions that become exact
under dimensional reduction. [55, 70]

5.5 Thermodynamics of homogeneous systems

The contact correlator Cc in Eq. (5.12) readily gives the internal energy u(p) =

U/L = vcCc per lattice site, and accordingly u(p) exhibits the same behavior as
that shown in Fig. 5.2, except that the curves have to be multiplied by their vc. The
free energy f (p) = F/L per lattice site, given by Eq. (5.17), reduces to

f (p) =2p ln(p −C) + (1 − (σ + 1)p) ln(1 − (σ + 1)p + C)

− (1 − σp) ln(1 − σp) − p ln p (5.21)

for a homogeneous system.
The entropy s = S/L = u − f per lattice site is shown in Fig. 5.3 as function of

the coverage ρ = pσ for the same set of rod lengths and interactions as in Fig. 5.2.
The entropy always becomes smaller with increasing interaction strength, but the
change of its functional form is different for attractive and repulsive interactions.
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Figure 5.3: Entropy s per lattice site as a function of the coverage ρ for a homoge-
neous system of hard rods of sizes σ = 1 and 5, and various contact interactions
vc.

In the case of attractive interactions, there is only one maximum for all vc, and s
approaches zero in the limit vc → −∞ for all coverages, because the rods are form-
ing one cluster. This implies that the number of possible configurations becomes
(1 − ρ)L, so that s vanishes in the thermodynamic limit. By contrast, in the case of
repulsive interactions, a double hump structure develops with two maxima below
a certain interaction strength v?c = v?c (σ). The behavior is caused by the fact that
close to ρ = σ/(σ + 1) the rods have almost no freedom to avoid contacts. In
the limit vc → ∞ this leads to vanishing entropy at ρ = σ/(σ + 1). At densities
ρ , σ/(σ + 1) the number of configurations with contact avoidance grows still
exponentially with L, leading to a non-vanishing s.
Interestingly, the coverage of maximal entropy is on one hand increasing with σ
in the non-interacting case, and decreasing with the interaction strength for σ > 1.
This holds true for both attractive and repulsive interactions. This behavior can be
understood intuitively by viewing rods and vacancies as two species with numbers
Nrod = pL = ρL/σ and Nv = (1 − ρ)L, respectively. Neglecting entropy related
correlation effects in the non-interacting case, the number es of possible config-
urations could then be estimated by (Nrod + Nv)!/(Nrod!Nv!). For σ = 1, this is
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Figure 5.4: Free energy f per lattice site as a function of the coverage ρ for a homo-
geneous system of hard rods of sizes σ = 1 and 5, and various contact interactions
vc.

clearly maximal for equal number of particles and vacancies (ρ = 1/2), while for
σ > 1, one has to take into account that (Nrod + Nv) decreases with increasing ρ.
Accordingly, the location of the entropy maximum occurs left to ρ = σ/(σ + 1),
where Nrod = Nv. In the interacting case, the coverage of maximum entropy moves
to the left for increasing interaction strength, because the enhanced configurational
restrictions for larger |vc| can be partly compensated by lowering ρ.

Because of absence of phase transitions in one dimension (if not considering
“exotic” cases of interaction with particular long-range behavior [147]) the free
energy shown in Fig. 5.4 does not show any peculiarities as a function of ρ. In the
case of attractive interaction, it approaches the line f ∼ −|vc|ρ/σ for large |vc| due
to the aggregation of the rods into one cluster. For strong repulsive interactions, i.e.
for vc significantly larger than v?c , the free energy essentially follows the (negative)
entropy for ρ . σ/(σ + 1), increases linearly for ρ & σ/(σ + 1) due to the linear
increase of non-avoidable contacts until reaching Ccvc ' vc/σ for ρ → 1. In the
case of repulsive interactions, the density ρ = σ/(σ + 1) should also show up as a
particular value in the behavior of the chemical potential, because the free energy
amount to add a rod to the system is expected to increase strongly around this point.
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Figure 5.5: Chemical potential µ as a function of the coverage ρ for a homogeneous
system of hard rods of sizes σ = 1 and 5, and various contact interactions vc.

The chemical potential µ = ∂ f /∂ρ is given by

µ = ln
{

σC
ρe−ve1−σ

}
+ σ ln

{[
1 − ρ

1 − (σ + 1)ρ/σ + C

]}
(5.22)

and plotted in Fig. 5.5 as function of ρ. It indeed shows a step-like change around
ρ = σ/(σ + 1) for strong repulsive interactions. For comparison the behavior for
attractive interaction is also displayed in Fig. 5.5.

5.6 Conclusions

Our solution for the distribution of microstates of hard rod lattice gases with a
general nearest-neighbor-range interaction potential provides a promising basis for
future studies related to applications. For example, the results can be utilized to
describe formation of molecular nanowires on surfaces, where molecules interact
via van der Waals interactions and form hydrogen bonds when coming into contact.
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In the model, such situation could be accounted for by an interaction profile vi, j

with strong attractive interaction vi,i+σ < 0 at contact distance σ and a smoothly
decreasing, weaker attractive part for σ < |i − j| < 2σ. Also, based on experiences
in other contexts, [53, 54] the explicit exact expressions for the density functionals
should allow one to faithfully study the kinetics of wire formation by employing
time-dependent density functional theory. Similarly, our results may be helpful in
the future to treat diffusion of molecules through nanopores or membrane channels.

Our derivation of a fundamental measure form of the hard rod lattice gas with
contact interaction enables a straightforward extension to higher dimensions. This
should be useful to account for transitions between different phases in correspond-
ing systems, which generally resemble nematic (and other) phases of liquid crys-
tals. [148–150] It has been shown [61, 67] for athermal hard rod lattice gases
(vi, j = 0) that extensions to higher dimensions are a powerful means to treat corre-
sponding phase transitions. Up to now, we did not succeed to identify fundamental
measure forms for general nearest-neighbor-range interactions vi, j. However, there
seem to be other possibilities of extensions, which become exact under dimensional
reduction. These will be explored elsewhere.

Considering the core in the derivation of the distribution of microstates, it is
important to realize that the procedure can in principle be extended to interactions
of longer range covering several rod lengths. For a given range ξ, the exclusion
constraint leads to a natural decomposition of the set {n}s = {ns, . . . , ns−ξ} into
ranges covering the lattice sites s − σ + 1, . . . , s (first range), s − 2σ + 1, . . . , s − σ
(second range), and so on. In each of these ranges at most one occupation num-
ber can be equal to one. The total number of ranges that need to be taken into
account is dξ/σe, where dxe denotes the integer ceiling division, i.e. the smallest
integer larger than x. Accordingly, we would need to consider higher-order cor-
relators C(1i1 , 1i2 , 1i3 , . . . , ...), where 1ik , specifies the location of the occupied site
in the kth range as in Sec. 5.3.2. The distribution of microstates can then be ex-
pressed in term of these correlators C(1i1 , 1i2 , 1i3 , . . . , ...) and the densities pi. By
equating with the Boltzmann formula for simple configurations, relations between
the C(1i1 , 1i2 , 1i3 , . . . , ...) and the pi eventually can be obtained, which need to be
solved for expressing the C(1i1 , 1i2 , 1i3 , . . . , ...) in terms of the pi.

Let us finally note that the rod length defines a length scale independent of
the lattice spacing, which implies that a continuum limit of the results should be
accessible. This and the possible extension to larger interaction ranges open new
and challenging possibilities for further investigations.
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Chapter 6

Hard rod mixtures with contact
interactions

6.1 Introduction

In this chapter, we extend the results obtained for a simple hard rods with arbitrary
nearest neighbour interactions [78,79] to the case of hard rod mixtures with contact
interactions. The derivation is based on the strategy developed in chap. (4) for
hard rod mixtures [77], where a sets of multi-component random variables were
introduced to represent the different species of the rods. It was shown that these
sets are very helpful in establishing a connection with the 0D cavity of the FMT.

Due to the finite range of the interactions and because of the one dimensional
nature of the system, the latter fulfills the Markov chain property which allows to
an exact derivation of the probability distributions of the microstates for a given
density profiles. In analogy with the simple hard rods with contact interactions,
we made a connection of our approach to the LFMT. The free energy functional
contains two different contributions. One is due to the hard core exclusion encoded
in the 1-particle cavity. The second is due to the contribution of the 2-particle
cavity and it contains the effect of interactions. For rods of size one, previously
derived results for Potts model were recovered [65]. Once we have the free energy
functional, equilibrium thermodynamics can be derived using the DFT formalism.
Some of the thermodynamic functions are presented at the end of the chapter.

6.2 Joint probability distributions

The mixture is considered to consist of q types of hard rods with length lα, α =

1, . . . , q in the presence of an external potential, where different types of rods could
have the same lengths due to a different coupling to an external potential. The rods
are located on a one-dimensional lattice with L sites and we set the lattice spacing
equal to one. The lattice is defined in such a way that the ends of the rods coincide
with lattice sites, Fig. 6.1. We introduce occupation numbers nαj , j = 1, . . . , L,
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Figure 6.1: hard rods mixture of rods with different sizes interacting with a contact
interaction.

α = 1, . . . , q, to specify the microstates of the mixture. If the left end of a rod of
type α is at site j then nαj = 1, while nαj = 0 otherwise. The mutual exclusion

of hard rods implies the constraint nαk nβj = 0 for j = k, . . . , k + lα − 1. A grand-
canonical description is used, where the chemical potential µ specifies the mean
numbers of rods in the system. The nearest neighbour rods interact through an
interaction potential given by

vαβi, j =


∞ for i − j < lα
vαβ for i − j = lα
0 for i − j > lα

(6.1)

two rods interact only if they are in contact and the interaction strength vαβ depends
on temperature and the type of the rods. In general vαβ depends as well on the po-
sitions of the two interacting rods and they are allowed to have positive or negative
values. The Hamiltonian of the system is given by

H =
∑
α,β

∑
i< j

vαβi, j n
α
i nβj +

∑
α

∑
i

uαi nαi , (6.2)

To set up the Markov chain approach following [64], let us define as in chap. (4) a
set multi-component state variables n̂ j = (n1

j , . . . , n
q
j) that can assume q + 1 basic

states ê0, . . . , êq, where ê0 refers to an empty site, i.e. ê0 = (0, . . . , 0) and êα, α =

1, . . . , q, refers to a site occupied by the rod of type α, i.e. êα = (0, . . . , 1, . . . , 0)
with the 1 at the αth entry. The joint probability distributions χ(n̂1, . . . , n̂L) of the
microstates can be decomposed as

χ(n̂1, . . . , n̂L) =

L∏
k=1

ψ(n̂k|n̂k−1, . . . , n̂1) (6.3)

where ψ(.| . . .) denotes the corresponding conditional probabilities. Because of the
finite range of the interactions and because we are dealing with a one dimensional
system, the joint probabilities of microstates are simplified to

χ(n̂1, . . . , n̂L) =

L∏
k=1

ψ(n̂k|n̂k−1, . . . , n̂k−lα) (6.4)

To make the notation easier, we use the following notation {nαj }k = {nαj |1 ≤ α ≤

q, k − lα + 1 ≤ j ≤ k}. In the set {n̂ j}k, at most two occupation numbers can be
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one. In analogy with the FMT, the set {n̂ j}k with one occupation number is equal to
one and all others are 0 corresponds to the 1-particle cavity, and the set {n̂ j}k with
two occupation numbers are one is the 2-particle cavity. The 1-particle cavity re-
sults from the hard core exclusion however, the 2-particle cavity includes the effect
of interactions. The previous properties of 1-particle and 2-particle cavities can
be used to determine the conditional probabilities ψ(nk, . . . , nk−lα) based on a sim-
ple probability considerations. This can be done as follows: the total conditional
probabilities can be written as

ψ(n̂k = êα|{n
β
j }k−1) =

φ(n̂k = êα, {n
β
j }k−1)

φ({nβj }k−1)
(6.5)

The joint probabilities can be decomposed as

φ(n̂k, {n
β
j }k−1) = φ(n̂k = ê0, {n

β
j = 0}k−1})

(
1−

∑
α
∑k

i=k−lα
nαi +

∑
α,β nαk−lα

nβk
)

× φ(n̂k = êα, {n
β
j = 0}k−1})

(
nαk−

∑
α,β nαk−lα

nβk
)

× φ(n̂k = ê0, {n
β
j = 0/nβk−lα

= 1}k−1})
(
nβk−lα

−
∑
α,β nαk−lα

nβk
)

× φ(n̂k = êα, {n
β
j = 0/nβk−lα

= 1}k−1})
nαk nβk−lβ , (6.6)

The notation {nβj = 0/nβi = 1}k−1 means that all occupation numbers in the set

{nβj }k−1 are 0 except the one at site i (nβi = 1). The joint probabilities φ(nk−1, . . . , nk−lα)
in the denominator appearing in Eq. (6.5) can be expressed in the same way with
the only difference that the region of consideration now is k − 1, . . . , k − lα.
The joint probabilities of the decomposition of Eq. (6.6) can be written in terms
of the mean occupation numbers pαi and correlators Cαβ

i, j based on their definitions.
The latter is defined by

Cαβ
k−lα,k

= 〈nαk−lαnβk〉 = φ(n̂k = êα, {n
β
j = 0/nβk−lα

= 1}k−1) (6.7)

and the former is given by

pαk = 〈nαk 〉 = φ(n̂k = êα, {n
β
j = 0}k−1) +

q∑
β=1

Cαβ
k−lα,k

(6.8)

From the normalization condition, we have

φ({nαj = 0}k) +

q∑
α=1

k∑
j=k−lα

pαj −
q∑

α,β=1

Cαβ
k−lα,k

= 1 (6.9)
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From Eqs. (6.8) , (6.7) and (6.9), we get the following expressions for the joint
probabilities

φ({nβj = 0}k) = 1 −
q∑
α=1

k∑
j=k−lα

pαj +

q∑
α,β=1

Cαβ
k−lα,k

(6.10a)

φ(n̂k = êα, {n
β
j = 0}k−1) = pαk −

q∑
β=1

Cαβ
k−lα,k

(6.10b)

φ(n̂k = ê0, {n
β
j = 0/nβk−lα

= 1}k−1) = pβk−lα
−

q∑
α=1

Cαβ
k−lα,k

(6.10c)

φ(n̂k = êα, {n
β
j = 0/nβk−lα

= 1}k−1) = Cαβ
k−lα,k

(6.10d)

Equations for the denominator are exactly the same, except that the upper limit of
the sums k in Eq. (6.10a) has to be replaced by (k−1). From the previous equations
we get for the total conditional probabilities

ψ(n̂k|{n
β
j }k−1) =

pαk −
∑
β

Cαβ
k−lα,k


nαk−

∑
β

nαk−lα
nβk

pαk−lα −
∑
β

Cαβ
k−lα,k


nαk−lα

−
∑
β

nαk−lα
nβk

×
[
Cαβ

k−lα,k

]nαk−lα
nβk

[
1 −

∑
α

k∑
i=k−lα

pαi +
∑
α,β

Cαβ
k−lα,k

]1−
∑
α

k∑
i=k−lα

nαi +
∑
β

nαk−lα
nβk

[
ραk−lα

]nαk−lα

[
1 −

∑
α

k−1∑
i=k−lα

pαi

]1−
∑
α

k−1∑
i=k−lα

nαi

(6.11)

6.3 Correlators and density functionals

As a last step in determining the total joint probability distributions, we need to
express the Ci, j as functional of the pi. This can be done by comparing joint prob-
abilities χ(n) calculated from the approach described above with the Boltzmann
probability for a few simple configurations n

χ(01, . . . , 0L) =
1
Z
, (6.12a)

χ(01, . . . , 1αi , . . . , 0L) =
e−ũαi

Z
, (6.12b)

χ(01, . . . , 1
β
j , . . . , 1

α
i , . . . , 0L) =

1
Z

e−(ũαi +ũβj +vαβi, j ) , (6.12c)
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where ũαi = uαi − µ
α. The expression (6.12c) is valid for j − i = lα. Inserting the

joint probability distribution for each cases we get

Cαβ
i, j =

[pαi −
∑
γ

Cαγ
i, j ][pβj −

∑
γ

Cγβ
i, j ]

[1 −
∑
γ

i∑
k=i−lγ

pγk +
∑
δ,γ

Cδγ
i, j]

e−βvαβi, j (6.13)

Based on the Gibbs-Bogoliubov inequality the density functional for Nα hard rods
of type α in the external potential U(n) =

∑
k,α uαk nαk is defined as

Ω(p) =
∑

n
χp(n)

kBT log χp(n) + V(n) + U(n) −
q∑
α=1

µαNα


= F(p) +

L∑
k=1

q∑
α=1

(uαk − µα)pαk (6.14)

where F(p) = kBT
∑

n χp(n) logχp is the free energy functional and V(n) is the
interaction potential. Inserting χp(n), one obtains

F[ρα] =
∑
α,β

∑
i, j

vαβi,j Cαβ
i, j +

L∑
s=1

∑α Φ
(
pαs −

∑
β

Cαβ
s−lα,s

)
+

∑
α,β

Φ
(
Cαβ

s−lα,s

)
+ Φ

(
1 −

∑
α

s∑
i=s−lα

pαi +
∑
α,β

Cαβ
s−lα,s

)
+

∑
α

Φ
(
pαs−lα −

∑
β

Cαβ
s−lα,s

)

−
∑
α

Φ(pαi ) − Φ
(
1 −

∑
α

s−1∑
i=s−lα

pαi
) (6.15)

where Φ(x) := x ln x Using the expression (6.13) to express the first term in the
free energy functional as a functional of the density and the pair density, the free
energy reduces to

F[ρα] =

L∑
s=1

∑α pαs ln
(
pαs −

∑
β

Cαβ
s−lα,s

)
+

∑
α

pαs−lα ln
(
pαs−lα −

∑
β

Cαβ
s−lα,s

)
−

∑
α

pαs−lα ln pαs−lα −
(
1 −

∑
α

s−1∑
i=s−lα

pαi
)

ln
(
1 −

∑
α

s−1∑
i=s−lα

pαi
)

+
(
1 −

∑
α

s∑
i=s−lα

pαi
)

ln
(
1 −

∑
α

s∑
i=s−lα

pαi +
∑
α,β

Cαβ
s−lα,s

) (6.16)

As for the mono-component case, the free energy functional has a clear interpreta-
tion in term of the lattice cavity theory. Let us construct the free energy functional
of binary mixture of hard rods with length l1 = 3 and l2 = 5 and with contact
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interactions diagrammatically. The set of maximum 0D cavities of this system is
given by

Wmax =
{

,
}

(6.17)

The first diagram represents the 1-particle 0D cavity where rods of length 5 can
be placed at any site of the cavity, whereas rods of length 3 can be placed only
on the black sites, because placing a rod of length 3 at the white circle at one
end of the cavity does not prevent a second rod to be placed at the white circle
at the other end and this in contradiction with the definition of the 1-particle 0D
cavity. The second diagram in (6.17) represents the 2-particles 0D cavity. The
only combination which fulfills the dimensional reduction to 0D is

F1d[ρ] =
∑

s

[
Φ0( ) − Φ0( )

]
(6.18)

This can be understood in the following way; We denote the first and second term
in (6.18) respectively by F(i)

1d, i = 1, 2. Consider a 0D density profile which corre-
spond to the 2-particle maximum cavity t (choosing those of the 1-particle
maximum cavity yields exactly the same results). Inserting this density in the first
term of rhs of (6.18) yields

F(1)
1d [ρ t ] =

∑
s

[
Φ0( t ) + Φ0( t ) + Φ0( t ) + Φ0( t)

+ Φ0( t ) + Φ0(t ) + Φ0( t ) + Φ0(t )

+ Φ0(t ) + Φ0(t ) + Φ0(t )
]

(6.19)

Inserting in the second term we find

F(2)
1d [ρ t ] =

∑
s

[
Φ0(Φ0( t ) + Φ0( t ) + Φ0(t ) + Φ0(t )

+ Φ0(t ) + Φ0(t ) + Φ0( t) + Φ0( t ) + Φ0(t )
]

(6.20)

Subtracting the two equations (6.19) and (6.20) we get

F1d[ρ t ] = Φ0(η =
t ) (6.21)

which is the exact excess free energy functional of the 0D cavity. We identify each
part of the functionals as

Φ0( ) =
∑
α

pαs−lα ln pαs−lα +
(
1 −

∑
α

s−1∑
i=s−lα

pαi
)

ln
(
1 −

∑
α

s−1∑
i=s−lα

pαi
)

(6.22)

represents the contribution of the hard core interactions, and

Φ0( ) =
∑
α

pαs ln
(
pαs −

∑
β

Cαβ
s−lα,s

)
+

∑
α

pαs−lα ln
(
pαs−lα −

∑
β

Cαβ
s−lα,s

)
+

(
1 −

∑
α

s∑
i=s−lα

pαi
)

ln
(
1 −

∑
α

s∑
i=s−lα

pαi +
∑
α,β

Cαβ
s−lα,s

)
(6.23)
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represents the contribution of the contact interactions.
The limit of the Potts model can be recovered from the hard rod mixtures with

contact interactions by imposing j − i = lα = 1 in eqs (6.13) and (6.16) and we
find

Cαβ
i, j =

[
ραi −

∑
γ

Cαγ
i, j

][
pβj −

∑
γ

Cγβ
i, j

]
[
1 −

∑
γ

pγi −
∑
γ

pγj +
∑
δ,γ

Cδγ
i, j

]e−βvαβi, j (6.24)

For this case, the free energy functional reduces to

F[ρα] =

L∑
s=1

∑α pαs ln
(
pαs −

∑
β

Cαβ
s−1,s

)
+

∑
α

pαs−1 ln
(
pαs−1 −

∑
β

Cαβ
s−1,s

)
+

(
1 −

∑
α

pαs−1 −
∑
α

pαs
)

ln
(
1 −

∑
α

pαs−1 −
∑
α

pαs +
∑
α,β

Cαβ
s−1,s

)
−

∑
α

pαs−1 ln pαs−1 −
(
1 −

∑
α

pαs−1

)
ln

(
1 −

∑
α

pαs−1

) (6.25)

Eqs (6.24) and (6.25) coincide exactly with the results obtained by Buschle et
al [65].

6.4 Thermodynamics of the system

Once we have the free energy functional, we can derive in principle all the thermo-
dynamics of the system, using functional differentiation. The grand canonical free
energy functional is given by

Ω[ρ] = F[ρ] +

q∑
α=1

L∑
s=1

(uαs − µ
α)pαs (6.26)

where F[ρ] is given by the expression (6.25). A unique relation between the
external potential and the density can be derived from the minimization of the
grand canonical free energy functional (∂Ω/∂ρ = 0). For the case of homogeneous
hard rods we get

e−β(uα−µα) =
Cαα

e−βvαα pα


1 −

∑
α

lαpα

1 −
∑
α

(lα + 1)pα +
∑
α,β

Cαβ


lα

(6.27)

For the in-homogeneous system, an equivalent relation needs to be derived numer-
ically. The internal energy is

U = 〈H〉 =
∑
α,β

L∑
s=1

Cαβ
s,s−lα

vαβs,s−lα
+

q∑
α=1

L∑
s=1

uαs pαs (6.28)
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The entropy of the system is given by

S = −
∑
η

χ(η) lnχ(η) (6.29)

where the sum extends over all possible configurations η. From the Boltzmann
formula, we have

S [ρ] = −F[ρ] + β〈H〉 (6.30)

we get for the entropy

S [ρα] =

L∑
s=1

∑
α,β

Cαβ
s,s−lα

vαβs,s−lα
+

q∑
α=1

uαs pαs −
∑
α

pαs ln
(
pαs −

∑
β

Cαβ
s−lα,s

)
−

(
1 −

∑
α

s∑
i=s−lα

pαi
)

ln
(
1 −

∑
α

s∑
i=s−lα

pαi +
∑
α,β

Cαβ
s−lα,s

)
−

∑
α

pαs−lα ln
(
pαs−lα −

∑
β

Cαβ
s−lα,s

)
+

∑
α

pαs−lα ln pαs−lα

+
(
1 −

∑
α

s−1∑
i=s−lα

pαi
)

ln
(
1 −

∑
α

s−1∑
i=s−lα

pαi
) (6.31)

A more detailed thermodynamical studies of the system need some numerical treat-
ments. The extension of the free energy functional to higher dimensions will be
very useful for studying phase transitions in colloidal systems and liquid crystals.
It is well known that in higher dimensions, the hard rod mixtures exhibit an order-
ing transition even in the case where only athermal hard core interaction is present.
This is due separately on the entropic effect and also on the demixing of the mix-
ture (entropic demixing mechanism). The latter results from the depletion effect,
where for a mixture of large and small rods, two large rods attract each other ef-
fectively due to the presence of a smaller ones. The entropic demixing mechanism
can, e.g., drive a gas liquid transition in colloid-polymer mixtures [151, 152]. We
are planning to go beyond these two effects, and looking for the case where a very
short repulsive or attractive (contact) interactions are present. The latter is proven
to be realistic for many condensed matter systems. Our density functionals for hard
rod mixtures fulfill the requirement of the dimensional crossover namely that they
are exact and they have been written in a fundamental measure form. This will
permit us to construct an approximate density functionals in two and three dimen-
sions and then use this functionals to study phase transformations in the previously
mentioned systems. In addition, we believe that our method can be generalize to
the case of hard rod mixtures with arbitrary nearest neighbour interactions.



Chapter 7

Pair density functional Theory

7.1 Introduction

There has been recently an enormous growth of research in studying the parti-
cles correlations in many body systems using the pair density matrix functional
theory [153–166]. As for the standard DFT, a functional relation can be estab-
lished between the density functionals and the pair particles density profiles. This
has been done by generalizing the Hohenbeg-Kohn [84] and the Kohn-Sham the-
ory [85] to the pair density [155,156]. An extensive work is still going on to deter-
mine the exchange and correlations functionals as a functionals of the pair density.
Since this theory has been developed for systems at zero temperature, we present
in this chapter an extension of the theory to finite temperature systems. The reason
is that for systems where the thermal fluctuation is equal or larger than the quantum
fluctuation, the systems need or must be studied with finite temperature statistical
models, depending on the strength of the thermal fluctuation [154, 167, 168]. Due
to this, in this chapter we extend the lattice DFT to the pair level. Our proof is
based on the Mermin recipe [86] in his extension of the Hohenberg-Kohn theory
for an electron gas at finite temperature. We use a procedure suggested by Gonis
et al [155, 156]. This procedure makes use of the invariance of the Hamiltonian
under the two bodies partition. We will consider an in-homogeneous electron gas,
but the prove is general and can be applied to any type of particles, bosonic or
fermionic. The aim is to prove that there exists a free energy functional which
depends uniquely on the pair particles density, independent of any external poten-
tial and fulfills the minimization requirement with respect to the pair density at
thermal equilibrium. Next we will use the same approach to prove that the same
theory holds for lattice systems. At the end of this chapter, we illustrate the general
formalism for the case of a simple hard rods.
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7.2 Generalization of the Mermin theory to the pair den-
sity

Let us consider an equilibrium in-homogeneous electrons gas at a finite tempera-
ture T, chemical potential µ, and external potential ui. To simplify the demonstra-
tion, we consider the non-relativistic case. The same prove can be used for the
generalization to spin dependent Hamiltonian.

The Hamiltonian of the system is given by

H = −

M∑
i=1

1
2
∇2

i +
1
2

∑
i< j

vi, j +

M∑
i=1

ui (7.1)

the first term represents the kinetic energy. The Laplacian operator is defined in
3-dimensional space by

∇2
i =

∂2

∂x2
i

+
∂2

∂y2
i

+
∂2

∂z2
i

(7.2)

vi, j = 1/|ri − r j| is the interaction potential between electrons located at position i
and j. M is the total number of electrons. For avoiding problems with the partition
of the system, consider that M is either even or infinite number. We block the
electrons to non-overlapping pairs in such a way that each electron belong only to
one pair. The new HamiltonianHp is

Hp = −

N∑
I=1

1
2
∇2

I +
1
2

∑
I<J

VI,J +

N∑
I=1

UI (7.3)

N = M/2 is the number of pairs of electrons. The electron pairs in 3-dimensional
space can be seen as an effective single particles in 6-dimensional space spanned
by the coordinate xI = (ri1 , ri2). The kinetic energy of the single effective particles
is defined via the 6-dimensional Laplacian operator

∇2
I = ∇2

x = ∇2
i1 + ∇2

i2 (7.4)

The inter-particle potential becomes

VIJ = V(xI , xJ) = V(ri1 , ri2 , r j1 , r j2)

=
1

|ri1 − r j1 |
+

1
|ri1 − r j2 |

+
1

|ri2 − r j1 |
+

1
|ri2 − r j2 |

(7.5)

and the external potential applied on a pair of particles is

UI = U(xI) = U(ri1 , ri2) = v(ri1) + v(ri2) +
1

|ri2 − ri1 |
(7.6)

The pair electrons density is defined by

ρ(xI) = ρ(ri1 , ri2) = Tr
[
Γψ?p (xI)ψp(xI)

]
(7.7)
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where the wave functions ψp(xI) are a solutions of the effective single particle
Schrödinger equation [155, 156]

Hpψp(x1, . . . , xN) = Epψp(x1, . . . , xN) (7.8)

Γ is the reduced density matrix operator. It is defined by

Γ = ψ?p (xI)ψp(xI) (7.9)

and fulfills the normalization condition

TrΓ = 1 (7.10)

At equilibrium, the grand canonical density matrix operator is given by

Γ = e−(Hp−µ̄N)/Tre−(Hp−µ̄N) (7.11)

µ̄ = µ/2 is the chemical potential of the effective system. Using the same logic of
Mermin (chap. 2) we arrive to the results that for arbitrary Γ, we have

Ω[Γ0] ≤ Ω[Γ] (7.12)

Γ0 is the equilibrium density matrix. A second result is that there is a unique
relation between the pair density and external potential

ρ(ri1 , ri2)←→ U(ri1 , ri2) (7.13)

The same formalism holds in classical statistical mechanics. The equivalence of
the thermal equilibrium density matrix, the joint probability distributions

f 0(x, . . . , xN ,p1, . . . ,pN) =
e−(Hp−µ̄N)

Z
(7.14)

where the partition function is given by

Z = Trcl
[
exp(−(Hp − µ̄N))

]
(7.15)

The trace here denotes an integration over phase space coordinates (positions and
momenta). The quantities f 0,Hp and N in the last formula are c-number, whereas
in the quantum case they represent quantum operators and the trace is defined as a
sum over the diagonal elements of the matrix. A similar relation can be derived for
the grand potential

Ω[f 0] = Trcl

[
f 0

(
Hp − µ̄N +

1
β

log f 0
)]

= F[ρ(xI)] +

∫
dxρ(xI)(U(xI) − µ̄) (7.16)

Using the Gibbs-Bogoliubov for the grand functional (7.16), we arrive to the min-
imization principle.

Ω[f 0] ≤ Ω[f ] (7.17)

where f is probability densities such that

Trclf = 1 (7.18)
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7.3 Lattice pair density functional Theory

To construct a pair DFT for lattice systems, let us for simplicity consider a one
dimensional lattice gas with finite range nearest neighbour interactions. The proof
presented here is general and can be applied for other systems and in higher di-
mensions. The system consists of M particles distributed on one dimensional
lattice of L sites. The microstates are described by a set of occupation numbers
ni, i = 1, . . . , L which can be either 0 if the site is empty or 1 if the site is occupied.
The lattice Hamiltonian of this system is given by

H =
∑
i< j

vi, jnin j +

L∑
i=1

uini (7.19)

where ui is the external potential at site i and vi, j is the interaction potential between
particle located at site i and particle located at site j. We use the invariance of the
Hamiltonian of the system under the partitioning into subsystems of two particles.
If we partition our system into pair of successive particles (In order to avoid prob-
lem of partition, consider that we have an even or infinite number of particles) and
re-write the Hamiltonian in terms of these pairs, we get

Hp =
∑
I<J

VIJnInJ +

L/2∑
I=1

UInI (7.20)

The inter-particle potential becomes

VIJ = Vi, j,k,l = vi,k + vi,l + v j,k + v j,l (7.21)

because we have a system with nearest neighbour interactions, the effective inter-
particle potential reduces to

VIJ = v j,k (7.22)

the external potential for the new effective system is given by

UI = Ui, j = ui + u j + vi, j (7.23)

nI is a random variable of two components characterizing the occupation numbers
of the pair of sites. nI = ni, j = (ni, n j) can be seen as single random variable, with
i and j is coordinate of the effective single particle. It is equal to one if an effec-
tive particle is located at (i, j) and zero else. The equilibrium state of the system
in a finite temperature grand canonical ensemble is described by the probability
distribution function

P0(n1, . . . , nL) =
exp(−β(Hp − µ̄N))

Z
(7.24)

where the numbers (1, . . . ,L) refer to all possible pair of sites. β = 1/kT , kB is the
Boltzmann constant and T is the temperature. µ̄ = µ/2 is chemical potential of the
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effective system and the index 0 denotes the equilibrium state. The grand canonical
partition function is given by

Z = Tr
[
exp(−β(Hp − µ̄N))

]
(7.25)

The trace is a summation over all possible configurations of the system. The grand
potential is given by

Ω = Tr
[
P

(
Hp − µ̄N +

1
β

log P
)]

(7.26)

which can be written as

Ω[ρ] = F[ρ] −
∑

I

ρI(UI − µ̄) (7.27)

P is probability density of trace equals to unit and

F[ρ] = Tr

P0

∑
I<J

VIJnInJ +
1
β

log P0

 (7.28)

Now with the previous definition and the Mermin theory, it is straightforward to
prove the two conditions (i) that Ω[ρ] fulfills the minimization principle with re-
spect to the pair density

Ω[P0] < Ω[P] (7.29)

and (ii) that the pair density ρI is uniquely determines the effective external poten-
tial UI .

ρi, j ←→ Ui, j (7.30)

We shown that for a lattice system at finite temperature, the free energy functional
can be set up as a unique functional of the pair density. At equilibrium, this free
energy functional is minimum and equals to the grand canonical free energy func-
tional.

7.4 Pair density functional theory for hard rods

We consider here as an example the simple hard rods. The lattice is defined in
such a way that the ends of the rods coincide with lattice sites. A set of occupation
numbers n j, j = 1, . . . , L, are introduced to specify the microstates of the system.
If the left end of a rod is at site j then n j = 1, while n j = 0 otherwise. The mutual
exclusion of hard rods implies the constraint nkn j = 0 for j = k, . . . , k + l − 1. In
a grand-canonical description the chemical potentials µ specify the mean numbers
of rods. Fixed boundary conditions are considered here where site 0 and L + 1
are supposed to be occupied by a rod. Here we assume that β = 1/kBT = 1
where T is the temperature and kB is the Boltzmann constant. The invariance of
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the Hamiltonian under the partition of the system into pair of rods permits us to
use the method outlined in [64, 65, 77].

Let us calculate the joint probability distributions of the effective system asso-
ciated with the Hamiltonian (7.19). Because we are dealing with a Markov process
of order l, the joint probabilities distribution can be decomposed as

χ(n1, . . . , nL) =

L∏
k=1

ψ(nk|nk−1, . . . , nk−l+1) (7.31)

where the conditional probabilities are defined by ψ(a|b) = φ(a, b)/φ(b), and φ() is
the joint probabilities.

For our effective system, the Markov chain property implies that if there is
an effective single particle in a position (i, j) of a two-dimensional lattice (which
means that a pair of rods are located at positions i and j on one dimensional lattice),
no other particle can be at sites located on rectangular lattice of length i − j and
width l where (i, j) is the bottom-left corner of the square. The expression (7.31)
becomes

χ(n1, . . . , nL) =

(L,L)∏
(k,m)=(1,1)

ψ(nk,m|nk−1,m, . . . , nk−l+1,m, nk,m−1, . . . , nk−l+1,m−l+1)

(7.32)
The joint probabilities can be calculated based on the following considerations. By
definition, the pair density Ci, j is given by

Ci, j = 〈nin j〉 (7.33)

The normalization condition reads

φ(0k,m, . . . , 0k−l+1,m−l+1) +

(k,m)∑
(i, j)=(k−l+1,m−l+1)

Ci, j = 1 (7.34)

From eqs (7.33) and (7.34) we get

ψ(nk,m|nk−1,m = 0, . . . , nk−l+1,m−l+1 = 0) =


1−

∑(k,m)
(i, j)=(k−l+1,m−l+1) Ci, j

1−
∑(k−1,m)

(i, j)=(k−l+1,m−l+1) Ci, j
if nk,m = 0

Ck,m∑k−1,m
( j=k−l+1,m−l+1) Ci, j

if nk,m = 1

(7.35)
and we get for the total conditional probabilities

ψ(nk,l|xk−1,1, . . . , xk−l+1,m−l+1) =

(Ck,m)nk,m

[
1 −

∑(k,m)
(i, j)=(k−l+1,m−l+1) Ci, j

]1−
∑(k,m)

(i, j)=(k−l+1,m−l+1) Ci, j

[
1 −

∑(k−1,m)
(i, j)=(k−l+1,m−l+1) Ci, j

]1−
∑(k−1,m)

(i, j)=(k−l+1,m−l+1) Ci, j
(7.36)
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Based on the Gibbs-Bogoliubov inequality the density functional for N hard rods
in an external potential U(n) =

∑
k uknk is defined as

Ω[C] =
∑

n
χC(n)

[
kBT log χC(n) + U(n) − µN

]
= F[C] +

L∑
I=1

ŨICI (7.37)

where F[C] = kBT
∑

n χC(n) logχC is the free energy functional and ŨI = UI − µ̄.
Inserting the expression for the joint probabilities in eq (7.37) we get for the pair
free energy functional

F[C] =

L∑
(k,m)=1

{
Ck,m

(
log Ck,m − 1

)
+ C̃(1)

k,m +
(
1 − C̃(1)

k,m

)
log

(
1 − C̃(1)

k,l

)
−C̃(0)

k,m −
(
1 − C̃(0)

k,m

)
log

(
1 − C̃(0)

k,m

)}
(7.38)

where the weighted pair densities are given by

C̃(0)
k,l =

(k−1,m)∑
(i, j)=(k−l+1,m−l+1)

Ci, j (7.39)

and

C̃(1)
k,m =

(k,m)∑
(i, j)=(k−l+1,m−l+1)

Ci, j (7.40)

In eq (7.38) we made use the following relation

(k,m)∑
(i, j)=(k−l+1,m−l+1)

Ci, j =

(k−1,m)∑
(i, j)=(k−l+1,m−l+1)

Ci, j +

l∑
j=m−l+1

Ci, j (7.41)

The same as for the standard DFT, the pair free energy functional is composed of
an effective ideal gas part

Fid[C] =

L∑
(k,m)=1

Ck,m
(
log Ck,m − 1

)
(7.42)

and an excess part

Fexc[C] =

L∑
(k,m)=1

{
C̃(1)

k,m +
(
1 − C̃(1)

k,m

)
log

(
1 − C̃(1)

k,m

)
−C̃(0)

k,m −
(
1 − C̃(0)

k,m

)
log

(
1 − C̃(0)

k,m

)}
(7.43)

The pair excess free energy functional has the same form as the fundamental mea-
sure functionals and hence can be extended to higher dimensions by the procedure
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suggested by Lafuente and Cuesta [61, 62, 67, 68]. To do this, let us re-write the
excess pair free energy functionals (7.43) in the following form

Fexc[C] =
∑
k,m

D j
[
ω

( j)
k,m ∗Ck,m +

(
1 − ω( j)

k,m ∗Ck,m
)

log
(
1 − ω( j)

k,m ∗Ck,m
)]

(7.44)

the weight functions are defined by ω( j)
k,m = ω

( j)
k ωm with

ω
( j)
k =

{
1 if l − 1 ≤ k ≤ 1 − j
0 else

(7.45)

and

ωm =

{
1 if l − 1 ≤ m ≤ 1
0 else

(7.46)

the approximate pair excess free energy functional in d-dimensional lattice are
given by

Fexc[Ck,m] = (7.47)∑
k,m
Dj

[
ω

(j)
k,m ∗Ck,m +

(
1 − ω(j)

k,m ∗Ck,m
)

log
(
1 − ω(j)

k,m ∗Ck,m
)]

where j ∈ {0, 1}d, k = (k1, . . . , kd) and m = (m1, . . . ,md). The d-dimensional
difference operator is given byDj ≡

∏d
i=1D ji and the d-dimensional weight func-

tions are defined by ω(j)
k,m ≡

∏d
i=1 ω

( ji)
ki
ωmi . The approximate functionals in higher

dimension fulfill the requirement that an exact functionals are recovered under the
dimensional reduction to 0 or 1 dimension [61, 62, 67, 68].
This complete the extension of the Markov DFT to the pair level. Our results shown
that the lattice free energy functional can be written uniquely as functional of the
pair particles density profiles and that it has the same form as fundamental measure
functionals and this makes it possible to extend the free energy functional to higher
dimensions.



Chapter 8

Steady state dynamics of hard
rods with contact interactions

8.1 Introduction

Driven transport of rods in one-dimensional lattice have attracted recently much
interest because of its applications in condensed matter and biophysics. It has
been introduced as a model for protein synthesis, where the RNA is modeled as
a one dimensional lattice and the ribosomes as rods (because the ribosome covers
several codons considered here as lattice sites). It can describe also the diffusion
of ions (rods of size one) or large molecules such DNA through nano-channels
[169, 170]. An important model in this field is the asymmetric simple exclusion
process (ASEP) which constitutes one of the few models in non-equilibrium sta-
tistical mechanics that can be solved exactly [171–174] and it provides insight to a
wide range of complex physical phenomena. It describes the diffusion of particles
along one-dimensional lattice. An interesting aspect of the ASEP is that it can be
mapped onto a problem of spin dynamics [175, 176]. This implies that a variety of
powerful methods developed in the field of spin dynamics can be applied also to
study, the driven transport phenomena. Utilizing this connection, it was possible to
trait the dynamics of simple and hard rod mixture with periodic boundary condi-
tions via the matrix product algebra [177, 178] and the Bethe ansatz [179, 180]. In
appropriate limits, the corresponding results reproduce those of the standard ASEP
earlier obtained by other methods. These methods include mean-field and Monte
Carlo simulation [181–184]. However, exact solutions are lacking for open sys-
tems.
Despite that the pure hard core exclusion is proved to be very useful, there are still
many physical situations where the molecules interact with an additive (attractive
or repulsive) short range interactions [74, 185]. An example is the transport of
DNA or protein through nanofluidic channels where it has been proved that these
molecules have sticky ends [186]. In this chapter, we study the steady state dynam-
ics of hard rods with contact interactions on a periodic and open lattice within the
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lattice time dependent density functional theory (LTDFT).

8.2 ASEP and its generalizations

The ASEP is one of the simplest non-equilibrium statistical mechanics models
which is known to be exactly solvable [171,187–189]. It describes the asymmetric
diffusion of hard core particles in a one-dimensional lattice of L sites. The mi-
crostates of the system are described by a set of random variables ni, i = 1, . . . , L
which specify the occupation at site i. It is one (ni = 1) if site i is occupied by
a particle and zero (ni = 0) else. The particles jump to the left with probability
p and to the right with probability q, providing that the target site is empty. The
hard core constraint prevents two particles to be at the same site. In general the
transition rates p and q are different and sites dependent. For the case where p = 0,
particles jump only in one direction and the model is named the totally asymmetric
simple exclusion process (TASEP). For a system with periodic boundary condition
Fig (8.1(a)), the particles number is conserved, and the steady state of the ASEP
is particularly simple [172]. However for the case of open boundaries, the system
is connected to two reservoirs at the left and right ends. The dynamics at the two
boundaries is defined as fellow: Particles can enter the lattice at the first site with
rate α if the latter is empty and exit with rate δ if it is occupied. The same dynamics
holds at the last site L, where particles can exit the lattice with rate β if site L is
occupied and enter the lattice with rate γ if it is empty Fig (8.1(b)). The steady
state dynamics can be investigated by solving the master equation of the system

(a) (b)

Figure 8.1: Asymmetric simple exclusion process, (a): periodic system, (b) open
system.

which describes the time evolution of the probability distributions of microstates.
It is given by

dPC

dt
=

∑
C′

[
WC′CPC′ −WCC′PC

]
(8.1)

PC is the joint probability of configuration C and WCC′ is the transition rate from C
to C′ which fulfills

∑
C′ WCC′ = 1. In the steady states, the probability distributions

PC is independent of the time, and the corresponding steady states properties of the
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system have to be determined from the equation:∑
C′

WC′CPC′ =
∑

C

WCC′PC (8.2)

which is named the detailed balance condition and it means that the probabilities
of entering and leaving any configuration at a time interval dt are equal.
Different methods have been used to investigate the steady states properties of this
model such as the matrix product algebra [171, 190], Bethe Ansatz [175], mean
field theory and Monte Carlo simulations [189]. All of them are based on solving
eq (8.1) to find the steady state distributions Psteady(C) from which the steady state
properties can be calculated in similar way to equilibrium properties, namely by av-
eraging over Psteady(C) [172]. An interesting aspect in the results for the exclusion
process is the boundary induced phase transitions [191]. It has been shown that by
varying the boundaries parameters, the system undergoes a phase transitions from
one to another of the following phases

Phase I : MC
j = 1

4 , ρ = 1
2 , for α, β > 1

2
Phase II : HD

j = β(1 − β), ρ = 1 − β, for β < α < 1
2

Phase III : LD
j = α(1 − α), ρ = α, for α < β < 1

2

(8.3)

As it is shown in Fig (8.2), the phase diagram consists of three phases: maximum

Figure 8.2: Phase diagram of the totally asymmetric simple exclusion process.

current (MC), high density (HD) and low density (LD). The lines α = 1/2, β > 1/2
and β = 1/2, α > 1/2 are second order phase transitions lines (ρ is continuous)
and the line α = β < 1/2 is first order phase transitions (ρ is discontinuous). The
exclusion process with the most general boundaries conditions where the particles
are allowed to enter and exit the lattice at the two ends with arbitrary transition
rates has been investigated exactly using the Bethe ansatz [175, 192].
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The ASEP has been generalized to the case of particles with different species.
The case of two species has been treated with mean field and Monte Carlo sim-
ulation [193, 194]. An exact solution for this model based on the matrix product
algebra has been done by Kolomeisky [195]. The case of N species ASEP was
solved exactly using the matrix product algebra [196, 197].

Another interesting generalization of the ASEP is the case where particles have
size l greater than one (hard rods). This model has been extensively studied re-
cently because of potential applications in biophysics such as the translation pro-
cess in protein synthesis. The model consists of particles which cover l lattice sites
and move by one lattice site. The totally asymmetric case of this model (which
is the more realistic case for many biophysical applications) has been studied us-
ing mean field theory and Monte Carlo simulation for open and periodic boundary
conditions [181–184]. An exact solution is available for the case of periodic sys-
tem using the Bethe ansatz and the matrix product ansatz [177–180], however non
exact solutions are available for the case of open boundaries.
The phase diagram Fig. (8.4) has qualitatively the same form as the standard TASEP
except that the critical point (1/2, 1/2) is shifted to (1/(1+

√
l), 1/(1+

√
l)). Of par-

ticular interest is the case of ASEP with short ranged interactions. This model has
been studied using the extremal principle by Hager et al [198] and within lattice
LTDFT by Dierl et al [53, 54] for general open boundaries, and the results were
in good agreements with kinetic Monte Carlo simulations. The current-density re-
lation is shown to have two maxima and these leads to an interesting structure for
the phase diagram which has seven different phases: two maximum current phases,
two high density phases, two low density phases and a new minimal current phase.

8.3 Steady state dynamics of hard rods

8.3.1 Lattice Time Dependent Density Functional Theory

In this section, we will employ the lattice LTDFT to investigate the steady state
dynamics of hard rods with contact interactions. The LTDFT is based on the lo-
cal equilibrium approximation which states that the equilibrium properties of the
system still valid locally in time for non-equilibrium system. This allows us to
approximate the non-equilibrium two-point correlator by the corresponding equi-
librium one. This approximation has been widely used in many applications for
time dependent phenomena and the results were in good agreements with kinetic
Monte Carlo simulations [53, 54].

As mentioned in the introduction of this chapter, our system is considered to
consist of N rods of length l, distributed on a one dimensional lattice of L sites. We
will focus here on the case of TASEP with both periodic and open and boundary
conditions. For periodic system, the density of rods is uniform through the lattice,
however, for open system, the time evolution of the density profiles is described by
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the continuity equation inferred from the master equation (8.1), and it is given by

dρi(t)
dt

= ji−1(t) − ji(t) (8.4)

where ji is the current from site i to site i + 1. It is given by

ji = 〈ni(1 − ni+1)wi,i+1〉 (8.5)

wi,i+1 = exp(−∆E/2) is the hopping rate from site i to i + 1 and ∆E is the energy
difference between the two configurations before and after the jump. Inserting the
hopping rate in the expression (8.5), we find the following relation for the current

ji,i+l = 〈ñi−l−1niñi+l+1ñi+l+2〉

+ev/2〈ni−l−1niñi+l+1ñi+l+2〉

+e−v/2〈ñi−l−1niñi+l+1ni+l+2〉

+〈ni−l−1niñi+l+1ñi+l+2〉 (8.6)

where ñi = 1 − ni. Eq (8.6) contains correlators of order four which can be
decomposed as a product of two points correlator as fellow

φ(ni, n j, nk, nl) = φ(ni)ψ(n j|ni)ψ(nk|n j)ψ(nl|nk). (8.7)

ψ(a|b) = φ(a, b)/φ(b) is the conditional probability for a to happen given that b is
happened and φ() is the probability distributions. Inserting expression (8.7) for the
case of rods of size l, and using the density of rods ρ = lp where pi = 〈ni〉 is the
mean occupation number at site i, we get

ji =
ρi − lCi

ρi(1 − ρi+l+1)

[
(
ρi+l+2

l
−Ci+l+1,2)e−v/2 + 1 − ρi+l+1 −

ρi+l+2

l
+ Ci+l+1,2

]
×

[
ρi

l
−Ci−l−1 + ev/2Ci−l−1

]
(8.8)

where the pair density Ci,i+l has been worked out exactly in [78]. In term of mean
occupation numbers pi, the pair density is given by

Ci,i+l =
A −

√
A2 − 4e−βv(e−βv − 1)pi pi+l

2(e−βv − 1)
(8.9)

and A is given by

A = 1 + e−βv(pi + pi+l) −
i+l∑
k=i

pk (8.10)

In eq (8.8), we have used the notation Ci = Ci,i+l+1 and Ci+l+1,2 = Ci+l+1,i+l+2.
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8.3.2 Periodic boundary conditions

Let us consider first a system with periodic boundary conditions. In this case the
density is uniform through the lattice. The current becomes

j =
(ρ/l −C)2e−v/2

(ρ/l)(1 − ρ)

[
1 +

(ρ/l −C)e−v/2

C

] [
ρ

l
−C + ev/2C

]
(8.11)

and the pair density is given by

C =
1
2ξ

[
1 + 2(ξ + 1)p − (l + 1)p −

√
(1 + 2(ξ + 1)p − (l + 1)p)2 − 4ξ(ξ + 1)p2

]
(8.12)

where ξ = e−βv − 1. Eqs (8.11) and (8.12) give the current for hard rods with
arbitrary size and arbitrary contact interactions. By switching of the interactions,
we recover the earlier results of rods with hard core interactions. In this case, the
pair density reduces to

C =
p2

1 − (l − 1)p
(8.13)

or in term of the density of rods ρ,

C =
ρ2

l2
1

1 − ρ + ρ/l
(8.14)

and the current becomes
j =

ρ

l
1 − ρ

1 − ρ + ρ/l
(8.15)

which coincides with the earlier result derived in [182] with a completely different
approach. The variation of the current (8.15) versus the density for hard rods of
sizes l = 1 and 5 without interactions are shown in Fig (8.3). For rods of size l
and low density, the current is an increasing function of the density. It reaches it
maximum value at the density ρ = l/(l + 1). Below this point which corresponds to
the half filling, the rods have more freedom to diffuse through the lattice. Beyond
this point, more and more rods come into contact and hence from clusters of longer
size which play a role of defect for moving rods. This results in strong suppression
of the current at high densities.

The maximum density can be found from the relation δ j/δρ = 0. It is given by

ρmax =
1
√

l + 1
(8.16)

and it corresponds the maximum current

jmax =
1

(
√

l + 1)2
(8.17)

For hard rods on an open lattice, the phase diagram Fig (8.4) is proved to have
qualitatively the same form as those of the standard exclusion process except that
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Figure 8.3: Correlator (a) and current (b) of hard rods with sizes l = 1, 2 and 5 for
vanishing coupling constant v.

the critical point (1/2, 1/2) is shifted to (1/(
√

l + 1), 1/(
√

l + 1)) [181, 182]. The
phase diagram consists of three phases: maximum current (MC), high density (HD)
and low density (LD) phases

Phase I : MC
j = 1

(
√

l+1)2 , ρ = 1
(
√

l+1)
, for α, β > ρc

Phase II : HD
j =

β(1−β)
1+β(l−1) , ρ = 1 − β, for β < α < ρc

Phase III : LD
j =

α(1−α)
1+α(l−1) , ρ = α

1+α(l−1) , for α < β < ρc

(8.18)

where ρc = 1/(
√

l + 1) is the critical density.

Figure 8.4: Phase diagram of hard rods with size l.

The effects of attractive and repulsive interactions on the current of hard rods
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of size l = 1 and 5 are shown in Fig. (8.5).
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Figure 8.5: Current of hard rods with sizes l = 1 (a, c) and l = 5 (b, d) for repulsive
(V > 0) and atrractive (V < 0) interactions.

For the case of particles of size one interacting via nearest neighbour repulsive
interactions, the expression (8.11) reduced neatly to those results previously de-
rived by Dierl et al [53,54]. In this case and at half filling, the current is suppressed
for a very strong repulsive interactions which leads to a double hump structure in
the current-density relation. For the case of particles of size l greater than one, the
point 1/2 where the current is suppressed is shifted to l/(l+1) and the current is not
symmetric with respect to this point due to the particle-hole symmetry breaking.
For the case of attractive interactions, the current decreases when increasing the
attractive interaction between rods which due to the tendency of rods to clustering
forming together leading to a zero current for a very strong attractive interactions.

8.3.3 Open boundary conditions

For hard rods on a lattice with open boundaries, we fellow idea suggested in Ref.
[182] to calculate the current at the left and right boundaries. Let suppose now that
our system is coupled to two reservoirs, one to the left end with density ρL and one
to right end with density ρR. Our concern here is to calculate ρL and ρR as functions
of the injection and extraction rates α and β respectively.

The left reservoir density can be calculated as follows: consider two sites k − 1
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and k in the bulk and let us ask what is the probability for site k − 1 to be filled
given that site k is empty? we denote this probability by Rk and it is given by

Rk =
〈nk−1(1 − nk)〉
〈1 − nk〉

=
ρk−1 −Ck−1,k

1 − ρk
(8.19)

Inserting the relation of C for homogeneous system in Rk, we find

R =
−1 + (l − 1)ρ +

√
(1 − (l − 1)ρ)2 + 4(e−βv − 1)ρ − 4lρ2(e−βv − 1)

2(e−βv − 1)(1 − ρ)
(8.20)

If we consider now that sites k − 1 and k represent respectively the reservoir and
the first site of our system, and because the first site will be filled with probability
α than we have the equality

α =
−1 + (l − 1)ρL +

√
(1 − (l − 1)ρL)2 + 4(e−v − 1)ρL − 4lρ2

L(e−v − 1)

2(e−βv − 1)(1 − ρL)
(8.21)

Solving eq (8.21) for ρL we find

ρL =
α(1 − α + αe−v)

1 + (l − 1)α − α2(e−v − 1)
(8.22)

and the corresponding current is given by

jL =
α(1 − α)(1 − α + αe−v)

1 + (l − 1)α − α2(e−v − 1)
(8.23)

At the right boundary, the current jR is

jR =
β(1 − β)(1 − β + βe−v)

1 + (l − 1)β − β2(e−v − 1)
(8.24)

and the density ρR is given by
ρR = 1 − β (8.25)

Eqs. (8.22)-(8.25) represent an explicit equations for the currents and densities
at the two boundaries for rods of arbitrary sizes and arbitrary contact interactions.
Let us consider some limits of the expressions (8.22)-(8.25). The case of rods
with size l = 1 and vanishing interactions v = 0, corresponds to the standard totally
simple asymmetric process [171–173]. The density and current of the ASEP at left
and right boundaries are given by

ρL = α

jL = α(1 − α) (8.26)

and

ρR = 1 − β (8.27)

jR = β(1 − β) (8.28)
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The densities at the two boundaries vary linearly with the injection and extrac-
tion rates.

For rods with size l and vanishing interactions v = 0 (driven hard rods), we
recover the results previously derived for this system [181, 182]. Many properties
of the driven hard rods are qualitatively similar to the case of l = 1. The density
and the current at the left boundary are given respectively by

ρL =
α

1 + α(l − 1)
(8.29)

jL =
α(1 − α)

1 + α(l − 1)
(8.30)

Their variations are shown on Fig. (8.6). Both density and current decrease with
increasing the rod size. The current reaches it maximum at α = 1/(1 + l) or in term
of coverage at lα = l/(1 + l).
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Figure 8.6: Density (a) and current (b) at the left boundary of driven hard rods.

At the right boundary, the density and current are given respectively by

ρR = 1 − β

jR =
β(1 − β)

1 + β(l − 1)
(8.31)

The current has the same form as for the entry current at the left boundary. The
size of the rod has no effect on the density at the right boundary.

Finally for the case of standard TASEP (l = 1) with next neighbour interactions,
we find

ρL =
α(1 − α + αe−v)
1 − α2(e−v − 1)

jL =
α(1 − α)(1 − α + αe−v)

1 − α2(e−v − 1)
(8.32)
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and at the right boundary

ρR = 1 − β

jR =
β(1 − β)(1 − β + βe−v)

1 − β2(e−v − 1)
(8.33)

Apart form the quadratic terms for α and β in the denominator, the expressions
(8.32) and (8.33) coincide with the expressions derived in [53,54] for the boundary
current.

Eqs (8.22)-(8.25) represent a general expressions for the variation of the cur-
rent and density at the boundaries of rods of any sizes and at different values of
interactions potential. The density and current of rods of size l = 1 and 5 at the left
boundary for different values of the interactions strength are shown in Fig 8.7.
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Figure 8.7: Density and current at the left boundary of driven hard rods with contact
interactions of rods with sizes 1 (a, c) and 5 (b, d), for different values of the contact
interactions.

For the case of vanishing interactions, the density at the left boundary is just the
left injection rate. Repulsion causes a decreasing of the density at the left boundary.
This effect is more pronounce for higher injection rate due to the increasing of
correlation. Increasing the size of the rods results also in a decreasing of the density
at the left boundary. For sizes l > 1 and in the absence of interactions, the density
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is no longer linear. This is due to the mechanism of injection of rods, where the
first site is partially covered by a rod. We can distinguish two possible mechanisms
for injection: first the case where the rod is injected completely in the lattice at the
left boundary (which is our case). The second mechanism is the case where the rod
enter the lattice site by site. For low injection rate, the density of rods approaches
the limit where no interactions are present.

When increasing the injection rate and/or the interactions, the current at the left
boundary has qualitatively a similar form for all sizes. It increases with increasing
the injection rate. Then attends a maximum value at α = 1/(l + 1). Beyond this
value it decreases again to reach the value 0. This is due to the fact that at α =

1/(l + 1), the system is at half filling where all rods are repulsing each other, which
suppresses the current in the bulk and in at the boundary.

8.4 Conclusion

In this chapter, we have carried out an analysis based on the time-dependent den-
sity functional theory of the steady state dynamics of the totally asymmetric simple
exclusion process of particles with size l which interact through a contact interac-
tions. We have shown that the steady state properties are qualitatively the same
as the standard TASEP of interacting particles of size 1. Current-density relations
present the double hump structure for rod of any sizes and hence the phase dia-
gram for a driven hard rods with contact interactions has a similar structure to the
stochastic interacting lattice gas. In some appropriate limits, results of the latter
have been recovered as well as for the driven hard rods with hard core exclusion.
Our results for the hard rod mixtures with contact interactions presented in the
Chap. (4) can be utilize to generalize the current results of driven hard rods to the
case of mixtures.



Chapter 9

Summary and Conclusion

This thesis deals principally with one dimensional exactly solvable models in con-
densed matter and statistical physics using the density functional theory. These
models have been proved to be very useful in the development of the DFT, as many
approximate methods in 2D and 3D have been inspired in their constructions by the
exact results in one dimension, and also because of the discovery of dimensional
crossover of the fundamental measure theory. The exact density functionals in one
dimension contains information on the density functionals in higher dimensions
and the recipes to set up the latter from the former have been well established.

Our second interest is in the effects of thermal interactions which have been
proved to have an important roles in the phase transformations of condensed matter
systems. We have shown that it has a dramatic effects on equilibrium and non-
equilibrium properties of statistical models even in one dimension.

To derive exact density functionals in one dimension, we employed the method
of the Markov chain, proposed by Buschle et al. First we generalized it to the case
of hard rod mixtures with athermal hard core exclusion. The results were reduced
to those derived previously within a discrete version of Percus’s inverse problem
approach. As a second step, we considered hard rods with arbitrary nearest neigh-
bour interactions extending over two rod lengths. The strategies employed in the
investigations of the two previous models were combined to set up an exact density
functionals for hard rod mixtures with contact interactions.

Considering the core in the derivation of the distribution of microstates, it is
important to realize that the procedure can in principle be extended to interac-
tions of longer range covering several rod lengths. For a given range ξ, the ex-
clusion constraint leads to a natural decomposition of the set {ns, . . . , ns−ξ} into
ranges covering the lattice sites s − σ + 1, . . . , s (first range), s − 2σ + 1, . . . , s − σ
(second range), and so on. In each of these ranges at most one occupation num-
ber can be equal to one. The total number of ranges that need to be taken into
account is dξ/σe, where dxe denotes the integer ceiling division, i.e. the small-
est integer larger than x. Accordingly we would need to consider higher-order
correlators C(1i1 , 1i2 , 1i3 , . . . , ...), where 1ik , specifies the location of the occupied
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site in the kth range as in Chap. 5. The distribution of microstates can then be
expressed in term of these correlators C(1i1 , 1i2 , 1i3 , . . . , ...) (and the densities pi,
which in this general language, correspond to the “one-point correlators”). By
equating with the Boltzmann formula for simple configurations, relations between
the C(1i1 , 1i2 , 1i3 , . . . , ...) and the pi eventually can be obtained, which need to be
solved for expressing the C(1i1 , 1i2 , 1i3 , . . . , ...) in terms of the pi. An interesting
aspect of the Markov chain approach is that its density functionals have the same
form as the fundamental measure functionals, which means that the density func-
tionals have been written as a lattice sum over density functionals of a 0D cavity.
In this respect we have identified two sorts of cavities, the 1-particle cavity which
is a cavity that cannot hold more than one particle (in our language, at most one
occupation number can be one in the range of the cavity) and a 2-particle cavity
which cannot hold more than two particles (two occupation numbers can be one in
the range of the cavity at most) This feature permitted us to construct an approxi-
mate density functionals in 2D and 3D from the exact ones using the dimensional
crossover.

The Markov chain approach offers an alternative to the dimensional crossover
which is independent of any reference to the zero-dimensional excess free en-
ergy functional. The idea is to simplify conditional probabilities appearing in
the Markov chains by only taking into account memory over a limited spatial
range comparable to the range of interactions. Preliminary results for the two-
dimensional Ising model show that with such procedure, bulk phase diagrams are
described with a quality comparable to the Kikuchi’s cluster variation method. This
big advantage of the DFT approach is that the influence of arbitrary external fields
can be considered to be on the same footing without any reconstruction of the un-
derlying functional.

To account for the dynamics of our system, we have employed the TDFT to
investigate the steady state dynamics of hard rods with contact interactions. By
taking an appropriate limits, results previously derived for the standard totally
asymmetric simple exclusion process as well as the driven hard rods have been
recovered. In principle, the TDFT is general to arbitrary dimension and can be
used to study, as an example, diffusion and phase transformations of binary alloys
and colloidal particles with contact interactions where their density functionals can
be inferred from our exact results by dimensional crossover.
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keine anderen als die angegebenen Quellen und Hilfsmittel benutzt habe, dass alle
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