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Despite of being old tired approaches, the successful description of highly complex dynamical sys-
tems using simple phenomenological effective theories (Boltzmann or the stochastic Fokker-Planck
equation) has not been yet completely understood and the corresponding rigorous derivation from
first principles is rather challenging. The enormous simplification throughout similar mappings
allows for a straightforward estimation of some concerned macroscopic physical quantities, which
would in principle require complete knowledge of the detailed microscopic dynamic. A famous heuris-
tic example is the widespread application of the Boltzmann equation (BE) to scattering process
investigations although being originally derived by Boltzmann in the context of classical mechanics
to describe dilute gases. The validity of BE seems to not be restricted to kinetic theory of gases
only, rather, it was shown that it even applies to quantum mechanical transport in weakly disor-
dered networks. In these cases, the crystal structure is not strongly broken and the respective band
structure may be a good dispersion relation approximation, from which associated quasiparticle
features like mass and velocity could be defined. Within such BE framework the disorder takes the
role of a set of scattering centers from which the quasi-particle get scattered. Indeed, our transport
investigations on quantum disordered one particle tight-binding models reveal that under suitable
conditions (conditions on the Wannier-functions overlap ), the idea of the electron being described
like a free particle which gets weakly scattered may carry over to these fully disordered models,
although, no band structures are available at all. We use the decay of the current auto-correlation
function as an indication for the validity of Boltzmann equation. By varying the parameter ranges,
we figure out the existence of two regimes, one of which the auto-correlation function decays expo-
nentially in time, which we identify to be in accordance with the BE. While, a Gaussian decay of
the auto-correlation function for other parameter ranges has been observed. Notice, that this is not
compatible with the BE as it will be argued through the present investigations. This findings are
also supported by further considerations of the mean free path for the respective models. Finally,
the Einstein relation is addressed both analytically and numerically and turns out to be valid for
the present instances. The second part of the present PhD thesis addresses the issue of initial state
independence (ISI) in closed quantum system. The relevance of the eigenstate thermalization hy-
pothesis (ETH) for the emergence of ISI equilibration is to some extent addressed. To this end, we
investigate the Heisenberg spin-ladder and check the validity of the ETH for the energy difference
operator by examining the scaling behavior of the corresponding ETH-fluctuations, which we com-
pute using an innovative numerical method based on typicality related arguments. While, the ETH
turns out to hold for non-integrable models and may therefore serve as the key mechanism for ISI
for this cases, it does not hold for the integrable Heisenberg-chain. However, close analysis on the
dynamic of substantially out-of-equilibrium initial states indicates the occurrence of ISI equillibra-
tion in the thermodynamic limit regardless of whether the ETH is violated. Thus, we introduce a
new parameter v, which we propose as an alternative of the ETH to indicate ISI equillibration in
cases, in which the ETH does not strictly apply.

PACS numbers: 05.60.Gg, 72.80.Ng, 66.30.Ma,

I. INTRODUCTION

A. Part I

The first part of this PhD thesis addressed by the first,
second and the third paper deals with the quatum trans-
port of non-interacting electrons in disordered networks.
We start first by giving some motivations about the prac-
tical relevance of the investigations at hand. Any electri-
cal conductor contains certain irregularities, topological
disorder (amorphous materials [1, 2]) and/or quantum
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percolation [4, 5] like in the cases of binary alloys con-
sisting of two chemical species. It has also been reported
in [6] that the formation of impurities is the main factor
determining electrical and optical properties of graphene,
since the mobility turned out to be independent of tem-
perature between 10 and 100 K. This could be expected,
because, we may anticipate the influence of disorder to
dictate the transport behavior in in the low temperature
limit “ Matthiessen’s Rule”, when the other temperature
related effects are frozen out, i.e., electron-phonon inter-
actions. It is therefore of significant scientific and techno-
logical importance to make a detailed investigation of the
impact of the specific disorder on the transport quanti-
ties such as dc conductivity, diffusion constant and mean
free path.
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This introduction is intended to give some insights about
the setup and notations which has been adopted within
the framework of the present Phd thesis and allows there-
fore for a general understanding of our main investigation
intentions. In what follows we would like to discuss the
electrical transport phenomena from the classical point
of view and mention for a brief reminder some classi-
cal concepts of transport theory. If a normal conductor
(not a superconductor) is subjected to a potential differ-
ence U , the measured electrical current as a response to
that is always finite, which is usually given by the quite
famous ”Ohm’s law I = V

R”. Clearly, some damping has
to be phenomenologically pretended in order to cause the
electric charge carriers (electrons) to move with constant
velocity although being subjected to an external force.
Based on this presumption, a theoretical model called
the Drude model has been introduced, which we would
like to discuss below.

1. Drude Model

Before, the wavy character of matter was discovered,
electrons were considered to behave like billiard balls:
something which is localized, and carries energy and
momentum. Starting from this early picture, Paul
Drude [7] arrived at an explicit formula for the electrical
conductivity from the underlying known classical equa-
tions of motion. The electron (electric charge carrier)
is considered to accelerate under the influence of the
external field ~E, hence, its instantaneous velocity is
supposed to increases monotonically with respect to
time. Since, this doesn’t happen in practice, a retarded
internal force proportional to the velocity v is added
to the corresponding microscopic equation of motion,
which is caused by the permanent scattering events with
the statical ions which an electron suffers through his
motion in the medium. Thus, the equation of motion for
a single particle reads,{

ẋ = v,

mdv
dt

= qE −mγv

m and q denotes the mass and the charge of the
electron respectively. γ = 1

τ is an input and refers to a
damping constant, which is defined such as it has the
dimension of an inverse time. It would turn out that
time τ is related to the mean time decay of the velocity
auto-correlation function (initial velocity memory of the
system). Notice, that the above dynamical system is not
a Hamiltonian system for which an Hamilton function is
easily written down. It belongs to class of systems called
dissipative systems, which do not conserved phase space
volume and would therefore exhibit fix points or limit
cycles. Thus, we seek the steady state solution of above
equation, that is, when physical quantities like velocity
do not depend on time explicitly, we impose dv

dt
= 0 and

arrive to an explicit formula for the equilibrium velocity,

veq =
qτE

m
(1)

The current is defined as the charge carriers concentra-
tion qn times the velocity v, hence, we get the relation
j = qnveq = nq2τ

me
E. This formula illustrates the linear

response of the system to the external perturbation E
(the famous Ohm’s law j = σE ), from which an explicit
formula for the dc conductivity σ may be extracted:

σ =
nq2τ

me
(2)

To derive the Drude formula (2), we followed the trajec-
tory of a single electron in the respective configuration
space spanned by (x, v) for some initial realization. How-
ever, this is not the hole story of what is actually going
on microscopically. Elastic collisions which gave rise to a
damping force would also exerts a kind of a random in-
stantaneous force component η(t) on the particle, which
has to be included in the equation of motion with some
given statistical properties of the latter. This goes under
the name of the Fluctuation-dissipation theorem, which
would guarantee the famous Maxwellian distribution of
velocity at equilibrium in the absence of the external force
(otherwise all initial velocities would go to zero). Simi-
lar considerations would require the study of stochastic
dynamics also called the Langevin model, which is be-
yond the scope of the present investigations. Since, a
huge number of electrons are involved in contributing to
transport phenomena, we would like in what follow to
have an improved statistical description by not only re-
stricting on some special initial realization but on a hall
family of initial configurations, which brings us to the no-
tion of the phase space probability distribution ρ(~r,~v, t).

2. Boltzmann equation

In the absence of particle-particle interactions, the one
particle distribution function ρ(~r,~v, t) obeys the Liou-
ville’s theorem, which states that the phase space volume
is a conserved quantity (the dynamical flow is similar
to the flow of an incompressible fluid), hence, the total
derivative of the probability density with respect to time

is zero dρ(~r,~v, t)
dt

= 0. Using the composite derivative
rule, we arrived at the following differential Equation:

∂ρ(~r,~v, t)
∂t

+ ~v~∇rρ(~r,~v, t) +
~F

m
~∇vρ(~r,~v, t) = 0 (3)

It is important to mention that even if it is not writ-
ten down explicitly in equation (3), the ρ(~r,~v, t) refers to
as a conditional probability ρ(~r,~v, t/~r0, ~v0, t0) with some
given initial values ~r0, ~v0 at time t0. Clearly, the above
collisionless differential equation would describe a ballis-
tic transport behavior in the absence of an external force
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~F . This may be straightforwardly shown by consider-
ing the time evolution of the space variance σ2

x(t), which
using integration by part turned out to be quadratic in
time

σ2
x(t) =

∫
dxdv(x− x̄)2ρ(x, v, t) ∝ αt2

Notice, that we have neglected correlations between the
electrons in order to be able to write an equation for the
one particle distribution function alone. If we do not
neglect interactions between the electrons, they would
not be statistically independent anymore and the ex-
plicit equation of the one particle distribution (3) would
also involve additional terms like the two particle func-
tion etc (a hierarchy ). Nevertheless, under the famous
Stosszahlansatz ”molecular chaos” [10], Boltzmann de-
rived an equation of motion for the one particle distri-
bution which explicitly included the effects due to the
two particle interactions by adding a phenomenological
collision term into equation (3), which now reads

∂ρ(~r,~v, t)
∂t

+ ~v~∇rρ(~r,~v, t) +
~F

m
~∇vρ(~r,~v, t) = −L(ρ) (4)

L(ρ) denotes the collision term, which contains the en-
tire structure of the scattering potential and may there-
fore be very complicated .i.e, non-linear. Equipped with
Stosszahlansatz, Boltzmann arrived at explicit formula
for the entropy (H-theorem), which indeed increases as
time goes on and reaches it maximum value at the
Maxwellian distribution of velocity. The basis assump-
tion behind the Stosszahlansatz is that the particles
should not be correlated before collision. They may get
correlated after and than undergo so many collisions such
that the arising correlations vanish before they collide
with each others once again. This gave rise to several de-
bates (with Loschmidt, Zermelo and Poincare) in which
Boltzmann tried to justify his claims and although the
striking success of the his Ansatz, it still remains under
dispute.
The collision term L(ρ) is generally non-linear. It can be
linearized, if the distribution ρ(~r,~v, t) is assumed to be
close to equilibrium distribution ρ0. It is also linear, if
we only consider collisions with external scattering cen-
ters. Moreover, it may be further simplified under the
following relaxation time approximation (RTA),

L(ρ) =
(ρ(~r,~v, t)− ρ0(~v))

τ
=
δρ(~r,~v, t)

τ

τ denotes the relaxation time, which also refers to the
time for which the system would forget its initial veloc-
ity. Inserting this RTA collision term into equation (4)
and assuming small gradients ~∇rρ(~r,~v, t) in the absence
of external force, the the BE get extremely simplified and
the corresponding solution is given by an exponential de-
caying function:

δρ(~r,~v, t) ∼ exp(− t
τ

) (5)

This solution suggests that due to collisions, the system
will relax into its equilibrium distribution and so would
related physical quantities evolve into an equillibrium
value. Equipped with this solution, we consider current
(or velocity ) auto-correlation function 〈j(t)j(0)〉,

〈jj(t)〉 = 〈j2〉exp(− t
τ

) (6)

Apparently, under the RTA approximation the correla-
tions in velocity will drop of exponentially in time with a
mean relaxation time (damping time τ = 1

γ ), which may
be defined as follow:

γ =
1
τ

=

∫∞
0
〈jj(t)〉
〈j2〉

For times much larger than the above correlation time
t � τ , the velocity autocorrelation may be regarded as
delta correlated and the corresponding position distri-
bution function ρ(~r, t) =

∫
dvρ(~r,~v, t) would therefore

exhibit diffusive behavior similar to a stochastic non sta-
tionary Langevin model ẋ = v(t) with the a white noise
v(t). The diffusion equation is given as follow

∂ρ(~r, t)
∂t

= D∇2
rρ(~r, t) (7)

D denotes the diffusion constant, which usually related
to the damping factor γ (mobility ) through the Einstein
relation:

D =
KBT

mγ

KB denotes the Boltzmann constant. The emergence of
similar above discussed RTA Boltzmann regime with a
corresponding diffusive behavior was rigorously proven
in the weak disordered quatum Anderson models [9], in
which the disorder of the onsite-potentials take the role of
a set of scattering centers from which the quasi-particle
get scattered. The associated quasiparticle features i.e.,
mass and velocity, may be defined from the respective
dispersion relation, which we would discuss below in rea-
sonable details. In fact, our investigations on the quatum
transport of non-interacting electrons in fully disordered
models [11–13] show in some parameter range conclusive
evidences of dynamics similar to the Boltzmann regime in
the corresponding RTA, since, we observe an exponential
decay of current auto correlation functions (〈jj(t)〉) and
a diffusive behavior for the position distribution function
with time scales which are consistent with above con-
siderations. All that arises although the models do not
exhibit any band structure at all and are fully disordered.
Notice, that we have also found regimes, in which the dy-
namics is not compatible with the Boltzmann equation,
that is, the current autocorrelation function decays like a
Gaussian function with respect to time. The reason why
these regimes may not be mapped into the BE would be-
come clear below.
To show further consistency, we would like to compare
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our transport coefficients findings with these extracted
from the BE. Therefore, we intend in what follows to de-
rive an expression for the dc conductivity from the BE
as a response to a static external electric field E. Unfor-
tunately, deriving it rigorously requires lot of numerical
efforts and therefore cannot be adequately illustrated in
a few lines within the framework of this introduction. For
more details, see [15, 16]. Nevertheless, a quicker path of
doing this, is to consider a small deviation of the distri-
bution function from its equilibrium density ρ = ρ0 +λδρ
as a response to a weak external field λE. Inserting this
in equation (4) and considering only the terms which are
first order in lambda, the steady Boltzmann equation
with regard to the δρ reads

δρ(~r,~v) = −τ~v~∇rρ0(~v)− τ qE
m
~∇vρ0(~v) (8)

Since electrons are fermions, it is reasonable to as-
sume the fermionic equilibrium distribution ρ0(~v) =
(1 + expβ(ε− εF ))−1. εF is the quasi-Fermi level. In
contrast to the kinetic theory of gases, the electrons in a
metal are not completely free. Rather, they are subjected
to the crystal’s periodic potential. So what is meant here
by the mass m and velocity v?. To answer this question
we use what is already known from condensed matter
physics. Usually, the definition of the relevant quantities
v,m in the corresponding crystalline solid is based on
consideration of the band structure (dispersion relation
ε(k)), which may be defined as follow:

~v =
1
~
~∇kε(k),

1
m

=
1
~2

∂2ε(k)
∂2k

(9)

In this quasi-particle description, the velocity is consid-
ered to be the slope of the dispersion relation and the
mass as the inverse curvature. The different geometrical
structure of matter may lead to an extremely compli-
cated band structure, which in the case of graphene [8]
turned out to be linear In the vicinity of some k-points,
the electron near this k-points would therefore behave
like a particle with zero effective rest mass.
Since the mass m and velocity v are now well defined,
we insert them in equation (8). The first term in the
right hand side vanishes identically, because the Fermi
distribution is homogeneous and does not involve r de-
pendency explicitly. Using the chain rule ∂

∂v = ∂ε
∂v

∂
∂ε , the

second term simplifies to:

δρ(~r,~v) =
qτ

m

∂ε

∂v
(−∂ρ0

∂ε
)E

By exhausting the content of the definitions (9), the term
∂ε
∂v may be further evaluated to:

∂ε

∂v
=
∂ε

∂k

∂k

∂v
= mv

Now, we may compute the static current, which reads

〈δj〉 =
∫
dvqvδρ(~r,~v) =

∫
dvq2v2τ(−∂ρ0

∂ε
)E (10)

For small temperatures, the term ∂ρ0
∂ε ∝ −δ(ε − εF ) be-

haves like a delta function, thus, the conductivity reads

σ = q2N(εF )v2
F τ (11)

This expression reminds us of the Drude formula derived
previously. The N(εF ) and vF are the number and the
velocity of electrons near the Fermi level. For quadratic
band structures, where v2

F ∼ 1
mF

, matches completely
with the Drude formula. For complete consistency with
the BE, the conductivities computed in our models
shows apparently the same formula in the corresponding
identified Boltzmann regime with v2

F τ being replaced by∫∞
0
dt < jj(t) >.

As previously mentioned, we have found other pa-
rameter regimes, for which we have assert that they are
not in accord with the Boltzmann equation. In order to
understand the reason for that, a little preliminary work
is needed.
In general, the collision term L from the Boltzmann
equation is non linear. If it could be diagonalized, than
the corresponding eigenfunction φi(v, t) would obey,

Lφi(v, t) = ωiφi(v, t) (12)

Bearing in mind what we have already done by the
RTA and considering (ωi = 1

τi ) to denote inverse re-
laxation times, the BE solution of these eigenfunc-
tions is straightforwardly performed, which is given by
the mono-exponential decreasing functions φi(v, t) =
exp {−ωit}φi(v). Furthermore, these eigenfunctions
would form a basis set, hence, every solution of the Boltz-
mann equation could be written as a linear combination
of these eigenfunctions:

ρ(v, t) =
∑
i

Piφi(v, t) (13)

Since L is positive definite, the Pi are supposed to be
positive real numbers, therefore, any solution ρ(v, t)
would decay poly-exponentially in time to its equilibrium
distribution ρ0(v). Notice, that it is not possible to
write a Gaussian function as linear combination (13)
under the restriction of positive real coefficients Pi.
Hence, functions with Gaussian decay do not belong to
the set of solutions of the Boltzmann equation. Similar
non-Boltzmannian transport type has been found in the
topological disordered phase models [11], constant phase
models in the small mean overlap length regimes and in
the strongly percolated percolation models in Ref. [13].
The typical features of this regime are a Gaussian decay
of the current auto-correllation (extremely short initial
velocity memory ) and small mean free paths compared
to the mean inter-atomic site distances. At this stage,
the Boltzmann description is supposed to break down
and the dynamic starts mimicking the motion of an
overdamped Brownian particle under the influence of
random force η(t), which we anticipate (guess) to have
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an oscillatory decaying correlations in order to produce
similar behavior.

3. Localization

In strong disorder regimes, we have to keep track of
the quatum localization of the energy eigenstates, which
is a pure quantum phenomena. The idea that disorder
could lead in quantum mechanics to phenomena of local-
ization was first noted by P.W. Anderson 1958 in Ref.
[55], in which he proved that a large amount of disorder
in 3-dimensions may induce a metal-insulator transition
at some critical disorder Wc. At this stage, all energy
eigenstates are supposed to be localized in position space,
therefore they would not contribute to transport. The
asymptotic behavior of a localized energy eigenstate is
described by the exponentially decaying function:

ψ(r) = f(r) exp (− r
λ

) (14)

λ denote the localization length which tends to λ → ∞
for the extended or the delocalized states. We would like
to restrict our parameter range in our further transport
investigation such that the majority of energy eigenstates
are supposed to be delocalized. The Kubo formula we
have used to compute the dc conductivity is considered
to be sensitive against finite-size effects and since the
systems that we are able to address are rather limited in
size, so we have to worry about convergence. The best we
can do is to consider the entire energy spectrum, where
we have to make sure that the majority of the energy
eigenstates are delocalized. The so computed dc con-
ductivity refers therefore to an average conductivity over
all energies. Since, localized states exhibit some finite
spread, they may be confused with the delocalized states
when the delocalization length is comparable to the in-
vestigated system size (λ ∼ L). Thus, an appropriate
finite-size scaling investigation of localization is required.
To this end, several approaches have been proposed in
order to quantify the localization properties of respec-
tive energy eigenstate for finite systems. One example
is the Thouless number [60], which exploits the sensi-
tivity of extended states to the change from periodic to
anti-periodic boundary conditions. Other instances use
the transfer matrix approach to compute Lyapunov expo-
nents [61], from which the localization property may be
read off. The previously mentioned approaches however
are numerically extremely costly and are rather subtle
to implement. Nevertheless, since we are not concerned
with the exact value of the mobility edge Ec which sep-
arates localized from delocalized energy eigenstate, the
inverse participation number approach turned out to be
very appropriate for the purposes we have in mind. The

inverse participation is defined as follow

IPR(E) =
∑
i

|〈ψE |~xi〉|4 (15)

|ψE〉 denote the energy eigenstate with respect to the
eigenvalue E and |~xi〉 are the position eigenfunctions
(Wannier-functions) located at the site ~xi.
Clearly, for finite systems the transition from delocal-
ized regime to localized one is not sharp. The rough
estimation of the mobility edge may be performed using
fractal analysis. It has been reported in [70] that at the
mobility edge, the inverse participation number scales
according to a universal well defined critical exponent
d as function of the system size L. This fractal dimen-
sion analysis has been used by P. Markos [73] in order to
investigate the Anderson model and turned out to pro-
vide extremely good results compared with other meth-
ods [74, 75]. Notice, that the fractal dimension addresses
the scaling behavior of the inverse participation number
only near the critical point (theory of phase transition).
By exactly the mobility edge, the inverse participation
number scales as a power-law with respect to the system
size IPR(E) ∝ L−d, which in logarithmic representation
reads,

ln [IPR(E = Ec)] = ln [IPR0]− d ln [L] (16)

This linear behavior is however not decisive to roughly
determine the value of the mobility edge, that is, for fi-
nite size scaling the departure from a linear scaling of the
IPR for other other energies is minimal. This may lead
to misleading fractal dimension and hence strongly affect
our results concerning the mobility edge
To improve the accuracy of estimation, we consider the
IPR near the critical point. Very close to Ec, the
ln [IPR(E)] may be expanded in a taylor serie in terms
of (E − Ec),

ln [IPR(E)] = ln [IPRE ]− dE ln [L] +A(E − Ec)L1/ν

(17)

ν denotes the critical exponent. The dependency L1/ν

has been derived in the scope of the phase transition
theory [70] and is believed to be a universal scaling
behavior near the Anderson transition. Since, very near
to the critical point the quantity A(E − Ec) turns out
to be small, the last term in equation (17) does not
significantly contribute to the scaling of IPR. Unless,
if we compare large differences of ln [L] and/or move
away from Ec. In these cases, the contribution of the
latter would be perceptible in a specific way depending
on whether the state is localized or not. Therefore, the
signature of A(E − Ec) in the corresponding energy
E becomes crucial. In other words, if A(E − Ec)
is supposed to be negative, the inverse participation
number ln [IPR(E)] would depart downwards from
the linear behavior −dE ln [L] for increasing L, which
indicate a delocalization behavior. On the other hand,
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if A(E − Ec) is positive, the ln [IPR(E)] would depart
upwards from −dE ln [L] indicating a localized behavior.

4. Linear response and current operator

We intend to compute the transport quantities in the
metallic regime (delocalized regime). For this purpose,
we use the Kubo formula [35], which has been derived in
the context of the linear response theory, which reads

σ(t) =
1
N

∫ t

0

dt′tr{ ~J(0) ~J(t′)} (18)

The Kubo formula (18) connects the conductivity to the
current auto-correlation function. Remarkably, it does
not include the external force explicitly. Therefore, it
may be generalized to compute heat conduction, see Lut-
tingers work Ref. [17]. However, the justification of the
generalization of the KF to the thermal conductivity is
still under dispute and the replacement of the respective
currents is questionable [18].
In the context of periodic systems the definition of the
current ~J is often done by considerations based on the
continuity equation for the particle density [76, 92]. In
the disordered models at hand, we choose a definition
of the current which is based on the “velocity” in, say,
x direction, i.e.,

v̂x = i[Ĥ, x̂] (19)

The dc conductivity is defined as the long time limit of
σdc = σ(t → ∞) and because, numerically we have to
deal with finite size systems, we would expect our results
to be strongly influenced by boundary effects. While,
this may be fixed by computing the conductivity as a re-
sponse to an oscillatory external field and extracting the
dc conductivity by making the limit σreg = limω→0 σ(ω)
Ref. [78], we instead introduce a periodic boundary
condition by mapping the topology from the cubic
cluster to a 3-dimensional torus. It would turn out that
the interpretation of i[Ĥ, x̂] as velocity or current is
somewhat in conflict with periodic boundary conditions.
Thus, in order for the definition to be compatible with
the introduced boundary condition, we modify the above
velocity operator such that it features the same structure
for transitions arising from the periodic closure as it
already exhibits for transitions within the sample.

5. Mean free path from a linear response

To justify our classification statement about the type
of transport previously described, we would like to ad-
dress in what follow the scaling behavior of the mean free
path λ in the different parameter range such as defined in
[11]. The mean free path is roughly the initial increase of

width of an initially narrow probability distribution up
to the point where the fully diffusive dynamics begins for
more details see [11]. However, this requires additional
numerical investigation, which turned out to be not very
efficient due to its substantial sensitivity to finite-size ef-
fects. Nevertheless, we can use the Kubo formula for
that purpose, provided the Einstein–Smoluchowski rela-
tion holds. According to the Einstein relation, conduc-
tivity and the diffusion constant should be proportional
to each other.

D(t) =
T

ε2
σ(t) (20)

where D(t) is the (time-dependent) diffusion constant
and ε2 is the uncertainty (variance) of the transported
quantity per site at the respective equilibrium. The va-
lidity of the Einstein relation and the limits of its ap-
plicability have been much debated subjects in the con-
text of quantum systems [93] (and references therein). It
has been reported that it does not hold for the case of
strongly correlated electrons in 3-dimensions [37]. There-
fore, we check its limit validity to our concrets quatum
models. It turned out that the Einstein relation in our
case even hold for finite times. Thus, the Kubo formula
may be also regarded as representing the diffusion coef-
ficient:

D(t) =
∫ t

0

1
N

Tr{Ĵ(t′)Ĵ(0)}dt′ (21)

Since, the current auto-correlation function decays up to
zero after some relaxation time τR, the so defined time de-
pendent diffusion coefficient is expected to increase first
and than to reach a constant value (diffusion constant
) for times larger than the relaxation time. Hence, an
appropriate mean free path may be defined as follow:

λ =
√

∆2x(τR) =

√
1
2

∫ τR

0

dtD(t)

Finally, the finding concerning the power-law scaling of
the mean free paths supports the classification of the two
different types of transport.

B. Part II

The second part of the present PhD thesis addressed
by the forth and the last paper deals with the issue of
initial state independence equillibration (ISI) in closed
quantum systems. The question of whether, and how, a
closed quantum system approaches equilibrium after a
sufficiently long time has received renewed interest in the
past few years. This interest was in particular triggered
by experiments with trapped ultracold gases [19, 23].
The theoretical conditions, under which a quantum
many body system exhibits equilibration properties
have been established in Ref. [30, 49]. The crucial
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requirement is that the Total Hamiltonian has nonde-
generate energy gaps (nonresonance condition), which
is an extremely natural and weak restriction, because
any sufficiently small perturbation would remove all the
degeneracies. Thus, only a small subset of Hamiltonians
of measure zero has therefore been ruled out by this
restriction. Nevertheless, since the time evolution of
the state of the whole system is unitary, than given
enough time the system would come arbitrary close to
its initial state. However, if the initial state is assumed
to be a superposition of very many energy eigenstates,
the recurrence would occur extremely infrequently
allowing the observable and/or reduce densities to spend
almost all the time close to there equilibrium value.
This additional assumption is also a very natural one,
since, experimentally, preparing an out-of-equilibrium
initial state with an arbitrary accurate energy precision
is practically impossible. The next step would be to
consider the further aspect of equilibration of whether
the final equilibrium value depends explicitly on the
initial state or not and what is the mechanism actually
driving the latter. This issue however turns out to
be more subtle than the previous case and despite
significant progress along the line, the problem of initial
state independence still remains an open problem.
Nevertheless, some sufficient conditions under which ISI
equilibration emerges has been proposed, for instance,
the eigenstate thermalization hypothesis (ETH) , which
is as it stand only hypothetical and the range of its
applicability is still unknown. It is widely believed to
apply for few body observables in the nonintegrable
regime. We provide in the present investigations a strong
numerical evidence of the validity of the ETH and show
its relevance for ISI equilibration in a specific Heisenberg
spin-ladder. Moreover, It has been argued in Ref. [33]
that ISI equilibration may occur even when the ETH is
strictly violated. Hence, a new sufficient condition called
the eigenstate randomization hypothesis (ERH) has
been articulated, which involves the ETH as a special
case and generalized its definition on the level of the
coarse-grained version. However, although the ERH is
generic for almost all Hamiltonians H and few-body
observables D [33], it requires some further condition on
the initial states like having some smoothness property,
where is not clear at all whether out-of-equilibrium
states belong to that subset. In Fact, our investigation
on the integrable Heisenberg-chain shows indications
of ISI equilibration although the ETH was violated.
The ERH was checked to be fulfilled, However, for the
states initially far of equilibrium (MOD states), the
ISI equilibration did not occur in the sense of ERH, it
rather emerged in the sense that the following quantity
(limt→∞

<ψ|D(t)|ψ>−Deq

<ψ|D(0)|ψ>−Deq
→ 0, ∀|ψ >∈ HR) tended to

zero in the thermodynamic limit. This are, we think,
the preliminary clues about the general concerns of
the investigations at hand, which will be discussed in
reasonable details in the following sections.

1. Classical equilibration

In classical physics, the occurrence of equilibrium from
a deterministic time reversal law of motion is quite in-
tricate. It looks like that there is an apparent para-
dox between reversibility vs entropy increase in closed
Hamilton systems. It has been recognised that it is
actually related to to the subjective lack of knowledge
which is first a very controversial as a physical princi-
ple. In order to be able to count cells in phase space,
an intrinsic finite measurements precision has been as-
sumed. Accordingly, the phase space is partitioned into
elementary cells where points belonging to the same cell
are effectively indistinguishable by doing a physical mea-
surement. If moreover the dynamic is supposed to be
ergodic or even stronger, exponentially sensitive to ini-
tial conditions (positive Lyaponov exponent), than given
sufficient time, an initial configuration would come ar-
bitrary close to any point in the respective accessible
region and in some instances, the corresponding initial
volume may get so badly distorted, such that the ini-
tial volume gets completely mixed up (strongly mixing)
in entire phase space. Notice, that this would not vio-
late the conservation of phase space volume according to
the the Liouville-theorem. Hence, due to the inability
of distinguishing between neighbouring points belonging
to the same elementary cell, the the loss of information
emerges due to the increase of the coarse grain volume.
In other words, even when we have complete knowledge
about the initial state of the system and the rules of
time evolution are completely deterministic, the system
would evolve in such a way that the lack of knowledge
always increases (the system evolves into a well defined
state only we do not know what it is). This is the reason
why macroscopic dynamics of physical observables may
look irreversible for us, although the underlying equa-
tions of motion are time translational invariant. Once,
a given Hamilton system behaves that way, then in the
long time limit the corresponding phase space density
ρ(t) may reach a steady state ρeq and remains in that
state or close to it for almost all time. Unfortunately, de-
riving this equilibrium density from the underlying equa-
tions of motion turned out to be an exceedingly compli-
cated problem, which became a major concern of equilib-
rium statistical mechanics. Usually, in absence of further
constants of the motion, the postulate of equal apriori
probability is often used to write down what the equilib-
rium distribution is ρeq = δ(H−E) (principle of maximal
ignorance), which is equivalent to having a separatrix ev-
erywhere in phase space (dense set of unstable periodic
orbits, see the baker map). In fact, what you can prove
in general, is that if the system start in such a state
of equal apriori probability it remains there for all time
(∂ρeq

∂t = {H, ρeq(H)} = 0), what you can not prove how-
ever is to evolve into that state starting from arbitrary
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any other states. In some instances, it is possible to use
the coarse grain dynamic ”sometime called symbolic dy-
namic” to derive the equilibrium distribution explicitly,
which could be determined from the Frobenius-Perron
equation [24].

ρeq(y) =
∫
dxδ(y −M [x])ρeq(x) (22)

y, x are the phase space dynamical variables in the coarse
grain sense and M [x] denotes the infinitesimal time iter-
ation map of the respective Hamilton’s equation. After
inserting the map y = M [x] in to the Frobenius-Perron
integral equation the latter reduces to a functional
equation, which carries a unique solution under the
requirements of positive definitivity and normalizability
of the distribution ρeq. When the Frobenius-Perron
equation is solved, which is not an easy task in general,
than the system is completely described using this
distribution. This description become extremely useful
in the case of non-integrable models (chaotic) with a
large number of degrees of freedom, because at this
stage, Time questions are rather hard to answer and x(t)
may not be even computable. Thus, instead of looking
at time averages, the statistical description provides
an alternative way by considering ensemble averages
to determine average values and higher moments of
physical quantities.

The remaining task however, is to prove the bold
additional inputs (Ergodicity, Mixing, ect) which have
been required in order for the closed Hamilton system
to equilibrate. While, most dynamical systems are
indeed chaotic, even the ergodic hypothesis [26] has not
been yet rigorously proven. As far as we are aware, it
has merely been proven for the hard sphere classical
gases case. In fact, the numerical experiment done by
Fermi, Pasta and Ulam (FPU) [27] on a one dimensional
lattice of harmonic oscillators with nonlinear coupling
showed no sign of ergodicity. Instead, long time periodic
dynamics has been observed. Moreover, even when
the above equilibration requirements hold, it is not
clear either, whether the system would remains in that
equilibrium state for ever. Because, this seems to be
inconsistent with the Poincare reoccurence theorem [25].
This gave rise to a great debate, in which Boltzmann
argued that the time needed for a system to come back
to its initial state may be so large (recurrence time
presumably larger than the age of the universe) such
that one can hardly see such an effect for all practical
purposes. However, this would lead to a new revision
of what equilibrium actually means. Any way, the
emergence of thermodynamic behavior in autonomous
Hamiltonian systems from the classical law of motions
is not yet completely solved and still remains an open
problem.

C. Quantum equilibration

1. Environment scenarios

On the other hand, quantum mechanics is really the
fundamental law of nature and from its first principles
the emergence of thermodynamic behaviors has to be de-
rived. After an enormous progress, it turned out that the
equilibration of a small subsystem embedded in a huge
bad is rather generic. In this environment scenario the
total system is decomposed into a small subsystem S and
the rest of it which is refered to as a bath B . The full
Hilbert space is therefore a product space of H = S ⊗ B
and the Hamiltonian of the system may in general be
writen as H = HS + HB + HSB , where HS and HB

denote the self-Hamiltonian of the subsystem and bath
with dimensionalities dS = dim{S} and dB = dim{B},
respectively. HSB denotes that of the interaction. The
subscripts S and B are supposed to be self explanatory.
Since, the whole system is isolated, its state is described
by a pure state ρ(t) = |ψ(t) >< ψ(t)| and the states
of the subsystem as well as that of the bath are de-
fined by the reduced density matrices ρs(t) = trB{ρ}
and ρB(t) = trS{ρ}, respectively. trS,B{} denotes the
tracing of the state of the whole system over the rest
degrees of freedom. Because, the time evolution of the
whole system is unitary ρ(t) = U(t)ρ(0)U†, the state of
the whole system will remain a pure state after time evo-
lution, hence, the corresponding quantum von Neumann
entropy does not increase,

Ŝ(t) = −tr ˆρ(t) ln ( ˆρ(t)) = 0 (23)

In other words, the state of the combined system is
not supposed to equilibrate at all and must therefore
continue evolving through many distinct states with the
same rate as initially. On the other hand, the subsystem
may be regarded as an open quantum system which
exchanges energy with the surrounding. Thus, even if it
starts in a pure state initially, it may due to correlation
evolve into a mixed state, which cannot be described by
any particular pure state. This means that some infor-
mation about its initial state is lost, which is presumably
encoded on the degree of entanglement between the
subsystem and the bath. This seems to be very contrary
to the previous classical case, where complete knowledge
of the whole system implies complete knowledge of any
subsystem. This is in some sense an objective lack of
knowledge which is a pure quantum phenomena and
the key mechanism is entanglement. Since, the entropy
of the subsystem may increase, it is conceivable for
the subsystem state to equilibrate. Therefore, the next
task would be to address the major question of the
equilibrium statistical mechanics and see under which
general circumstances (interaction, initial states) does
the subsystem show thermalization properties. Since,
we have used the terms thermalization and equilibration
interchangeably, it is better convenient to define these
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notations of what is precisely meant by thermalization
properties. The following definitions of the various
thermalization aspects have prevailed within quantum
thermodynamics community.

(1)-Equilibration: ρs(t) is said to equilibrate if it
approaches an equillibrium state ωeq (in general mixed)
and stays close to it for almost all time. As far as equi-
libration is concerned, the form of the equilibrium state
and its dependence on the initial condition are irrelevant.

(2)-Bath initial state independence (bath ISI ): the
final equilibrium state ωeq should not depend on the
exact microstate of the bath. This means, if we specified
an initial state of the bath φ, the final equilibrium state
should depend only on its macroscopic characteristics
such as a temperature T = T [φ].

(3)-System initial state independent (system ISI):
the equilibrium state does not depend on the subsystem
initial state ψs(0).

(4)-The Boltzmannian form of the equilibrium state
also called thermalization: that is, when the equilibrium
state takes the famous Boltzmann-Gibbs distribution
ωeq = 1

Z exp (− 1
KBT

HS). This is expected to hold
whenever the interaction HSB is in some sense weak
compared to the subsystem self Hamiltonian HS .

Obviously, it is the property (1) to be primarily
addressed, because, all the remaining properties would
than first make sense when the equilibration property
holds. The significant contribution along the line of
understanding this issue for similar scenarios was discov-
ered by Gemmer [43], Popescu [31] and Goldstein [45].
The basic fact is based on the concentration of measure
phenomenon, which is a feature of geometry in very high
dimensional spaces and remarkably a Hamiltonian inde-
pendent statement. This so called canonical typicality
rely on an earlier pionier work of Von Neumann [38] in
1930, in his famous and mostly forgotten paper ”the
quantum ergodic theorem”. The statement is as follow;
consider a high dimensional subspace HR ⊂ H, dR � 1,
with some ascribed macroscopic constraints. Then the
overwhelming majority of states |ψ >∈ HR would lead
to reduce density matrices for the subsystem which are
close to the averaged over HR matrix with a uniform
distribution (Haar measure);

trB{|ψ >< ψ|} ∼ 〈trB{|ψ >< ψ|}〉HR
(24)

The symbol ∼ in equation (32) is intended to illustrate
the word close to. After all, these are matrices and the
meaning of states close to each other may be mathemat-
ically quantified by the natural trace distance, which is
defined below. Due to this striking geometric property,
it is reasonable to assume ρs(t) to presumably spend
almost of the time close to the Hilbert space average
〈trB{|ψ >< ψ|}〉HR

. However, the above argument is

non dynamical and therefore can not be used as a rigor-
ous proof of equilibration, that is, the state of the whole
system may not in general entirely fill up the accessi-
ble Hilbert space. It would merely fill up a high dimen-
sional torus [38] conserving with that all the available
constants of the motions. Lot of efforts has been devoted
in order to seek out under which circumstances do the
subsystem embedded in a large bath equillibrate by ex-
ploiting the above typicality statement [29, 30, 32, 62].
It turned out that equilibration is generally the case un-
der very natural and weak conditions. One of the suf-
ficient conditions requires for the total Hamiltonian to
have nondegenerate energy gaps (non-resonance condi-
tion) [62]. As we will see below, this would enable us
to compute the long time average of the reduced density
matrix ρs(t) and estimate an asymptotic upper bound of
the fluctuations around its average. The nonresonance
condition says something about the energy eigenvalue
differences (εi − εj) and states the following: Hamilto-
nian H is said to have non degenerate energy gaps if the
equatlity (εi − εj = εk − εm) holds, if and only if (i = j
and k = m or i = k and j = m). By definitions, this
also involved that the energy levels are nondegenerate.
Physically it means that the total Hamiltonian should
be fully interactive. Indeed any non-interacting Hamil-
tonian Ĥ = Ĥs + Ĥb would lead to lot of degenerate en-
ergy gaps ∆εij , since the total energy can be written as a
sum of the energy of the subsystem and that of the bath
E = Es + Eb. Because, the time evolution of the state
of total system |ψ(t)〉 =

∑
j cj exp (−iεjt)|εj〉 is unitary,

the evolved state have to come arbitrary close to it start-
ing state given sufficient time (even though the time may
be extremely long). So, it is not reasonable to expect
ρs(t) to equilibrate and therefore to have a long time
limit. Instead, a time average of ρs(τ) = 1

τ

∫ τ
0
ρs(t)dt

has to be considered. Exhausting the content of the non-
resonance condition, namely, the non degeneracy of the
energy eigenvalues, the long time limes of density matrix
average leads to the equillibrium density ωseq;

ωseq =ρs(t)t→∞ =
∑
ij

c∗jciei(εj−εi)tTrb|εi〉〈εj |

=
∑
i

|ci|2Trb|εi〉〈εi| (25)

The question which arises now is who strong are
the long time fluctuations around that equilibrium
state?. The answer to this question has been es-
tablished in Ref. [30, 62] by considerations based
on finding an upper limit of the trace distance
D[ρs(t), ωseq] = 1

2 trs
√

(ρs(t)− ωseq)2. By definition, this
natural trace distance lies between 0 ≤ D[ρ1, ρ2] ≤ 2 and
characterizes how hard it is to distinguish the subsystem
states ρs(t) from its equilibrium long time average equi-
llibium state ωseq given perfect measurement. When it
is small, the two states are practically indistinguishable.
Equipped with definition, we could estimate the long
time average upper bound of the trace distance using
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the concavity of the square-root function:

D(ρs(t), ωseq) =
1
2
Trs

√
(ρs(t)− ωseq)2

≤ 1
2

√
Trs(ρs(t)− ωseq)2

(26)

The overline bar denotes the long time average. By writ-
ing the inequality (26) in the energy eigenbasis, the trace
under the square roots in RHS of the inequality may be
further developed and reads

Trs((ρs(t)− ωseq)2) = dS
∑
i 6=j

∑
k 6=m

c∗jcic∗mckei(εj−εi+εm−εk)t·

·Trs(Trb{|εi〉〈εj |}Trb{|εk〉〈εm|})
The detailed derivation of the above expression may be
found in [30]. Now, the use of the nondegeneracy of
the energy gapes would become clear. Because, the long
time upper bond could be now estimated. This is clearly
the case when four energy eigenvalues are simultaneously
engaged. Once, the nonresonance condition holds, the
above upper bounds simplify to

D(ρs(t), ωseq) ≤
1
2

√
ds

deff (ωb)
≤ 1

2

√
d2
s

deff (ω)
(27)

deff (ω) = 1
Tr{ω2} denotes the effective dimension

of the equilibrium states, which represents in some
sense the inverse purity. The inequality (27) provides
a long time upper limit for the fluctuations of the
subsystem state ρs(t) around its equilibrium state ωseq.
When it is small, than by definition (1), the system
is said to equilibrate, which is definitely the case if
deff (ωb) >> ds or deff (ω) >> d2

s. The physical
meaning of this second requirement is that whenever
the state of the whole system evolves through many
distinct states the subsystem equillibrates. This is
mathematically expressed by the effective dimension
of the system equilibrium state deff (ω), which is large
when the initial state is a superposition of many energy
eigenstates. Indeed, it can be easily shown using typical-
ity related arguments that the overwhelming majority
of states exhibit this property (delocalized in the energy
basis). Strictly speaking, consider a restricted subspace
HR ⊂ H of large dimension dR � 1 (For example,
the restriction that the total system lies on some given
energy shell). A state |ψR〉 drawn at random from
that subspace would have equal overlap with each of
subspace basis vectors, which themselves are made of a
superposition of many energy eigenstates, which leads
to a very large effective dimension deff (ω) > dR

4 . In
fact, by drawing a state at random, the probability that
Pr(deff (ω) < dR

4 ) ∝ e−α
√
dR turne out be exponentially

small in
√
dR with α ≈ 10−4. Thus, generically any

sufficiently small subsystem embedded in a huge bad

would equilibrate according to (27).

So far we have addressed only one aspect of ther-
malization, namely the property (1). Now we would
like to consider the bath and system ISI properties and
see whether the equilibrium state depends on the initial
condition or not?. While, the issue of bath ISI equil-
libration could be immediately answered, the system
ISI equilibration due to the subsystem-bath asymmetry
(dS � dB) turned out to be more complicated and the
general conditions under which the system may exhibit
similar behavior are still a house under construction.
The sufficient condition for the thermalization properties
(2) and partially (3) have been derived in Ref. [29, 30] by
proving that almost all states within a large restricted
subspace lead to the same equilibrium state of the
subsystem. To this end the following theorem has been
exhausted which states:
Almost all initial states ρs = Trb{|ψ〉〈ψ|} with
|ψ〉 ∈ HR ⊂ H chosen from a large restricted sub-
space are indistinguishable from the equilibrium state
ωeq =< ωψ >ψ, which refers to the average over
uniformly random pure states ψ ∈ HR

〈D(ρψ, ωeq)〉ψ ≤ 1
2

√
dsδ

dR
≤ 1

2

√
ds
dR

(28)

with

δ =
∑
k

〈Ek|πR
dR
|Ek〉Trs[Trb(|Ek〉〈Ek|)]2 ≤ 1 (29)

where πR is the projector onto HR. The quantity δ re-
flects the average purity of the energy eigenstates |Ek〉 on
the subsystem with the probability weights 〈Ek|πR

dR
|Ek〉,

which is small for highly entangled energy eigenstates.
Now the property of bath ISI is derived as follow : sup-
pose the initial state of the total system to be a product
sate |Ψ〉 = |ψ〉S |φ〉B , which is a reasonable assumption
when dealing with non equilibrium states. Using the in-
equality (28) with the weaker bound not involving δ, we
can straightforwardly prove that for a fix subsystem state
|ψ〉S , almost all states of the bath belonging to restricted
subspace |φ〉B ∈ HRB ⊂ HB with dBR � 1 would lead
to the same equilibrium state < ωeq >|φ〉B , since in this
case dR = dBR � 1. Adopting the same procedure to
prove the system ISI equilibration would not necessarily
work, since in this case the accessible dimension is equal
to dR = dS and the bound not involving δ is practically
useless and the remaining hope for the system ISI equi-
libration would be the stronger and more complicated
bond which include δ. At this stage, the sufficient condi-
tion for system ISI turns out to be δ ≪ 1, which is practi-
cally the case when the energy eigenstates are entangled
(far from product form). For highly entangled energy
eigenstates, the purities of Trs[Trb(|Ek〉〈Ek|)]2 ≈ 1

dS
are

near to their minimal value, which leads to:

〈D(ρψ, ωeq)〉ψ ≤ 1
2

√
1
dS

(30)
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This inequality is unfortunately not very restrictive when
the subsystem dimensionality dS is small. while a nec-
essary condition for these cases has been derived in [29]
following the same schema as previously done, in [34]
a sufficient condition has been derived, which relies on
the eigenstate thermalization hypothesis ETH. The lat-
ter would be extensively discussed in the next section.

2. Non environment scenarios

We would like to emphasize that there are indeed other
conceivable equilibrium scenarios which differs from the
previously described environment scenario, where the
system was partitioned into a subsystem and a huge bad.
In what follow, we consider the time evolution of a generic
physical observable D̂ in close quatum system, which is
not subjected to a bath at all. The system is now de-
scribed by a pure state |ψ(0)〉 which evolves unitarily in
time generated by the Hamiltonian Ĥ:

|ψ(t)〉 = exp {−iĤt}|ψ(0)〉 (31)

Since the time evolution is unitary, we cannot expect the
sate of the system to equilibrate. |ψ(t)〉 would rather
continue evolving through many distinct states with the
same rate as initially. However, if we keep track on the
quantum expectation value of given physical observable,
equilibration for the latter may emerge for the same typ-
icality reason as previously mentioned. Because of the
concentration of measure phenomenon, the overwhelming
majority of states |ψ〉 ∈ HR belonging to some restricted
Hilbert subspace would lead to an observable quantum
expectation value close to the averaged expectation value
over HR with a uniform distribution (Haar measure);

〈ψ|D̂|ψ〉 ≈ 〈ψ|D̂|ψ〉HR
(32)

AS we have seen previously, This property alone is not
enough to ensure equilibration. Intuitively, this issue
seems to be in one to one correspondence with the ear-
lier discussed equilibration conditions needed for the en-
vironment scenario. Thus, we could safely carry over
the same equilibration conditions without going to any
further details. For brief reminder, if the nonresonance
condition applies and the initial state is a superposition
of very many energy eigenstate, the expectation value
〈ψ|D̂(t)|ψ〉 equilibrates to a long time equilibrium value
D̄eq and remains close to it for almost all time (manifesta-
tion of the Parseval’s theorem). However, different initial
states can cause the observable D̂ to equilibrate into dif-
ferent long time equilibrium values. Therefore, we would
like to figure out under which circumstances does not the
equilibrium value in close quatum system depend explic-
itly on the initial state?. To this end, the eigenstate ther-
malization (ETH) introduced by Deutsch [46] and Sred-
nicki [47] turns out to be the key mechanism for the emer-
gence of ISI equilibration within closed isolated quantum
systems (sufficient but not necessary). It would however

be necessary, if one requires all initial states without any
restriction to ISI equilibrate. To understand what the
ETH actually states, we examine the time evolution of
the expectation value of the observable 〈ψ(t)|D̂|ψ(t)〉 by
expanding the state |ψ(t)〉 =

∑d
n=1 cn exp (−iεnt)|εn〉 in

the energy eigenbais |εn〉. These states are supposed to lie
on a sufficiently narrow energy shell of a width ∆E = σE ,
though containing very many energy eigenstates to guar-
antee equilibration. The time evolution may be written
as follow:

〈ψ(t)|D̂|ψ(t)〉 =
∑
n

|cn|2〈εn|D̂|εn〉+

+
∑
i 6=j

c∗i cj〈εi|D̂|εj〉 exp {i(εj − εi)t/~}

(33)

If the energy differences (εj−εi) are assumed to be incom-
mensurable with each other (no rational dependencies),
which is stronger than the nonresonance condition, the
recurrences would occur extremely infrequently and the
dynamic is in general quasi periodic on the torus. Hence,
we could consider the equillibration of the instantaneous
observables time evolution 〈ψ(t)|D̂|ψ(t)〉 rather than its
time averaged value D̄(t). Furthermore, since the non-
resonance condition following Reimann Ref. [62] holds,
the second term in equation [33] vanishes after dephasing
and the time evolution after equilibration turns out to be

lim
t→∞〈D̂(t)〉 =

∑
n

|cn|2〈εn|D̂|εn〉 (34)

As already mentioned, the nonresonance condition would
apply for the most generic quantum systems, since small
perturbations would lead to that imperatively. However,
the second term which vanishes in the long time limit
contains a sum of very large number of terms , hence, as
opposed to the environment scenario, we have no clear es-
timation of how small the fluctuations around the equi-
librium value indeed are?. To guarantee that they are
small, either the the off-diagonal elements 〈εi|D̂|εj〉 have
to become exceedingly small for large systems such as
required by Rigol [39], or the whole product c∗i cj〈εi|D̂|εj
has to be small, which is the case if there are no correla-
tions between the initial state and the observable. While,
this may be relevant for quench scenarios [53, 54], where
the considered observable is little bit perturbed from its
equilibrium value. It may not represent the usual case
when the initial deviation from the equilibrium value is
large. Because in this case, the initial state and the ob-
servable would be strongly correlated, ultimately, these
states are generated by the observable it self [52]. Thus ,
we prefer the Rigol condition to hold in general and the
expectation values 〈εi|D̂|εj〉 for i 6= j may indeed turn out
to be generally exponentially small. On the other hand,
the non resonance condition does not say anything about
the relaxation time. In fact P. Reimann has also a good
reason by not giving explicitly what the relaxation time
is going to be from this required condition. Because, we
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expect the energy levels to become very dense for large
systems, hence, the time, the system would take to equili-
brate, may be extremely large(longer than the age of the
universe) which is absurd. Numerical investigations have
however revealed that the relaxation times are usually
pretty small. Thus, there have two other aspects which
influence the relaxation time beside the energy eigenval-
ues.
Now, we backtrack to the equilibrium value in equa-
tion [34], which depends on the initial states through
the values |cn|2. If however the expectation values of
the observable D̂ with respect to the energy eigenstates
are smooth function of energies εn, in other words, if
(〈εn|D̂|εn〉 ≈ D̄eq, ∀εn ∈ ∆E), than these terms could
be pull out from equation [34], thus, we end up with an
equilibrium value, which does not depend on the initial
states of the system in the respective energy shell

lim
t→∞〈D̂(t)〉 = D̄eq(E)

∑
n

|cn|2︸ ︷︷ ︸
1

= D̄eq(E) (35)

This needed condition to derive the initial state inde-
pendent equilibration (ISI) in equation [35] is the main
statement of the ETH, which in the typicality language
means that the energy eigenstates belong to the typical
state. As it stands, the ETH is only hypothetical and
its limit validity is generally not known. It has been
reported that it generically apply for the few-body
observables in the non-integrable regime. This has been
supported by several numerical studies [34, 52, 64], in
which we provide some little contributions.
To check whether the ETH applies or not one needs to
compute the expectation values 〈εn|D̂|εn〉 with respect
to the energy eigenbasis, which requires the exact
diagonalization of the Hamiltonian and finding explicitly
the eigenstates |εn〉 and their appropriate eigenvalues
[48, 50]. Due to exponential scaling of the Hilbert space
dimension, this is feasible for rather small systems.
Therefore, we introduced a new numerical method based
on typicality arguments Ref.[57], which allows us to get
rid of the need for exact diagonalization and enable us
the investigation of very large systems ,i.g.,systems upto
NL = 13.
We applied this innovative numerical method and
studied the scaling behaviour of the ETH-fluctuations
defined in [57] as function of the Hilbert space dimension
with respect to the specific observable D̂ = ĤL − ĤR,
which may describe the energy distribution in the two
subsystems. Our motivation for this particular choice
lies on the intuitive example of the two cups of coffee, for
which the energy density after thermalization is always
equally distributed. Obviously, this occurs indepen-
dently of the initial energy distribution and regardless
of how the interaction looks like. Therefore, we expect
for instance the investigated specific Heisenberg model
introduced in [52] to mimic such a situation, for which
the ETH is expected to be valid regardless of how the
models would be designed. Indeed, it turns out that the

ETH-fluctuations generically decrease like a power-law
as function of Hilbert space dimension (Σ ∝ d−e). Thus,
generically the ETH applies in the thermodynamic
limit and the ISI equilibration is therefore guaranteed.
Finally, we show that even integrable models under a
suitable conditions could exhibit ISI behavior. To this
end, we studied the time evolutions of the corresponding
observable 〈D̂(t)〉 for the integrable Heisenberg-chain
by solving the Schroedinger equation numerically using
the chebyshev algorithm, where evidences of ISI equili-
bration were observed regardless of whether the ETH is
violated. Thus, we propose a new ISI-measure we denote
by v = ( Σ

δD
)2 and shown its relevance for the emergence

of ISI equilibration in the thermodynamic limit.
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