
STOCHASTIC MODELLING IN PHYSICS

AND INTERDISCIPLINARY APPLICATIONS

Habilitationsschrift

von

Dr. Pedro G. Lind

vorgelegt dem

Fachbereich Physik

der Universität Osnabrück

Osnabrück, im Februar 2018





ZUSAMMENFASSUNG

Im Endeffekt zielt die Physik darauf ab, die Gesetze und die geltenden Gleichungen auf-
zudecken, die der Entwicklung eines bestimmten Systems zugrunde liegen: man sammelt
eine Messreihe der Eigenschaften, die den Zustand dieses besonderen Systems beschreibet
und versucht eine Gleichung abzuleiten, die die Messreihe von Messungen reproduziert.
Verhält sich das System gut genug, sollte seine Entwicklung für eine vernünftige lange Zeit
vorhersehbar sein. Verhält sich das System nicht gut genug, kann es schwieriger sein dies
zu erreichen. Leider ist meinstens so der Fall: natürliche und vom Menschen gemachte
Prozesse ergeben sich typischerweise aus dem Wechselspiel zwischen deterministischen und
stochastischen Beiträgen, die jeweils unterschiedliche Merkmale aufweisen.

Dieses Manuskript behandelt einige Hauptergebnisse aus dem Gebiet der stochastische Mod-
ellierung und bildet ein Konvolut aus 23 verschiedenen Arbeiten, die zwischen 2005 und
2018 in Fachzeitschriften veröffentlicht wurden.

Der erste Teil behandelt spezifische theoretische Aspekte der stochastischen Modellierung,
nämlich die Lösung des Einbettungsproblems in nichtstationären Reihen, die Signaltren-
nung der stochastischen Signalüberlagerung, die Abschätzung der topologischen globalen
Eigenschaften komplexer Netzwerke und die Implementierung von Algorithmen für sto-
chastische Analyse und für zufällige Moleküldynamik.

Der zweite Teil behandelt die Annäherung der stochastischen Modellierung von spezifis-
chen Anwendungen in der Physik und in vier weiteren interdisziplinären Bereichen: Geo-
physik, Energiesystemen, Finanzen und die Gesellschaft. Die spezifischen Anwendungen
in der Physik finden Gebrauch des Entropiekonzeptes auf Monsterwelle, das Konzept der
kleinsten Wirkung auf stochastische Prozesse angewendet, die Beziehung zwischen Perko-
lationsübergängen und der laminaren Ablöseblase auf Flügelprofilen, Thermostatistik kom-
plexer Netzwerke, und die Ablagerungsprozesse von Granularpartikeln. Die Anwendungen
in den interdisziplinären Themen konzentrieren sich auf die Modellierung der Schadstof-
fkonzentration in städtischen Zentren (Geophysik), Modellierung der Energieumwandlung,
Turmschwingungen und Ermüdungslasten in Windturbinen (Energiesysteme), Stabilität von
Finanznetze und nicht stationärer Entwicklung der Volumenpreise (Finanzen) und die men-
schliche Mobilität und sozialen Netzwerke (Gesellschaft).

Abschließend werden zurkünftige Forschungsvorhaben erörtert, wo die hier presentierten
Arbeiten von Nutzen sind, nähmlich für Energiesysteme, Finanzen und Neurowissenschaften.
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ABSTRACT

Ultimately, physics aims to uncover the laws and equations governing the evolution of one
particular system: one collects a series of measurements of properties characterizing the
state of that particular system and tries to derive an equation that is able to reproduce the
series of measurements. If the system is well-behaved enough, it should be possible to pre-
dict its evolution for a reasonable long time. However, if the system is “bad-behaved” such
task may be more difficult to accomplish. Unfortunately, nature is bad-behaved: natural and
man-made processes result typically from the interplay between deterministic and stochastic
contributions, both of them having different features.

This manuscript deals with research work in the field of stochastic modelling, collecting 23
different papers published in specialized journals between 2005 and 2018.

The first part deals with specific theoretical aspects of stochastic modelling, namely the
solution of the embedding problem to non-stationary series, the resolution of stochastic
signal superposition, the estimation of topological global properties of complex networks
and the computational implementation of algorithms for stochastic analysis and for random
molecular dynamics.

The second part deals with stochastic modelling approach to specific applications in Physics
and further four interdisciplinary fields, namely in Geophysics, Energy Systems, Finance
and Society. The specific applications in Physics address the connection between entropy
fluctuations and the occurrence of rogue waves, the concept of least action applied to stochas-
tic processes, the relation between percolation transitions and the laminar separation bubble
on airfoils, thermostatistics of complex networks, and the deposition processes of granu-
lar particles. Applications in the interdisciplinary topics focus on the modelling of pol-
lutant concentration in urban centers (Geophysics), modelling of power production, tower
vibrations and fatigue loads in wind turbines (Energy Systems), finance networks and non-
stationary evolution of volume-prices (Finance), and human-mobility and social networks
(Society).

In the end, we provide also a discussion of future research directions where the presented
contributions may be of use, namely in energy systems, finance and neurosciences.
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Part I

OVERVIEW
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When I entered the university to study physics I felt myself very happy. I would finally be able to study
the field I always liked the most at high school. A full semester of mechanics, followed by one semester
of thermodynamics, and another of electrodynamics. In parallel, Mathematical Analysis, Linear Algebra,
Probability and Statistics and not forgetting Statistical Physics, Quantum Physics, and Astrophysics. I
could hardly wait going through the five years of physics graduation, that hopefully would train me to
think like a physicist. Physics all around!

However, after my graduation, when I started a PhD in Mathematical Physics, I got contact with
models which, though similar to some physics models, had concrete applications to different fields, such
as Biology, Sociology and Finance. Soon I learned that what I thought to be “private land” of physicists,
was in fact property of all scientists interested in solving particular problems, regardless if they fall into
what we name as physics, biology or psychology.

Take the example of Brownian motion. Although students often learn the theory of Brownian motion
focusing on the works of Einstein in 1905 (Einstein, 1905) and Langevin (Langevin, 1908), its history
covers about 150 years and crosses scientific fields as different as (Risken, 1984) botany, econometry,
pure mathematics, physics and microbiology.

As a student, it is important to learn a bunch of things about science. In that context one understands
the advantage of focusing in one specific field. In research, however, the limits are much fuzzier. Though
theory of probability evolve in the 19th century close to social scientists, it was precisely this social
statistics that inspired important breakthroughs in Physics (Ball, 2002). In the words of Boltzmann when
working on his derivation of Maxwell’s velocity distribution (Boltzmann, 1909): “The molecules are
like so many individuals, having the most various states of motion[...]”. Already in the last century, the
connection between statistical modelling in physics and social sciences continued to occupy the mind of
important scientists in quantum physics. The favorite student of Enrico Fermi, Ettore Majorana, dedi-
cated one of his few papers to interdisciplinary topics merging physics and social sciences (Majorana,
1942).

Moreover, particularly nowadays, research teams are typically composed by experts with diverse
backgrounds, and the growing interdisciplinarity in research has led to situations where experts in one
field come to contribute with breakthrough achievements in other fields. One of the most recent examples
was in 2002 with the winning of the Nobel prize in Economic Sciences by the psychologist Daniel
Kahneman and economist Vernon Smith, with works that challenged the common assumption of human
rationality in economic theories.

Finally, some of the most important research topics are so complex that joint efforts from experts
with different backgrounds are necessary, if not compulsory. Only by joining synergies it is nowadays
possible to attack problems in energy systems or the brain.
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P1. Embedding problem

P2. Signal superposition

P3. Stoch. principal axes

P4. Implem. stoch. anal.

P5. Implem. molec. dyn.

P6. Network properties

P12. Optimal geoph. variables

P13. Evolution of pollutants

P7. Entropy

P8. Least action

P11. Granular deposition

P18. Return distributions

Energy Systems

Physics

Finance

Geophysics

Society

Theory

STOCHASTIC

MODELLING

P9. Aerodynamics

P10. Thermostatistics

P14. Turbine power curve 

P17. Resilience of power−grids

P16. Wind tower vibrations

P15. Turbine fatigue loads

P19. Finance networks

P20. Extreme fluctuations

P21. Non−stationary evolution

P22. Human mobility

P23. Social networks

Figure I.1: Sketch of the chapters in this manuscript together with the connections within the same
research project. Grey ellipses indicate the six different fields of contributions. Numbers indicate
the chapter where the respective paper is presented.

For all these reasons, although stochastic modelling has a strong connection to physics and its his-
tory crosses several of the fundamentals of physics as an independent field, it is used and broadly applied
in many other contexts. Realizing that, I decided after my PhD to explore some of the possible inter-
disciplinary topics in stochastic modelling out from the scope of physics. This is the reason why this
manuscript is about stochastic modelling and some of its several possible applications in different scien-
tific disciplines. It starts with two introductory parts, Parts I and II, that present the scope of the main
contributions and the state of the art related to the topics in stochastic modelling covered by the contri-
butions that follow. Parts III through VIII present 23 publications, organized according to their field of
application (see Fig. I.1):

P1 “From empirical data to time-inhomogeneous continuous Markov processes”, P.Lencastre, F.-
Raischel, T.Rogers, P.G.Lind, Physical Review E 93 032135 (2016).

P2 “Parameter-free resolution of the superposition of stochastic signals”, T.Scholz, F.Raischel, V.V.-
Lopes, B.Lehle, M.Wächter, J.Peinke and P.G.Lind, Physics Letters A 381 194-206 (2017).
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P3 “Principal axes for stochastic motion”, Vı́tor V. de Vasconcelos, F.Raischel, D.Kleinhans, J.Peinke,
M.Wächter, M.Haase and P.G.Lind, Physical Review E 84 031103 (2011).

P4 “The Langevin Approach: An R Package for Modeling Markov Processes”, P.Rinn, P.G.Lind,
M.Wächter, J.Peinke, Journal of Open Research Software 4(1) p.e34 (2016).

P5 “Granular gas of ellipsoids: analytical collision detection implemented on GPUs”, S.M.Rubio-
Largo, P.G.Lind, D.Maza, R.C.Hidalgo, Computational Particle Mechanics 2 127-138 (2015).

P6 “Cycles and clustering in bipartite networks”, P.G.Lind, M.C.González, H.J.Herrmann, Physical
Review E 72 056127 (2005).

P7 “Rogue waves and entropy consumption”, A.Hadjihossein, P.G.Lind, N.Mori, N.P.Hoffmann, J.Peinke,
Europhysics Letters 120, 30008 (2017); highlighted by Europhysics News (February 2018).

P8 “Reducing stochasticity in the North Atlantic Oscillation index with coupled Langevin equations”,
P.G.Lind, A.Mora, J.A.C.Gallas, M.Haase, Physical Review E 72 056706 (2005).

P9 “Aerodynamics and percolation: unfolding laminar separation bubble on airfoils”, D.Traphan, T.-
Wester, Gerd Gülker, J.Peinke, P.G.Lind, Physical Review X, accepted (2018).

P10 “A thermostatistical approach to scale-free networks”, J.P.da Cruz, N.A.M.Araújo, F.Raischel,
P.G.Lind, International Journal of Modern Physics C 26 1550070 (2015).

P11 “Deposition of general ellipsoidal particles”, R.M.Baram and P.G.Lind, Physical Review E 85
041301 (2012).

P12 “Searching for optimal variables in real multivariate stochastic data”, F.Raischel, A.Russo, M.Haase,
D.Kleinhans, P.G.Lind, Physics Letters A 376 2081-2089 (2012).

P13 “Air quality prediction using optimal neural networks with stochastic variables”, A.Russo, F.-
Raischel, P.G.Lind, Atmospheric Environment 79 822-830 (2013).

P14 “Uncovering wind turbine properties through two-dimensional stochastic modeling of wind dy-
namics”, F.Raischel, T.Scholz, V.V.Lopes, P.G.Lind, Physics Review E 88 042146 (2013).

P15 “Fatigue Loads Estimation Through a Simple Stochastic Model”, P.G.Lind, I.Herráez, M.Wächter
and J.Peinke, Energies 7(12), 8279-8293 (2014).

P16 “Normal Behaviour Models for Wind Turbine Vibrations: Comparison of Neural Networks and a
Stochastic Approach”, P.G.Lind, L.Vera-Tudela, M.Wächter, M.Kühn, J.Peinke, Energies 10(12)
1944 (2017).

P17 “Resilience of electricity grids against transmission line overloads under wind power injection at
different nodes”, C.Schiel, P.G.Lind, P.Maaß, Nature Scientific Reports 7 11562 (2017).

P18 “The bounds of heavy-tailed return distributions in evolving complex networks”, J.P.da Cruz,
P.G.Lind, Physics Letters A 377 189-194 (2013).
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P19 “The dynamics of financial stability in complex networks”, J.P.da Cruz, P.G.Lind, European Jour-
nal of Physics B 85 256 (2012); editor’s choice and highlighted by European Journal of Physics B,
AlphaGalileo and EurekAlert.

P20 “Uncovering the evolution of nonstationary stochastic variables: The example of asset volume-
price fluctuations”, P.Rocha, F.Raischel, J.P.Boto, P.G.Lind, Physical Review E 93 052122 (2016).

P21 “Stochastic modelling of non-stationary financial assets”, J.Estevens, P.Rocha, J.P.Boto and P.G.-
Lind, Chaos 27 113106 (2017).

P22 “Human mobility patterns at the smallest scales”, P.G.Lind, A.Moreira, Communications in Com-
putational Physics 18 417-428 (2015).

P23 “New approaches to model and study social networks”, P.G.Lind, H.J.Herrmann, New Journal of
Physics 9 228 (2007).

In all papers I contributed with significant parts of the text and performed parts of the analysis.
The first six papers (P1-P6) compose Part III of this manuscript and deal with contributions to the

theory of stochastic modelling. Papers P1, P2 and P3 resulted from the supervision of my students, Pedro
Lencastre (Masters), Teresa Scholz (PhD) and Vı́tor Vasconcelos (Bachelor) respectively, in collabora-
tion with the other co-authors and co-supervisors, particularly with Frank Raischel and Vı́tor Lopes.
Paper P4 results from the R-code created and developed by Philip Rinn, during his PhD, in which I was
involved1. In papers P5 and P6 I contributed with the mathematical background and analytical deriva-
tions.

Part IV focus on the application of stochastic modelling in Physics. It is composed by five papers.
In paper P7, as well as paper P9, I assisted in the analysis of the data, discussed the methodologies to
be used and contributed for writing the article. Paper P8 was proposed by me to the other co-authors
and mostly carried out by me together with Alejandro Mora, during his PhD. Papers P10 and P11 results
from original ideas in which I worked together my former PhD student, João da Cruz, and one postdoc,
Reza Baram, respectively.

Part V comprehends two papers, P12 and P13, that present an application of the methods developed
in paper P3 to geophysical data. In both these works I coordinated the group of authors in the analysis of
the data and helped in writing the text.

Part VI comprehends four papers. Paper P14, introduces additional ideas developed during the su-
pervision of my former PhD student, Teresa Scholz. Papers P15 and P16 consider simulations mostly
done by myself together with my colleagues at the University of Oldenburg, Ivan Hérraez and Luis Vera-
Tudela, respectively. For paper P17 I contributed with some of the analysis of the data simulated by
Christoph Schiel, during his Masters, and helped writing the article.

Part VII focus on applications of stochastic modelling in finance with four papers. Papers P18 and
P19 deal with agent modelling approaches performed together with João da Cruz during his PhD in
which I contributed supervising the research activities and analysis the simulation results. Papers P20
and P21 introduce original ideas for the analysis of stochastic finance data, carried out by my two former
master students, respectively Paulo Rocha and Joana Estevens.

1The routine is available at the repository address https://cran.r-project.org/web/packages/Langevin/.
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Finally, Part VIII comprehends two applications in the context of social sciences. In paper P22 I fully
analyzed the data extracted and processed from the Eduroam database and wrote the text together with
my co-author. In paper P23 I wrote the text and perform the analysis of the empirical data of the social
network studied there.
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Chapter i

Living in a stochastic world

i.1 What is stochastic modelling about?

In the beginning of the nineteenth century, mathematician Simon Laplace expressed his admiration on the
mechanical Newtonian model as a dream (Laplace, 1814): one where ”an intellect at a certain moment
would know all forces that set nature in motion, and all positions of all items of which nature is composed,
[...] vast enough to submit these data to analysis [...], to embrace in a single formula [all movements of
the universe]”. But it was only a dream. Why? Because science showed that reality does not allow such
an intellect to exist, either because of nonlinear sensitivity to initial states, thermodynamic irreversibility,
or quantic indeterminacy.

To assume that the present state of the universe is an effect of its past states and causes its future ones
is fundamental in every physical approach to a specific phenomenon. But often the causality relation is
not purely deterministic which motivates for the so-called stochastic modelling approach.

As all models, stochastic models should be evaluated according to their realism, validity, repro-
ducibility and - why not? - also their elegance. But ultimately a good model must be useful for a specific
purpose, even if its usefulness compromises its other attributes. Take individuals as an example. To
model individuals as geometrical spheres and the social acquaintances between them as links between
spheres is quite unrealistic and to some extent ridiculous. However, such an approach is able to un-
cover and explain the small-world effect in social communities as discovered by Steven Milgram in 1967
(Milgram, 1967) and later modelled by Watts and Strogatz (Watts and Strogatz, 1998).

As for the word “stochastic” it derives from the Greek word stokhos meaning to aim or to guess, in
opposition to “deterministic”. A deterministic model, such as the Newton’s law of gravitation, predicts
one outcome from a given set of initial conditions, e.g. one single prediction of the sun in the sky tomor-
row at sunrise. A stochastic model retrieves a set of possible outcomes, each one associated to a given
probability. Curiously, Laplace, though dreaming of a purely deterministic universe, also addressed how
to (stochastically) model phenomenon that could have more than one possible outcome, e.g. the result
of flipping a coin. To that end he introduced the important concept of equally likely events to address
situations of total lack of knowledge about the outcome of the phenomenon. This concept together with
the law of large numbers and the concept of subjective probability compose the general principles for
relating the abstract elements of mathematical probability theory to a phenomenon to be modeled.

On top of these reasons for choosing a stochastic modelling approach, there is also a practical rea-
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X

Iterative processes Discrete time

[p(X(t+dt)|X(t),X(t−dt),...,X(t0))]

Continuous time

StochasticDeterministic

contribution contribution

Modelling Modelling

(additive/multiplicative noise,

gaussian/non−gaussian features,...)stationary solutions,...)

(fixed points, stable

evolutionstructure

(measurements, processes, data)

complex network modeling)

(connectivity matrix,

(agent models, neural nets,

deposition algorithms,...)

(stoch. differential equations) (ARIMA models)

Figure II.1: Sketch of the stochastic modelling approaches covered in this manuscript.

son: even if they are deterministic, high-dimensional problems are often hardly computable in reasonable
time, due to its huge number of variables and degrees of freedom. To model reality one needs simplifi-
cations, similar to Milgram’s approach to society, and stochastic methods provide a panoply of tools to
simplify reality, some of them developed in this manuscript.

Take the problem of turbulence for instance: turbulent fluids are governed by the Navier-Stokes equa-
tions, deterministic equations that are not analytically tractable, and thus, are handled numerically with
proper discretization schemes. Such discretization in space and time corresponds in general to high-
dimensional problems which, in the limit of infinitely small discrete elements, leads to infinite many
degrees of freedom. Alternatively, one could “substitute” the Navier-Stokes equations by a stochastic
equation, using only the essential variables, i.e. a few degrees of freedom, to describe the problem in
hands and collecting all other degrees of freedom in a “stochastic bag”. Mathematically, one may rep-
resent Xi (i = 1, . . . , N ) as the N essential variables, and consequently the stochastic model of their
evolution would in this case be a set of equations of the form

dXi

dt
= Fi(X1, . . . , XN , t) +Gi(X1, . . . , XN ,Γ1, . . . ,ΓM , t) (i.1)

where functions Fi(X1, . . . , XN ) represent the deterministic contributions in the process, while func-
tions Gi(X1, . . . , XN ,Γ1, . . . ,ΓM ) depend not only on variables Xi but also on stochastically driven

12
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“forces” Γj (j = 1, . . . ,M ). As we will see, while the deterministic part provides information about
the fixed points of the dynamics or its stable stationary solutions, the stochastic part of the process in-
corporates the statistical features of the “non-predictable” contributions, e.g. Gaussian or non-Gaussian
features or the existence of additive noise separated from multiplicative noise. For Gi ≡ 0, equation
(i.1) reduces to a deterministic dynamical system, while for Gi ∼ 0 one can take it as a deterministic
dynamical system subjected to small noise of constant amplitude (Schreiber and Kantz, 1999). In general
however, as we will see in this manuscript, function G plays a fundamental role and cannot be neglected.

Equation (i.1) deals with a stochastic model in time, while, as we will see, there are situations which
appeal for a different modelling approach, e.g. for constructing a topological structure of elementary
“units” (or agents) and their interactions. Figure II.1 sketches the main stochastic modelling approaches
covered in this manuscript.

Whatever the situation is, one starts with a set of measurements taken from the system or phe-
nomenon under study. In the case one aims at modelling the time evolution of the properties being
measured, one seeks to reconstruct - in the statistical sense - the series of measurements, say X ≡ Xi.
This reconstruction is done by deriving a conditional probability, or propagator, of the form

p(X(t+ ∆t)|X(t), X(t−∆t), . . . , X(t0)) (i.2)

for each set of values X(k) with k = t0, . . . , t. Propagator (i.2) gives the probability for observing
the value X(t+ ∆t) measured at time t+ ∆t, knowing that the series of previous measured values was
X(t), X(t−∆t), . . . , X(t0). Several works presented in this manuscript deal with stochastic differential
equations of the form (i.1) that are associated to propagators such as the one in Eq. (i.2).

While the stochastic modelling of time series aims at deriving transition probabilities between pairs
of admissible states, when modelling the structure of a complex system which results from stochastic
dynamics of its components, the measurements should be processed for defining probabilities for the
connectivity between pairs of the composing elements. Complex network modelling is a standard ex-
ample in this scope. For example, in Milgram’s experiment, for investigating the small-world effect in
social communities, he kept track of chains of letters between pairs of individuals acquainted with each
other which enable to construct the matrix of acquaintances between the set of observed individuals.

Stochastic approaches for generating complex structures are usually based in iterative processes.
Examples addressed in this manuscript are agent models, used for example to study the capital flow
between banks in a finance network, neural networks, used as forecasts models for the air quality at
meteorological stations and packing algorithms, used for simulating particle depositions with specific
polydispersities and shapes.

In the next Chapter we will address the stochastic modelling approaches mentioned above and intro-
duce some additional details about them. Before that we briefly motivate in the next sections the open
questions in stochastic modelling related with the contributions in this manuscript.

i.2 Some open problems in the theory of stochastic processes

The theory of stochastic processes has been widely developed under assumptions that are often not meet
in practical situations. Namely, the stationarity of the process is often a requisite that is not observed in
many processes in Finance and Geophysics. In Chapter 1 we extend several of the known results in the
embedding problem for stationary processes to situations where the data is non-stationary. This work
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follows from previous applications of generators of transition matrices to credit rating data (Lencastre
et al., 2015).

Another common assumption is to take the stochastic signal under investigation as resulting from
one single source, while in practice it is often the case that one is not sure if the series of measurements
results from the superposition of two distinct stochastic signals. In Chapter 2 we develop and implement a
framework for resolving the superposition between general Langevin processes and Ornstein-Uhlenbeck
measurement noise signals. This contribution was a product of previous work namely (Boettcher et al.,
2006, Lind et al., 2010, Lehle, 2013, Lehle, 2011, Carvalho et al., 2011).

In Chapter 3 we adapt an analysis similar to principal component analysis to the stochastic part of
a multidimensional stochastic process for deriving the linear superposition of the set of variables with
less stochasticity. This framework has been successfully applied in the geophysical context for training
neural network models in a more efficient way (see Chapters 12 and 13).

The theory of stochastic processes has a strong numerical part, either from analytical derivations that
can afterwards be implemented in a routine or by developing codes that can easily be used for investi-
gating stochastic processes. In Chapter 4 we present the development of a routine in R for modelling
Langevin processes. In Chapter 5 we present analytical calculations for solving the contact points be-
tween a sample of general ellipsoids that is afterwards implemented on GPU architecture enabling to
simulate granular deposits. Finally, in Chapter 6 we derive an expression, based in combinatorial calcu-
lus for estimating the number of cycles of arbitrary size in random networks.

i.3 Stochastics in physics

In the context of physics some of our contributions deal with stochastic data analysis involving methods
and concepts borrowed from physics with the main aim of improving forecasting.

In Chapter 7 we relate the sign of entropy fluctuations in systems far from equilibrium and the
probability for the occurrence of extreme events. A concrete application for forecasting the emergence
of rogue waves is presented, based in the analysis of sea surface height data. In Chapter 8 we also address
the problem of forecasting stochastic variable states by introducing a variational problem whose solution
yields a functional relationship between two or more stochastic variables that minimizes the stochastic
contributions and consequently enhances their predictability. The framework is applied to the data of
the North Atlantic Oscillation which is known to be poorly predictable (Lind et al., 2007c, Collette and
Ausloos, 2004).

Additionally three further specific applications are provided. In Chapter 9 we extend the directed per-
colation model for resolving the location of laminar separation bubble in airfoils, an important problem
in aerodynamics. To that end we process data from stereoscopic high-speed particle image velocimetry
and map it into binary states that can afterwards be analyzed.

In physics, stochastic processes are often connected to the computational implementation of Monte
Carlo methods (Graham and Talay, 2013). In Chapter 10 we introduce an equilibrium framework which is
able to generate growing scale-free networks. Here, we based our algorithm in Monte Carlo simulations
and introduce equivalents to physical concepts and laws, such as energy, Zeroth law, entropy and heat
capacity to scale-free topologies and discuss how to use them for assessing growing networks.

Finally, in Chapter 11 we contribute for the characterization of granular deposits, introducing a
framework that is able to simulate density and anisotropy of such deposits as a function of size and
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shape polydispersity of general ellipsoids. This work is related with Chapter 5 and implements analyti-
cal derivations in (Lind, 2009).

i.4 Stochastics in geophysics

Stochastic processes in the field of geophysics is strongly related with physics and physical approaches.
In particular, due to the large computing resources required by e.g. global climate simulations, the spatial
resolution is typically limited to hundreds of kilometres. Consequently, small-scale processes that occur
in atmospheric and oceanic systems, such as convection, clouds and ocean eddies cannot be properly
taken into account and simulations typically depend on the representation of such unresolved processes.
To this end, climatologists have been developing stochastic physics schemes for representing the dynam-
ical effects of such unresolved scales.

Usually, these computationally demanding models in climate and geophysics involve huge amounts
of data needed for their construction and calibration. One important topic in this scope is the development
of schemes to train neural networks that are afterwards used for forecasting. In Chapter 12 we apply the
theoretical approach to principal components of stochastic dynamics (see Chapter 3) to meteorological
data of pollutant concentrations in urban centers, and, in Chapter 13, we derive geophysical variables that
enhance the predictability power of air quality. This application has been developed further till recently
(Russo et al., 2015).

i.5 Stochastics and renewable energy

The stochastic nature of renewable energy source is a result of the physics of the atmosphere. Being
a product of a turbulent system, wind energy has an intrinsic intermittent character that is observed in
wind data measurements. Not only the wind velocity is intermittent, but also the derived wind power
output and loads applied on the turbine blades and towers. Such intermittent character of the properties
measured at wind turbines is reflected in non-Gaussian distributions which are not trivial to model and
have an enormous impact on the estimations of wind power output and of the life expectancy of wind
turbines (Milan et al., 2013). These issues are of particular importance for the present and future, showing
a clear tendency for producing increasingly larger turbines.

In Chapter 14 we present a framework for uncovering specific properties of the turbine, namely the
rated speed of the wind turbine and wind speed statistics. The framework is based in the power curve of
the wind turbine that is extracted from its series of velocity and power. The results here presented were
applied in the context of energy market (Raischel et al., 2014b).

In Chapter 15 we focus in the modelling of loads at wind turbines and show how stochastic data
analysis can improve the estimate of fatigue loads and how they can be implemented in wind parks. The
work follows from previous studies in (Lind et al., 2014).

Chapter 16 extends further the results in the previous chapter, applying the stochastic analysis to
tower vibrations and showing that a model based in stochastic differential equations reproduces more
accurately the tower vibrations statistics than standard approaches in wind turbine engineering, namely
those based in neural networks. In particular, the stochastic model here introduced predicts accurately
the fluctuation statistics of tower vibrations.
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Finally, in Chapter 17 the intermittent nature of wind data is investigated combined with the func-
tioning of large power grids in which wind power is injected. Here we report an unexpected behaviour
characterized by pairs of nodes for which increasing wind power injection at one node enables to in-
crease the power threshold at the other node keeping stable functioning of the full grid. Moreover, we
show that this behaviour is related with the topological distance of the most sensitive line to overload
from the shortest path connecting the wind power sources in the grid.

i.6 Stochastics and finance

Stochastic modelling has crossed the field of finance since its early stages. Indeed, after Brown’s discov-
ery in 1828 the first application of Brownian motion for describing real world stochastic processes was
proposed by Louis Bachelier, in 1900, namely for the prices in the Paris stock exchange. The application
of stochastic modelling and analysis to finance data converge into what is usually called quantitative
finance. Today, finance analysts use stochastic modelling approaches to represent the behaviour of assets
such as stocks or interest rates and use their models for quantifying the risk associated to specific buy or
sell decisions. Such strategies are also adapted by the insurance companies to estimate secure rates and
prices of insurances for specific individuals or entities.

Additional to the stochastic data analysis in time, other stochastic modelling strategies have been
applied to spatial configurations of finance agents that interact with each other, with the aim of under-
standing the causes of sudden critical events (e.g. finance crises).

In this manuscript we also present contributions in both the time evolution of financial variables as
well as the modelling of the changing structure of finance networks. In Chapter 18 we introduce an agent
model that interchange economical value according to rules that mimic the law of demand and supply.
Comparing results from simulations and empirical data of several stock market indices, we show that the
return distribution is typically a power-law with a bounded exponent. The work was inspired by previous
investigations on return distributions (da Cruz and Lind, 2012).

In Chapter 19 we approach the stability of financial networks, investigating the role of local threshold
values of capital in the triggering of global insolvencies. In particular, interpreting this threshold as
minimum capital levels in a network of banks, we present evidence that under an increase of the minimum
capital level, large crises in the banking system are avoided under additional assumptions, namely that
their trading behavior keeps unchanged. Surprisingly, the increase of minimum capital level may in fact
promote the occurrence of large crises, in particular, if one lets the banks trade with the aim of restoring
their business levels.

The two further contributions in this part deal with stochastic modelling of finance data, namely
volume-price series of 2000 companies on the New York Stock Exchange. In Chapter 20 we focus on
modelling the stochastic evolution of the tail of the volume-price distribution, while in Chapter 21 we
model the evolution of the full distribution. Both these works have profited from previous investigations
in (Rocha et al., 2015).

i.7 Stochastics and society

To model the behavior of individuals within social communities is an important task for the business and
marketing sector, since it provides quantitative insight in how people behave as a response to pre-given
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stimuli. For example, a precise knowledge of how people move within a given spatial scale may provide
insight when planning buildings in urban centers or establishing a system of transport facilities (González
and Barabási, 2007, González et al., 2008). In this manuscript we focus in two fundamental questions
related to human collective behavior.

First, in Chapter 22 we address the question of how individuals move within small confined perime-
ters, namely buildings and university campus. By analyzing data from Eduroam databases, we uncover
that the stochastic motion of individuals under such constraints is close to a random walk. Second, we ad-
dress the question of how to generate the main topological features of social networks, using simple rules
of individual interaction. Chapter 23 provides a review on modelling the structure of social networks de-
veloped previously in (González et al., 2006a, González et al., 2006c, González et al., 2006b, Lind et al.,
2007a, Lind et al., 2007b).
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Chapter ii

From data to models and back

ii.1 Modelling complex structures: network models

As economists are the experts on consumer attitudes and sociologists on human social interaction, physi-
cists are the experts simplifying complex problems. However, one usually does not ask a physicist about
stock-market forecasts (Gabaix et al., 2003), neither does one immediately think of a physicist when
the issue concerns controlling civilian crowds (Dussutour et al., 2004). Scientists dealing with many
complex real problems do not take kindly to the propensity of physicists entering their field of study and
proposing overly simplified theories. One even often hears jokes about physicists assuming chickens to
be spherical. Though, such kind of simplifications and assumptions do turn out to be rather helpful in
solving a specific real-life problem at times.

Of course, not all assumptions can be taken. They must retain the essential features to explain
what we observe. Take a balloon filled with air, for instance. The complicated system we call ‘air’
comprehends a huge number of molecules of nitrogen, oxygen, argon and carbon dioxide, among many
other. Each one of these molecules is an arrangement of atoms with different weights, and even each
atom is a system of quarks and electrons interacting according to specific forces. To explain why a
balloon expands while being filled with air, you do not need to think about all these details. One just
assumes that air is a set of small spheres traveling in all directions and colliding among them and with the
walls of the balloon. These collisions are essentially what is responsible for what we call gas pressure.
Everything else can be ignored.

This way of dealing with reality, trying to simplify it down to its elementary components and interac-
tions for explaining a certain phenomenon is what leads physicists to uncover fundamental laws of nature.
And schematically, it is also precisely what the so-called network approach is about: the components of
the system under study are reduced to elements that retain the essential features we want to address and
the interactions between such components are represented by links joining the elements (Ben-Naim et al.,
2004). Elements could be molecules with links representing the collisions among them, but they could
also be seen as persons linked by their friendship acquaintances or as enterprises connected among them
according to the trades they establish.

The use of the network approach to solve problems goes back to the eighteenth century, when Leon-
hard Euler wanted to solve the “Seven Bridges of Königsberg” problem. The city of Königsberg – now
called Kaliningrad, located in Russia – is set on both sides of Pregel River, having two islands in be-
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Figure II.2: Illustration of a network of different social friendships in a U.S. School (Udry et al.,
2006). Different colors distinguish between male and female students. Arrows indicate who points
who as a friend.

tween. Both islands are connected with each other and with both sides of the river by seven bridges, and
Euler posted the problem of proving whether it is possible to cross each bridge exactly once and return
to the starting point. By solving it, showing that such a walk does not exist, Euler introduced the concept
of graph as the mathematical object composed by nodes (the elements) and edges (the connections) and
founded the so-called graph theory (Bornholdt and Schuster, 2003). Recently, physicists adopted instead
the term network and, with the help of computers, developed the network approach to solve a range of
new problems spanning physics, biology, sociology, and economics. Since the underlying networks have
a very complicated structure as the one sketched in Fig. II.2, it is common to refer them as complex net-
works. Several reviews and books on complex network research have been published (Ben-Naim et al.,
2004, Albert and Barabási, 2002, Dorogovtsev and Mendes, 2002, Newman, 2003, Boccaletti et al.,
2006, Dorogovtsev et al., 2008, Holme and Saramäki, 2012, Boccaletti et al., 2014, Rodrigues et al.,
2016, Boccaletti et al., 2016) in the last two decades.

A good way to understand why such an approach is indeed helpful is to present some of its main
achievements. In this Section we will briefly describe the main theoretical and numerical tools as well as
computational algorithms developed to construct and study networks.

A network consists of nodes and edges. The features we address to the nodes and to the edges depend
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Figure II.3: Classification of networks. Illustration of parts of a network that are (a) undirected,
(b) directed, (c) with self-connections, (d) weighted, (e) monopartite, where the nature of the
node does not influence the existence of connection and (f) bipartite, where nodes of one kind
only connect to nodes of the other kind.

on what we want to study. Therefore, the first thing to do when constructing a network is to know what
kind of components and interactions between them are we talking about. Figure II.3 summarizes the
main kinds of nodes and connections in networks.

We start by discussing the interactions. As in physics, social and economical systems involve inter-
actions that may or may not be symmetric. For instance, a friendship connection between two persons,
i and j, is symmetric, in the sense that there is no preferred direction connecting i to j or vice-versa.
Therefore, edges as the ones illustrated in Fig. II.3a are sufficient to represent the connections between
people that are friend of each other. Conversely, if we want to see which people a given person knows
inside a social system, then there will be for sure some people more famous than other, independent of
their number of friends. Person i knowing person j does not guarantee that person j also knows person i.
A direction must be given and therefore one uses arrows to represent interactions, as shown in Fig. II.3b.

Networks composed by symmetric interactions (edges) are called undirected networks while net-
works composed by arrows are called directed networks. While this difference between symmetric and
asymmetric interactions may seem subtle or spurious it has enormous implications in the way dynamical
processes take place on the corresponding networks. For instance, in rumor propagation or flux of money
or information (Boccaletti et al., 2006, Dorogovtsev et al., 2008).

The two counter parts of symmetric and asymmetric interactions appear only in connections joining
different nodes. But it may be the case that self-connections, as the ones illustrated in Fig. II.3c, play an
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important role in a network. Recently it was shown (Hellstein et al., 2007) that in a network of authors
where connections represent citations to other authors, self-citations are an important feature to track the
shifting of scientists from one field to another.

Further, after establishing the nature of the interactions, there is still the possibility to address a value
(or weight) to the connection. For instance, the number of phone calls between two persons in a social
system may be regarded as a measure of the friendship closeness of those two individuals (González and
Barabási, 2007). Figure II.3d illustrates weighted connections, opposite to Fig. II.3a where connections
are unweighted.

As for the nature of the nodes they may determine if connections may exist between them or not. If
nodes are people and connections join the people that are co-authors of the same paper, then no restriction
from the nodes itself is imposed. Some of the persons may be men and other women. It will make no
difference for the connections, as illustrated in Fig. II.3e. But it may be the case that the nature of the
nodes strongly biases the occurrence of a connection of some sort between them. For instance, in a
network where nodes are either men and women and connections represent intimate relations between
them, during their life times, one expects a stronger tendency for men being attached to women and
vice-versa, as illustrated in Fig. II.3f. This particular kind of structure where nodes of one sort are
connected to nodes of the other sort is known as a bipartite structure, opposite of monopartite structures.
In general, multipartite networks are also sometimes addressed, for instance in an ecological system
where connections represent trophic relations between several different species.

Of course, these features described above may appear solely or combined. For instance, a network
where the interactions measure the number of phone calls done by a given person i to another person j
has connections that are directed (i calls j) and weighted (number of phone calls).

Altogether, these network ingredients compose the bulk of the fundamental ways for constructing a
network underlying a real system. However, as mentioned earlier they have a very complicated structure,
which in general, is very difficult to be studied analytically. The main reason lies in the fact that the dis-
tribution of nodes and connections is associated with some stochastic or probabilistic events. Therefore,
analytical study of networks is usually done in some prototypical deterministic networks that contain the
structural properties of the real networks we want to study.

Deterministic networks are constructed iteratively by introducing new nodes with a certain determin-
istic rule. One example is the so-called pseudo-fractal network (Dorogovtsev et al., 2002): one starts
from three interconnected nodes, and at each iteration each edge generates a new node, attached to its
two vertices. At a certain iteration n, the number of nodes is given by Nn = 3

2(3n + 1) and the number
of connections by Vn = 3n+1. Another example is the Apollonian network which is constructed in a
different way (Andrade Jr. et al., 2005): one starts with three interconnected nodes, defining a triangle; at
n = 0 one puts a new node at the center of the triangle and joins it to the three other nodes, thus defining
three new smaller triangles; at iteration n = 1 one adds at the center of each of these three triangles a
new node, connected to the three vertices of the triangle, defining nine new triangles and so on. In this
case one has Nn = 1

2(3n+1 + 5) and Vn = 3
2(3n+1 + 1).

Next, we will introduce the main tools that enable to uncover the structure of complex networks.
After knowing the main ingredients to construct a network the next task is to know what measure-

ments are needed to understand the structure. In this Section we will briefly address the main statistical
and topological properties in network research. For more details the reader may be interested in a recent
review (Boccaletti et al., 2006).

The core of all the panoply of properties described below is the so-called adjacency (or connectivity)
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matrixA. It is defined by elements aij that are different from zero only if there is one connection linking
i to j. If the network is undirected, A is symmetric (aij = aji). Further, if the network is unweighted
then the elements are either 0 (not connected) or 1 (connected), while for weighted networks aij takes
real values within a given range.

In the following we will focus on the simplest case of undirected and unweighted networks. Exten-
sions to all other types of networks are straightforward.

Within a network, each node i has a certain number of connections which can be measured by its
degree

ki =
∑

j

aij . (ii.1)

The degree of a node takes integer values for unweighted networks and real values for weighted networks.
For directed networks the degree in Eq. (ii.1) equals the so-called outgoing degree, k(out)

i . The number
of incoming connections is then measured by k(in)

i =
∑

j aji.
With the degree of each node one easily computes the degree distribution P (k), which equals the

fraction of nodes having degree k. As we will see this topological quantity is able to distinguish between
different network families. In some cases, it may yield large fluctuations, especially when networks are
not large enough as frequently happens in empirical systems. For that, one may prefer to compute the
cumulative distribution Pcum(k) =

∑
k′>k P (k′).

The degree distribution, however, does not tell about the correlations between the nodes. For instance,
what is the probability that a node with degree k is connected to a node with degree k′? The answer
of course, is the conditional probability P (k′|k), that also defines the average degree of the nearest
neighbors of nodes with degree k

knn(k) =
∑

k′
k′P (k′|k). (ii.2)

If there are no correlations, then the conditional probability is independent of k and knn(k) =
〈k2〉/〈k〉. If the network is correlated, then knn(k) varies with k and the two cases may be distinguished.
When knn(k) increases with k, i.e. nodes with similar degrees tend to be connected, the network is called
assortative. This is the most typical situation found in social networks. Oppositely, if the less connected
nodes are preferentially attached to the most connected ones, knn(k) decreases with k and the network
is called disassortative. Biological networks are examples of disassortative networks.

From the degree distribution and degree-degree correlations we are able to know how many neighbors
we should expect to observe when picking randomly a node in the network and what is the expected
degree of its neighbors. The next question is: which nodes are neighbors of the neighbors of a given
node? Are they also neighbors of the given node?

To answer these questions, other quantities are introduced. To know which neighbors are neighbors
between them, one just measures the fraction of connection among the neighbors of a given node from
all possible connections, yielding the so-called clustering coefficient (Watts and Strogatz, 1998). A node
i with ki neighbors yields ki(ki − 1)/2 possible connections between them in the case of an undirected
network, ki(ki − 1) for a directed one, and therefore, if there are only mi connections between the
neighbors the (undirected) clustering coefficient is just

C3 =
2mi

ki(ki − 1)
=

∑
j,n aijajnani

ki(ki − 1)
, (ii.3)
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where the last member shows explicitly how to count the number of existing edges between neighbors of
node i.

The quantitymi in Eq. (ii.3) counts the number of cycles with size three (triangles) containing node i.
That’s the reason why we label the clustering coefficient with the subscript 3. Triangles are the smallest
cycles within a network. But one could think of cycles with larger size to know about non-local features
of the network. In bipartite networks for instance such larger cycles are important, since they have no
triangles and therefore the clustering coefficient in Eq. (ii.3) cannot provide any useful information as
we will see in one of the works below.

In general, the number of cycles of size n containing a specific node i are given by

Nc(i, n) =
∑

j1...jn−1

aij1aj1j2 . . . ajn−1i. (ii.4)

In practice it is very expensive to count Nc for arbitrary n. Two different approaches are used instead.
One is to use Monte Carlo algorithms (Rozenfeld et al., 2005), based on large samples of random walks
trough the connections and counting how many times one returns to the starting node. The other is
to estimate the number of larger cycles by counting only small cycles, typically triangles and squares
(Vázquez et al., 2005).

The cycles mentioned previously are closed paths whose statistical features provide information
about the underlying network beyond the node’s local vicinity. Related with cycles is the question of
how far are two given nodes in a network, which leads naturally to the concept of average shortest path
length.

The average shortest path length ` is the average number of connections joining two randomly chosen
nodes. Of course, ` increases with the network size N and an important point is to ascertain how fast
is this increase. If ` increases slowly, typically with lnN , then two given nodes are typically near each
other, illustrating what is called the small-world effect (Watts and Strogatz, 1998).

Though simple to understand, the average shortest path length is not trivial to compute efficiently,
since it concerns the determination of the shortest path from all existing paths between two nodes. An
efficient algorithm to compute ` is the Dijkstra algorithm which is a sort of a burning algorithm of the
breadth-first search type. One starts from a given node and visits only one single time each one of the
other nodes in the network, first the nearest neighbors (` = 1), then the next-nearest neighbors (` = 2)
and so on.

Such routine is intended for empirical networks, where the adjacency matrix is taken as input. For ar-
tificial networks, the algorithm could be implemented more efficiently by constructing a distance matrix,
while saving the entries for the adjacency matrix during the construction procedure.

The clustering coefficient mentioned above can be formulated in a more general form. How large can
a strongly connected vicinity of a given node be? This question leads to the concept of community: some
subset of nodes in the network whose density of connections between them is larger than the density of
connections to or from the exterior of that subset.

Having a network with N nodes and M connections one can define the average density of connec-
tions as ρNet = 2M/(N(N − 1)). Similarly, any subset of this network with n nodes and min connec-
tions between them would have an average density ρin = 2min/(n(n− 1)). If, besides the min connec-
tions between the nodes composing the subset, there are othermout connections between the n nodes and
the remaining N − n nodes outside the subset, the corresponding density is ρout = mout/(n(N − n)).
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Figure II.4: Sketch of the mapping of a network (left) into a dendrogram (right). The dendrogram
can be constructed using either agglomerative or divisive algorithms (see text).

For the subset to be a community the following condition must be satisfied (Reichardt and Bornholdt,
2004)

ρout < ρNet < ρin. (ii.5)

This condition, however, does not define a community in a unique way. Different community structures,
in size and number, can simultaneously satisfy condition (ii.5) for the same network. Thus, different
methods to detect communities have been proposed (Wasserman and Faust, 1994, Girvan and Newman,
2002, Newman and Girvan, 2004, Palla et al., 2005).

The traditional method is the so-called hierarchical clustering (Wasserman and Faust, 1994) that
maps the network into a dendrogram, as illustrated in Fig. II.4. One starts with all nodes of the network
and no edges (bottom of the dendrogram), addressing to each pair of nodes, i and j, a weight wij that
measures how close connected are the nodes. This weight could be given by the inverse of the shortest
path length joining the two nodes, wij = 1/`ij . Then iteratively, one adds the links between pairs of
nodes following the decreasing order of the weights, which leads to the agglomeration of small groups
of nodes into larger and larger communities. This method is thus agglomerative.

The dendrogram can also be constructed in the reverse direction (top-down): one starts with the
entire network of nodes and edges and iteratively cuts the edges, thus dividing the network into smaller
and smaller groups (Girvan and Newman, 2002). This method is called divisive and the central point is
which edges should be cut at each iteration. A good criterion is based on the computation of the so-called
betweenness of each edge, that counts the number of shortest path lengths crossing that edge. Having
the betweenness of each node one follows the decreasing order of betweenness while cutting the edges
(Girvan and Newman, 2002, Newman and Girvan, 2004).

Both agglomerative and divisive algorithms for community detection assume that communities do
not intersect with each other. However, in real systems this is not the common situation. To overcome
this drawback a different algorithm was proposed (Palla et al., 2005), that enables the detection of com-
munities that overlap each other. In the heart of this algorithm is the concept of k-clique, a complete
subgraph of size k, i.e. a subgraph with k nodes where each node is connected to the remaining k − 1
nodes. Detecting all k-cliques in the network, a k-clique community is then defined as the union of all
k-cliques that can be reached from each other.
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Figure II.5: Characterization of Random Networks. (a) The degree distribution P (k) = Nk/N
for different values of the connection probability p, with N = 2000 nodes and (b) the average
shortest path length ` and (c) the clustering coefficient C, as a function of the network size N
fixing p = 0.01.

The investigation of how to detect communities is one of the most recent topics in network research
and has attracted huge attention, since communities are ubiquitous in real networking systems and are
crucial for the understanding of their structure and evolution.

With the main statistical and topological tools described above one is able to characterize and classify
families of networks. Three of such families are the so-called Random Networks, Small-world Networks
and Scale-free Networks.

Random networks were introduced by Erdös and Rényi in the late fifties (Erdös and Rényi, 1959) to
study organizing principles underlying some real networks. To construct them, one defines the probabil-
ity p ≡ p(N), function of the total number N of nodes, which determines the probability for a pair of
nodes to be connected, and applies it to the N(N − 1)/2 pairs of nodes. The connections are typically
long-range connections, and no degree-degree correlations are found.

The degree distribution is typically Poissonian, as shown in Fig. II.5a and an important feature of
random networks, which also appears in real networks, is their small average shortest path length `. As
illustrated in Fig. II.5b, typically ` increases not faster than logarithmically with the network size. An-
other typical feature of Random Networks is their small clustering coefficient which typically decreases
with the network size as 1/N for sufficiently large N , as sketched in Fig. II.5c.

One main goal in studying random networks is to determine the critical probability pc(N), beyond
which some specific property is more likely to be observed, e.g. the critical probability marking a tran-
sition to percolation (Christensen et al., 1998). In the next section, we will discuss percolation in more
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Figure II.6: To construct a Small-world Network we start with a (a) regular network and choose a
fraction p of connections to be (b) rewired randomly to other nodes. For a certain range of p-values
one finds (c) The Small-world (SW) regime, characterized by large clustering coefficients C and
small average shortest path length `, when compared to the values C0 and `0 found for the regular
network in (a). (d) The degree distribution of Small-world networks is typically peaked for small
p and converges to a Poissonian for large p.

detail.
While reproducing fairly the shortest path length of many empirical networks, random networks

have also a small clustering coefficient, which is not typical, e.g., social networks. In fact, many social
networks have simultaneously small ` and large C, i.e. two persons are typically close to each other in
the friendship connection web and his/her friends tend to be also friends of each other.

To reproduce such a topology Watts and Strogatz proposed (Watts and Strogatz, 1998) a simple
algorithm to construct networks yielding both features. Starting with N nodes disposed in a chain and
connected with its k0 nearest neighbors (Fig. II.6a) one rewires each connection with probability p. As
illustrated in Fig. II.6b, such procedure yields a network composed mainly by short-range connections
with a few number of long-range connections.

While the small number of long-range connections are sufficient to guarantee a small average shortest
path length, the short-range connections keep the clustering coefficient significantly high, if one com-
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Figure II.7: Characterizing evolving Scale-free networks. (a) Power-law degree cumulative distri-
bution P (k) for different values of the initial number m of connections with N = 104 nodes and
in the inset for different network sizes N = 103, 5 × 103, 104 and 2 × 104 with m = 3. For the
same cases one also plots (b) the average shortest path length and (c) the clustering coefficient.

pares with the random network counterpart. Figure II.6c shows both C and ` as function of the rewiring
probability p. For large p the Watts-Strogatz procedure yields small C and ` as in random networks,
while for small p one has large C and ` as observed in regular networks. In the middle, typically for
0.01 . p . 0.1 we find the Small-world (SW) regime described above.

While sweeping through the spectrum of p values, the degree distribution varies from a δ-function
(regular network) to an exponential distribution (p = 1). In the SW regime the degree distribution is
approximately Poissonian, as illustrated in Fig. II.6d.

Instead of rewiring short-range connections into long-range ones, an alternate procedure (Newman
and Watts, 1999) would be to add new long-range connections for each existing connection in the net-
work, with a probability p. This procedure is more appropriate for most purposes, since it avoids the
possibility of generating disconnected sets of nodes.

Both random and small-world topologies have other drawbacks. First, they do not evolve, the total
number of nodes being fixed from the beginning. Second, there are no criteria from choosing specific
pairs of nodes to be linked.

In some real networks, that are growing in time, the new nodes tend to prefer connections with the
most connected nodes - so-called hubs - of the existing network. This happens for instance in the World
Wide Web. New Internet pages tend to link to the most connected ones.

These two additional ingredients, growth and preferential attachment, were addressed by Barabási
and Albert (Barabási and Albert, 1999) to construct networks with similar features as the ones of the
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Random Small-world Scale-free

P (k) e−k̄k̄k/k! e−k̄k̄k/k! 2m2/k3

C3 k̄/N C0(1− p)3 ∼ N−3/4

` lnN/ ln (pN) lnN lnN/ ln lnN

Table ii.1: Distinguishing different complex topologies with the degree distribution P (k), cluster-
ing coefficient C3 and average shortest path length `. Here N is the total number of nodes, p is
the probability for two nodes to be connected, k̄ is the average number of connections per node,
C0 is the clustering coefficient of the regular network from which the small-world network is con-
structed, and m is the number of initial connections of each new node in a scale-free network (see
text).

WWW. The most crucial feature of these networks is the non-existence of a characteristic number of
neighbours: the degree distribution is a power-law P (k) ∼ k−γ . Therefore, it is usual to call such
networks, Scale-free networks.

To construct a scale-free network, one starts with a small amount of nodes totally interconnected, and
adds iteratively one node with m connections to the previous nodes, chosen from a probability function
proportional to their number of connections. With this construction one obtains a degree distribution
P (k) ∝ k−γ , where γ → 3 as N →∞, independent of the initial number of fully interconnected nodes
and m, as illustrated in Fig. II.7a.

From Figs. II.7b and II.7c one also sees that scale-free networks have typically small ` and C, similar
to random networks (see also Tab. ii.1). Further, an increase of the initial numberm of connections tends
to decrease ` and increase C, as shown in the insets of Figs. II.7b and II.7c respectively.

From the computational point of view the preferential attachment should be implemented by looking
at the existing edges instead of imposing a probability for choosing a node proportional to its degree. In
fact, a random choice on the set of existing edges is equivalent to a choice on the set of existing nodes
proportional to its degree, and it is much more efficient.

Finally, it is also possible to generate scale-free networks, by either imposing a priori a power-law
distribution of all connections randomly distributed, or by following a deterministic iterative rule for
new nodes. The first procedure generates what is usually called a generalized random graph (Albert and
Barabási, 2002), while the latter concerns among other the deterministic scale-free networks.

Table ii.1 summarizes their fundamental properties. For the interested reader, the reviews cited
above (Ben-Naim et al., 2004, Albert and Barabási, 2002, Dorogovtsev and Mendes, 2002, Newman,
2003, Boccaletti et al., 2006, Dorogovtsev et al., 2008) provide additional information. To end this Sec-
tion, we present a pictorial overview recently proposed (Axelsen et al., 2006), to improve the perception
of all topologies discussed in this chapter.

Lets imagine that the nodes of a certain network are placed over a landscape. The altitude where each
node lies is proportional to its degree, and neighbours are placed closer than other nodes. How would
the landscape look like for each different topology?

A regular network as the one picked in Fig. II.6a, where all nodes have the same degree, would yield
a perfect plateau. Other networks with some typical degree, like random or small-world networks, would
have a smooth landscape with some hills alternating with valleys. High mountains would appear, of
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course, in scale-free networks.
The number of hills or mountains would then depend on the degree-degree correlations. For posi-

tively correlated (assortative) networks, where nodes of similar degree tend to connect with each other,
a single bump is observed. A classical example of such a network is the Internet. If, on the contrary,
high connected nodes have low connected nodes as neighbours (negative correlations), several hills or
mountains appear. Examples of such rough landscape can be found in biological systems.

ii.2 Networks in motion: mobile agent-based models and critical behavior

Connected to networks are the so-called agent-based models, where elementary components are also
nodes (agents) and their connections (interactions). Although sometimes also called networks or dy-
namical networks, agent-based models are somehow more general then network models, since they have
an evolving structure (Boccaletti et al., 2016). There are already many situations that can be properly
modelled with agents, e.g. virtual data (Pastor-Satorras and Vespignani, 1999), social networks (New-
man, 2001), biological networks (Jeong et al., 2000, Jeong et al., 2001), and infrastructure networks
(Watts, 2004, Airport Council International, 1999). In this section, we illustrate what an agent-based
model is with a specific example introduced in (González et al., 2006a, González et al., 2006c, González
et al., 2006b) for reproducing the topological features of social networks, namely the dynamical evolu-
tion, clustering and community structure. Moreover, we describe main tools for analyzing percolation
transitions that will be of use in one of the contributions (Chapter 9).

The model uses techniques from physical systems and is based in a two-dimensional system of
ballistic nodes (the agents) that collide with each other, defining their connections. This system of mobile
agents resembles a granular gas (Pöschel and Luding, 2001), composed by N spherical particles and
having low density ρ, with the underlying network of connections (collisions) resulting directly from the
time evolution of the system. Each agent i is characterized by its number ki of links and by its age Ai.
The collision process is based on an event-driven algorithm, keeping track of the sequence of ballistic
collisions (Rapaport, 1995), considering period boundary conditions.

When initialized, each agent has a randomly chosen position and moving direction with velocity v0.
When two agents collide for the first time, they establish a first connection, as illustrated in Fig. II.8a. In
time more and more connections appear, as shown in Figs. II.8b and II.8c.

To avoid the system of N agents to become fully connected, an age is addressed to each agent i, Ai,
which is randomly initialized as Ai(0) ∈ [0, T`] and is updated in units of simulation time. Each agent i
leaves the system after its total residence time T` − Ai(0), being replaced by a new agent with velocity
v0 in a random direction and new randomly chosen age.

Notice that, the maximum residence time T` should not be too small, preventing two agents to collide
at least once, nor too large, enabling that each agent crosses the entire system and forming a fully con-
nected network. It was shown that (González et al., 2006b) the proper parameter for tuning the system is
a collision rate, defined as

λ =
〈v〉T`
2v0τ0

. (ii.6)

where τ0 is the characteristic time of the system at the beginning when all agents have velocity v0 and
〈v〉 is the agent average velocity for long times (t� T`).
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Pajek
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Figure II.8: Snapshots of the system of mobile agents. Edges between two agents indicate that they
already collided with each other: (a) Snapshot after the first collision and (b-c) two subsequent
snapshots within one cluster of collisions. Filled nodes (blue) and unfilled nodes (red) represent
two different types of nodes, e.g. males and females. Figure from (González et al., 2006b).
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Figure II.9: Cluster quantities as function of time t: Number G of agents belonging to the largest
cluster (solid line), total number of clusters Σsns (dotted line) and size-averaged mean cluster size
Σss

2ns (dashed line). All quantities are normalized by N . Here N = 128× 128 and λ = 13.04.
Figure from (González et al., 2006b).

With such a model one can now observe how a network of contacts emerges in time. Figure II.9
shows the time evolution of the size G of the largest interconnected set of agents (cluster) as well as
other macroscopic properties, as discussed below. Typically, the evolution of the network converges
rapidly to a quasi-stationary (QS) state where all quantities fluctuate around typical values.

For other collision rates, the stationarization occurs for different values. Figure II.10 shows the
fraction G/N of nodes in the system belonging to the largest cluster, i.e. the largest group of connected
agents, as a function of the collision rate λ. Clearly, one observes a value around λc ' 2.04 beyond
which, the largest cluster converges to the size of the system. In other words, one may say that beyond
λc the system percolates, i.e. there is typically a connected set of nodes including all the nodes in the
system (there are no disconnected “islands” of nodes).

While originally, percolation refers to the motion of fluids through porous media, in the last decades,
percolation transitions have been modelled in different ways, bringing new insight in a broad panoply
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Figure II.10: NumberG of nodes in the largest cluster of the system of mobile agents as a function
of the collision rate λ. At λc ' 2.04 one sees the emergence of a giant cluster with G/N ∼ 1.
Here N = 128× 128 and α = 1. Figure from (González et al., 2006b).

of topics in physics, materials science, and interdisciplinary topics. For an introduction to the topic see
e.g. (Newman and Barkema, 1999, Stauffer, 1985). Here we refer to percolation transition as the abrupt
change, at a particular critical value λc, from a state composed by several small clusters to a state where
a giant cluster dominates.

Depending on how the largest cluster diverges to the size of the system around the critical rate, the
system may be classified into one of a few universal classes. The model here being illustrated belongs to
two-dimensional percolation (González et al., 2006b) and that can be shown by investigating the critical
behavior of the system at the critical rate λc and determine how macroscopic properties diverge with
the system size. Here, we consider the size G of the largest cluster and the the corresponding size-
averaged mean cluster size χ =

∑G−1
s=1 s

2ns after removing the largest cluster, both already plotted in
Fig. II.9 together with the total number of clusters

∑G−1
s=1 ns, where ns = Ns/N represents the number

of s-clusters per agent and Ns is the number of clusters of size s.

In general, according to the standard scaling theory (Newman and Barkema, 1999), one expects G
and χ to follow respectively

G = L−β/νF [(λ− λc)L−1/ν ], (ii.7)

χ = Lγ/νG[(λ− λc)L−1/ν ], (ii.8)

where L is the linear size of the system (N = L2) and F and G are specific functions. Figures II.11a and
II.12a show both quantities as a function of the collision rate λ.

The Ansatz in Eqs. (ii.7) and (ii.8) is confirmed by the collapses of the curves near the critical
collision rate, as shown in Figs. II.11b and II.12b respectively. The values of exponents ν, β, and γ are
given in the central column of Tab. ii.2, with λc = 2.04.
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Figure II.11: (a) Fractions of sites in the largest cluster G/N as function of λ. The numerical re-
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Figure from (González et al., 2006b).
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Figure II.12: (a) Size-averaged mean cluster size
∑
s2ns as a function of λ for the same system

sizes as in Fig. II.11a. (b) Confirmation of the scaling relation of Eq. (ii.8), for the same system
sizes the values of γ and ν reported in Tab. ii.2 and λc = 2.04. Figure from (González et al.,
2006b).

33



Chapter ii. From data to models and back Habilitationsschrift

MF mobile agents Percolation (2D)
ν 0.5 1.3± 0.1 4/3 ∼ 1.33
γ 1 2.4± 0.1 43/18 ∼ 2.39
β 1 0.13± 0.01 5/36 ∼ 0.139
σ 0.5 0.40± 0.01 36/91 ∼ 0.397

Table ii.2: Critical exponents related to the emergence of the giant cluster in a random graph model
(percolation MF ), for the network of mobile agents presented here, compared to the exact results
of percolation 2D.
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Figure II.13: Correlation length ξ as function of λ−λc. Symbols indicate the result of simulations
performed for different values of λ and the solid line has a slope of ν = −1.3. Figure from
(González et al., 2006b).

An additional feature that needs to be characterized for properly describing the transition at λc is the
behavior of the correlation length at the critical collision rate. The corresponding correlation exponent
ν (see Tab. ii.2) can be explicitly calculated by computing the correlation length ξ(λ) ∼ |λ − λc|−ν .
Figure II.13 plots the correlation length ξ as a function of |λ − λc|, showing a slope (in log-log plot) of
−1.3. Thus, the correlation exponent ν as well as the values of the other exponents are in agreement with
two-dimensional percolation (see Tab. ii.2).

In Chapter 9 we will present an application of a percolation model. Though the derivation of the
critical exponents is similar to the procedure described above, the model is the directed percolation
model, which is an extension of the percolation model here presented to systems out from equilibrium.
The main difference between ordinary percolation, as described above, and directed percolation is that
the isotropy in space where agents can move and form their connections no longer holds. In directed
percolation the movement of the agents is along a preferred direction in space.
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ii.3 Polydisperse packings: Monte Carlo simulations and derivation of
contact points

Among many possible applications of the network approach, there is one particular family of algorithms
which can sometimes be mapped into a network of nodes and connections: the packing of particles.
Since Kepler’s conjecture in the seventeenth century concerning the optimal packing configuration of
equally sized spheres, only recently demonstrated (Szpiro, 2003), packing algorithms have found a broad
panoply of applications. Packing algorithms are closely related to a branch of physics called granular
media (Duran, 1999).

Granular physics started more than 200 years ago with famous names such as Coulomb, Faraday,
Rayleigh and Reynolds (Duran, 1999). Afterwards, the 1940’s knew a boost with Bagnold in his book
about physics of dunes (Bagnold, 1941), a topic that was developed till very recently (Durán et al.,
2009, Durán et al., 2011). While nature provides several good examples of granular materials, such
as snow, coal, sand, rice, coffee and corn flakes, the physics of granular materials is also important in
applications for agriculture and the pharmaceutical industry (Rodhes, 1997).

Numerical methods have helped solving practical problems related to packing sets of objects under
specific constraints, not only when packing equally sized spheres but in much more complicated situa-
tions where particles are no longer neither spherical nor have all the same size (Poeschel and Schwager,
2005). The network approach also plays a role in these methods, e.g. for investigating how the the net
of contact points between particles in granular systems experiencing shear or drifting (Peña et al., 2009)
can characterize changes in the global behavior.

An interesting application of packings for bearing systems was proposed two decades ago (Herrmann
et al., 1990, Baram et al., 2004, Mahmoodi Baram and Herrmann, 2005), using arbitrarily large strips
of space-filling polydisperse spheres, which can rol without friction nor slipping. These simple packing
configuration where motivated by real systems in geomorphology, namely seismic gaps (Astrøm et al.,
2000, Lind et al., 2008) reproducing empirical measures (Sammis and King, 2007) of such fault regions,
composed by rocks of different size following a size distribution well approximated by a power-law with
exponent between df = 2.6 and df ' 3. The mechanical origin of the power-law in the particle size dis-
tribution was associated to the particle’s fracture probability which has been proposed to be controlled
by the relative size of its nearest neighbors (Sammis et al., 1987, Sammis and Biegel, 1989). An ad-
ditional application of two-dimensional space-filling packings of spheres was proposed for addressing
superdiffusion of massive particles (Baram et al., 2010). Figure II.14 illustrates two random space-filling
bearings in two and three dimensions.

More general situations comprehend polydisperse sets of non-spherical particles. While having still
a regular shape, ellipsoidal particles show different behavior and features, namely in what concerns
how densely packed they can be (Donev et al., 2007, Bezrukov and Stoyan, 2006). Moreover, sets of
ellipsoidal particles are difficult to address analytically and numerically than the case of spheres, since
the branch vectors are no longer co-linear with the segments joining the centers of touching particles
(Perram and Wertheim, 1985).

For some application processes, such as deposition and sedimentation phenomena, it is important
to produce packings by sequentially introduce particles with specific characteristics. Sequential pack-
ing algorithms could be applied for modelling sedimentation processes and sandstone formation (Lind,
2009).
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Figure II.14: Illustration of a random space-filling bearing in (a) three and in (b) two dimensions.
Discs and spheres of the same color do not touch each other. The random space-filling bearing
starts with a large disc or sphere, maximizing polydispersity (see text). Figure from (Lind et al.,
2008).

A packing procedure of random sequences of polydisperse ellipsoids has been implemented as
follows (Perram and Wertheim, 1985, Lind, 2009). One considers an ellipsoid E with its centroid
rE = (xE , yE , zE) and semi-axis aE and bE along two eigen directions. The two corresponding Euler
angles will be represented as αE and βE .

The surface of the ellispoid E is given by FE = 1, with FE the ellipsoidal function defined as

FE(r− rE , aE , bE , αE , βE) = (r− rE)TE−1(r− rE), (ii.9)

with E = RESERT
E , where SE = diag(b2E , b

2
E , a

2
E) is the scaling matrix and RE is the rotation matrix

given by the composition of two rotations, one of βE around the y-axis and another of αE around the
z-axis.

Additionally one considers a predefined box, with an ellipsoid E1 placed in it and considers a second
ellipsoid E2 to be inserted. The contact point rc between the ellipsoids is obtained by using the corre-
sponding functions FE1 and FE2 and deriving an ellipsoid E∗2 , which is a rescaling of E2 that touches
ellipsoid E1. Scaling again E∗2 to the original size of E2 and keeping the touching point fixed, yields the
desired translation. This procedure is illustrated in Fig. II.15.

Ellipsoid E∗2 is obtained by minimizing the ellipsoid function FE∗2 , with the constraint of remaining
E1 unchanged, i.e. FE1 = 1, which is equivalent to minimizing the functional

F = FE∗2 + λ(FE1 − 1), (ii.10)

with respect to the contact point rc, where parameter λ is the Lagrange multiplier. The variational
problem is equivalent to solve the system of equations

(E∗2)−1(rc − rE∗2 ) + λE1
−1(rc − rE1) = 0, (ii.11)

with respect to rc.
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Figure II.15: Determination of the contact point through translation. Having a placed ellipsoid E1

a new ellipsoid E2 is first (a) placed randomly at the top of the box, then (b) it is enlarged till it
touches ellipsoid E1 and finally (c) it reduces again to its original size translating its centroid and
remaining the touching point fixed. (d) Illustration of the rotation of one ellipsoid E0, considering
previous contact points with E2 in order to obtain the correct contact point with E1 through a
rotation of φ. Figure from (Lind, 2009).

The contact point rc is obtained by adding and subtracting rE1 in the first term of Eq. (ii.11):

rc = rE1 − ((E∗2)−1 + λE1
−1)−1(E∗2)−1(rE1 − rE∗2 ). (ii.12)

To determine λ, one substitutes the solution for the contact point in the constraint FE1 = 1, yielding

r∗TE1
−1r∗ = 1 (ii.13)

where r∗ is the solution of the linear system

(E1 + λE∗2)r∗ = (rE∗2 − rE1). (ii.14)

Equation (ii.13) can be numerically solved with respect to λ through e.g. Newton-Raphson method, while
system (ii.14) is linear in r∗.
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To derive the scaling factor s that enlarges ellipsoid E2 into E∗2 , as illustrated in Fig. II.15, which
touches ellipsoid E1, one adds and substracts rE∗2 in the parenthesis of the second term of Eq. (ii.11),
yielding

(rc − rE∗2 )T (E∗2)−1(rc − rE∗2 ) = s2, (ii.15)

with rc given by Eq. (ii.12). See Fig. II.15.
Finally, having the scaling factor s and the coordinates of the contact point rc, one shifts the centroid

rE∗2 according to (rc − rnewE2
)T (E∗2)−1(rc − rnewE2

) = 1 which, together with Eq. (ii.15), yields

rnewE2
=
s− 1

s
rc +

1

s
rE∗2 . (ii.16)

Ellipsoid is in this way placed inside the box and the algorithm can be repeated for a new ellipsoid E3.
This part of the packing algorithm deals with the translation of one ellipsoid. After repeating it a few

times, it may happen that a new ellipsoid touching an ellipsoid already packed inside the box overlaps
with a third ellipsoid. To solve this overlaps, one should then rotate it according to the gravitational
(external) field till tangential contact with the (fixed) ellipsoids previously placed in the box. To illustrate
this second part of the packing algorithm, sketched in Fig. II.15(d), one considers an ellipsoid E0 (solid
contour) in contact with another ellipsoid E2 and overlapping E1. Considering ellipsoid E0 (dashed
contour) with surface rTE0

−1r = 1, when rotating its major axis according to a rotation matrix Q(φ)
with rotation angle φ and on a proper unit vector r̂ crossing the contact point (as defined below) one
arrives to

(r′ − r0,R)TE−1
0,R(r′ − r0,R) = 1, (ii.17)

with r′ = Q(φ)r, r0,R = rc,0 + Q(φ)(r0 − r0,c) and E−1
0,R = Q(φ)E0

−1Q(φ). For simplification, the
prime in r′ will be henceforth omitted.

Similarly to translations, to derive the rotation angle for which rotation leads to a contact point, one
minimizes the functional

FR = FE0,R
+ λ(FE1 − 1). (ii.18)

The solution for the contact point (∇FR = 0) is now

rc = r1 − (E0,R
−1 + λE1

−1)−1E0,R
−1(r0,R − r1). (ii.19)

The Lagrangian multiplier is now the solution of

XT (λ, φ)E1
−1X(λ, φ) = 1, (ii.20)

where X depends on both λ and φ and solves the linear system

(E1 + λE0,R)X(λ, φ) = r0,R − r1. (ii.21)

Since we have now two variables, λ and φ, we need another equation for solving it together with
Eq. (ii.20), namely the one describing a tangential contact between E0 and E1, after rotating ellipsoid
E0 keeping the scaling factor s = 1:

YT (λ, φ)E0
−1Y(λ, φ) = 1 (ii.22)
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with
Q(φ)Y(λ, φ) = −λE0,RX. (ii.23)

The final task is to determine the unit vector r̂ which defines the axis around which the rotation
occurs. In the presence of an external field, the unit vector is perpendicular to the surface containing the
gravitational force on the rotating ellipsoid and the normal defining the surface obtained from a linear
regression of all existing contact points. Mathematically, the unit vector is easily derived by translating
the rotation matrix into its corresponding quaternion q: Q(φ)p = qpq−1 where q = [̂r sin φ

2 , cos φ2 ].
This algorithm can be combined with molecular dynamics simulation in an efficient way for ad-

dressing specific problems in granular media, as presented in one of the theoretical contributions in this
manuscript (see Part III). Moreover, in Part IV we will also use this algorithm for investigating granular
deposits composed of ellipsoidal particles with different particle shapes and size polydispersity.

ii.4 Modelling discrete time data: regression models

While the modelling of networks uses statistical, dynamical and topological assumptions for generating
graphs that mimic particular networks systems, when modelling a series of measurements Xt in time
one seeks for a model that is able to predict the result of the next measurements in the future. To this
end, a first approach is to assume a functional dependence between each measurement and corresponding
previous values:

Xt+1 = J(Xt, Xt−1, . . . , X0). (ii.24)

Implicitly one assumes here that the process underlying the set of values is discrete in time.
One of the well-known discrete time models for series of measurements is the ARIMA model

(Shumway and Stoffer, 2006), that stands for Auto-Regressive Integrated Moving Average model. Gen-
erally, the ARIMA mode can be expressed as

(1−B)dXt =

q∑

k=1

θkwt−k +

p∑

j=1

φj (1−B)dXt−j + wt , (ii.25)

where p, d and q are the model parameters, B is a delay operator, such that BXt = Xt−1, and θk
(k = 1, . . . , q) and φl (l = 1, . . . , p) are coefficients to be determined.

Parameter p indicates the number of necessary previous states for predicting the next time-step. It
represents the Auto-Regressive (AR) part of the model. Parameter q indicates the number of cumulative
noisy variables wt, with wt a Gaussian white noise. It represents the Moving Average (MA) part of the
model. Notice that, since B is the delay operator, (1−B) defines the forward increment of the variable,
(1−B)Xt = Xt−Xt−1 ≡ ∆Xt and is of use for obtaining a stationary associated variable Y = ∆dX .
Parameter d indicates the number of “integrations” of the stationary increments that one needs to consider
for returning back to the original stochastic variable.

Apart the three parameters that define the “order” of the (p, d, q)-ARIMA model, it is also necessary
to estimate the coefficients. The derivation of an ARIMA-model is done as follows.

One first makes a first estimation of d, by assuming p = 1 and q = 1 and applying the so-called unit-
root test (Shumway and Stoffer, 2006), that basically retrieves the lowest value of d for which (1−B)dXt
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is stationary. In the end, after having the correct estimates of p and q one checks if, by the same unit-
root test, the same estimation of d is retrieved. If it is not on repeats the full procedure for a d-value
incremented by one unit till it is.

Next one estimates p and q. Parameter q is estimated from the autocorrelation of the stochastic
variable, namely

γX(τ) =
〈(Xt+τ − 〈Xt〉)(Xt − 〈Xt〉)〉

〈(Xt − 〈Xt〉)2〉 . (ii.26)

The autocorrelation function has a maximum at τ = 0 where γX = 1. Parameter q is estimated as the
maximum value of τ , say τM , for which γX(τ) > 0 if τ < τM .

Parameter p is estimated from the so-called partial autocorrelation function of the series:

ϕkk = Corr (Xt, Xt−k|Xt−1, · · · , Xt−k+1) , (ii.27)

where Corr (·, ·|·) represents the conditional correlation, i.e. the correlation of the process, when the
values Xt−1, · · · , Xt−k+1 are known. Similarly to q the partial autocorrelation has also a maximum at
τ = 0, and the parameter p is estimated as the maximum value of τ for which ϕkk(τ) > 0 with τ < p.

Having an estimate for p, d and q one now estimates the p coefficients φj and q coefficients θk using
the known correlations of the series that introduced in Eq. (ii.26) and (ii.27) together with the definition
of the process as in Eq. (ii.25), yielding the so-called Yule-Walker equations that can be solved with
respect to the coefficients.

A final step is needed. For each choice of possible parameters values, (p, d, q), one can use a so-called
information criterion for evaluating how much effective information the model has for reproducing the
data series. This is done by means of an information criterion, which basically establishes a maximum
likelihood estimate of the three model parameters, for example the Bayesian information criterion. The
Bayesian information criterion is based in the minimization of a cost function, namely

B(p, d, q) = −2 logL(p, d, q) + k logN, (ii.28)

where L(p, d, q) is the maximized value of the likelihood-function of the model, N is the number of data
points and k is the number of parameters, k = p+ q + d.

Finally, one evaluates the residuals which should be uncorrelated, i.e. they must yield autocorrelation
functions similar to the one of white noise.

ii.5 Modelling continuous time processes: stochastic differential equa-
tions

Instead of constructing an empirical model from the data, and optimize values of coefficients, weighting
set of p previous values, we can assume that the discrete data set samples a continuous process of a
stochastic variable. To model continuous time variables, one may prefer to use differential equations
instead of regressive models.

We will now consider a continuous process, represented as x(t). Similarly to discrete time processes,
a continuous stochastic process can be multidimensional. Differently from ARIMA models however, not
all results are straightforwardly generalized to an arbitrary number of dimensions. We will still focus
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only in one-dimensional processes and in the end of this section refer briefly which results must be
revised when considering a multi-dimensional process.

Though being time-continuous, the series of measurements that typically describes the stochastic
variable are discrete in time, namely Xi ≡ x(ti) corresponding to discrete times ti for i = 1, 2, . . . . The
final goal is again to derive a propagator of the form of (i.2), that can be derive from joint probability
densities:

p(Xi+1, ti+1|Xi, ti; . . . ;X0, t0) =
ρ(Xi+1, ti+1;Xi, ti; . . . ;X0, t0)

ρ(Xi, ti; . . . ;X0, t0)
. (ii.29)

Of particular important are the so-called Markov processes, processes for which the probability of any
future state of the system only depends on its current state, i.e.

p(Xk+1, tk+1|Xk, tk;Xlk−1
, tk−1; . . . ;X0, t0) = p(Xk+1, tk+1|Xk, tk) . (ii.30)

From this definition, considering the total probability in the entire real axis, yields the so-called Chapman-
Kolmogorov equation

p(Xi+1, ti+1|Xi−1, ti−1) =

∫ ∞

−∞
p(Xi+1, ti+1|Xi, ti)p(Xi, ti|Xi−1, ti−1)dXi . (ii.31)

If the number of admissable states is countable and finite, the two-point propagator in Eq. (ii.30)
defining Markov processes can also be formulated as transition probabilities pij(tk) = p(xj , tk+1|xi, tk),
which constitute the (i, j)-entries of the so-called transition matrix P(tk) and fulfill pij(tk) ≥ 0 and∑

j pij(tk) = 1. Since one has always only series of values (measurements) at discrete time instants, one
important question is to conclude if the discrete series reflects a continuous process or not. This problem
is commonly named as the embedding problem, and will be addressed in one of the contributions in this
manuscript. See Chapter 1.

The time evolution of the stochastic process is associated to the evolution of its distribution function,
which is given by the Kramers-Moyal equation (Risken, 1984, Gardiner, 2009):

∂ρ(x, t)

∂t
=
∞∑

n=1

(
− ∂

∂x

)n
D(n)(x, t)ρ(x, t), (ii.32)

where

D(n)(x, t) =
1

n!
lim
τ→0

1

τ
Mn(x, t, τ) (ii.33)

are the so-called Kramers-Moyal coefficients, and

Mn(x, t, τ) =

∫ ∞

−∞
(x′ − x)np(x′, t+ τ |x, t)dx′ ' 〈[X(t+ τ)−X(t)]n|X(t) = x〉 , (ii.34)

represents the conditional moments, where τ is a multiple of the discretization time-step ∆t between suc-
cessive measurements and 〈·|X(t) = x〉 symbolizes a conditional average over the entire measurement
period, where only measurements associated to x− ∆x

2 < X(t) < x+ ∆x
2 are taken into account.

Equation (ii.32) can be derived e.g. from the direct definition of partial time derivative of the density
function ρ(x, t) and using the common properties of density functions (Risken, 1984, Gardiner, 2009).
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Moreover, in many situations higher-order Kramers-Moyal coefficients, namely D(4) vanishes and, ac-
cording to Pawula theorem such fact guarantees that D(n) ≡ 0 for n ≥ 3, reducing Eq. (ii.32) to the
so-called Fokker-Planck equation:

∂ρ(x, t)

∂t
=

(
− ∂

∂x
D(1)(x, t) +

∂2

∂x2
D(2)(x, t)

)
ρ(x, t). (ii.35)

The two remaining Kramers-Moyal coefficients are usually called the drift D(1) and diffusion D(2) co-
efficients.

The coefficients of the Fokker-Planck equation are related to the stochastic differential equation
describing the time evolution of the random variable x itself. Using the Itô definition of stochastic
integrals this stochastic differential equation reads

dx

dt
= D(1)(x) +

√
D(2)(x)Γ(t), (ii.36)

where Γ is a Gaussian distributed, uncorrelated noise with the properties 〈Γ(t)〉 = 0 and 〈Γ(t)Γ(t′)〉 =
δ(t−t′), i.e. the stochastic fluctuations average out in time and for different times t and t′ the correspond-
ing values of the stochastic force are statistically independent. Equation is usually called a non-linear
Langevin equation.

When extending the results in this section to a set of N variables, x = (x1, . . . , xN ) one deals with
a system of stochastic equations of the form

dx

dt
= h(x) + g(x)Γ(t), (ii.37)

and the associated Fokker-Planck equation reads

∂ρ(x, t)

∂t
=


−

N∑

i=1

∂

∂xi
D

(1)
i (x, t) +

N∑

i=1

N∑

j=1

∂2

∂xixj
D

(2)
ij (x, t)


 ρ(x, t), (ii.38)

with the drift vector and diffusion matrix related to the terms in the system of Langevin equations as

D(1)(x, t) = h(x, t), (ii.39a)

D(2)(x, t) = g(x, t)gT (x, t), (ii.39b)

where gT is the transpose matrix of g.
Notice that Eqs. (ii.39) show that for more than one variable, the matrix g in the stochastic part of

the system in Eq. (ii.37) cannot be uniquely derived from the diffusion matrix in the associated Fokker-
Planck equation. Since it is the diffusion matrix that is extracted from the set of data, one concludes
that for N -dimensional problems, one obtains a family of systems of Langevin equations which are
statistically equivalent, i.e. they are associated to the same Fokker-Planck equation. These equivalent
systems of the form of (ii.37) have the same drift (same h) and matrices g differ only by an orthogonal
matrix O (OOT = 1). Usually, the orthogonal transformation chosen is the identity matrix and conse-
quently the matrix g(x, t) is defined from the square root of D(2)(x, t), computed through an eigenvalue
decomposition.
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Moreover, as we will see in the next section the numerical computation of the conditional moments
assumes that the data series are (at least approximately) stationary. Stationarity for one dimensional
problems are always possible, whatever D(1) and D(2) one chooses. In N -dimension one needs to fulfill
additionally the potential conditions (Gardiner, 2009)

∂Zi
∂xj

=
∂Zj
∂xi

, (ii.40)

for all i, j = 1, . . . , N with

Zi =

N∑

k=1

(
D(2)

)−1

ik

(
2D

(1)
k −

N∑

m=1

∂D
(2)
km

∂xm

)
. (ii.41)

As we will see in the next section, while the computation of drift and diffusion functions can be
cumbersome in comparison to the estimation of other model coefficients such as φi and θi in an ARIMA
model, there are two important strengths of such an approach with stochastic differential equations:
the drift and diffusion function can be estimated in a non-parametric way, without any assumption for
their functional form, and they provide a much straightforward physical interpretation of the dynamics
underlying the stochastic variable (nature and stability of stationary solutions for the drift, etc). Several
theoretical and applied contributions in this manuscript deal with the derivation of stochastic differential
equations.

The Langevin equation is a first order differential equation. What are higher-order stochastic differ-
ential equation? They have in fact a close connection to ARIMA-models. In Appendix A we derive the
connections between both family of models. In the literature this issue is not treated as far as we know,
and it would be interesting to explore up to which extent it can be grounded.

ii.6 From measurements to differential equations

Previously we have described briefly some theoretical background of stochastic differential equations
that eventually produce series of values with particular statistical features defined through its differ-
ent coefficients. In this section we describe the inverse problem: how to extract expressions for the
coefficients of a stochastic differential equation from a series of measurements? The inverse problem
resumes to first compute the corresponding conditional moment (Eq. (ii.34)) and then estimate the limit
in Eq. (ii.33). While the first step is straightforward, the second one has been subjected to investigations
(Siegert et al., 1998, Kleinhans and Friedrich, 2007). Since empirical data is always finite sampled, no
limit for vanishing τ exists.

One possible estimation is to compute the conditional moments for the first four or five smallest
values of time-lags, multiples of the time-step ∆t between successive measurements, and then apply a
linear fit. The slope of the linear regression, indicates the value of the corresponding Kramers-Moyal
coefficient at the chosen value. Sometime the linear fit does not retrieve accurate results, and one may
simple chosen as estimator for the Kramers-Moyal coefficient the value of the conditional moment at the
smallest time-lag, i.e. at ∆t or extrapolate it from the coefficient M (n)(x, τ)/τ (Siegert et al., 1998).

Although this procedure can be adapted to rather general situations, such as in the presence of mea-
surement noise sources of large amplitude, (see Chapter 2), there are some important features that usually
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are also analyzed together with the numerical estimate of the Kramers-Moyal coefficients. This features
are tested in two separated stages, before and after deriving possible candidates for estimates of Kramers-
Moyal coefficients.

Before the derivation, a preliminary checking procedure is typically composed by two tests. The
first one addresses the stationarity of the data. Since the averages taken when computing the conditional
moments in Eq. (ii.34) over a wide time-window, one needs to guarantee that, at least within these time-
windows, the statistical moments of the stochastic variable is stationary.

The second test evaluates the hypothesis for the data to be Markovian (see Eq. ii.30). In practice,
since typically all correlations in time decrease monotonically with time, one considers the weaker con-
dition

p(X(t+ n∆t)|X(t), X(t− n∆t)) = p(X(t+ n∆t)|X(t)), (ii.42)

and chooses the least positive integer n for which it holds, where X(t+ n∆t) = Xi+n with i = t/∆t.
In case both tests retrieve a positive answer the computation of drift and diffusion coefficients is

performed, yielding a model for the series under investigation. With the derived model three additional
cross-checking tests can be done.

First, one computes an additional Kramers-Moyal coefficient, namely the fourth one, and evaluates
if D(4) = 0. If so, Pawula Theorem guarantees that only drift and diffusion coefficient can be non-zero.
In practice the vanishing of the fourth Kramers-Moyal coefficient means that it is at least one order of
magnitude smaller than (D(2))2 within the observed range of values.

The second test addresses the conditions for Γ(t) to be a Gaussian distributed, δ-correlated white
noise. This means in practice to invert Eq. (ii.36) in its finite-differences form with respect to the stochas-
tic force Γ(t), namely

Γ(t) =
X(t+ ∆t)−X(t)−D(1)(X(t))∆t√

D(2)(X(t))∆t
, (ii.43)

and check if the obtained series for Γ(t) is normally distributed.
The third test aims at comparing increment statistics of both original data series and synthetic series

generated with the derived model. Increment statistics are defined by the distribution of values of the
increments of X as a function of the time-lag τ , namely

∆τX(t) = X(t+ τ)−X(t). (ii.44)

The approach here described can be adapted to very general situations, namely when one or more of
the above conditions fail. Measurements are often spoiled by additive (measurement) noise which leads
to violation of Markov properties (Boettcher et al., 2006), since that even if the stochastic process alone,
X(t), is Markovian, the measurement superposes the process with another stochastic source, X(t) +
Y (t), which does not fulfill the Markov condition. There have been several approaches to adapted the
above procedure for such situations of non-Markovian data (Boettcher et al., 2006, Lehle, 2013, Lehle,
2011). In Chapter 2 we will show how to adapt this framework when the series of measurements is
contaminated with strong measurement noise.

For non-stationary series, an alternative approach deals with the application of the above procedure
of deriving a Langevin-like differential equation of a non-stationary variable conditioned to the value of
an additional property. Such an approach was applied to model wind power production conditioned to
wind speeds (Wächter et al., 2011): while wind power production is a non-stationary process, if looking
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to the values corresponding to one specific wind speed typically yields stationary distributions. This
approach will be extended for modelling wind turbine loads in Chapter 15.

Finally, when the sampling rate of the set of measurements is too low, the correlation function may
be overestimated leading to wrong estimation of the drift coefficient. To overwhelm this shortcoming op-
timization algorithms have been introduced, e.g. (Honisch and Friedrich, 2011, Kleinhans and Friedrich,
2007, Lade, 2009).

Also important to notice, in cases where no evolution equation can be extracted and therefore the
estimated drift and diffusion are not meaningful, one can still use them to extract insight about the data.
In (Rinn et al., 2012) for instance, one detects damage of a mechanical beam by analyzing the conditional
moments of the oscillations of the beam: although the series of measurements is not Markovian, the
existence of beam damage is easily detected by a change in the slope of function D(1).

All in all, once the drift and diffusion coefficients are obtained, they serve to analyze the dynamical
behavior of the system under study. Important applications have been presented in medicine, such as
analysis of Parkinson data (Friedrich et al., 2000b) and diagnosis of pathological cardiac dynamics based
in stochastic heart-rate model (Kuusela, 2004), in finance, with the analysis of exchange rates (Friedrich
et al., 2000a) or stocks of the New York stock market (Rocha et al., 2015), to model traffic flow data
(Kriso et al., 2002), road surface profiles (Wächter et al., 2003), wind gust measurements (Boettcher
et al., 2003) and ocean variability (Sura and Gille, 2003). For a relatively recent review see (Friedrich
et al., 2011).

The error of general Kramers-Moyal coefficientsD(n)(X), at measurement pointsX− ∆
2 < x(T ) <

X + ∆
2 are given by the linear interpolation of the corresponding conditional moments as functions of

time-lag τ . The errors of the corresponding conditional moments M (n)(X, τ), necessary for computing
the errors of the linear interpolation, are given by (Gottschall and Peinke, 2008, Lind et al., 2010):

σ2
M(n)(X, τ) = M (2n)(X, τ)−

[
M (n)(X, τ)

]2
. (ii.45)

Related to this, is the correction of the second Kramers-Moyal coefficient, which can easily be derived
from a discretization of the Langevin equation (ii.36) and then compute the conditional moments as
defined in Eq. (ii.34), yielding:

D(1)(X) ∼ 1

τ
M (1)(X, τ), (ii.46a)

D(2)(X) ∼ 1

2τ

(
M (2)(X, τ)− (M (2)(X, τ))2

)
. (ii.46b)

Plotting the right-hand sides of Eqs. (ii.46) as a function of τ , if one observes an approximately constant
value, such fact would indicate a good estimate for the value of the Kramers-Moyal coefficient. Still,
higher order correction are possible and derived in the Appendix B.

ii.7 Processes in time and processes in scale

In the previous three sections we have describe how to handle the time evolution of a stochastic variable
in time. Related to to this description is the concept of a variable, whose increments fulfill an evolution
equation throughout a set of ordered time-scales. While seeming rather abstract, a process in scale can
be easily understand by taking the example of energy cascade in turbulent fluids. As catched very nicely
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in a poem by Richardson (Pope, 2000) about his paper on turbulence from 1920 (Richardson, 1920), the
energy that feeds the turbulent fluid enters the system on large scales and travels towards smaller and
smaller scales up to a minimum scale where it leaves the system by means of dissipation. Considering
the spatial length as the independent variable and the corresponding velocity variation separated by that
length as the dependent variable, the concept of turbulent energy cascade describes how the velocity
increment “evolve” from one length to the next (smaller) one.

For a general situation, not necessarily a turbulent fluid, one aims at deriving an equation analogous
to Eq. (i.1) where the spatial scale r plays now the role of time t, which describes how a property X
changes across an ordered series of different spatial scales. The dependent variable is the difference (or
increment) of the property at two distinct positions, separated by r,

∆Xr(z) = X(z + r)−X(z), (ii.47)

with z being a specific location in the system. Consequently, instead of the time-propagator in Eq. (i.2)
one has now a “scale-propagator”, which describes how the increment ∆Xr(z) changes when the dis-
tance increases (∆r > 0) or decreases (∆r < 0):

p(∆Xr+∆r|∆Xr,∆Xr−∆r, . . . ,∆Xr0). (ii.48)

Stochastic scale processes can be asign to a Kramers-Moyal equation of the form

∂

∂r
p(∆Xr|∆Xr0) =

∞∑

k=1

(
− ∂

∂(∆X)

)k
D(k)(∆X, r)p(∆Xr|∆Xr0), (ii.49)

where now the Kramers-Moyal coefficients are functions of increments, namely

D(k)(∆X, r) = lim
∆r→0

M (k)(∆X, r,∆r)

k!∆r
(ii.50a)

M (k)(∆X, r,∆r) =

∫ ∞

−∞
(Y −∆X)k p(Y |∆Xr)dY. (ii.50b)

As can be seen from the inspection of Eq. (ii.49) and Eqs. (ii.50b), in a scale process, the conditional
moments are functions of the scale r also, which means that one derives in fact a set of stochastic
processes, one for each scale. Notice that also in the beginning, one starts with a time series of X(t) and
from it composes auxiliary series ∆rX(t) one for each scale. Therefore, the reduction of Eq. (ii.49) to a
Fokker-Planck equation (in scale) reads:

∂

∂r
p(∆Xr|∆Xr0) =

(
− ∂

∂(∆X)
D(1)(∆X, r) +

∂2

∂(∆X)2
D(2)(∆X, r)

)
p(∆Xr|∆Xr0). (ii.51)

While the approach for processes in scale is very similar to the usual processes in time, there are
some differences (Reinke et al., 2015). First, as already said above when introducing Eq. (ii.48), scale
increments ∆r can be positive or negative. The energy cascades in turbulent fluids consider negative
scale increments, since the energy flows from large to small scales, but other scale processes may occur
in the opposite direction.

Another difference is that, usually scale processes are tractable with this framework, if they are
ergodic: the system displays the same behaviour averaged either over time or over the space of all the
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system’s states. This requisite follows from the fact that, in practice, one deals always with measurements
taken during a certain interval of time. In the case the process is ergodic, one can assume that spatial
scales can be mapped into time increments. In the particular case of a turbulent fluid, ergodicity reduces
to the so-called Taylor hypothesis (Pope, 2000, Friedrich and Peinke, 1997, Renner et al., 2001, Friedrich
et al., 2011).

Moreover, the independent variable, the scale (or time increment), must now be defined in order to
be additive for its own “scale increments”. A process in time is described through iterations from time t
to time t+ dt in steps of dt. A process in scale iterates in a geometrical way, from a scale r to a scale ar,
where a is a scaling factor between successive scales. Therefore, one usually considers the “logarithmic
scale” s = log r, yielding an additive increment: sn+1 = n log a+ log a = sn + log a.

For such a logarithmic scale s, one may write Langevin-like equation for the a stochastic scale
process as

d

ds
(∆X) = D(1)(∆X, s) +

√
D(2)(∆X, s)Γs, (ii.52)

where Γs is a δ-correlated noise (in scale s) with 〈Γs〉 = 0 and 〈ΓsΓs′〉 = δ(s− s′).
What is the meaning of a Langevin equation in scale? To answer this question, we return to the

original Langevin equation (Langevin, 1908) for Brownian motion and adapt it to suit Eq. (ii.52) with
D(1) ∝ −∆X and constant D(2). This particular scale process, Brownian motion in scale, is similar to
the motion of balls in a Galton Box (Galton, 1894), as sketched in Fig. II.16 (Reinke et al., 2015).

Finally, there is the question of how to return back to a time propagator for statistically reconstruct
the series of measurements. As shown in previous works (Nawroth et al., 2010, Hadjihosseini et al.,
2016), it is possible to recover the time propagator associated to the set of scale propagators of a scale
process. The time propagator

p(X0, t0|X1, t0 − τ1; . . . ;Xs, t0 − τs) =
p(X0, t0;X1, t0 − τ1; . . . ;Xs, t0 − τs)

p(X1, t0 − τ1; . . . ;Xs, t0 − τs)
(ii.53)

for scale processes can be derived as follows. One considers that the joint probabilities in (ii.53) can be
written with Dirac-δ functions as

p(X0, t0;X1, t0 − τ1; . . . ;Xs, t0 − τs) = 〈δ(X0 −X(t))
s∏

i=1

δ(Xi −X(t− τi))〉 , (ii.54)

where τi = ni∆t and with 〈·〉 representing the average over all time values t in the series. One then
observes that the product δ(X0 −X(t))δ(Xi −X(t− τi)) can be written as Dirac-δ for the increments:

δ(X0 −X(t))δ(Xi −X(t− τi)) = δ(Xi −X(t− τi))·
∫
dZiδ(Zi − (X(t)−X(t− τi)))δ(Zi − (X0 −Xi))

= δ(Xi −X(t− τi))δ((X(t)−X(t− τi))− (X0 −Xi)).
(ii.55)

Notice that the integral in Eq. (ii.55) translates the equality between the difference X(t)−X(t− τi) and
the difference X0 −Xi for one specific time instant. From Eq. (ii.54) and (ii.55) it follows that

p(X0, t0;X1, t0 − τ1; . . . ;Xs, t0 − τs) =
〈
δ(Xs −X(t− τs))·
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∆
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Figure II.16: The Galton box as an illustration of Brownian motion in scale. Note that the converg-
ing distribution for the increments is proportional to exp [−2(∆X)2/s], a Gaussian distribution
with standard deviation proportional to

√
s. Figure from (Reinke et al., 2015).

s∏

i=1

[∫
dZiδ(Zi − (X(t)−X(t− τi)))

δ(Zi − (X0 −Xi))
]〉

=

∫
dZ1· · ·

∫
dZs

[
s∏

i=1

δ(Zi − (X0 −Xi))

]
·

[〈
δ(Xs −X(t− τs)))·

s∏

i=1

[δ(Zi − (X(t)−X(t− τi)))]
〉]
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=

∫
dZ1· · ·

∫
dZs

[
s∏

i=1

δ(Zi − (X0 −Xi))

]
·

〈
δ(Xs −X(t− τs)))

〉
·

〈 s∏

i=1

[δ(Zi − (X(t)−X(t− τi)))]
〉

=

∫
dZ1· · ·

∫
dZs

[
s∏

i=1

δ(Zi − (X0 −Xi))

]
·

p(Xs)p(Z1, t0 − τ1; . . . ;Zs, t0 − τs)

= p(Xs)p(X0 −X1, t0 − τ1; . . . ;X0 −Xs, t0 − τs).
(ii.56)

Using the same argument for the denominator in Eq. (ii.53) yields

p(X1, t0 − τ1; . . . ;Xs, t0 − τs) = p(Xs)p(X1 −X2, t0 − τ2; . . . ;X1 −Xs, t0 − τs) (ii.57)

and consequently, assuming that the process is Markovian in scale, Eq. (ii.53) leads to

p(X0, t0|X1, t0 − τ1; . . . ;Xs, t0 − τs) =
p(X0, t0;X1, t0 − τ1; . . . ;Xs, t0 − τs)

p(X1, t0 − τ1; . . . ;Xs, t0 − τs)

=
p(Xs)p(X0 −X1, t0 − τ1; . . . ;X0 −Xs, t0 − τs)
p(Xs)p(X1 −X2, t0 − τ2; . . . ;X1 −Xs, t0 − τs)

=

∏s−1
m=1 p(X0 −Xm, t0 − τm|X0 −Xm+1, t0 − τm+1)∏s−1
m=2 p(X1 −Xm, t0 − τm|X1 −Xm+1, t0 − τm+1)

·

p(X0 −Xs; τs)

p(X1 −Xs; τs − τ1)
, (ii.58)

where all factors in the last hand of Eq. (ii.58) are solutions of Eq. (ii.49).

ii.8 Data analysis with networks: neural networks

The previous sections of this chapter can be separated in two large parts, one considering the structure
of some system and another for addressing its evolution. As illustrated in Fig. II.1 both this family of
models can be taken together. In this section we revise briefly how they may also be taken together for
constructing data models of systems with many degrees of freedom. These models are called neural
network models and have been intensely applied and developed in the scope of artificial intelligence
since its introduction in 1943 (Warren and Pitts, 1943).
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The neural network paradigm aims at guessing one or more output values from a set of input val-
ues. Figure 2 of the contribution in Chapter 13 illustrates the structure of a neural network scheme,
representing it as a network of values and functions. The guess function starts with an initial functional
relationship between the input variables and after producing the first answer value, the network compares
it with the output. Depending on how the guessed answer deviates from the “real” output, the functional
relation may be adjusted for improving the guess, minimizing the deviation. It is therefore a learning
process that considers values and their derived functions as nodes that are connected with some strength,
i.e. weight, attributed to each value for generating the output values.

There is a huge variety of different applications where this kind of models are applied and developed.
Here we focus in two issues involving neural networks. The first, in Chapter 13, deals with the improve-
ment of neural networks used in the context of meteorological systems, for predicting the air quality in
urban centers, by minimizing the amount of data needed to properly train the model.

The second issue, in Chapter 16, shows with a concrete example how stochastic differential equa-
tion may be used as an alternative to neural networks for modelling stochastic vibration of wind tur-
bine towers. Although being quite sophisticated and in principle suited for any problem involving large
amount of data, neural networks have the disadvantage of hidden physical insight of the system, sim-
ilarly to ARIMA-models and in contrast to stochastic differential equations, where the different terms
have straightforward interpretation with the dynamics of the system.
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We present an approach for testing for the existence of continuous generators of discrete stochastic transition
matrices. Typically, existing methods to ascertain the existence of continuous Markov processes are based in the
assumption that only time-homogeneous generators exist. Here, a systematic extension to time-inhomogeneity is
presented, based in new mathematical propositions incorporating necessary and sufficient conditions, which are
then implemented computationally and applied to numerical data. A discussion concerning the bridging between
rigorous mathematical results on the existence of generators to its computational implementation is presented.
Our detection algorithm shows to be effective in more than 60% of tested matrices, typically 80% to 90%,
and for those an estimate of the (non-homogeneous) generator matrix follows. We also solve the embedding
problem analytically for the particular case of three-dimensional circulant matrices. Finally, a discussion of
possible applications of our framework to problems in different fields is briefly addressed.
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I. MOTIVATION

While models describing the evolution of a set of vari-
ables are typically continuous, observations and experiments
retrieve discrete sets of values. Therefore, to bridge be-
tween models and reality one has to know if it is reasonable
to assume a continuous “reality” underlying the discrete set
of measurements. When the evolution has a non negligible
stochastic contribution, one typically extracts from the set of
measurements the distribution ~P (t) of the observed values of
the process X at a time t, that is, Pj(t) = P(X(t) = j). By
observing the process again at a future time t+τ and counting
the number of observed transitions between states, one is able
to define a transition matrix T(t, τ) that satisfies:

~P (t+ τ) = ~P (t)T(t, τ), (1)

or, in components, Pk(t+ τ) =
∑
j Pj(t)Tjk. The transition

matrix T(t, τ) has all its elements Tjk in the interval [0, 1],
has row-sums one,

∑
k Tjk = 1, and has non-negative entries,

Tjk ≥ 0.

In this paper we address the problem of determining
whether or not the evolution of an observed system is gov-
erned by a time-continuous Markov master equation. This
problem is usually called the embedding problem [1]. Time-
continuous Markov processes are, by definition memoryless
stochastic processes: the probability of transition between
states at any time does not depend on the history of the pro-
cess. If the stochastic process is time-continuous and Marko-
vian, than the transition matrix can be defined for infinitely

small τ , obeying an equation of the form

dT(t, τ)

dτ
= Q(t)T(t, τ) , (2)

where Q(t) is called the generator matrix of the process, hav-
ing zero row-sums and non-negative off-diagonal entries. No-
tice that the solution T(t, τ) of this equation is indeed a transi-
tion matrix for all t and τ , i.e. with non-negative real elements
and unity row-sums, if and only if it obeys Eq. (2) for some
Q(t)[1].

The transition matrix T (t, τ), solution of Eq. (2), defines
the evolution equation, Eq. (1), of the PDF. Thus, the entries
Qkj of the generator matrix represent the transition rate be-
tween states j and k at time t. Time-continuity is a property
that results from the fact that all entries of Q, i.e. all tran-
sition rates, are finite, under the overall assumption that the
state space if finite. The general solution of Eq. (2) yields
the relation between the empirical transition matrix and the
“continuous” generator which, in the particular case of a time-
homogeneous transition matrix, has the form

T(t, τ) ≡ T(τ) = exp (Qτ), (3)

for all times t. In general, the embedding problem reduces to
the problem of being able to write the transition matrix T(t, τ)
as solution of Eq. (2) and typically one considers the particular
case of a time-homogeneous solution, Eq. (3).

While time-homogeneity is a useful common assump-
tion, it is in several cases too restrictive. Assuming time-
homogeneity has the advantage of knowing all future evolu-
tion of a time-homogeneous Markov process from the law of
the change of system’s configuration in two distinct instants
(see Eq. (3)), but simultaneously one is not able to address
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more realistic cases of non-stationary systems. Some progress
in this topic has been made recently, for example, Shintani
and Shinomoto have examined an optimized Bayesian rate es-
timator in cases where the probability density function is not
constant in time[2].

In this scope, there are three main reasons for considering
an empirical transition matrix to not be time-homogeneous
embeddable. The first one is when the underlying process is
not Markovian. Such scenario was previously addressed by
us[3, 4]. One second reason is the statistical error any empir-
ical data set is subjected to. Typically, one defines for these
cases an interval of confidence (a distance) beyond which em-
beddability is rejected. The third reason is, of course, that
the underlying process is itself not time-homogeneous. In this
case, there is no time-homogeneous generator, but there is sill
the chance that an inhomogeneous generator exists.

In this paper, we address analytically and numerically the
case of time-inhomogeneous generators and test their imple-
mentation in one framework to address synthetic numerical
data, dealing with statistical error of transition matrices. We
will also review the time-homogeneous embedding problem,
introduced in 1937 by Elfving[5], providing an analytical ex-
ample in three-dimensions. Since our aim is to provide a
framework for applying to empirical data from which tran-
sition matrices can be extracted and tested, we will always
consider conditions under the assumption that one has a finite
state space, i.e. transition matrices have dimension n×n, with
n an arbitrary positive integer.

We start in Sec. II by describing the standard time-
homogeneous problem with the main mathematical theorems
that give the necessary and sufficient conditions for a genera-
tor matrix to exist. In Sec. III we illustrate this standard time-
homogeneous embedding problem by applying the results to
the specific case of a circulant transition matrix. Sections IV
and V are the heart of this paper, the former establishes the
main mathematical theorems that are still valid for the gen-
eral case of inhomogeneous generators and the latter describes
their implementation in a framework that is then tested with
synthetic data. Finally, discussions and conclusions are given
in Sec. VI.

II. THE HOMOGENEOUS EMBEDDING PROBLEM

The question of knowing if a time-homogeneous genera-
tor Q (see Eq. (3)) exists is known as homogeneous embed-
ding problem[5] and, from the mathematical point of view
is currently an open problem for matrices with dimension
n ≥ 3. The problem in dimension two was solved in 1962 by
Kingman[6], who proved that, for n = 2, a matrix is embed-
dable if and only if its determinant is positive. More recently,
developments in three dimensions have been made with the
study of matrices with repeated negative eigenvalues[7].

Part of the difficulty when addressing the embedding prob-
lem arises from the fact that the logarithm of a matrix is, in
general, not unique. This is crucial when deriving a generator
Q, by inverting Eq. (3). Indeed, the logarithm of a matrix has
counter-intuitive properties, namely:

(i) The product of two embeddable transition matrices T1

and T2 is also a transition matrix not necessarily em-
beddable.

(ii) Having two transition embeddable matrices with gener-
ators Q1 and Q2, if their product is embeddable then its
generator is not necessarily Q1 +Q2, unless the transi-
tion matrices commute.

(iii) It is possible that the product of two matrices, T1T2, is
embeddable, but the product T2T1 is not.

Since the logarithm of a matrix is not unique, one defines
the so-called principal logarithm of one matrix T as[8]

logT =
1

2πi

∫

γ

log z (zI−T)
−1
dz , (4)

where γ is a path in the complex plane which does not inter-
sect the negative real semi-axis and encloses all eigenvalues
of T. Computationally, one uses the Taylor expansion of the
logarithmic function, yielding

logT =
∞∑

n=1

(−1)n+1 (T− I)n

n
, (5)

which is the the principal branch of the complex logarithm in
Eq. (4) or other numerical methods, such as Schur decompo-
sition.

To ascertain if the principal logarithm is computable one
has the following proposition[9]:

Proposition II.1. Let S = maxλ∈spec(T) |λ − 1| be the max-
imum distance from unity of eigenvalues λ in the spectrum of
the transition matrix T. If S < 1 then the polynomial series of
the logT, Eq. (5), converges to a matrix with zero row-sums.

While the existence of the logarithm of a transition matrix
is necessary for our purposes, it does not solve the full embed-
ding problem. One must assure further that a valid generator
exists, i.e. a matrix with non-negative off-diagonal entries and
zero row-sums. Moreover, it is also true that, if S > 1, one
cannot claim that T has no generator: another generator may
exist in a different branch.

We are interested in the general case of knowing if there
is a valid generator, and if there is, to find it. For that, we
need to solve the full embedding problem. The full embedding
problem comprises a set of propositions which are separated
in four different categories:

(A) Conditions for the convergence of the principal loga-
rithm, as presented above in Proposition II.1, that deter-
mine if the matrix defined in Eq. (5) has finite entries
Qkj .

(B) Necessary conditions for the existence of a generator.

(C) Sufficient conditions for the existence of a generator.

(D) Uniqueness conditions of the generator for properly
defining the underlying continuous process.
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The conditions for the convergence of the principal loga-
rithm are mainly included in Proposition II.1. Most of the
other known results, comprehending categories (B), (C) and
(D) are enumerated in the papers by Israel and co-workers[9]
and Davies[8]. In the following we present an overview of the
most relevant propositions.

Regarding the necessary conditions, important for estab-
lishing that a generator cannot exist, there are three highly
used propositions that are easy to implement[9]. The first one
is:

Proposition II.2. If a transition matrix T obeys one of the
following conditions

a) Det (T) ≤ 0,

b) Det (T) >
∏
i Tii,

c) Tij = 0 and there is an integer n such that (Tn)ij 6= 0,

then no valid generator exists.

For Q = log (T), the equality

Tr (Q) = log (Det (T)) (6)

gives the right insight to the property a) in Prop. II.2 since the
logarithm of a real number is only defined for positive val-
ues. Property b) is related with the definition of determinant.
As for property c), suppose that a minimum of m transitions
are needed to go from i to j. If the processes is not time-
continuous and transitions do not occur more than once in a
time period ∆t, then an entity can only go from i to j in a
number of transitions larger than (m− 1)/∆t. This naturally
is not true for time-continuous processes, since there is always
a non-zero probability of making m transitions between dif-
ferent states over any time-window. For a complete proof of
Prop. II.2 see Ref. [9].

The second proposition is:

Proposition II.3. For a transition matrix T with distinct
eigenvalues, a generator Q exists only if, given any eigen-
value of Q in the form λ = a + ib, it satisfies the condition
|b| ≤ | log(DetT)|.

Proposition II.3 is related to the previous one. Consider
T embeddable and define k ≡ Tr (Q) = log(Det (T)) (see
Eq. (6)). All entries of matrix Q′ = Q− Ik are non-negative
and its row-sums are equal to −k. From Perron-Frobenius
Theorem we know that all eigenvalues of matrix Q′ have an
absolute value not smaller than −k. Since λ = a + ib is an
eigenvalue of Q, then λ′ = (a − k) + ib is an eigenvalue of
Q′, yielding −k > |λ′| > |b|.

A third necessary condition defines the region of the com-
plex plane that contains the eigenvalues of T, if a generator
exists:

Proposition II.4. If T is a n× n matrix and has a generator,
then its eigenvalue spectrum is given by λk = rk exp (iθk),
where −π ≤ θ ≤ π and

r ≤ exp
(
−θ tan

(
π
n

))
. (7)

The proof of this proposition, and a general description of
the inverse eigenvalue problem can be found in Ref. [10, 11].
It is related with the inverse eigenvalue problem, and can also
be used when studying the existence of stochastic roots of ma-
trices.

One additional necessary condition for time-homogeneous
generators that will be useful below when comparing with
time-inhomogeneous generators is the following one:

Proposition II.5. If T is embeddable, then every negative
eigenvalue of T has even algebraic multiplicity.

In general, Prop. II.5 is useful for the cases when T has
negative real eigenvalues.

Sufficient conditions for the existence of a generator, usu-
ally deal with considering different branches of the logarithm
of the transition matrix and check if they are valid generators,
i.e., if their off-diagonal entries are real and positive, and their
row-sums are zero. In the particular case when it is known
that the only possible generator is the principal logarithm, then
computing Eq. (5) gives a complete answer to whether or not a
valid generator exists. If necessary conditions hold, it is legit-
imate to raise the hypothesis a generator may exist, but there
is still the question if the generator is unique.

The following two propositions are sufficient conditions for
the uniqueness of one homogeneous generator[9]. The first
one reads:

Proposition II.6. Let T ∈ Rn×n be a transition matrix.

a) If Det (T) > 1
2 , then T has at most one generator.

b) If Det (T) > 1
2 and ||T − I|| < 1

2 using any operator
norm, then log(T) is the only possible generator of T.

c) If T has distinct eigenvalues, and Det (T) > exp (−π),
then log(T) is the only possible generator of T.

The second property b) guarantees that, when there are no
repeated eigenvalues, only a finite number of generators exist.
Such property is particularly relevant, since in this case it is
often possible to find all generators[9].

The second proposition for the uniqueness of one generator
is:

Proposition II.7. If T is a Markov matrix with distinct eigen-
values λ1, . . . , λn. We have that

a) Only a finite number of solution eQ = T can be Markov
Generators.

b) If |λr| > exp (−π tan (πn )) for all r, then the principal
logarithm is the only Q such that exp (Q) = T.

The proof of both Props. II.6 and II.7 can be found in
Ref. [9].
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III. A EXAMPLE: THE CIRCULANT TRANSITION
MATRIX

As a mathematical problem, the embedding problem is still
open for a general n-dimensional matrix, but it can be analyt-
ically solved for some subclasses of matrices. In this section
we address in detail a simple example in three dimensions,
namely the embedding of circulant transition matrices of the
form:

TC =



a b c
c a b
b c a


 , (8)

or simply TC = circ(a, b, c), with 0 ≥ a, b, c ≥ 1 and a +
b+ c = 1. Circulant transition matrices have two independent
degrees of freedom: any pair of values (a, b) can represent a
three-dimensional circulant transition matrices if a + b < 1,
a, b > 0. See the triangular delimited region in Fig. 1.

It is easy to check that all necessary conditions in Prop. II.2
for a generator to exist are fulfilled if 0 < a3 + b3 + c3 −
3abc ≤ a3. Further, according to Prop. II.3 a generator may
exist if the argument of the eigenvalues of TC are not larger
than log (a3 + b3 + c3 − 3abc).

For the particular case of the circulant transition matrix,
only Prop. II.4 matters, since in this case it turns out to be
a necessary and sufficient condition as we next prove.

To that end, we write the transition matrix as TC =
expQC , since the exponential of a circulant matrix with real
entries is itself a circulant matrix with real entries and con-
sider QC in the form QC = circ(−α, β, γ). For QC to be a
generator we need to prove that α, β, γ > 0.

The row-sums of TC are equal to one by definition and this
can only happen if the row-sums of QC are equal to zero.
Thus, the equality α = β+γ. Moreover, it can be shown that,
computing the principal logarithm of TC , yields a matrix with
negative diagonal elements. Thus we take α > 0.

Since α > 0 and all entries of the generator Q are real we
need only to prove that β and γ are both non-negative. Since
α = β + γ, either β or γ must be positive. Therefore we only
need to prove that βγ > 0.

Proposition II.4 gives a condition for the eigenvalues of the
transition matrix TC to have a generator matrix. It can be
proven[12] that such condition hold if and only if an equiva-
lent condition for QC holds, namely:

∣∣∣∣
=(λi)

<(λi)

∣∣∣∣ < tan(
π

3
) , (9)

where λi with i = 1, 2, 3 are the eigenvalues of QC[13]:

λ1 = 0, (10a)
λ2 = −β − γ + βk + γk∗, (10b)
λ3 = −β − γ + βk∗ + γk = λ∗2, (10c)

with k = e
2πi
3 and k∗ its complex conjugate.

(a)

(b)

(c)

c

b

FIG. 1: (Color online) (a) Region in parameter-space of transition
matrix TC , Eq. (8), for which a generator QC exists. The triangular
region (line) is the one for which matrix TC is a transition matrix,
a, b, c > 0 and a + b + c = 1. The dark grey (blue) region indicates
the region of parameter values for which only one generator exists,
while the light grey (yellow) region indicates a region where two
generators exist. (b) By zooming in this region shows a region where
three generators exist (dark grey), and (c) continuing to zoom shows
smaller and smaller regions, where a larger number of generators
exist (see text).

Using λ2 in Eq. (10b) and substituting in Eq. (9), yields
∣∣∣∣
λ2 − λ∗2
λ2 + λ∗2

∣∣∣∣ < tan
(π

3

)
(11)

and through algebraic manipulation one arrives to
∣∣∣∣
β − γ
β + γ

∣∣∣∣ < 1. (12)

The last inequality implies necessarily that βγ > 0. A similar
result is obtained by substituting in Eq. (9) one of the other
eigenvalues λ0 and λ2.

Hence, in our particular case of a circulant matrix, Prop. II.4
is also a sufficient condition and one needs only to determine
the inequality in Eq. (7) as a function of the degrees of free-
dom in matrix TC for all its three eigenvalues

λ
(T )
1 = 1, (13a)

λ
(T )
2 = 1

2 (2− 3b− 3c) +
√

3
2 (b− c)i, (13b)

λ
(T )
3 = 1

2 (2− 3b− 3c)−
√

3
2 (b− c)i, (13c)
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The first eigenvalue is independent of the parameters. The
other two are complex conjugate, having the same norm r
and symmetric arguments θ. Thus, we only need to con-
sider one eigenvalue, say λ(T )

3 = r exp (iθ), which accord-
ing to Prop. II.4 for TC to be embeddable must fulfill r ≤
exp (−

√
3θ) with

r = 1
2

(
(2− 3(b+ c))

2
+ 3(b− c)2

)1/2

(14)

and

θ =





arctan θ̃ ⇐ c < 2
3 − b,

arctan θ̃ + sgn (b− c)π ⇐ c > 2
3 − b,

π
2 sgn (b− c) ⇐ c = 2

3 − b,

(15)

where θ̃ =
√

3(b− c)/(2− 3b− 3c).
Figure 1 shows the region within the triangle 1− b− c > 0,

b > 0 and c > 0 where the circulant transition matrix TC

has a generator, i.e. the region where a = 1 − b − c and
b and c obey the inequality in Eqs. (7), (14) and (15). The
number of valid generators of TC , a three-dimensional circu-
lant transition matrix, can also be determined from its eigen-
values, namely it is given by the largest integer smaller than(√

3 log
(
<2(λ(T )) + =2(λ(T ))

))
/(4π).

Figure 1a shows one dark grey (blue) region and one
smaller light grey (yellow) region. While the dark grey (blue)
region indicates the set of parameter values for b and c for
which only one generator exists, the light grey (yellow) region
comprehends the set of parameter values for which TC has
two or more generators. By zooming in this region, smaller
and smaller regions appear, Figs. 1b and 1c, near the crossing
point between the diagonal c = b and the line c = 2

3 − b,
where a larger number of generators exist.

IV. THE TIME-INHOMOGENEOUS EMBEDDING
PROBLEM

In this section we show which of the known theorems for
time-homogeneous embedding problem hold when both tran-
sition matrix and its generator depend explicitly on time. In
this scope, we provide three new conditions, two necessary
and one sufficient, for the existence of a time-inhomogeneous
generator. We also provide two additional necessary and suffi-
cient conditions which enable the possibility for testing equiv-
alent matrices.

There are several differences between the time-
homogeneous and the time-inhomogeneous problem:

• In the time-inhomogeneous problem there is no finite
set of possible generators, as is usually the case in the
time-homogeneous counterpart, namely when the tran-
sition matrix has no repeated eigenvalues[9]. If there is
a non-homogeneous generator, then there is an infinite
number of them.

• The product of two homogeneous embeddable matrices
might not be time-homogeneous embeddable, whereas
the product of two time-inhomogeneous matrices is al-
ways embeddable.

• In the inhomogeneous case, the existence of a real-
valued logarithm is not a necessary condition for being
embeddable.

• The necessary conditions of the time-homogeneous
problem concerning the eigenvalues of the transition
matrix, Props. II.4 and II.5, are not necessary conditions
for the time-inhomogeneous problem.

The generator Q(t) is now considered to explicitly de-
pend on time t, as well as its corresponding transition matrix
T(t, τ). As stated in the introduction, a transition matrix is
solution of Eq. (2), i.e. it has a generator if and only if it de-
scribes a time-continuous and Markov process, besides having
the properties of a transition matrix (non-negative entries and
unitary row-sums).

For time-inhomogeneity, the general solution of Eq. (2) is
given by:

T(t, τ) =
∞∑

k=0

Zk(t− τ) , (16)

with Z0(t− τ) ≡ Z0 = I and

Zk+1(t− τ) =

∫ t

t−τ
Zk(s)Q(s)ds . (17)

Equation (17) is known as the Peano-Baker series[14]. In the
particular case that Q(t) and Q(t′) commute for all t and t′

solution (16) reads

T(t, τ) = exp

(∫ t

t−τ
Q(s)ds

)
. (18)

The first necessary proposition for time-inhomogeneous
generators follows simply from the fact that T(t, τ) is a tran-
sition matrix:

Proposition IV.1. If a transition matrix T(t, τ) has a negative
determinant, then no generator Q(s) exists, for t < s < t+τ .

Proof. To prove the positiveness of the determinant we start
by assuming that a generator Q(t) exists. Then, letting the
arguments of T and Q drop for simplicity, it follows that

d

dt
DetT = DetTTr

(
T−1 dT

dt

)
(19a)

d log (DetT)

dt
= Tr

(
T−1QT

)
(19b)

d log (DetT)

dt
= Tr

(
QTT−1

)
(19c)

DetT = exp

(∫ t

t−τ
TrQds

)
> 0. (19d)
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The final inequality stands true since the trace of Q(t) is al-
ways a real (negative) value.

The second necessary proposition deals also with the fact
that T is a transition matrix, namely that its entries are proba-
bilities:

Proposition IV.2. If a transition matrix T fulfills DetT >∏
i Tii, then no generator exists.

Proof. If T has a generator, then,

dTkk(t, τ)

dt
=
∑

j

Qkj(t)Tjk(t, τ) , (20)

and, since for k 6= j, Tkj > 0 and Qkj ≥ 0, one arrives to

dTkk(t, τ)

dt
≥ Qkk(t)Tkk(t, τ). (21)

Since Tkk(t, 0) = 1, we can integrate the differential equation
in Eq. (20) yielding

Tkk(t, τ) ≥ exp

(∫ t

t−τ
Qkk(s)ds

)
, (22)

where Grönwall’s inequality is used[15], and finally, from
Eq. (19d), one arrives to

∏

k

Tkk(t, τ) ≥
∏

k

exp

(∫ t

t−τ
Qkk(s)ds

)

= exp

(∑

k

∫ t

t−τ
Qkk(s)ds

)

= exp

(∫ t

t−τ
Tr (Qkk(s))ds

)

= Det (T(t, τ)). (23)

The sufficient condition we will implement afterwards
deals with the particular case of a LU decomposition:

Proposition IV.3. If T has a LU decomposition with L and
U having only non-negative elements, then T has an inhomo-
geneous generator Q(t).

Proof. To prove this proposition it is important to know an
auxiliary result, Prop. A.1 in Append. A, from which it fol-
lows that the property of having a time-dependent generator
is preserved under multiplication. We use this results from
proving that a matrix having an LU decomposition, with L
and U with non-negative entries, can be modeled through a
time-dependent generator. For that, it suffices to prove that
the matrix T has an LU decomposition with L and U transi-
tion matrices.

Let us first define a diagonal matrix D with entries Dii =
(
∑
j Uij)

−1. Thus, T, with dimension n×n can be written as
T = LU = LD−1DU = L′U′, with L′ = LD−1 and U′ =
DU triangular matrices that have all non-negative elements
since they are a multiplication of one diagonal matrix with

one triangular matrix, all of them with non-negative elements.
Furthermore their row-sums are one, since

∑

j

U ′ij =
∑

j

∑

k

DikUkj

=
∑

k

Dik(
∑

j

Ukj) = Dii(
∑

j

Uij)

= (
∑

k

Uik)−1(
∑

j

Ukj) = 1, (24)

for all i. Analogously, since
∑
j Tij = 1 for i, one has

∑

j

Tij =
∑

j

∑

k

L′ikU
′
kj

=
∑

k

L′ik(
∑

j

U ′kj)

=
∑

k

L′ik = 1. (25)

and therefore
∑

k

L′ik = 1, (26)

where 1 is a column-vector with all entries one.

Notice that in the LU factorization there are usually n2 +n
variables and n2 equations. By imposing the row-sums equal
to one, we get n2 + n equations, and consequently the LU
decomposition defined in this way is unique.

As an illustrative example consider the matrix:

TE =




0.1179 0.0890 0.7931
0.0100 0.1000 0.8900
0.8901 0.0010 0.1089


 . (27)

The matrix TE is, according to Prop.IV.3, time-
inhomogeneous embeddable, since it is a product of
matrices that have a positive LU decomposition. However it
is not time-homogeneous embeddable, since it has distinct
negative eigenvalues, {1,−0, 001490,−0, 671710}, and thus
it has no real-valued logarithm[16]. Moreover, the conditions
in both Props. II.4 and II.5 are not fulfilled.

Regarding Prop. II.2, we have shown that conditions a) and
b) are necessary conditions for the more general case of time-
inhomogeneous generators. As for condition c), one can show
that there is also a limit number of zero entries for the time-
inhomogeneous case. See Prop. A.2 in Append. A.

To end this Section we introduce two additional propo-
sitions, which are necessary and sufficient for both time-
homogeneous and inhomogeneous cases. They are useful
when implementing the computational framework for detect-
ing generators, since they help to handle cases where the ap-
plication of the above propositions do not provide satisfac-
tory output for the embedding problem. With these equivalent
matrices one aims to derive a class of matrices that are em-
beddable if and only if the “original” transition matrix T is
embeddable, which expands the set of possible matrices one
may properly test.

The first proposition uses the similarity of matrices through
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permutation matrices:

Proposition IV.4. Let A = P>TP, where P is a permuta-
tion matrix and T is a transition matrix. T is embeddable if
and only if A is also embeddable.

Proof. To prove this proposition, we will consider a relabeling
of the states i, j, etc. Notice that, under such relabeling, the
properties of the transition matrix do not change. Therefore,
since changing the transition matrix T by P>TP one is, in
fact, just relabeling the states, one intuitively concludes that if
T is embeddable, then P>TP should also be embeddable.

We start by assuming that T is embeddable,

T = exp (Q) =
∑ Qn

n!
, (28)

where Q is the generator of T. Since eP
>QP = P>eQP =

P>TP, we only need to prove that Q′ = P>QP is a valid
generator, i.e. it must have zero row-sums and non-negative
off-diagonal entries.

Since Q is a valid generator one has
∑

j

Q′ij =
∑

j

∑

k

∑

l

P>il QlkPkj

=
∑

k

∑

l

P>il Qlk(
∑

j

Pkj)

=
∑

k

∑

l

P>il Qlk

=
∑

l

P>il
∑

k

Qlk

=
∑

l

P>il × 0 = 0 . (29)

To prove that matrix Q′ has non-negative off-diagonal en-
tries we write for k 6= l the off-diagonal entry Q′kl =∑
nm PknQnm(P>)ml and note that, since the matrix P has

only one non-zero element per column and per row. Thus,
being that column i and row j, one has Q′kl = PkiQij(P

>)jl.
If k 6= l and i = j, then Pki = 1 and (P>)il = Pli = 1

which contradicts the fact that P is a permutation matrix.
Thus, if k 6= l then i 6= j, and so there is a direct corre-
spondence between off-diagonal elements of Q′ and those of
Q: if all Qij are non-negative so are all Q′kl.

Conversely, if A is embedabble, one just writes T =
(P>)−1AP−1 = (P′)>A(P′)> with P′ = P−1 and applies
the same arguments as above.

The second proposition uses renormalization and transpo-
sition of the “original” transition matrix:

Proposition IV.5. Let T be a transition matrix with non-zero
determinant and consider B = DT>, where D is the diago-
nal matrix Dii = (

∑
j T
>
ij )−1. T is embeddable if and only if

B is also embeddable.

Proof. It is easy to see that if T is a transition matrix so is
B, since B is always normalized to have row-sums one, and
if T has all its elements non-negative, so has B. Notice that,
while T yields the transition probabilities from a given present

state to each accessible future states, B gives the transition
probabilities to a given present state from each possible past
states. It was proven that for a fixed time t, a matrix T(t, τ)
has all its entries non-negative, Tij(t, τ) > 0, for all τ and is
time-continuous, i.e. for any ε > 0 there is one δ for which,
if |τ1 − τ2| < δ then ||T(t, τ1) − T(t, τ2)|| < ε if and only
if there is a valid generator associated with T(t, τ). Since B
is the product of two matrices that are time continuous, B is
also time-continuous.

Notice that in Prop. IV.5, if the transition matrix T has zero
determinant, one falls in the trivial case with no generator;
thus, for all cases where a generator exist, T is invertible.

V. COMPUTATIONAL IMPLEMENTATION: HOW
“EMBEDDABLE” IS A MATRIX?

The mathematical conditions for the existence of a homoge-
neous generator from the embedding problem are useful more
at a theoretical than at a computational level. They give a bi-
valent result that does not take into consideration either noise
generated from finite samples, or how distant an empirical
process is from having a constant generator.

In this section we will describe how to adapt our mathemat-
ical results to be meaningful to empirical transition matrices
in real situations. First, in Sec. V A, we describe how we gen-
erate 200 different “test” transition matrices from which 200
different sets of data are extracted to test the implemented ap-
proach. In Sec. V B a metric is proposed for each proposition
above that measures how “close” the empirical transition ma-
trix is from satisfying the corresponding proposition. Finally,
in Sec. V C, if one arrives to the conclusion that the transition
matrix is indeed embeddable we describe how to estimate a
corresponding generator.

A. Generating data from inhomogeneous transition matrices

In general, for deriving an inhomogeneous generator, one
solves the Peano-Baker series Eq. (16). Assume Q(t) can be
modeled as a polynomial of degree N , i.e.

QN (t) =
N∑

n=0

Bnt
n , (30)

where each matrix Bn is constant over time and 0 ≤ t < 1.
Naturally, we need to make sure that no off-diagonal entry
in Q(t) ever become negative in t ∈ [0, 1[. To derive the
transition matrix T, we impose t = 1 in Eq. (30), substituting
it in Eq. (17) and afterwards in (16), yielding

Zk+1(t) =
∑

n1,...,nk

(
k∏

`=1

Bnk

`+
∑`
m=1 nm

)
tk+

P`
m=1 nm ,

(31)
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which is easily checked by induction, and thus

T =
∞∑

k=0

∑

n1,··· ,nk

k∏

l=1

Bnk

l +
∑l
m=1 nm

. (32)

We will restrict our attention here to the case N = 1, rep-
resenting a simple linear trend in transition rates over time.
For generating one transition matrix, we first choose matri-
ces Bn in the following way: each off-diagonal entry, Bij
with i 6= j, is randomly chosen according to the positive part
of a Gaussian distribution and the diagonal entries are, after-
wards, given by Bii = −∑j 6=iBij . From matrices Bn one
then computes the generator QN and its corresponding tran-
sition matrix T, according to Eqs. (30) and (32) respectively.
Finally, introducing the transition matrix in Eq. (1) and con-
sidering the initial condition ~P (0) as a normalized uniform
distribution (equal probability for all states), one obtains the
iterated distribution ~P (τ) from which the data set is extracted.

Before proceeding, two important remarks. First, it is nec-
essary to describe how to estimate the transition matrix di-
rectly from data series and then explain how to resample the
transition matrix which will be necessary for evaluating if it
is embeddable or not. Among several algorithms[17, 18], we
concentrate in the so-called ”Cohort Method”, which counts
the number Nkj of transitions from state k to state j in the
desired time-interval [t, t+ τ ], defining the entries of the tran-
sition matrices as

Tkj(t) =
Nkj(t)∑
j Nkj(t)

, (33)

with the associated error

σTkj =

√
Tkj(1− Tkj)

Nkj
. (34)

Second, in order to implement the set of propositions with
an associated statistical error, we propose a method of resam-
pling a given empirical transition matrix T(t, τ). The set of
resampling matrices obtained is then used to quantify the error
associated to the estimates on the transition matrix: each met-
ric that is applied to the empirical transition matrix retrieves a
set of metric values when applied to the full set of resampling
matrices, and the standard deviation of that value distribution
is then taken as the error or uncertainty associated to the met-
ric estimation.

More specifically, one generates series from the distribution
of states P (X, t) at time t till the distribution P (X, t + τ)
at t + τ , and estimates the corresponding resampling matrix
through the Cohort Method. See Eq. (33).

B. Embeddability metrics

The propositions of the embedding problem do not take
in consideration the uncertainty in the estimation of T, and
thus we need to develop methods to determine, beyond sta-

tistical uncertainty, whether a generator exists or not. Notice
that embeddability determines only if the process can possibly
be modeled as a time-continuous Markov process; of course
a positive answer does not guarantee that it actually is one.
Thus, for each proposition separately, we will use a proper
null hypothesis: in the case of Props. IV.1 and IV.2 the null
hypothesis states that a generator exists, while for Prop. IV.3
the null hypothesis states that such a generator does not ex-
ist. For Props. IV.1 and IV.2, whenever the null hypothesis
is not rejected, or, for Prop. IV.3, whenever it is, one esti-
mates the generator of the transition matrix, as described in
next Sec. V C.

To test all the metrics introduced above we generate a set
of 200 samples of 104 points, each one from a different inho-
mogeneous transition matrix having an inhomogeneous gen-
erator, as described above. We then compute numerically the
transition matrix from each sample and apply all three metrics
dN1, dN2 and dS1. The results, summarized in Tab. I, clearly
show that in above 60% of the cases the framework is able to
correctly detect the inhomogeneity of an existing generator.

To evaluate if the condition of Prop. IV.1 is fulfilled for a
given transition matrix T, we compute the following quantity,

dN1 = −det(T)

σdet
, (35)

where σdet is the standard deviation from the sample of the
determinants calculated for each resampling matrix. If dN1

≥
dth, we assume that the determinant of T is negative and
the distribution of the resampled determinants are all negative
within a threshold number of standard deviations, which for a
one-sided normal test is given by dth = 2− 1

e ∼ 1.64. In this
case we reject the null hypothesis, i.e. no generator exists. As
we can see from Tab. I, 62.5% of the 200 transition matrices
constructed from a generator (see next section) do not reject
the null hypothesis.

Regarding the condition in Prop. IV.2, we use the following
metric,

dN2
= −∆T

σ∆
, (36)

where ∆T =
∏
i Tii − det(T) and σ∆ is the standard devia-

tion associated to the variable ∆T according to the expression
in Eq. (34). Again, if dN2

≥ dth, then no generator exists.
This necessary condition is much better than the previous one:
almost all (99%) of the 200 transition matrices do not reject
the null hypothesis for Prop. IV.2.

Concerning the sufficient condition of the LU -
decomposition with non-negative elements, Prop. IV.3,
we can use the following distance:

dS1
= min{mL,mU} , (37)

with

mL = min
i,j

{
Lij
σLij

}
, (38a)

mU = min
i,j

{
Uij
σUij

}
, (38b)
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Metric dN1 dN2 dS1

(Prop.IV.1) (Prop. IV.2) (Prop. IV.3)
> dth 13% 1% 62.5%
< dth 87% 99% 37.5%

TABLE I: Test results of the inhomogeneous framework detection
for a set of 200 samples, each one with 104 points. When one of the
metrics is larger than dth ∼ 1.64, the threshold obtained for the one-
sided normal test, the null hypothesis cannot be rejected (see text).

where Lij and Uij represent the entries of the matrices L and
U respectively, and σLij and σUij their corresponding stan-
dard deviations. The quantities σLij and σUij are calculated
solving the same system of equations of the LU decomposi-
tion, but using the uncertainties in the estimation of Tij with
the rules of error propagation. Since it is a sufficient condi-
tion, if dS1 > dth, then we reject the null hypothesis, i.e. we
assume, contrary to the two necessary conditions above, that
a generator exists. From the full sample of transition matrices
with generators, only 62.5% fulfill this condition.

Applying these three metrics to one transition matrix, if the
null hypothesis cannot be rejected, we estimate a generator
matrix as described in the Sec. V C. To ascertain if the esti-
mated generator matrix yields a transition matrix sufficiently
close to the empirical transition matrix, we use it to generate
auxiliary transition matrices T̃. If the auxiliary matrices are
typically close to the empirical transition matrix T we assume
that the estimate is good. To that end, we introduce one addi-
tional metric to assert if the matrix T is close enough to a aux-
iliary matrix, T̃, originated from a time-continuous Markov
process with a generator Q(t), is to compute the quantity,

dest =
1

R

R∑

k=1

Θ
(
||T− T̃||F − ||T′ − T̃||F

)
, (39)

where R is the number of auxiliary matrices, Θ(x) is the

Heaviside function and ||X||F =
(∑n

i=1

∑n
j=1X

2
ij

)1/2

is
the Frobenius norm of matrix X. We assume that the empiri-
cal process, observed for the estimation T′ is not close to the
time-continuous Markov process with a transition matrix T̃ if
dest < 0.10, i.e. if less than 10% of the auxiliary matrices are
outside a confidence interval with significance value p = dest.

If the distance dest is too small a new matrix is generated
within the conditions of Props. IV.4 and IV.5. In case that the
new matrices pass the tests above, these propositions guaran-
tee that the original matrix also passes.

C. Modeling the generator matrix Q(t)

In case the null hypothesis cannot be rejected (i.e. that a
valid generator exists), we then derive an estimate Q(t) able
to model the empirical process. Unlike the case of the time-
homogeneous embedding problem, here we need to estimate
a matrix which changes in time and therefore a different pro-

cedure is necessary.
Basically, to estimate the inhomogeneous generator one

needs to invert Eq. (32). To invert Eq. (32) however is very
cumbersome and computationally expensive. In this subsec-
tion, we propose an alternative for estimating inhomogeneous
generators that is accurate and easily implementable.

Our procedure is based in the assumption that the original
transition matrix is a product of a finite number of embeddable
matrices, T = T∗1 . . .T

∗
n with each T∗i (i = 1, . . . , n) having

an homogeneous generator.
One starts with a decomposition of the form

T = A1 . . .AnT
∗
0An+1 . . .A2n, (40)

where Ai are embeddable matrices having one off-diagonal
positive term. The objective here is to find an embeddable
matrix T∗0 from the empirical matrix T through the multipli-
cation by matrices Ai. If T = eQ and Q has one negative
off-diagonal entry, Qij < 0, we can try “correct” that entry
by multiplying T by two matrices, Al and Al+n, such that
(Al)ik > 0 and (Al+n)kj > 0 for a fixed index k. Intuitively,
if there are transitions from a state k to a state j and only after-
wards from another state i to state k, a time-inhomogeneous
process might correspond to a logarithm with a negative off-
diagonal entry if Qij < 0. Hence, one derives a first estimate
T∗0 of the transition matrix T. In case there is more than one
negative off-diagonal element of Q one proceeds similarly for
each element separately.

The algorithm proceeds then as follows:

1. Compute Q∗0 = logT∗0 and verify it is a valid generator.
Note that, during the algorithm we must always use the
same branch of the complex logarithm.

2. If the generator is not valid, i.e. it has at least one neg-
ative off-diagonal entry (Q∗0)ij , one finds a suitable in-
teger k for which two matrices, A1 and An+1, have
entries (A1)kj > 0 and (An+1)ik > 0.

3. One considers the new estimate T∗1 = A1T
∗
0An+1 and

computes the generator estimate Q∗1 = logT∗1 and ver-
ifies if it is now a valid generator.

4. One proceeds recursively until for a certain recursive
step i Q∗i = logT∗i has no negative off-diagonal en-
tries.

5. The final estimate at step i is identified as the k-factor
T∗k in the assumed decomposition T = T∗1 . . .T

∗
n.

6. One computes now T∗k+1 = (T∗1 . . .T
∗
k)−1T and re-

peats the procedure.

7. The full algorithm ends when the last estimated ma-
trix in the decomposition is either an embeddable ma-
trix or a matrix sufficiently close to the identity. More
specifically, when the matrix norm of the difference be-
tween the matrix and identity matrix is at least one or-
der of magnitude smaller than the matrix norm of the
estimated matrix. Alternatively, when the number of
iterations exceeds a pre-fixed maximum number of iter-
ations, typically a few thousand, the algorithm stops.
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FIG. 2: Histogram of ∆ values, Eq. (41), from a sample matrices
(see text).

We tested 1000 matrices with principal logarithms having
only one negative off-diagonal entry and a valid generator
was found 945 times. If the number of negative entries is
not too large at each step of the recursive procedure above
(< n2) similar results are obtain, which indicates an accuracy
of around 90 and 95%.

To evaluate the accuracy of the estimates, we compare the
modeled transition matrix Tmod(t, τ) with the empirical one,
Temp(t, τ), estimated in Sec. V A. The comparison is based
in a normalized distance given by the fraction of the matrix
norm of the difference between both matrices and the matrix
norm of the difference between the modeled matrix and the
identity matrix (initial state):

∆ =
||Tmod(t, τ/2)−Temp(t, τ/2)||F

||Tmod(t, τ/2)− Id||F
, (41)

where || · ||F is the Frobenius norm. Figure 2 shows an his-
togram of computed values of the normalized distance ∆ in
Eq. (41) for all estimates. Typically the deviations are not
larger than 40% of the deviations from the initial state, where
no transition occur.

This procedure closes the computational framework for un-
covering Markov continuous processes from empirical data
sets.

VI. DISCUSSION AND CONCLUSIONS

We have extend some theoretical results on the inhomoge-
neous embedding problem and established a framework which
can evaluate empirical data for detecting the existence of con-
tinuous Markov processes. Eight new propositions were pre-
sented and demonstrated concerning the general case of pro-
cesses having a time-inhomogeneous generator. While it was
also recently proven that the problem of deriving a general al-
gorithm capable of solving the embedding problem for any fi-

nite dimension n is NP-hard[19], our implemented algorithm
presents acceptable results: when applied to synthetic data
generated from pre-given generators our framework is able
to detect at least 80% of them and, moreover, returns a good
estimate of the generator underlying the data set. Thus, our al-
gorithm enables one to find a time-inhomogeneous generator
of transition matrices with a real-valued logarithms.

Concerning the new proposition demonstrated above for
inhomogeneous transition matrices, there are e.g. some ex-
tensions of the LU decomposition theorem, Prop. IV.3, that
can be interesting for future work. Namely, the quasi
LU decomposition[20], the ULU decomposition[21] and the
LULU factorization[22].

This framework is now able to be straightforwardly ap-
plied to specific sets of data for evaluating hidden continuous
Markov processes. Indeed, since the transition matrix defines
a specific Markov chain, our framework can be taken as a pos-
sibility for accessing continuous hidden processes in (time-
dependent) Markov chains found in many application areas,
including for example models for polymer growth processes
or enzyme activity.

For specific applications, our framework can be used for
three types of stochastic data sets: (i) one where only the
initial and final configuration of the system is given; (ii) one
where all possible state transitions are defined through a prob-
ability value between the start and end of the observation pe-
riod and (iii) the transition between the beginning of inter-
mediate instants till the end of the observation. In this paper
we dealt typically with type (ii) data sets, while in previous
works[3, 4] we considered mainly type (iii). Type (i) is typi-
cally not well-defined and additional cautions must be taken.

One important interdisciplinary application is, of course,
in economics and finance, when addressing rating matri-
ces: if ratings do indeed reflect a natural (continuous) eco-
nomic process, the extracted rating matrices must have a
proper generator[23] . This problem was already addressed
by us[3, 4] in the particular case of homogeneous transition
matrices derived by rating agencies. Further, our methodol-
ogy could be extended to other situations where correlation
matrices are taken for describing the macroscopic state of a
financial system[24]. With a proper normalization such cor-
relation matrices can be taken, in an algebraic sense, as tran-
sition matrices and therefore the framework described above
is applicable. The computational code is available as open ac-
cess code under request to and agreement of the authors and
assuming the proper citation.
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Appendix A: Additional results on the time-inhomogeneous
embeddable problem

Here we present additional results concerning the existence
of inhomogeneous generators. These results serve for prov-
ing the theorems implemented above and provide theoretical
consistency to our framework. The first result is a sufficient
condition concerning a possible decomposition of transition
matrices:

Proposition A.1. If T is an n-dimensional triangular tran-
sition matrix, then it has an inhomogeneous generator, which
can be defined from a decomposition of the transition matrix
as T = eQ1 · · · eQn−1 where Qi are time-homogeneous gen-
erators of some elementary transition matrix.

Proof. The proof is given by induction. For n = 2, the trian-
gular transition matrix T can be parameterised by one single
parameter p ∈]0, 1[:

T =

(
1− p p

0 1

)
. (A1)

It is straightforward to see that T = eQ with

Q =

(
log(1− p) − log(1− p)

0 0

)
. (A2)

Since log(1− p) < 0, Q is indeed a generator matrix.

We now consider an triangular transition matrix of arbitrary
dimension n and treat the rightmost column separately, yield-
ing

T =

(
A a
0> 1

)
, (A3)

where A is an (n − 1) × (n − 1) triangular matrix, a is a
column-vector with n − 1 non-negative entries and 0> is a
row-vector of n − 1 zeros. Since T is a transition matrix, for
all i = 1, . . . , n− 1 one has

∑

j

Aij = 1− ai . (A4)

Introducing a (n−1)-dimensional triangular transition matrix
T′ with entries T ′ij =

Aij
1−ai , one reads

T =

(
I− diag(a) a

0> 1

)(
T′ 0
0> 1

)
, (A5)

where diag(a) is the (n−1)-dimensional diagonal matrix with
entries taken from vector a. The first matrix above is embed-
dable since
(
I− diag(a) a

0> 1

)
= exp

(
diag(log(1− a)) − log(1− a)

0> 0

)

(A6)

and the second matrix can be further decomposed as

T =

(
I− diag(a) a

0> 1

)


I− diag(b) b 0
0> 1 0
0 0 1






T′ 0 0
0 1 0

0> 0 1


 .

(A7)
Therefore, we arrive to a decomposition of the form T =

eQ
′
1 · · · eQ′n−1 for generator matrices Q′1, . . . ,Q

′
n−1 with

Q1 =

(
diag(log(1− a)) − log(1− a)

0> 0

)
(A8)

and

Qk =

(
Q′k−1 0

0> 0

)
(A9)

for k = 2, . . . , n− 1.

One could implement Prop. A.1 by finding a product of n-
dimensional square matrices

∏
iA

(i) where each matrix A(i)

has only one off-diagonal non-zero element and if for matrix
A(k) one has A(k)

ij 6= 0, then for all other matrices A(l) (l 6=
k) one has A(l)

ij = 0. If that product has m = n(n− 1) terms,
we can solve

∏
iA

(i) = T as a linear system of equations
with n equations and n unknowns. Having this, we define the
following distance for the A-factorization:

dS2
= min

k
{min
i,j
{ A

k
ij

σ
Ak
ij

}} , (A10)

where σAnij is the dispersion associated with the entry Anij . If
dS2

> 2, we statistically infer that a generator exists. Notice
that, it is possible to prove that the LU decomposition is a
particular case of the factorization in Eq. (A10).

One additional necessary condition that may be useful in
some cases is the following one:

Proposition A.2. An irreducible matrix T, i.e. it cannot be
placed into block upper-triangular form by simultaneous row
or column permutations, is time-inhomogeneous embeddable
only if, for at least in one row there is more than one non-zero
off-diagonal entry.

Proof. If T is time-inhomogeneous embeddable, then from
Prop. A.1, T can be written as a product n of embeddable
matrices P(k) = expQ(k). Assume, without loss of general-
ity that all matrices P(k) are time-homogeneous embeddable.

Since no matrix P(i) has no zeros in the diagonal entries,
from Props. IV.1 and IV.2, the product of an irreducible matrix
by an embeddable matrix is always irreducible. Notice that if
any of the matrices P(k) is time-homogeneous embeddable,
then from Prop. II.2c), T will have no zero entries.

Let us consider P(k) such that the product P(1) . . .P(k)

is irreducible but P(1) . . .P(k−1) is not. Since we assume,
without loss of generality that P(k) is not the identity matrix,
P

(k)
ij > 0 for at least one j 6= i. Then, for m ≤ k there is one

l for which P (m)
li > 0. Thus Tij > 0 and Tlj > 0.
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Proposition A.2 is not a condition we can evaluate for em-
pirical systems. Nonetheless it might be useful if one has
some apriori knowledge about the dynamics of the system.

Another sufficient condition for time-inhomogeneous gen-
erators concerns situations when the matrices have non-
negative entries:

Proposition A.3. Totally non-negative transition matrices,
i.e. matrices T(t) for which all submatrices have positive de-

terminant, have an inhomogeneous generator Q(t).

Proof. It was proved [25] that the LU factorization of any
totally non-negative matrix is composed by a totally non-
negative lower diagonal matrix L and a totally non-negative
upper diagonal U . If a matrix is totally non-negative, then
it has only non-negative elements, thus in particular L and U
are matrices with non-negative elements.

[1] N. Privault, Understanding Markov chains: examples and ap-
plications (Springer Science & Business Media, 2013).

[2] T. Shintani and S. Shinomoto, Phys. Rev. E 85, 041139 (2012).
[3] P. Lencastre, F. Raischel, P. G. Lind, and T. Rogers, in 3rd

SMDTA Conference Proceedings (2015) pp. 405–414.
[4] P. Lencastre, F. Raischel, and P. G. Lind, Journal of Physics:

Conf. Ser. 574, 012151 (2015).
[5] G. Elfving, Zur theorie der Markoffschen ketten, Acta Soci-

etatis scientiarum Fennicae, Nova series A, T.2, 8 (Harras-
sowitz, Leipzig, 1937).

[6] J. Kingman, Probability Theory and Related Fields 1, 14
(1962).

[7] Y. Chen and J. Chen, Journal of Theoretical Probability 24, 928
(2011).

[8] E. Davies, Electronic Journal of Probability 15, 1474 (2010).
[9] R. Israel, J. Rosenthal, and J. Wei, Mathematical Finance 11,

245 (2001).
[10] F. I. Karpelevich, Izvestiya Rossiiskoi Akademii Nauk. Seriya

Matematicheskaya 15, 361 (1951).
[11] N. J. Higham and L. Lin, L Algebra and its Applications 435,

448 (2011).
[12] J. Runnenberg, Proceedings of the KNAW 65, 536 (1962).
[13] R. M. Gray, Communications and Information Theory 2, 155

(2005).
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Institute of Physics and ForWind, Carl-von-Ossietzky University of Oldenburg, Oldenburg, Germany

Joachim Peinke

Institute of Physics and ForWind, Carl-von-Ossietzky University of Oldenburg, Oldenburg, Germany

Pedro G. Lind

Institute of Physics and ForWind, Carl-von-Ossietzky University of Oldenburg, Oldenburg, Germany

Institute of Physics, University of Osnabrück, Osnabrück, Germany

Abstract

This paper presents a direct method to obtain the deterministic and stochastic contribution of the sum of two independent
stochastic processes, one of which is an Ornstein-Uhlenbeck process and the other a general (non-linear) Langevin process.
The method is able to distinguish between the stochastic processes, retrieving their corresponding stochastic evolution equa-
tions. This framework is based on a recent approach for the analysis of multidimensional Langevin-type stochastic processes
in the presence of strong measurement (or observational) noise, which is here extended to impose neither constraints nor
parameters and extract all coefficients directly from the empirical data sets. Using synthetic data, it is shown that the method
yields satisfactory results.

Keywords: Stochastic Processes, Measurement Noise, Observational Noise, Signal Reconstruction, Signals Superposition
PACS: 02.50.Ey, 05.40.Ca, 05.45.Tp, 05.10.Gg,

1. Introduction and motivation

An important topic in the analysis of time-series of complex dynamical systems is the extraction of the underlying process
dynamics. Often it is possible to reveal the deterministic and stochastic contributions of the underlying stochastic process
using the Itô-Langevin equation, a stochastic equation that describes the evolution of a stochastic variable. The deterministic
and stochastic contributions are given by the so-called drift and diffusion coefficients, which can be directly derived from
data via joint moments [4]. This approach has been applied successfully to several areas [5], for example the description of
turbulence [4, 17], the analysis of climate data [10], financial data [16], biological systems [19] and wind energy production
[15, 13].

However, typically the time-series to be analysed is subject to noise, which is associated to the measurement devices
or other sources. This so-called measurement noise, also known as observational noise, is not involved in the dynamics

Preprint submitted to Elsevier March 20, 2019
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of the original signal. Nevertheless it spoils the data series by hiding the underlying stochastic process. In this case, the
joint moments are not accessible but only their “noisy” analogues. Several approaches have been published to overcome
this challenge. In Refs. [3] and [9] introduced a method that allows the estimation of the drift and diffusion coefficients in
the presence of strong, delta-correlated Gaussian measurement noise. An alternative approach was presented by Lehle [7]
that can deal with strong, exponentially correlated Gaussian noise in one dimension, which was extended to be applicable to
multidimensional time-series [8]. This approach is the basis of the method presented in this paper. Here, instead of using a
parameterised form of the coefficients defining the stochastic processes, the method extracts all coefficients directly from the
data.

In a more general framework, the paper presents a method which allows to distinguish between two superposed signals,
i.e. extract their respective evolution equations, if one of them is an Ornstein-Uhlenbeck process. Specifically, the method
serves to extract the measurement noise parameters as well as the drift and diffusion coefficients describing the stochastic
process from the original data, which henceforth is called “noisy” data. This allows to separate the two stochastic signals: the
measurement noise, described by an Ornstein-Uhlenbeck process, and the underlying general Langevin process. The method
can be applied to a set of N coupled stochastic variables superposed with a set of N sources of correlated measurement noise
and the code is accessible by request to the authors.

The paper is structured as follows. The theoretical background of the Langevin analysis of stochastic processes and the
extraction of the coefficients from data is briefly summarised in Sec. 2. Section 3 gives an overview of the method to obtain
those coefficients in the presence of measurement noise. Subsequently, the two main challenges in the method are presented:
a) The solution of a nonlinear equation system to obtain the measurement noise parameters, which is described in Sec. 4, and
b) the solution of a system of convolution equations to estimate the joint moments of the underlying stochastic process, which
is described in Sec. 5. The results of application to a synthetic data set are shown in Sec. 6, demonstrating the accuracy of the
presented approach as well as its limits. Section 7 discusses possible applications of the method and concludes the paper.

2. A general model for noisy stochastic processes

The evolution of a stochastic variable can be described by the Itô-Langevin equation, a stochastic equation defined by
a deterministic contribution (drift) and fluctuations from possible stochastic sources (diffusion). For the general case of a
N -dimensional stochastic process X(t) the equation is given by:

dx = D(1)(x)dt+
√

D(2)(x)dW(t), (1)

where dW denotes a vector of increments of independent Wiener processes with 〈dWi〉 = 0 and 〈dWi, dWj〉 = δijdt ∀i, j =
1, . . . , N , where 〈〉 denotes the average and δij the Kronecker delta. Functions D(1)(x) and D(2)(x) are the Kramers-Moyal
coefficients of the corresponding Fokker-Planck equation that describes the evolution of the conditional probability density
function. In the case the distribution of initial conditions is known one can derive the evolution equation of the joint probability
density function f(x, t) of the stochastic variables x. It is given by:

∂f(x, t)

∂t
= −

N∑

i=1

∂

∂xi

[
D

(1)
i (x)f(x, t)

]

+
N∑

i=1

N∑

j=1

∂2

∂xi∂xj

[
D

(2)
ij (x)f(x, t)

]
. (2)

The Kramers-Moyal coefficients, also called the drift (D(1)(x)) and diffusion (D(2)(x)) coefficients, can be directly de-
rived from measurements [5]. However, here we consider that each measured stochastic variable is the sum of two independent
stochastic processes X and Y :

X∗(t) = X(t) + Y(t). (3)

Since such a situation can be regarded as having a set of N stochastic signals X(t) spoiled by a set of N sources of measure-
ment noise Y(t), we call the variables X∗(t) a N -dimensional noisy stochastic process. Figure 1 shows a specific example of
such superposition of stochastic processes that will be addressed below in detail, plotting the first component of X∗, X and
Y. We assume the measurement noise Y(t) to be described by an Ornstein-Uhlenbeck process in N dimensions:

dy(t) = −Ay(t)dt+
√

BdW(t), (4)

where A and B are N ×N matrices, B is symmetric positive semi-definite and the eigenvalues of A have a positive real part.
Thus, the N -dimensional noisy stochastic process X∗ is modeled by Eqs. (3) and (4) together. Note that here and throughout
the paper x denotes the accessible values of any of the involved stochastic processes X(t), X∗(t) or Y(t).
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Figure 1: Illustration of a stochastic process X(t) (top), governed by a nonlinear Langevin equation (Eq. (1)), a correlated measurement noise Y(t) (middle),
governed by a Ornstein-Uhlenbeck process (Eq. (4)) and the superposition of both processes X∗(t) = X(t) +Y(t) (bottom).

3. From data to model: the inverse problem

This section explains how to obtain the drift and diffusion coefficients along with the measurement noise parameters from
noisy data X∗(t). The methodology is sketched in Fig. 2 and the idea behind it is that, if the measurement noise is independent
of the stochastic process, it is possible to derive an equation system that relates the noisy moments m∗(0)(x),m∗(1)(x, τ) and
m∗(2)(x, τ) with the measurement noise-free momentsm(0)(x),m(1)(x, τ) and m(2)(x, τ) and solving it in a parameter-free
way is the heart of this paper.

The system of equations (for a derivation see appendix Appendix A) is given by:

m∗(0)(x) ≡
∫

x′
ρ∗(x,x′, τ)dx′ = ρY (x) ∗m(0)(x), (5a)

m
∗(1)
i (x, τ) ≡

∫

x′
(x′i(t+ τ)− xi(t))ρ∗(x,x′, τ)dx′ = ρY (x) ∗m(1)

i (x, τ) +H
(1)
i (A,B,m∗(0)(x)), (5b)

m
∗(2)
ij (x, τ) ≡

∫

x′
(x′i(t+ τ)− xi(t))(x′j(t+ τ)− xj(t))ρ∗(x,x′, τ)dx′

= ρY (x) ∗m(2)
ij (x, τ) +H

(2)
ij (A,B,m∗(0)(x),m∗(1)(x, τ)), (5c)

where i, j = 1, . . . , N and

ρ∗(x) = f(x, t), (6a)
ρ∗(x,x′, τ) = f(x, t; x′, t+ τ), (6b)
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Figure 2: Graphic representation of the methodology to obtain drift and diffusion coefficents from noisy data. Functional arguments are omitted for better
readability.

are the one and two-point probability density functions of the noisy data, respectively, and

ρY (x) =
1√

(2π)N |det(V)|
e−

1
2xT V−1x , (7)

is the probability density function of the measurement noise, assuming that it is distributed with a normalized Gauss function
G(x, 0,V) with zero average and covariance V. The functionsH(1)

i (A,B,m∗(0)(x)) andH(2)
ij (A,B,m∗(0)(x),m∗(1)(x, τ))

are given by

H
(1)
i (A,B,m∗(0)(x)) =

N∑

k=1

Qik(τ)
∂

∂xk
m∗(0)(x) (8)

H
(2)
ij (A,B,m∗(0)(x),m∗(1)(x, τ)) =

(
Qij(τ) +Qji(τ)−

N∑

k=1

N∑

l=1

Qik(τ)Qjl(τ)
∂

∂xk

∂

∂xl

)
m∗(0)(x)

+
N∑

k=1

Qik(τ)
∂

∂xk
m
∗(1)
j (x, τ) +

N∑

l=1

Qjl(τ)
∂

∂xl
m
∗(1)
i (x, τ), (9)

where the elements Qij(τ) define the N ×N -matrix

Q(τ) = Q(k∆t) = (Id−M(k∆t))V, (10)

with Id the identity matrix. V is the covariance matrix and M = M(∆t) the matrix of decaying correlation functions of the
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measurement noise. Both are related to the measurement noise parameters A and B (see Eq. (4)) through

M(k∆t) = e−Ak∆t (11a)

V =

∫ ∞

0

e−AsBe−AT sds, (11b)

where AT denotes the transpose of matrix A. Throughout the paper, τ refers to the time-lag, also expressed as a multiple of
the discretization time-step ∆t, i.e. τ = k∆t for some integer k.

Solving Eqs. (5) is done in three steps. In a first step, the noisy probability density function ρ∗(x,x′, τ) as well as the
zeroth m∗(0)(x), first m∗(1)(x, τ) and second m∗(2)(x, τ) noisy joint moments are extracted from the data.

In a second step, using the first noisy joint moments m∗(1)(x, τ) (Eq. (5b)) the noise source is characterized by deriving its
parameter matrices A and B through the solution of a nonlinear equation system. Its construction and solution are presented
in Sec. 4.

In a third step, using the obtained noise parameters as well as the noisy moments, Eqs. (5) can be solved, as fully de-
scribed in Sec. 5. After this three-step procedure, the drift and diffusion coefficients are computed from the joint moments
m(0)(x),m(1)(x, τ) and m(2)(x, τ) as

D
(1)
i (x) = lim

τ→0

1

τ

m
(1)
i (x, τ)

m(0)(x)
, (12a)

D
(2)
ij (x) = lim

τ→0

1

τ

m
(2)
ij (x, τ)

m(0)(x)
, (12b)

for i, j = 1, . . . , N .

4. Extracting the measurement noise parameter matrices

The measurement noise parameters A and B (see Eq. (4)) can be obtained by solving a nonlinear equation system. Here,
a solution is approximated in the least square sense by solving an optimization problem, which is formulated making use of
the symbolic framework for algorithmic differentiation and numeric optimization CasADi [2]. The optimization is performed
by a nonlinear interior-point solver called Ipopt[18]. The extensive discussion of the optimization problem, i.e. its objective
function and constraints is the subject of this section.

4.1. The equation system
To compute the two matrices A and B defining the measurement noise (see Eq. (4)) consider Eq. (5b). Multiplication with

xj and integration over x yields
∫

x

m
∗(1)
i (x, τ)xjdx =

∫

x

xjρY (x) ∗m(1)
i (x, τ)dx +

∫

x

xjH
(1)
i (A,B,m∗(0)(x))dx, (13)

where i, j = 1, . . . , N .
The integral on the left hand-side of Eq. (13) can be directly computed from the data. The first integral on the right

hand-side is a function of τ = k∆t alone and can thus be approximated by a polynomial in τ :
∫

x

xjρY (x) ∗m(1)
i (x, τ)dx =

νmax∑

ν=1

P
(ν)
ij (k∆t)ν . (14)

The second integral is given by (see Append. Appendix B and Eq. 10)

∫

x

xjH
(1)
i (A,B,m∗(0)(x))dx = −

N∑

l=1

(δil − (M(kδt))il)Vlj = −Qij(τ), (15)

where k ∈ K ⊂ N, the set of time increments with cardinality kmax used for the estimation of the noisy moments from the
data.

The unknowns of Eq. (13) are the coefficients P(ν1), . . . ,P(νmax), auxiliary N × N -matrices, the matrix M = M(∆t),
from which A can be derived as the matrix logarithm of M (Eq. (11a)), and the covariance matrix V of the measurement
noise, from which B can be obtained through (see Append. Appendix C)

B = VAT + AV. (16)
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4.2. The objective function

To obtain a numerical estimation of the measurement noise parameters, Eqs. (13) is solved in the least square sense and
the summed squares of the differences between its left and right hand side is minimized. This objective function is formulated
making use of a lifting approach [1], i.e. additional variables Ω(k), k ∈ K, and therefore additional degrees of freedom are
introduced.

Using the notation M = M(∆t) and Eq. (11a) the formulation of the objective function F is given by

F =
N∑

i=1

N∑

j=1

∑

k∈K

[
Zij(k∆t)−

νmax∑

ν=1

P
(ν)
ij (k∆t)ν − Vij +

N∑

l=1

Ω
(k)
il Vlj

]2

, (17)

where Zij(k∆t) = Zij(τ) is the left-hand side of Eq. (13), which can be computed directly from the data sets, and the kmax
constraints

Ω(1) −M = 0 (18a)

Ω(kl+1) −Ω(kl)Mkl+1−kl = 0, (18b)

where l = 1, . . . , kmax−1, are added to the optimization problem. For setsK of consecutive integers, i.e.K = {1, . . . , kmax},
this formulation eliminates the powers of M. For sets K = κ{1, . . . , kmax} = {κ, . . . , κkmax}, κ ∈ N, the powers of M can
also be eliminated by minimizing the objective function subject to constraint (18b) for M′ = Mκ and subsequently computing
the κ-th root of M′ using the Eigenvalue decomposition. Note that an optimal solution M′ of Eq. (13) subject to Eq. (18b)
might have negative or complex Eigenvalues. In this case it is necessary to choose a different set of time-steps K and/or a
different polynomial order νmax and repeat the computations.

4.3. Constraints

The minimization of the objective function F has to be performed with respect to constraints that ensure that V is sym-
metric and positive definite and M is stable. The constraint ensuring symmetry and positive definiteness of the matrix V is
formulated employing the Cholesky decomposition, which is a decomposition based on aN ×N -lower triangular matrix with
strictly positive diagonal entries. For positive definite matrices the Cholesky decomposition is unique and therefore, symmetry
and positive definiteness of V can be imposed by

V = LV LTV , (19)

where, using an exponential Ansatz, LV is given as a lower triangular matrix with positive diagonal elements by

LV (i, j) =





0 if j > i

evij if j = i

vij if j < i,

(20)

with vij ∈ R.
The matrix M(k∆t) is exponentially decaying with k [Eq. (11a)], which holds if and only if M is stable, i.e. all its

eigenvalues λi are in the unit circle of the complex plane, |λi| < 1, ∀i = 1, . . . , N . A theorem from stability theory [12]
states, that if there are two symmetric positive definite matrices U and C satisfying

U−MTUM = C, (21)

then the matrix M is stable. Therefore, for M to be stable, U−MTUM needs to be symmetric positive definite. Using the
Schur complement [21] yields (

U MTU
UM W

)
(22)

as a symmetric positive definite matrix. Thus, again using the Cholesky decomposition, the stability of M can be formulated
as (

U MTU
UM U

)
=

(
LU 0
E LC

)(
LTU ET

0 LTC

)
, (23)

where LU , LC are lower N × N -triangular matrices with positive diagonal elements and E is a full-rank N × N -matrix.
Equation (23) leads to additional constraints, namely:

U = LULTU , (24a)

73



MTU = LUET , (24b)

U = EET + LCLTC , (24c)

where

LC(i, j) =





0 if j > i,

ecij if j = i,

cij if j < i,

(25)

LU (i, j) =





0 if j > i,

euij if j = i,

uij if j < i,

(26)

with cij , uij ∈ R.
Thus, the full optimization problem is given by the minimization of F (see Eq. (17)) subject to Eqs. (18b), (19) and (24).

5. Obtaining the joint moments

The previous section describes the numerical solution of Eqs. (13), which is needed to obtain the conditional moments
m(0)(x),m(1)(x, τ) and m(2)(x, τ). Namely, from the matrices M and V the functions H(1)

i (A,B,m∗(0)(x)) and
H

(2)
ij (A,B,m∗(0)(x),m∗(1)(x, τ)) are computed and introduced to Eqs. (5). Solving this equation system yields the mea-

surement noise-free joint moments m(0)(x), m(1)(x, τ) and m(2)(x, τ). Again, this is done in the least square sense and the
formulation of the corresponding optimization problems is presented in this section.

5.1. The objective functions
Equations (5) are solved sequentially one by one and for each component separately in the least square sense. Therefore,

for i, j = 1, . . . N , the objective functions are given by

F (0) =
∑

x

∣∣∣m∗(0)(x)− ρY (x) ∗m(0)(x)
∣∣∣
2

, (27a)

F
(1)
i =

∑

x

∣∣∣∣∣m
∗(1)
i (x, τ)− ρY (x) ∗m(1)(x, τ)−

N∑

l=1

Qil(τ)
∂

∂xl
m∗(0)(x)

∣∣∣∣∣

2

, (27b)

F
(2)
ij =

∑

x

∣∣∣∣∣m
∗(2)
ij (x, τ)− ρY (x) ∗m(2)

ij (x, τ)− (Qij(τ) +Qji(τ))m∗(0)(x)−
N∑

l=1

Qil(τ)
∂

∂xl
m
∗(1)
j (x, τ)

−
N∑

q=1

Qjq(τ)
∂

∂xq
m
∗(1)
i (x, τ) +

N∑

l=1

N∑

q=1

Qil(τ)Qjq(τ)
∂

∂xl

∂

∂xq
m∗(0)(x)

∣∣∣∣∣

2

. (27c)

5.2. Regularization
Equations (5) are multidimensional integral equations of the convolution type, which are known to be ill-posed [20] and

to deal with this, the mathematical technique of regularization has been employed.
The idea behind it is to introduce additional information in order to solve the problem, here, a restriction for smoothness

of the moments was chosen to compensate numerical fluctuations that occur due to binning.
Therefore, a weighted penalty term given by

p(0) =
∑

x

N∑

l=1

(
∂m(0)(x)

∂xl

)2

, (28a)

p
(1)
i (τ) =

∑

x

N∑

l=1

(
∂m

(1)
i (x, τ)

∂xl

)2

, (28b)

p
(2)
ij (τ) =

∑

x

N∑

l=1

(
∂m

(2)
ij (x, τ)

∂xl

)2

, (28c)
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is added to the corresponding objective function.
The weight α(0), α

(1)
i , α

(2)
ij with i, j = 1, . . . , N , strongly influences the outcome of the optimization problem and there-

fore it is crucial to select an appropriate weight. The strategy employed in this paper is described in the following.
The zeroth joint moment m(0)(x) is known to be constant in τ and all components of the first and second joint moments,

m
(1)
i (x, τ) and m(2)

ij (x, τ) respectively, are known to be linear in τ [7, 5]. Approximations of each of the joint moments

m′(0)(x, α(0)), m′(1)
i (x, τ, α

(1)
i ) and m′(2)

ij (x, τ, α
(2)
ij ) are computed for several time increments τ = k∆t with k ∈ K and

several weights α(0), α
(1)
i , α

(2)
ij ∈ A = {αmin, . . . , αmax}. For each penalty weight a linear fit is performed on the numerical

solutions in τ , for each x yielding a straight line g(x, α, τ) = a(x, α) + b(x, α)τ , for α ∈ {α(0), α
(1)
i , α

(2)
ij }.

Since the zeroth joint moment m(0)(x) is constant, the corresponding slopes b(x, α(0)) should vanish for the appropriate
penalty weight. Therefore, to choose the weight for the approximation of the zeroth moment the sum of the absolute values
of the slopes over all x is computed as

s(0)(α(0)) =
∑

x

∣∣∣b(x, α(0))
∣∣∣ . (29)

For the first and second moment that are linear in τ , the squared residuals are computed, weighted with the absolute value
of the corresponding slope and summed up over all x:

r
(1)
i (x, α

(1)
i , τ) =

∑

x

∣∣∣b(x, α(1)
i )
∣∣∣
(
g(x, α

(1)
i , τ)−m′(1)

i (x, α
(1)
i , τ)

)2

, (30a)

r
(2)
ij (x, α

(2)
ij , τ) =

∑

x

∣∣∣b(x, α(2)
ij )
∣∣∣
(
g(x, α

(2)
ij , τ)−m′(2)

ij (x, α
(2)
ij , τ)

)2

, (30b)

where i, j = 1, . . . , N .
Choosing the appropriate weight for the penalty term is a trade-off between minimising the summed slopes (zeroth joint

moment) and the weighted residuals (first and second joint moment) of the linear fit and minimising the difference of left and
right hand side of Eqs. (5), which increases after a threshold weight for each of the joint moments: Since an increasing penalty
weight leads to flatter moments, both the summed slopes and the summed residuals decrease with increasing weight. If the
penalty weight is too large, the penalty term outweighs the corresponding objective function term F (0), F

(1)
i and F (2)

ij . As a
consequence, the resulting approximated joint moment does not resemble the empirical joint moment. Therefore, to pick an
appropriate weight for the estimation of m(0)(x), the sum of F (0) and s(0)(α(0)) is minimized. Typically, for the first and
second joint moments, the sum of the weighted residuals r(1)

i (x, α
(1)
i , τ), r(2)

ij (x, α
(2)
ij , τ), and the objective function terms

F
(1)
i , F (2)

ij are not of the same order of magnitude. Therefore, they are normalized by their maximum value and the offset in

F
(1)
i , F (2)

ij is removed. The appropriate weight is given by the one corresponding to the minimum of the sum of the objective
function with the residual.

5.3. The final optimization problems

Since m(0)(x) is a probability density function (defined in analogy to its noisy counterpart (see Eq. (5a)), its integral over
the full range of x-values equals one. Therefore, the constraint

∫

x

m(0)(x)dx1 . . . dxN = 1 (31)

is added to the optimization problem for the estimation of m(0)(x). The full optimization problem is therefore given by the
minimization of F (0) + α(0)p(0), subject to Eq. (31) with positive real α(0).

For the first and second moments no additional constraints are imposed and the final optimization problems are simply
given by the minimization of F (1)

i + α
(1)
i p

(1)
i and F (2)

ij + α
(2)
ij p

(2)
ij with positive real α(1)

i , α
(2)
ij and i, j = 1, . . . , N .

6. An illustrative example

The previous two sections describe how to obtain the measurement noise parameters A and B as well as the joint moments
m0(x), m1(x, τ) and m2(x, τ). To demonstrate that this framework yields correct results it is tested on two-dimensional
synthetic data, which is described in this section. Moreover, the results of solving Eqs. (13) and (5) for this example are
presented and discussed.

75



6.1. The data

Two time-series, each comprising 106 data points are generated: X(t), the stochastic process and Y(t), the measurement
noise. Together they yield the noisy stochastic process X∗(t) (see Eq. (3)). The time-step between consecutive datapoints is
∆t = 0.005 in arbitrary units.

The time-series of the stochastic process X(t) is obtained by stochastic integration of Eq. (1), where, with x = (x1, x2)

D(1)(x) =

(
x1 − x1x2

x2
1 − x2

)
, (32a)

D(2)(x) =

(
0.5 0
0 0.5(1 + x2

1)

)
. (32b)

The time-series of the measurement noise Y is obtained by stochastic integration of Eq. (4), where

A =




200 − 200
3

0 200
3


 , B =




75 − 425
12

− 425
12

125
6


 . (33)

From A and B, the values of the correlation matrix M and the covariance matrix V are computed as

M =



e−1 e−

1
3−e−1

2

0 e−
1
3


 , V =




5
32 − 3

32

− 3
32

5
32


 , (34)

see Eqs. (11a) and (11b). To illustrate the time-series, Fig. 1 shows X(t) (top), Y(t) (middle) and X∗(t) (bottom) for 1000
time-steps.

The ratio σnoise

σprocess
between the standard deviation of the measurement noise σnoise and the standard deviation of the

stochastic process σprocess is approximately 0.4 for the first and 0.5 for the second component. For the estimation of the noisy
moments m∗(0)(x), m∗(1)(x, τ) and m∗(2)(x, τ) time-steps τ = k∆t with k = 1, 2, 3, 4, 5, 10, 20, 30, 40, 50 were chosen.
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Figure 3: Eigenvalues of the measurement noise covariance matrix V and its matrix of correlation functions M, computed analytically and by solving Eq. (13)
in the least square sense.
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νmax 1 2 3

K1
DM 0.024 0.016 0.071
DV 0.262 0.265 0.908

K2
DM 0.026 0.011 0.168
DV 0.001 0.004 0.017

Table 1: Distance DM and DV , respectively, between the eigenvalues of M and V and their approximations for two sets of time-steps K1 and K2 and
different values of νmax.

6.2. Measurement noise parameters

Equation system (13) depends on the number of time-steps k included into the system and the degree νmax of the polyno-
mial in P. A determined or overdetermined system is obtained when νmax ≤ kmax − 2. Therefore, to choose an appropriate
νmax for a setK of time-steps k, the system is solved for different values of νmax up to kmax−2 and the values corresponding
to the minimal error are chosen. To quantify the error, the 2-norm, DM and DV respectively, between the eigenvalues of M
and V and their approximations is used. To apply the method described in Sec. 4, two sets of time-steps involving different
time-scales were used, K1 = {1, 2, 3, 4, 5} and K2 = 5K1. The results are presented in Tab. 1. Table 1 shows, that the best
approximation is obtained for K2 and νmax = 2. For both sets K1 and K2 the worst results are obtained for νmax = 3.
However, for all other cases the optimization yields good results, showing that the method is robust with regard to the time
scale of K.

Figure 3 shows the eigenvalues of the matrices M and V computed by the optimization (with K2 and νmax = 2) plotted
against their analytical analogues on the left. For comparison, the bisectrix is plotted in blue, indicating perfect agreement
between simulation and reconstructed values.

6.3. Joint moments

As an example, this section demonstrates the application of the algorithm to m(0), m(1)
1 , and m(2)

1,1.
To approximate the components of the joint moments, the procedure to select an appropriate penalty weight for the opti-

mization layed out in Sec. 5 was carried out for k ∈ {1, 2, 3, 4, 5, 10, 20, 30, 40, 50} and α(0), α
(1)
i , α

(2)
ij ∈ {0.001, 0.005, 0.01,

0.05, 0.1, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5}. Figure 4 shows that a penalty weight of α(0) = 0.01 and α(1)
1 = 0.05 should be

selected. For the second moment, the curves show a similar behaviour as for the first moment and a weight of α(2)
11 = 0.1 is

the appropriate choice (data not shown). To verify that the suggested measures lead to good values of the penalty weights, for
each weight the squared sum of the differences between the estimated and the empirical joint moment MSE(0) and MSE

(1)
i

is computed. Results show, that the penalty weights selected with the method introduced above are a good choice, see insets
Fig. 4.
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Figure 4: Illustration of the figures indicating the penalty weight: sum of F (0) and s(0)(α(0)) (left) and r(1)i (x, τ, α
(1)
i ) and F (1)

i (right) for the approxi-

mations m′(0)(x, α0) (left) and m′(1)i (x, τ, α1) (right) in dependence of the penalty weight. The inset shows the difference of the estimated and empirical

zeroth (left) and first (right) joint moment. For the second moments m′(2)ij results similar to m′(1)i are obtained.
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The results of the optimization with the penalty weights determined as described above are shown in Fig. 5. The estimates
are smooth and fit well the original data, even in some of its small details.
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Figure 5: Zeroth (left), first (middle) and second (right) empirical (top) and estimated joint moments (bottom) with penalty weights 0.01 for the zeroth
moment, 0.05 for the first moment and 0.1 for the second joint moment.

From the approximated joint moments, using Eqs. (12), the drift and diffusion coefficients were estimated. Figure 6
presents the estimated (top) and analytical (bottom) first component of the drift coefficient for x1-values between−5 and 4 and
x2-values between−2 and 5. Furthermore, the first component of the diffusion coefficient whose analytical value is constantly
0.5 in all discretization bins was computed. Good results were obtained, however, as for the drift coefficient, the values on the
margins were worse due to unsufficient data in the corresponding bins (data not shown). Thus, the presented method provides
satisfactory results for the drift- and diffusion-coefficients of time-series data spoiled with strong measurement noise.

6.4. Limits of the method

The previous section demonstrates that the presented method is able to extract good numerical estimations of the joint
moments from a given stochastic process subject to measurement noise, see Fig. 5. To test the limits of this approach,
several measurement noise time-series with different statistical properties were created. The two properties tested here are the
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Figure 6: First component of the approximated (left) and analytical (right) drift coefficient.
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θ/γ 0.5 1.0 2.0
MSE(0)(θ, 1) 1.55× 10−4 1.63× 10−4 1.78× 10−4

MSE(0)(θ, γ) 1.59× 10−4 1.63× 10−4 –

Table 2: Distance MSE(0)(θ, γ) of the approximated and the empirical zeroth joint moment for different measurement noise time-series generated with the
parameter matrices A and B scaled by γ and θ, respectively. To vary the standard-deviation, values of θ = 0.5, 1, 2 were chosen while γ was constant 1
(top). To vary the time-scale, both factors were set to 0.5 and 1 (bottom).

variation of a) the standard deviation and, b) the time scale of the measurement noise. The proposed method was applied to
the generated data and the results are presented and discussed in this section.

The covariance matrix V of a stationary, two-dimensional Ornstein-Uhlenbeck process Y(t), described by Eq. (4), is
given by

V =
|A|
√

B
√

B
T

+ Ã
√

B
√

B
T
ÃT

2Tr(A)|A| , (35)

where Ã = (A− Tr(A)Id) and Tr(A) denotes the trace of A [6]. Therefore, to generate time-series that vary in standard-
deviation, not in time-scale, it suffices to scale the matrix B and keep the matrix A unchanged. To vary the time-scale, but not
the standard-deviation, it is necessary to scale both matrices A and B with the same factor.

For this analysis, four additional time-series Y(γ,θ)(t) were created, where the measurement noise parameters (A and B)
were scaled with factors γ and θ, respectively. The tested scaling factors were (1, 0.5) to investigate the effects of a lower and
(1, 2) for a higher standard-deviation than the example presented in Sec. 6. To investigate the limit of the presented method in
terms of time-scale, new measurement noise data was generated using scaling factors of (0.5, 0.5) and (2, 2) to yield a slower
and a faster process than the Sec. 6 example data, respectively. The generated measurement noise time-series were then added
to the stochastic process and the proposed method applied the resulting noisy data.

Table 2 presents the summed square differences between the approximated and empirical zeroth joint moment MSE(0) in
terms of variance and time-scale. As expected, the error of approximation increases with increasing standard-deviation of the
noise process. However, even for a ratio σnoise

σprocess
of 0.75 in the first component and 0.96 in the second, i.e. fluctuations in the

measurement noise that are almost as big as the ones in the underlying stochastic process, satisfactory results can be obtained.
In terms of time-scale, a slower measurement noise process yields better results. For the noisy process on a faster time-

scale than the example of Sec. 6, no results are presented, since the approximation of the time-correlation matrix M through
Eqs. (13) was unsucessfull, likely, in this case the fast process could not be captured with the sampling time ∆t. A more
detailed discussion of the relation between the time-scale of the stochastic processes and the sucess of the approach is provided
by Lehle [8].

7. Conclusions

In conclusion, this paper investigated the possibility to infer the underlying stochastic process and the properties of mea-
surement noise from a N -dimensional measured time-series. The presented approach is based on only three assumptions: a)
that the process can be modeled as an Ornstein-Uhlenbeck process, b) that it operates on a faster time-scale than the stochastic
process it superimposes and, c) that the two processes are independent.

Moreover, it is parameter-free and thus can be applied to any Markovian multiplicative Gaussian white noise process.
Application to synthetic data shows, that the presented method works for a wide range of amplitude ratios of the stochastic
process and the measurement noise. In addition, the reconstruction succeeds with high accuracy for different time-scales of
the measurement noise process. The algorithm requires solely a standard PC without special software environment and solves
the inversion problem within the order of minutes.

In general, our method can be taken for denoising of measurement sets of stochastic variables subjected to strong measure-
ment noise. As discussed in the introduction, the ability was previously introduced in simplier scenarios and here we solved
the problem without parameter tunning and assuming measurement noise sources with correlations in time.

The computational implementation of our method can now be applied to sets of empirical data. The are appealing appli-
cations with geophysical data, namely using pressure series defining spatial patterns in large-scale vacillation in atmospheric
masses[10], e.g. El Niño Southern Oscillation or the North Atlantic Oscillation. Here measurement noise was previously
detected[3]. Other important applications intersect the field of medicine and biophysics, namely investigating the coupling of
different EEG signals taken from different points on the skalp, which introduces considerable amounts of measurement noise
in the data[14]. In a forthcoming investigation, we intend to apply this method to data sets of lift and drag measurements taken
from a blade in a wind tunnel, considering different angles of attack[11].
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Appendix A. Relation between the joint moments and their noisy analogues

The calculations leading to Eqs. (5) are given in this appendix as an expanded version of the derivation by [8]. For
notational simplicity the following abbreviation for the multivariate normal probability density function is used:

G(x, µ,Σ) =
1√

(2π)N |det(Σ)|
e−

1
2 (x−µ)T Σ−1(x−µ) (A.1)

where µ ∈ RN is the mean of the distribution and Σ ∈ RN×N is the covariance matrix of the variable X. Thus, the one and
two point probability density functions of the measurement noise Y can be written as

ρY (x) = G(x,0,V) (A.2a)
ρY (x,x′, τ) = G(x,0,V)G(x′,M(τ)x,C), (A.2b)

where C = V −M(τ)V(M(τ))T .
In analogy to Eq. (5) the conditional moments of the measurement noise free process are defined as

m(0)(x) =

∫

x′
ρ(x,x′, τ)dx′, (A.3a)

m
(1)
i (x, τ) =

∫

x′
(x′i(t+ τ)− xi(t))ρ(x,x′, τ)dx′, (A.3b)

m
(2)
ij (x, τ) =

∫

x′
(x′i(t+ τ)− xi(t))(x′j(t+ τ)− xj(t))ρ(x,x′, τ)dx′. (A.3c)

The assumption that the measurement noise and the underlying stochastic process are independent yields ρ∗(x,x′, τ) =
ρ(x,x′, τ)∗ρY (x,x′, τ). Using this relation, as well as Eqs. (A.2) and the notation dx = dx1...dxN , the derivation of Eq. (5a)
reads:

m∗(0)(x) =

∫

x′
ρ∗(x,x′, τ)dx′

=

∫

x′

∫

z

∫

z′
ρ(z, z′, τ)ρY (x− z,x′ − z′, τ)dzdz′dx′

=

∫

x′

∫

z

∫

z′
ρ(z, z′, τ)G(x− z, 0,V)G(x′ − z′,M(τ)(x− z),C)dzdz′dx′

=

∫

x′

∫

z

∫

z′
ρ(z, z′, τ)G(x, z,V)G(x′, z′ + M(τ)(x− z),C)dzdz′dx′,

where in the last step the variables x and z have been shifted by z and z′, respectively. Thus,

m∗(0)(x) =

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

∫

x′
G(x′, z′ + M(τ)(x− z),C)dx′dz′dz

=

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)dz′dz

=

∫

z

G(x, z,V)m(0)(z)dz

= G(x,0,V) ∗m(0)(x) = ρY (x) ∗m(0)(x), (A.4)
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using
∫
x′ G(x′, z′+M(τ)(x− z),C)dx′ = 1 and Eq. (A.3a). With the same abbreviations as above, the derivation of Eq. (5b)

is similar:

m
(1)
i (x, τ) =

∫

x′
(x′i − xi)ρ∗(x,x′, τ)dx′

=

∫

x′
(x′i − xi)

∫

z

∫

z′
ρ(z, z′, τ)ρY (x− z,x′ − z′, τ)dzdz′dx′

=

∫

x′
(x′i − xi)

∫

z

∫

z′
ρ(z, z′, τ)G(x, z,V)G(x′, z′ + M(τ)(x− z),C)dzdz′dx′

=

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

∫

x′
(x′i − xi)G(x′, z′ + M(τ)(x− z),C)dx′dz′dz

=

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

(∫

x′
x′iG(x′, z′ + M(τ)(x− z),C)dx′

− xi

∫

x′
G(x′, z′ + M(τ)(x− z),C)dx′

)
dz′dz

=

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

(∫

x′
x′iG(x′, z′ + M(τ)(x− z),C)dx′ − xi

)
dz′dz,

where again a variable shift and
∫
x′ G(x′, z′+M(τ)(x− z),C)dx′ = 1 was used. Noting that

∫
x′ x
′
iG(x′, z′+M(τ)(x− z),C)dx′

is the i-th component of the mean value of the Gaussian function it follows that

m
(1)
i (x, τ) =

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

(
z′i +

N∑

l=1

Mil(τ)(xl − zl)− xi
)
dz′dz

=

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

(
z′i − zi + zi − xi +

N∑

l=1

Mil(τ)(xl − zl)
)
dz′dz

=

∫

z

G(x, z,V)

(∫

z′
(z′i − zi)ρ(z, z′, τ)dz′ +

∫

z′

(
zi − xi +

N∑

l=1

Mil(τ)(xl − zl)
)
ρ(z, z′, τ)dz′

)
dz

=

∫

z

G(x, z,V)


m(1)

i (z, τ) +


zi − xi +Mii(τ)(xi − zi) +

∑

l 6=i
Mil(τ)(xl − zl)



∫

z′
ρ(z, z′, τ)dz′


 dz

=

∫

z

G(x, z,V)

(
m

(1)
i (z, τ)−

N∑

l=1

(δil −Mil)(xl − zl)m(0)(z)

)
dz

=

∫

z

G(x, z,V)m
(1)
i (z, τ)dz−

∫

z

G(x, z,V)

N∑

l=1

(δil −Mil)(xl − zl)m(0)(z)dz

= G(x,0,V) ∗m(1)
i (x, τ)−

∫

z

N∑

l=1

(δil −Mil)(xl − zl)G(x, z,V)m(0)(z)dz, (A.5)

where the definitions of the conditional moments (see Eq. (A.3a) and (A.3b)) were used. Applying the definition of the
convolution, the integral in the last equation reads
∫

z

G(x, z,V)

N∑

l=1

(δil −Mil)(xl − zl)m(0)(z)dz =

N∑

l=1

(δil −Mil) (xlG(x,0,V)) ∗m(0)(x)

= −
N∑

l=1

(δil −Mil)




N∑

j=1

−δljxjG(x,0,V)


 ∗m(0)(x)

= −
N∑

l=1

(δil −Mil)




N∑

k=1

Vlk




N∑

j=1

−V−1
kj xj


G(x,0,V)


 ∗m(0)(x)

= −
N∑

l=1

(δil −Mil)

(
N∑

k=1

Vlk

(
∂

∂xk
G(x,0,V)

))
∗m(0)(x)
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= −
N∑

l=1

(δil −Mil)

(
N∑

k=1

Vlk
∂

∂xk

(
G(x,0,V) ∗m(0)(x)

))

= −
N∑

k=1

Qik
∂

∂xk
m∗(0)(x) (A.6)

where the relation ∂
∂xk
G(x, µ,Σ) =

∑N
l=1−Σ−1

l xlG(x, µ,Σ) was used together with the property of the convolution oper-

ation ∂
∂xk

(
G(x, µ,Σ) ∗m(0)(x)

)
=
(

∂
∂xk
G(x, µ,Σ)

)
∗m(0)(x). Introducing Eq. (A.6) in Eq. (A.5) yields the last term in

Eq. (5b) as we aim to demonstrate.
Equation (5c) is obtained as follows:

m
(2)
ij (x, τ) =

∫

x′
(x′i − xi)(x′j − xj)ρ∗(x,x′, τ)dx′

=

∫

x′
(x′i − xi)(x′j − xj)

∫

z

∫

z′
ρ(z, z′, τ)ρY (x− z,x′ − z′, τ)dzdz′dx′

=

∫

x′
(x′i − xi)(x′j − xj)

∫

z

∫

z′
ρ(z, z′, τ)G(x, z,V)G(x′, z′ + M(τ)(x− z),C)dzdz′dx′

=

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

∫

x′
(x′i − xi)(x′j − xj)G(x′, z′ + M(τ)(x− z),C)dx′dz′dz. (A.7)

The integral over x′ reads
∫

x′
(x′i − xi)(x′j − xj)G(x′, z′ + M(τ)(x− z),C)dx′ =

∫

x′
x′ix
′
jG(x′, z′ + M(τ)(x− z),C)dx′

− xj
∫

x′
x′iG(x′, z′ + M(τ)(x− z),C)dx′

− xi
∫

x′
x′jG(x′, z′ + M(τ)(x− z),C)dx′

+ xixj

∫

x′
G(x′, z′ + M(τ)(x− z),C)dx′

=

∫

x′
x′ix
′
jG(x′, z′ + M(τ)(x− z),C)dx′

− xj
(
z′i +

N∑

l=1

Mil(xl − zl)
)

− xi
(
z′j +

N∑

q=1

Mjq(xq − zq)
)

+ xixj , (A.8)

where once again the relations
∫
x′ G(x′, z′ + M(τ)(x− z),C)dx′ = 1 and

∫
x′ x
′
iG(x′, z′ + M(τ)(x− z),C)dx′ = z′i +∑N

l=1Mil(xl− zl) were used. Using the variable transformation u = x′ − z′ −M(τ)(x− z), the remaining integral over x′

can be written as

∫

x′
x′ix
′
jG(x′, z′ + M(τ)(x− z),C)dx′ =

∫

u

(
ui + z′i +

N∑

l=1

Mil(xl − zl)
)(

uj + z′j +
N∑

q=1

Mjq(xq − zq)
)
G(u,0,C)du

=

∫

u

uiujG(u,0,C)du +

(
z′i +

N∑

l=1

Mil(xl − zl)
)∫

u

ujG(u,0,C)du

+

(
z′j +

N∑

q=1

Mjq(xq − zq)
)∫

u

uiG(u,0,C)du

+

(
z′i +

N∑

l=1

Mil(xl − zl)
)(

z′j +
N∑

q=1

Mjq(xq − zq)
)∫

u

G(u,0,C)du
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= Cij +

(
z′i +

N∑

l=1

Mil(xl − zl)
)(

z′j +
N∑

q=1

Mjq(xq − zq)
)
,

where the first two moments of the Gauss function
∫
x
xixjG(x,0,Σ)dx = Σij and

∫
x
xiG(x,0,Σ)dx = 0 were substituted.

Thus, Eq. (A.8) can now be formulated as

∫

x′
(x′i − xi)(x′j − xj)G(x′, z′ + M(τ)(x− z),C)dx′ = Cij +

(
z′i − xi +

N∑

l=1

Mil(xl − zl)
)(

z′j − xj +

N∑

q=1

Mjq(xq − zq)
)
,

which for the equation of the second moment yields

m
(2)
ij (x, τ) =

∫

z

G(x, z,V)

∫

z′
ρ(z, z′, τ)

[
Cij

+

(
z′i − zi + zi − xi +

N∑

l=1

Mil(xl − zl)
)(

z′j − zj + zj − xj +
N∑

q=1

Mjq(xq − zq)
)]

dz′dz

=

∫

z

G(x, z,V)

[
Cij

∫

z′
ρ(z, z′, τ)dz′ +

∫

z′
(z′i − zi)(z′j − zj)ρ(z, z′, τ)dz′

+

∫

z′
(z′i − zi)

(
zj − xj +

N∑

q=1

Mjq(xq − zq)
)
ρ(z, z′, τ)dz′

+

∫

z′
(z′j − zj)

(
zi − xi +

N∑

l=1

Mil(xl − zl)
)
ρ(z, z′, τ)dz′

+

∫

z′

(
zj − xj +

N∑

q=1

Mjq(xq − zq)
)(

zi − xi +
N∑

l=1

Mil(xl − zl)
)
ρ(z, z′, τ)dz′

]
dz

=

∫

z

G(x, z,V)

[
Cijm

(0)(z) +m
(2)
ij (z, τ) +m

(1)
i (z, τ)

N∑

q=1

(−δjq +Mjq)(xq − zq)

+m
(1)
j (z, τ)

N∑

l=1

(−δil +Mil)(xl − zl)

+ m(0)(z)

(
N∑

l=1

(−δil +Mil)(xl − zl)
)(

N∑

q=1

(−δjq +Mjq)(xq − zq)
)]

dz,

where the definition of the conditional moments (see Eqs. (A.3a), (A.3b) and (A.3c)) were inserted. The definition of the
convolution and the relation

∫
z
(xi − zi)f(x− z)g(z)dz = (xif(x)) ∗ g(x) yield

m
(2)
ij (x, τ) = CijG(x,0,V) ∗m(0)(x) + G(x,0,V) ∗m(2)

ij (x, τ) +

(
N∑

q=1

(−δjq +Mjq)
(
xqG(x,0,V)

))
∗m(1)

i (x, τ)

+

(
N∑

l=1

(−δil +Mil)
(
xlG(x,0,V)

))
∗m(1)

j (x, τ)

+

(
N∑

l=1

(−δil +Mil)
N∑

q=1

(−δjq +Mjq)
(
xlxqG(x,0,V)

))
∗m(0)(x)

= G(x,0,V) ∗m(2)
ij (x, τ)

+

(
N∑

q=1

N∑

k=1

(δjq −Mjq)Vqk

(
∂

∂xk
G(x,0,V)

))
∗m(1)

i (x, τ)

+

(
N∑

l=1

N∑

k=1

(δil −Mil)Vlk

(
∂

∂xk
G(x,0,V)

))
∗m(1)

j (x, τ)
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+

(
Cij +

N∑

l=1

N∑

q=1

(−δil +Mil)(−δjq +Mjq)Vlq

)
G(x,0,V) ∗m(0)(x)

+

(
N∑

l=1

N∑

q=1

N∑

k=1

N∑

m=1

(δil −Mil)Vlk(δjq −Mjq)Vqm

(
∂

∂xk

∂

∂xm
G(x,0,V)

))
∗m(0)(x),

= G(x,0,V) ∗m(2)
ij (x, τ) +

(
N∑

q=1

(δjq −Mjq)Viq +
N∑

l=1

(δil −Mil)Vlj

)
G(x,0,V) ∗m(0)(x)

+

(
N∑

q=1

N∑

k=1

(δjq −Mjq)Vqk

(
∂

∂xk
G(x,0,V)

))
∗m(1)

i (x, τ)

+

(
N∑

l=1

N∑

k=1

(δil −Mil)Vlk

(
∂

∂xk
G(x,0,V)

))
∗m(1)

j (x, τ)

+

(
N∑

l=1

N∑

q=1

N∑

k=1

N∑

m=1

(δil −Mil)Vlk(δjq −Mjq)Vqm

(
∂

∂xk

∂

∂xm
G(x,0,V)

))
∗m(0)(x), (A.9)

where the derivations of the Gauss functions xlG(x,0,Σ) = −∑N
k=1 Σlk

∂
∂xk
G(x,0,Σ) and

xlxqG(x,0,Σ) =
∑N
k=1

∑N
m=1 ΣlkΣqm

∂2

∂xk∂xm
G(x,0,Σ) + ΣlqG(x,0,Σ) were used as well as the following auxiliary

calculation

N∑

l=1

N∑

q=1

(δil −Mil)(δjq −Mjq)Vlq + Cij =
N∑

l=1

N∑

q=1

(δil −Mil)(δjq −Mjq)Vlq + Vij −
N∑

l=1

Mil

(
N∑

q=1

VlqM
T
qj

)

=

(
Viq −

N∑

l=1

MilVlq

)
N∑

q=1

(δjq −Mjq) + Vij −
N∑

l=1

N∑

q=1

MilVlqMjq

= Vij −
N∑

l=1

MilVlj −
N∑

q=1

ViqMjq +

N∑

l=1

N∑

q=1

MilVlqMjq + Vij −
N∑

l=1

N∑

q=1

MilVlqMjq

= Vij −
N∑

l=1

MilVlj −
N∑

q=1

ViqMjq + Vij

=
N∑

q=1

(δjq −Mjq)Viq +
N∑

l=1

(δil −Mil)Vlj .

Finally, with the definition of Q(τ) in Eq. (10) and Eqs. (5a, 5b) follows

m
(2)
ij (x, τ) = G(x,0,V) ∗m(2)

ij (x, τ) + (Qij(τ) +Qji(τ))G(x,0,V) ∗m(0)(x) +
N∑

k=1

Qjk
∂

∂xk

(
G(x,0,V) ∗m(1)

i (x, τ)
)

+
N∑

k=1

Qik
∂

∂xk

(
G(x,0,V) ∗m(1)

j (x, τ)
)

+
N∑

k=1

N∑

m=1

QjmQik
∂

∂xk

∂

∂xm

(
G(x,0,V) ∗m(0)(x)

)

= G(x,0,V) ∗m(2)
ij (x, τ) + (Qij(τ) +Qji(τ))m∗(0)(x) +

N∑

k=1

Qjk
∂

∂xk

(
G(x,0,V) ∗m(1)

i (x, τ)
)

+

N∑

k=1

Qik
∂

∂xk

(
G(x,0,V) ∗m(1)

j (x, τ)
)

+

N∑

k=1

N∑

m=1

QjmQik
∂

∂xk

∂

∂xm
m∗(0)(x)

= ρY (x) ∗m(2)
ij (x, τ) + (Qij(τ) +Qji(τ))m∗(0)(x) +

N∑

k=1

Qjk
∂

∂xk

(
m
∗(1)
i (x, τ)−

N∑

r=1

Qir
∂

∂xr
m∗(0)(x)

)

+
N∑

k=1

Qik
∂

∂xk

(
m
∗(1)
j (x, τ)−

N∑

s=1

Qjs
∂

∂xs
m∗(0)(x)

)
+

N∑

k=1

N∑

m=1

QjmQik
∂

∂xk

∂

∂xm
m∗(0)(x)
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= ρY (x) ∗m(2)
ij (x, τ) +

(
Qij(τ) +Qji(τ)−

N∑

k=1

N∑

m=1

QjmQik
∂

∂xk

∂

∂xm

)
m∗(0)(x)

+
N∑

k=1

Qjk
∂

∂xk
m
∗(1)
i (x, τ) +

N∑

k=1

Qik
∂

∂xk
m
∗(1)
j (x, τ). (A.10)

Appendix B. Auxiliary integral in Eq. (13)

To prove the equality in Eq. (15) we start by stating that, through integration by parts over one single variable xi:
∫

xi

(
∂

∂xi
m∗(0)(x)

)
xjdxi = m∗(0)(x)xj

∣∣∣
xi=∞

xi=−∞
−
∫

xi

(
∂

∂xi
xj

)
m∗(0)(x)dxi

= m∗(0)(x)xj

∣∣∣
xi=∞

xi=−∞
− δij

∫

xi

m∗(0)(x)dxi (B.1)

and using the fact that limxi→∞m∗(0)(x)xj − limxi→−∞m∗(0)(x)xj = 0 ∀i, j as well as the relation
∫
x
m∗(0)(x)dx = 1

yields Eq. (15)

∫

x

xjH
(1)
i (A,B,m∗(0)(x))dx =

N∑

k=1

Qik(τ)

∫

x

xj
∂

∂xk
m∗(0)(x)dx

=
N∑

k=1

Qik(τ)

∫

x1

· · ·
∫

xk−1

∫

xk+1

· · ·
∫

xN

m∗(0)(x)xjdx1 . . . dxk−1dxk+1dxN

− δkj
∫

x

m∗(0)(x)dx

= −
N∑

k=1

Qik(τ)δkj = −Qij(τ). (B.2)

Appendix C. Computation of parameter matrix B from covariance matrix V

The measurement noise parameter B can be obtained from Eq. (11) through integration by parts:

V =

∫ ∞

0

e−AsBe−AT sds

= −
[
e−AsBe−AT s(AT )−1

]∞
0
−
∫ ∞

0

Ae−AsBe−AT s(AT )−1ds

= − lim
s→∞

[
e−AsBe−AT s(AT )−1

]
+ B(AT )−1 −

[
A

∫ ∞

0

e−AsBe−AT sds(AT )−1

]

= B(AT )−1 −AV(AT )−1 (C.1)
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We introduce a general procedure for directly ascertaininghow many independent stochastic sources exist in a
complex system modeled through a set of coupled Langevin equations of arbitrary dimension. The procedure is
based on the computation of the eigenvalues and the corresponding eigenvectors of local diffusion matrices. We
demonstrate our algorithm by applying it to two examples of systems showing Hopf-bifurcation. We argue that
computing the eigenvectors associated to the eigenvalues of the diffusion matrix at local mesh points in the phase
space enables one to define vector fields of stochastic eigendirections. In particular, the eigenvector associated
to the lowest eigenvalue defines the path of minimum stochastic forcing in phase space, and a transform to a
new coordinate system aligned with the eigenvectors can increase the predictability of the system.

PACS numbers: 02.50.Ga, 02.50.Ey, 89.65.Gh, 92.70.Gt
Keywords: Stochastic Systems, Langevin equation, Predictability

I. INTRODUCTION

When dealing with measurements on complex systems it
is typically difficult to find the optimal set of variables to de-
scribe their evolution, which provides the best opportunities
for understanding and predicting the system’s behavior.

Recently a framework for analyzing measurements on
stochastic systems was introduced [1, 2]. This framework is
based on the assumption that the measured properties evolve
according to a deterministic drift and stochastic fluctuations
due to the interactions with the internal degrees of freedom
or the environment. These fluctuations are globally ruled by
some specific stochastic forcing inherent to the signal evolu-
tion itself, and therefore cannot be separated from the mea-
sured variables. Whether they are due to quantum uncertain-
ties or a limited knowledge of the state of the system, they are
fundamental for a complete description of a complex system.
Several works in this scope have already shown the advan-
tage of this approach, ranging from the description of turbu-
lent flows [1] and climate indices [3] to the evolution of stock
markets [4] and oil prices [5], just to mention some. In the
course of time, several improvements to the method were pro-
posed concerning its robustness with respect to finite sampling
effects and measurement noise [6–11].

However, a natural question arises when dealing simultane-
ously with several variables: is it possible to find non-trivial
functions of measured properties for which the stochastic fluc-
tuation can be neglected? This would mean that it should be
possible to decrease the number of stochastic variables needed
to describe the system.

In this paper we will follow this question up in detail and
show, that by accessing the eigenvalues of the diffusion ma-
trices comprehending the measured properties it is possible to
derive a path in phase space through which the deterministic
contribution is enhanced. As a direct application, our proce-
dure allows for the determination of the number of indepen-
dent sources of stochastic forcing in a system described by an

arbitrarily large number of properties.

A pictorial example is as follows. Consider a professional
archer trying to aim at a target in a succession of shots. If
the archer holds the bow without any support, one expects
that the set of trials is distributed around the center according
to a radially symmetric Gaussian. Hence deviations have the
same amplitudes in all directions. However, if the archer lies
on the floor, the vertical direction will be more confined than
the horizontal. In this case we expect a smaller variance of
deviations in the vertical direction than in the horizontalone.
If the archer lies on an inclined plane the most confined and
less confined directions will have a certain slope related to
the plane inclination. Regarding the variance in space as a
particular representation of the diffusion matrix, we can now
think in more complex systems where at each point in phase
space fluctuations can be defined through their local diffusion
matrices. The study of its eigenvalues and eigenvectors is the
scope of the present paper.

We start in Sec. II by defining our system of variables
mathematically and by describing the standard approach to
estimate its dynamics from measured data as introduced in
Ref. [1, 2], where a particular emphasis will be given to the
diffusive terms. Then the general eigenvalue problem is intro-
duced in the role of the local eigenvalues of diffusion matri-
ces, which exhibits the framework for the present work. We
show that at each point of phase space the eigenvectors of the
diffusion matrix are tangent to new coordinate lines, one of
them corresponding to the lowest eigenvalue, thus indicating
the direction towards which fluctuations are - at least partially
- suppressed. In Sec. III we demonstrate our approach on two
examples from Hopf-bifurcation systems with stochastic forc-
ing. Section IV closes the paper with discussion and conclu-
sions.
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II. DEFINING STOCHASTIC EIGENDIRECTIONS

We consider anN -dimensional Langevin processX =
(X1(t), . . . , XN (t)) whose probability density functions
(PDFs)f(X, t) evolve according to the Fokker-Planck equa-
tion (FPE) [12, 13]

∂f(X, t)

∂t
= −

N∑

i=1

∂

∂xi

[
D

(1)
i (X)f(X, t)

]

+

N∑

i=1

N∑

j=1

∂2

∂xi∂xj

[
D

(2)
ij (X)f(X, t)

]
.(1)

The functionsD(1)
i andD(2)

ij are called the Kramers-Moyal or
the drift and diffusion coefficients and are defined as

D(k)(X) = lim
∆t→0

1

∆t

M(k)(X,∆t)

k!
, (2)

whereM(k) are the first and second conditional moments
(k = 1, 2). Here we assume that the underlying process is
stationary and therefore both drift and diffusion coefficients
do not explicitly depend on timet. Conditional moments can
be directly derived from the measured data as [2, 7]:

M
(1)
i (X,∆t) = 〈Yi(t+∆t)− Yi(t)|Y(t) = X〉

M
(2)
ij (X,∆t) =

〈(Yi(t+∆t)− Yi(t))(Yj(t+∆t)− Yj(t))|Y(t) = X〉
(3)

HereY(t) = (Y1(t), . . . , YN (t)) exhibits theN -dimensional
vector of measured variables at thet and〈·|Y(t) = X〉 sym-
bolizes a conditional averaging over the entire measurement
period, where only measurements withY(t) = X are taken
into account[28].D(1) is the drift vector andD(2) the diffu-
sion matrix. Notice thatY(t) = X is considered to be true
in a vicinity of X due to the observational limitations. This
vicinity must be small and such that the conditional moments
do not change abruptly for small∆t, makingD(1) andD(2)

continuous.
Associated with the FPE (1) is a system ofN coupled Itô-

Langevin equations, which can be written as [12, 13]

dX

dt
= h(X) +G(X)Γ(t) . (4)

HereΓ(t) is a set ofN normally distributed random variables
fulfilling

〈Γi(t)〉 = 0, 〈Γi(t)Γj(t
′)〉 = 2δijδ(t− t′) , (5)

that drives the stochastic evolution ofX. The vectorsh and
the matricesG = {gij} for all i, j = 1, . . . , N are connected
to the local drift and diffusion function through

D
(1)
i (X) = hi(X) and (6)

D
(2)
ij (X) =

N∑

k=1

gik(X)gjk(X) . (7)

Such methodology is applicable under certain conditions,
namely the markovian nature of the underlying process. Fur-
ther, the FPE is only valid as long asD(k) ∼ 0 for k ≥ 3.
In case the stochastic force has zero average and is Gaussian
andδ-correlated a Langevin differential equation is obtained.
In case the stochastic forcesΓ not Gaussianδ-correlated, ob-
taining a stochastic equation is still possible but with stochas-
tic forcing characterized by a Lévy-stable distribution[2, 7].
While the FPE describes the evolution of the joint distribu-
tion of theN variables statistically, the system of Langevin
equations in (4) models individual stochastic trajectories of
the system. In Eq. (4) the termh(X) contains the determin-
istic part of the macroscopic dynamics, while the functions
G(X) account for the amplitudes of the stochastic forces mir-
roring the different sources of fluctuations due to all sortsof
microscopic interactions within the system. Here we should
point out that we consider stationary processes, otherwiseen-
semble averages have to be taken[2]. SinceD(1) andD(2) are
considered to be continuous, the conditional moments should
be differentiable (see Eq. (2)), which means that in a suffi-
ciently small time interval the dependence of the conditional
moments on the time increment is linear.

The conditional moments in Eq. (3) are computed directly
from data time series and are typically linear functions of∆t
for sufficiently small∆t [2, 7]. Then, through the limit in
Eq. (2), bothD(1)

i andD(2)
ij are determined. When dealing

x

y

FIG. 1: (Color online) Stream plot of the system in Eq. (8) with
no stochasticity (D(2) ≡ 0), i.e. k1 = k2 = 0, where the arrows
formally represent the drift vector of synthetic data extracted from
direct simulation of Eq. (8). The solid line represents a partial tra-
jectory. Trajectories diverge from the unstable fixed pointr = 0 and
converge to the limit cycler = 1.
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FIG. 2: (Color online) Principal axis of the diffusion matrix. Field
of (a) largest and(b) smallest eigenvectors for the diffusion matrix
corresponding to Eq. (8) together with(c) the eigenvaluesλ as a
function of r and (inset) a close-up aroundλ ∼ 0 (see text). The
largest eigenvalue is associated with the radial directionwhile the
smallest one corresponds to the angular one. Herek1 = 0.5, k2 =
0.05, α = 0.7475 ≈

˙

r2
¸

, t0 = 0, r0 = 1.01 andθ0 = 0. The
analysis was performed from107 data points extracted by integration
of Eq. (8) with integration step of∆t = 10−4.

with multidimensional systems which have associated, at least
a priori, several independent sources of stochastic fluctua-
tions, the observation time may need to be considerably large,
to sample in sufficient detail the system dynamics. Typically,
data sets should be not only large but also stationary. Though,
recently new developments to such methods were done to suit
more general situations were time series are short and non-
stationary[27].

TheN ×N matrixG cannot be uniquely determined from
the symmetric diffusion matrixD(2) for N ≥ 2, because the
number of unknown elements inG exceeds the number of
known elements inD(2) leading toN2 − 1

2N(N + 1) =
1
2N(N − 1) free parameters. However, a simple method to
obtainG from D(2) is the following. Due to its symmetry
and positive semi-definiteness the diffusion matrixD(2) has
only real, non-negative eigenvaluesλi(i = 1, . . . , N). There-
fore an orthogonal transformationU can be found that diag-
onalizesD(2), i.e. UTD(2)U = diag(λ1, . . . , λN). Taking
the positive root of the eigenvalues and transforming it back
we arrive atgij = (

√
D(2))ij where the symbolic notation

√
D(2) = Udiag(

√
λ1, . . . ,

√
λN)U

T is used for simplicity.
General forms ofG can be constructed by multiplication of√
D(2) with arbitrary orthogonal matrices. For our consider-

ations the simple version is sufficient [12].
Sinceh andG are functions of the variablesX and are

numerically determined on an1 × ... × nN mesh of points
in phase space, one can always define at each mesh point the
N eigenvalues and corresponding eigenvectors of the matrix
G(X). This analysis provides information about the stochas-
tic forcing acting on the system and was already applied to a
two-dimensional sub-critical bifurcation [15] and to the anal-
ysis of human movements [16].

In general the eigenvalues indicate the amplitude of the
stochastic force and the corresponding eigenvector indicates
the direction toward which such force acts. Even more inter-
esting features, however, can be extracted from the eigenval-
ues and eigenvectors.

To each eigenvector of the diffusion matrix we can asso-
ciate one independent source of stochastic forcingΓi. In this
scope, the eigenvectors can be regarded as defining principal
axes for stochastic dynamics. For instance, the vector field
aligned at each mesh point to the eigenvector associated to
the smallest eigenvalue of matrixG defines the paths in phase
space towards which the fluctuations are minimal. Further-
more, if the corresponding eigenvalues are very small com-
pared to all the other ones at the respective mesh points, the
corresponding stochastic forces can be neglected and the sys-
tem has onlyN−1 independent stochastic forces. In this case
the problem can be reduced in one stochastic variable by an
appropriate transformation of variables, since the eigenvectors
in one coordinate system are the same as in another one (see
Append. A).

These are the central ideas of our study which we next apply
to an analytical example, namely the Hopf-bifurcation.

III. THE HOPF-BIFURCATION SYSTEM WITH
STOCHASTIC FORCING: AN ANALYTICAL EXAMPLE

In what follows we consider the dynamical system

dr

dt
= r(1 − r2) + k1rΓ1 (8a)

dθ

dt
= α− r2 + k2Γ2 (8b)

describing the evolution of the radial and azimuthal coor-
dinates of a particle moving in two-dimensional space, with
α, k1 andk2 being constants.Γ1,2 are the stochastic forces,
which are Gaussian distributed andδ-correlated. Fork1 =
k2 = 0 the system forα > 0 has an unstable fixed point at
r = 0 and a stable limit cycle atr = 1, as sketched in Fig. 1.
Equation (8b) usesα − r2 instead of the usual1 + r2 [17] in
order to be able to avoid the systematic increase ofθ in time.
For this reason we choseα = 〈r2〉.

Introducing non-zero stochastic termsk1, k2 6= 0 for inde-
pendent stochastic forces,Γ1 andΓ2, one has diagonal dif-
fusion matrices with two eigenvalues,(k1r)2 andk22 at each
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Kramer-Moyal Coefficients for
functions

1 x x2 x3 y y2 y3 xy x2y xy2

D̃
(1)
1 −0.009 1.00 0.077 −1.01 0.820 −0.012 1.26 0.014 1.23 1.24

D̃
(1)
2 −0.034 0.761 0.133 −1.09 0.99 0.036 −1.22 0.101 −1.00 −1.21

D̃
(2)
11 0.005 −0.008 0.262 ∼ 0 0.001 0.013 ∼ 0 ∼ 0 ∼ 0 ∼ 0

D̃
(2)
12 = D̃

(2)
21 ∼ 0 −0.003 014 ∼ 0 −0.004 −0.011 ∼ 0 0.255 ∼ 0 ∼ 0

D̃
(2)
22 0.005 ∼ 0 −0.01 ∼ 0 −0.006 0.255 ∼ 0 ∼ 0 ∼ 0 ∼ 0

TABLE I: Coefficients of quadratic forms describing the surfaces in Fig. 4.
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FIG. 3: (Color online) Time series of(a) x(t) = r(t) cos θ(t) and
(b) y(t) = r(t) sin θ(t) wherer andθ are taken from the integration
of Eq. (8) for the same conditions as in Fig. 2.

point (r, θ) corresponding to the radial and angular eigendi-
rections respectively.

Since the eigenvectors do not change when changing the
coordinate system (see Append. A), “mixing” the radial and
angular coordinates by e.g. changing to Cartesian should yield
the same principal axis. We, therefore, now repeat our analy-
sis for transformed variablesx = r cos θ andy = r sin θ.

Using Itô’s formulation for the transformation from polar
to Cartesian coordinates [18], the Langevin system can be
defined through the drift and diffusion coefficients in trans-
formed coordinates,̃hi(x, y), g̃ij(x, y) (see Append. A):

h̃i = (h1/r − g222)Yi + (−1)ih2(Y1δ2i + Y2δ1i)(9a)

g̃ij =
g1j
r
(Y1δi1 + Y2δi2)− g2j(Y1δ2i + Y2δ1i) (9b)

with i, j = 1, 2 and (Y1, Y2) = (x, y). Thus, fromG in
the polar coordinate system, Eq. (9b) yieldsG̃ for which the

diffusion matrixD̃(2) = G̃G̃
T

reads

D̃(2) =

[
k22y

2 + k21x
2 −k22xy + k21xy

−k22xy + k21xy k22x
2 + k21y

2

]
. (10)

The eigenvalues and corresponding eigenvectors areλ̃1 =

k21(x
2 + y2) with ṽ1 = (x/

√
x2 + y2, y/

√
x2 + y2) and

λ̃2 = k22(x
2+y2) with ṽ2 = (−y/

√
x2 + y2, x/

√
x2 + y2).

In contrast to the eigendirections, the eigenvalues depend
on the Jacobian of our transformation, since the nonlinear
transformation from polar to Cartesian coordinates changes
the metric. According to Append. A the eigenvalues in po-
lar coordinates areλi = λ̃i/s

2
i for i = 1, 2 with s21 =

(∂x∂r )
2 + (∂y∂r )

2 = 1 and s22 = (∂x∂θ )
2 + (∂y∂θ )

2 = r2. The
eigenvalues of our system in Cartesian coordinates are shown
as solid and dashed lines in Fig. 2 and a full derivation for the
eigenvalues in different coordinate systems is given in Ap-
pend. A for the generalN -dimensional case.

Notice that, if we determine the eigenvalues in a Cartesian
system, the metric is Euclidean, i.e. the eigenvalues measured
in the same units in bothx- andy-direction directly charac-
terize the diffusion in principal directions. Nonlinear transfor-
mations of coordinates such as the one from Cartesian to polar
coordinates, however, generally change the metric. In sucha
system the direction of the maximal eigenvalue is not neces-
sarily the direction with the highest diffusion. For example, in
the Hopf-bifurcation in Eqs. (8), the maximal eigenvalue for
r < k2/k1 is in azimuthal direction, but the maximal diffusion
is still in the radial direction.

Looking tox andy asmeasuredvariables, they define our
Cartesian system and thereforeλ̃1 is our maximal eigenvalue
andλ̃2 is associated with the eigendirection showing minimal
stochastic fluctuation.

We proceed to verify this result by numerically analyzing
the time seriesx andy plotted in Fig. 3, following the pro-
cedure described in the previous section. The procedure is
as follows. First, we compute the time series according to
Eq. (8) in coordinatesr andθ. Then, we transfer this time se-
ries to Cartesian coordinatesx, y. In the new coordinates we
calculate the drift vectors̃D(1) and diffusion matrices̃D(2).
Finally, having matrices̃D(2) at each mesh point, one eas-
ily computes the eigenvalues and eigenvectors, as shown in
Fig. 2. The analytical results given by Eq. (10) are reproduced
nicely: the stochastic contribution has two eigendirections,
one in the radial direction and another in the angular one; the
larger eigenvalue is associated with the radial direction.The
deviations observed for the minimum eigenvalue occur due to
differences in the quality of statistics in different regions of
phase space (value ofr): in particular regions in phase space
at intermediate values ofr are less frequently realized in the
data series than others, resulting in a reduced accuracy of the
estimated eigenvalues in these regions.

Figures 4a-c show the components of the diffusion matrix,
namelyD̃(2)

11 , D̃(2)
12 andD̃(2)

22 as a function of bothx andy.
Notice that the diffusion matrix is symmetric (see Eq. (3)) and
thereforeD̃(2)

21 = D̃
(2)
12 . Once the coefficients are numerically

derived, one can access their functional behaviour and choose
a proper basis of functions to fit the data. In the case of Fig. 4,
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FIG. 4: (Color online) Drift and diffusion functions for thesystem in Eq. (8) for the same conditions as in Fig. 2, obtained from analysis of
the time seriesx = r cos θ andy = r sin θ. For each drift and diffusion function the bottom surface reflect the numerical results, while the
corresponding fitted surface on top is shifted upwards for clarity: (a) D̃(2)

11 (x, y), (b) D̃(2)
12 (x, y), (c) D̃(2)

22 (x, y), (d) D̃(1)
1 (x, y), (e) D̃(1)

2 (x, y).
The bar plots compare the coefficients that fit each function (dark bars) with the analytic, true ones (white bars) (see Tab. I).

the surfaces obtained numerically are fitted to a full quadratic
polynomial inx andy through a least square procedure. The
coefficients of these polynomial fits are also shown in Fig.4a-
c. The results of Fig. 4a-c comply with the analytical expres-
sion in Eq. (10). A similar analysis is done for the drift vector,
i.e. for the functionD̃(1)

1 andD̃(1)
2 , shown in Figs. 4d-e. Table

I lists the values obtained for the coefficients of the surface fits
in Fig. 4.

It is worth stressing that the aforementioned procedure can
likewise be applied to measured multi-dimensional time series
in cases where no additional information on the underlying
dynamics is available. In this case the corresponding fieldsof
eigenvectors indicate the directions with largest and smallest

stochastic contributions. Using this information, a transform
of variables to a coordinate system aligned with the direction
of the smallest stochastic contribution can be applied, which
in the present case would be the tangential direction. In the
representation of these new coordinates, the stochastic contri-
bution will then be reduced.

In the previous case, the two eigenvectors for diffusion were
introduced tangentially and perpendicularly to the limit cy-
cle. If the principal axes for the stochastic contribution are not
aligned with the trajectories of the deterministic part of the
system, one might suspect an interplay between both stochas-
tic contribution and the drift of the system.

In order to demonstrate the wider applicability of our
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FIG. 5: (Color online) Hopf-system with strong stochastic contribution along they-direction. Drift functions are(a) D̃
(1)
1 (x, y) and (b)

D̃
(1)
2 (x, y). (c) Probability density function of(x, y) shows the most visited regions in phase space. Diffusion functions are(d) D̃(2)

11 (x, y),
(e) D̃(2)

12 (x, y) = D
(2)
21 (x, y) and(f) D̃(2)

22 (x, y). Results were obtained by analyzing the time seriesx = r cos θ andy = r sin θ according to
Eq. (11) with the same upward shifting for clarity as in Fig. 4. The probability density function in (c) explains the deviations observed for the
diffusion functions (see text).

method, we next consider such a case, with the major axis
aligned withy-direction. We therefore investigate the system

dr

dt
= r(1 − r2) +K1r cos θΓ1 +K2r sin θΓ2 (11a)

dθ

dt
= (α− r2)−K1 sin θΓ1 +K2 cos θΓ2 . (11b)

In Cartesian coordinates the dynamics are described by

dx

dt
= h̃1 +K1rΓ1 (12a)

dy

dt
= h̃2 +K2rΓ2. (12b)

with

h̃1 = x(1 − (x2 + y2))− y(α− (x2 + y2))

+
x

x2 + y2
(
(K2

1 − 2K2
2)y

2 − k22x
2
)

(13a)

h̃2 = y(1− (x2 + y2))− x(α − (x2 + y2))

+
y

x2 + y2
(
(K2

2 − 2K2
1)x

2 − k21y
2
)
. (13b)

Here we choseK1 = 0.05 andK2 = 0.5. In other words,
the impact of stochastic fluctuations is large in they-direction
and small along thex-axis. Notice that the determinant of
the diffusion matrix is not preserved, since the Jacobian ofthe
transformation is not the identity matrix (see Append. A).

As already done in the previous example, we integrate sys-
tem (11) numerically and analyze the resulting data series of
x andy values. As can be seen from Fig. 5, the drift functions
h̃1 andh̃2 are properly derived (see Figs. 5a and 5b), as well
as the terms of the diffusion matrices̃D(2) (Figs. 5d-f). The
deviations observed for the smallD̃

(2)
11 at particular regions of

phase space (Fig. 5d) are due to the lack of accurate statistics
at those regions (see the PDF in Fig. 5c).

In both cases presented above the estimates of diffusion ma-
trices are in better agreement with the analytical results than
the estimates of the corresponding drift vectors. This is a
general drawback of the estimation procedure which comes
into play upon application to high quality data sets available
at high sampling frequencies [19]. Whereas the evaluation
of the limiting procedure in (2) converges for the diffusion
(k = 2), the error of the drift estimates (k = 1) diverges in
the limit τ → 0 for data sets of finite size due to the slow con-
vergence of the law of large numbers implicating small but
non-zero stochastic contributions of order

√
τ to the first con-

ditional moments,M(1)[2]. The drift estimates e.g. could be
improved by advanced estimation techniques applicable at fi-
nite time increments [9]. Since the method we aim to present,
however, is based on the properties of the diffusion matrices
only this effort is not required here.

As can be seen in Fig. 6a and 6b, the eigendirections are
properly derived as well as the two eigenvalues plotted in
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FIG. 6: (Color online) Results of the analysis of diffusion matrices plotted in Fig. 5 obtained from a system with an increased level of dynamical
noise on they component (second example). The individual panels depict(a) the vector fields of eigenvectors for the minimum and(b) the
maximum eigenvalue, normalized to the respective eigenvalues, and the dependence of the eigenvalues both both on(c) r and(d) θ.

Fig. 6c and 6d as a function ofr andθ, respectively.
With these two examples we first have illustrated that

our numerical approach succeeds in estimating the drift and
the diffusion functions contributions in a two-dimensional
stochastic system. A straightforward computation of the
eigenvectors and eigenvalues of the diffusion matrices then
enables us to ascertain a set of principal stochastic directions.
We would like to note that the method described here bears
some resemblance to the well-known principal component
analysis[20]. In contrast to principal component analysisper-
formed on the distribution of the measured data the method
we propose, however, focuses on the stochasticfluctuations
in time. The properties of these fluctuations in general are
dependent on the positionX resulting in vector fields of the
principal axes of the stochastic contributions to the dynamics
of the system of consideration. The two methods seem how-
ever related and should provide complementary insights when

applied to specific sets of empirical data. Such matters are be-
yond the scope of this paper and will be addressed elsewhere.

We also emphasize that the minimal eigenvalue of the dif-
fusion matrix not necessarily points towards the directionthe
systems as a whole can be expected to evolve to. It rather re-
flects the direction of minimal stochastic forcing only. For
prediction of the system’s evolution in general time propa-
gators need to be taken into account which involve both the
stochastic (diffusion) and the deterministic (drift) parts of the
dynamics [2]. Nevertheless, being able to ascertain the direc-
tions in phase space where fluctuations are weaker enables one
to choose a transformation such that part of the new variables
have small stochastic terms, reducing the number of variables
which are affected by stochastic forces. Further, this is also of
physical interest to see in which variables noise is acting,for
example to which variable a thermal bath is physically con-
nected, and it may be of technical interest to better detect a
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noise source, for example in an electric circuit[21].

IV. DISCUSSION AND CONCLUSIONS

In this paper we introduce the concept of eigendirections
for the stochastic dynamics in systems of arbitrary dimension.
The procedure builds on the modeling of complex systems
by means of drift an diffusion functions, that specify a sys-
tem of coupled Langevin equations. Estimates for these func-
tions can be obtained directly from measurements on the sys-
tems without prior knowledge on its dynamics following an
approach described in Ref. [1, 2].

In Langevin systems the stochastic forcing is composed
of independent Gaussianδ-correlated stochastic fluctuations.
The way how these fluctuations effect the system depends
both on the diffusion matrix and on the coordinate system cho-
sen.

Whereas in former publications much attention has been
paid to imperfections of the Langevin process, like measure-
ment noise or correlated noise and finite size sampling[22–25]
here we introduced a method which allows us to determine the
eigendirections along which each stochastic force acts. Each
direction of forcing is defined through the eigenvector and the
corresponding eigenvalue accounting for its amplitude. The
set of eigenvectors does not depend on the choice of the co-
ordinate system and is therefore characteristic for the system.
Further, for the particular case where a numberk of eigenval-
ues are negligible in comparison with the others at each mesh
point, the number of stochastic variables can be reduced. Even
in cases where the number of stochastic variables cannot be re-
duced, the eigenvector associated with the lowest eigenvalues
at each point in phase space indicates the path with minimal
stochastic forcing. In any case a transform to new coordinates
in the directions of minimum stochastic forcing can be per-
formed, increasing the relative amplitude of the deterministic
components and the predictability of the corresponding vari-
able.

The method was successfully applied to a two-dimensional
system exhibiting a Hopf-bifurcation. For the Hopf-
bifurcation the diffusion matrix is better estimated through
our analysis than the corresponding drift vector, contraryto
what is known in many other situations [2]. One note on the
dimensionality of each variable in the set of variables con-
sidered must be stressed: If, instead of two position variables,
one choses one position and one velocity or acceleration some
caution must be given to the dimensionality of the correspond-
ing Kramers-Moyal coefficients.

For each variable value, Kramers-Moyal coefficients are es-
timated from linear least square fits of the conditional mo-
ments as functions of the time increment within an interval of
time increments∆t < τmax[7]. Consequently, the errors of

both first and second Kramers-Moyal coefficients associated
to the finite-time estimation is of the order of the correlation
coefficient of that least square fit. Therefore, when computing
the eigenvalues of the diffusion matrix, there is typicallynot a
significant error propagation and consequently the same holds
for the eigenvectors. Our simulations showed that the relative
errors from finite-time estimation and from the least squarefit
are together typically between5% and10%.

Nevertheless, compared to previous methods for minimiza-
tion of stochasticity introduced in Refs. [3, 26], our approach
has the advantage of not requiring a parametrized Ansatz for
quantifying the respective stochastic contributions to the sys-
tem. Moreover, it should be applicable even in the case where
the data sets are contaminated with measurement noise [6].
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Appendix A: The diffusion matrix in an arbitrary coordinate
system

Consider a transformation of variablesX = {Xi} → X̃ =

{X̃i} with i = 1, . . . , N , which is given by a two-times con-
tinuously differentiable deterministic vector functionF

X̃ = F(X, t) . (A1)

Using Itô’s formula [12, 13], a truncated form of the Itô Taylor
expansion, the Langevin equations for the new variables take
the form

dX̃i =
∂Fi

∂t
dt+

N∑

k=1

∂Fi

∂Xk
dXk+

1

2

N∑

k=1

N∑

l=1

dXk
∂2Fi

∂Xk∂Xl
dXl + . . . . (A2)

Eq. (4) can be rewritten to

dXi = D
(1)
i (X)dt+

N∑

j=1

gij(X)Γj(t)
√
dt . (A3)

Inserting this expression into Eq. (A2), retaining all terms in the expansion up to orderdt while neglecting terms of order
(dt)3/2 or higher, and taking advantage of the statistics of the stochastic forcing, Eq. (5), one obtains for the third expression on
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the r.h.s.

1

2

N∑

k=1

N∑

l=1

(D
(1)
k dt+

N∑

j=1

gkjΓj

√
dt)

∂2Fi

∂Xk∂Xl
(D

(1)
l dt+

N∑

m=1

glmΓm

√
dt) =

1

2

N∑

k=1

N∑

l=1

N∑

j,m=1

2gkjglm
∂2Fi

∂Xk∂Xl
δjmdt (A4)

Thus, the transformed Langevin equation has the form

dX̃i =
∂Fi

∂t
dt+

N∑

k=1

∂Fi

∂Xk
(D

(1)
k dt+

N∑

j=1

gkjΓj(t)
√
dt) +

N∑

k=1

N∑

l=1

N∑

j=1

gljgkj
∂2Fi

∂Xk∂Xl
dt+O(dt)3/2 (A5)

Restricting to stationary processes (∂Fi

∂t = 0) and using the
notation

dX̃i

dt
= D̃

(1)
i (X̃) +

N∑

j=1

g̃ij(X̃)Γj(t) (A6)

the transformed drift function reads

D̃
(1)
i =

N∑

k=1


D

(1)
k

∂Fi

∂Xk
+

N∑

l=1

N∑

j=1

gljgkj
∂2Fi

∂Xk∂Xl


 .

(A7)
The components of matrixG transform as

g̃ij =

N∑

k=1

gkj
∂Fi

∂Xk
⇔ G̃ = JG , (A8)

whereJ is the Jacobian of our transformation from coordi-
natesXi (vector basisei) to X̃i (vector basis̃ei).

From elementary algebra it is known that a vectorv can be
written in both coordinate systems:

v =
∑

j

ṽj ẽj =
∑

j

ṽj
∑

k

Jjkek

=
∑

k


∑

j

Jjkṽj


 ek =

∑

k


∑

j

JT
kj ṽj


 ek

≡
∑

k

vkek. (A9)

Thus, the matrix̃U incorporating the columns of eigenvec-
torsuk of matrixG̃, with coordinates in basis̃ei, can be writ-
ten asU = JTŨ with U = [u1 u2 . . . uN ] fulfilling
U−1 = UT . Thus, from Eq. (A8) one obtains

ŨT G̃G̃T Ũ = UTGGTU. (A10)

So, the eigenvectors ofD(2) and D̃(2) are the same, apart
from the basis in which they are considered, and in the orig-
inal (Cartesian) coordinate systemX, the transformation to
principal axes is given by Eq. (A10) i.e.

UTD(2)U = diag[λ1 λ2 . . . λN ] (A11)

At regular points the transformation in Eq. (A1) can be in-
verted,

X = F−1(X̃) =: f(X̃) . (A12)

By definitionf(X̃) is chosen such that the normalized eigen-
vectors are given by

uk =
1

sk

∂f

∂X̃k

with sk =

∣∣∣∣
∂f

∂X̃k

∣∣∣∣ . (A13)

The Jacobian off(X̃) can then be written as

J̃ik(X̃) =
∂fi

∂X̃k

, (A14)

or in a more convenient form

J̃ = [u1 u2 . . . uN ] diag[s1 s2 . . . sN ] =: Us.
(A15)

FIG. 7: Interchanging between coordinate systems. Arrows indi-
cate that eigenvectors of the eigenvalues of the diffusion matrix (see
Eq. (A19)) at each point of the mesh from which drift and diffusion
coefficients are derived. Here the two-dimensional case is illustrated.
Extension to arbitrary number of variables is straightforward.

The diagonal matrixs describes the metric of the new sys-
tem. The Jacobian of the transformation in Eq. (A1) is the
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inverse relation

J = s−1UT . (A16)

Introducing this relation into Eq. (A8) yields

G̃ = JG = s−1UTG , (A17)

i.e. the transformed diffusion matrix reads

D̃(2) = G̃G̃T = s−1UTGGTUs−1 . (A18)

Inserting Eqs. (A11) and (A15) finally leads to the diagonal
matrix

D̃(2) = diag

[
λ1

s21

λ2

s22
. . .

λN

s2N

]
. (A19)

In practice, we have no access to the transformation in
Eq. (A1). Instead we have a grid (numerical) representation
in X coordinate system and search for the transformation in
Eq. (A1) is such that one of the new variables, sayX̃1, is
defined by the field of eigenvectorsu1 corresponding to the
maximal eigenvalueλ1. Then, each orthogonal direction is

consequently defined by one of the other (orthogonal) eigen-
vectorsuj with j = 1, . . . , N . Figure 7 illustrates this for the
two-dimensional case.

To obtain the coordinates of each pointP in this grid in the
new coordinates̃X one considers the transformation (A1) to-
gether with the inverted transformation (A12) and solves the
system of PDEs in (A13). The problem lies in the coupling
introduced by the factorssk and the additional complication
of finding the correct boundary conditions which turns the so-
lution of the PDEs into a complicated problem, even numeri-
cally, although in 2D thesk can be neglected as we are only
interested in finding the direction∂fi∂Xk

. In most cases, how-
ever, it should be possible to guess a suitable transform from
visual inspection of the fields of eigenvectors. From one point
to the next one in the mesh, the eigenvectors are sorted ac-
cording to continuity arguments. Further, depending on the
obtained fields of eigenvectors, a scaled polar form or hyper-
bolic coordinates may be considered, where the parameters of
said transform can then be fitted to the vector fields. Such par-
ticular cases depend on the specific data set at hand and will
be addressed elsewhere.
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(1) Overview
Introduction
When dealing with stochastic series of data measure-
ments, standard statistical tools, such as mean and cen-
tered moments, are able to catch the essential features 
of thedistribution of observed values. Last end, sufficient 
high-order moments will re trieve a good approximation 
of the probability density function (PDF) associated with 
the stochastic process. However, PDFs are not able to fully 
characterize the dynamics underlying the process. A typi-
cal example is the Gaussian distribution: if the stochastic 
variable assumes values according to a Gaussian distribu-
tion, the dynamics producing such distribution of values 
can be as simple as an Ornstein-Uhlenbeck process [25] 
but it may also be the result of a much more complicated 
dynamics, as we exemplify below. Thus, while knowing 
the distribution of observed values is important as a first 
approach to the data, uncovering the complete dynam ics 
of the process provides a much deeper insight into the 
system, which cannot be accessed through standard sta-
tistical tools.

Starting from a stochastic differential equation, a pro-
cess can be statistically re constructed through simple 
stochastic integration. The inverse problem however is 
much more complicated: would a set of measurements be 
enough for a bottom-up approach to infer the underlying 

dynamics of the process? The short answer is yes, there are 
cases where this is possible. In this paper we present the 
long answer implemented as a package for R (see [21]), 
which can be easily used, composing a method which 
we call the Langevin Approach. This approach was intro-
duced by Peinke and Friedrich in the late 1990s [5, 28]  
and further developed in the last decades. For a review see 
Friedrich et al. [6].

Stochastic equations: The Langevin model
A wide range of dynamical systems can be described by a 
stochastic differential equation, the (non-linear) Langevin 
equation (cf. [9, 25, 30]).

Consider a general stochastic trajectory X(t) in time t. 
The time derivative of the system’s trajectory dX

dt
 can be 

expressed as the sum of two complementary contributions: 
one being purely deterministic and another one being 
stochastic, governed by a stochastic “force” Γ(t), defined 
as a δ-correlated Gaussian white noise, i.e., 〈Γ(t)〉 = 0  
and 〈Γ(t)Γ(t’ )〉 = 2δ (t – t’ ). While the deterministic term 
is defined by a function, D(1)(X ) the stochastic contribu-
tion is weighted by another function, D(2)(X), yielding the 
 evolution equation of X

 
(1) (2)( ) ( ) ( ),

dX
D X D X t

dt
= + G

 
(1)
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where the square root is taken for consistency, as will be 
clear below. We assume stationary time series here, so D(1) 
and D(2) are not time dependent but we show briefly how 
non-stationary time series can be treated in Section “A 
glimpse beyond the Langevin package”.

The Langevin equation should be interpreted as follows: for 
every time t where the system meets an arbitrary but fixed 
point X in phase space, X(t + t) with small t is defined by the 
deterministic function D(1)(X) and the stochastic function

(2) ( ) ( )D X tΓ , through trivial (Euler) stochastic integration [6]:

 
(1) (2)( ) ( ) ( ) ( ) ( ),X t X t D X D X tt t t h+ = + +

 
(2)

where η(t) is a normally distributed random variable. Here 
we use the Itô picture of stochastic integrals, for further 
details see Gardiner [7].

Functions D(1)(X) and D(2)(X) are usually called drift and 
diffusion coefficients respectively and they can be as 
simple as constants or linear functions of X, as e.g., the 
Ornstein-Uhlenbeck process, as well as more complicated 
nonlinear functions, typically polynomials up to a given 
order. In particular if D(2) is explicitly depending on X, the 
case is called multiplicative noise.

In all cases, through substitution of the selected func-
tions into Equation 2 one is able to generate samples of 
series having the same statistical features and obeying the 
same dynamics.

Figure 1a shows an illustration of a time series obtained 
through integration of Equation 2 for a cubic drift D(1)(X) = 
–X3 + X, and a quadratic diffusion, D(2) (X) = X2 + 1. Notice 
that these drift and diffusion coefficients describe a non-
trivial dynamics, namely the underlying deterministic pro-
cess, i.e., D(2) ≡ 0, has two attractive fixed points at X = ±1. 
The processes tends to converge to one of two stable 
states being at the same time perturbed by a stochastic 

fluctuation (D(2) ≠ 0) which is able to push the system from 
one stable fixed point to the other. As shown in Figure 1b, 
despite this non-trivial dynamics, the PDF is a Gaussian 
distribution with zero mean and unit standard deviation, 
the same PDF as for a simple Ornstein-Uhlenbeck process 
with D(1) = –X and D(2) = 1.

This is one of many possible examples that illustrates 
the deep insight, which an evolution equation like in 
Equation 1 can provide and which is not obtained by 
looking at a density distribution, see Appendix for further 
details.

From stochastic data to the Langevin model
As explained previously, it is easy to generate data through 
the integration of a stochastic equation, such as Equation 
2. More difficult is the inverse problem, to derive func-
tions D(1) and D(2) from given data.

A condition to derive the drift and diffusion numeri-
cally is that the time-steps t of the set of X-values 
are small enough (see Honisch and Friedrich [10] for 
details). If the system is at time t in the state x = X(t) 
the drift can be calculated for small t by averaging over 
the difference, X(t + t) — X(t), of the system state at t + t  
and the state at t. Check Equation 2 above. This aver-
age is the first conditional moment of the series and it 
can be mathematically proven that its time derivative 
yields the drift coefficient. Similarly, computing the 
second conditional moment, i.e., the average squared 
differences between X(t + t) and x, yields the diffusion 
coefficient [25].

Therefore, having a series of data, one estimates the drift 
and diffusion by computing the averages of the first and 
second power of the differences between X (t + t) and x:

 ( )

( ) ( , ) ( ( ) ( )) ,
X t x

n nM x X t X tt t
=

= + -  
(3)

Figure 1: (a) Sketch of a stochastic process in time governed by a cubic drift and quadratic diffusion contributions and 
(b) its corresponding probability density function (PDF). Though the series shows a bistable dynamics (cubic drift) the 
PDF follows a Gaussian function, equivalent to an Ornstein-Uhlenbeck process (see text).
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where 〈·〉 represents the average over time t. Mathematically 
the drift and diffusion coefficients are defined as [25]

 

( ) ( )

0

1
( ) lim ( , ),

!
n nD x M x

nt
t

t®
=

 
(4)

which means that they are given by derivatives of the 
 corresponding conditional moments M(n)(x, t) with 
respect to t. In many cases, for a fixed x, the conditional 
moments depend linearly on t for the smallest range of t 
values and consequently the drift and the diffusion coef-
ficients at this state x are estimated solely by the quotient 
between the corresponding conditional moment and t in 
this range.

Figures 2a and 2b show respectively the drift and 
diffusion coefficients of the series integrated in the pre-
vious section and sketched in Figure 1. The theoretical 
expres sions of the coefficients used when generating the 
synthetic data through integration of Equation 1 are indi-
cated as red dashed lines, while the estimated values of the 
coefficients at each selected bin are plotted with bullets.

Back to the data
The Langevin Approach summarized previously is applied 
under a few conditions, though, as we discuss afterwards, 
when such conditions are not fulfilled in many cases it is 
still possible to overcome that and apply an alternative 
approach which also retrieves the dynamics underlying the 
stochastic process. For the completeness of this paper and 
for the consistency of the application of our R functions, 
we advise the user to briefly test the data. Three conditions 
should in general be tested as a preliminary checking pro-
cedure and two further conditions can afterwards be tested 
as cross-checking.

The first condition is that the data series is station-
ary. Indeed, the averages for computing the conditional 
moments have to be taken over all t = ti where X(ti) = x (see 
Equation 3). If the series is non-stationary these averages 
are in principle not meaningful.

The second condition is that the process should be 
Markovian, i.e., the present state should depend on the 
previous state solely. Mathematically it means an equiva-
lence between two-point statistics, p(X(t + t), X(t)), and any 
higher-order statistics, p(X(t + t), X(t), ..., X(t – nt)). This 
equivalence leads to the following equality between con-
ditional probabilities of finding a value of X (t + t) under 
the condition that X(t), X(t – t), ..., X(t – nt) have selected 
values:

 ( ( ) ( )) ( ( ) ( ),  ..., ( )).p X t X t p X t X t X t nt t t+ = + -  (5)

This should hold for any positive integer n. In prac-
tice, one tests the equality for three-point statistics 
(n = 1) only and assumes that if the equality holds it  
will also hold for higher-order statistics, since all  
correlations shall decrease monotonically with time.

To test if the process is Markovian one can also use 
alternatively the Wilcoxon test [32], in case one is dealing  
with single variable stochastic processes. For details see 
Renner et al. [22, Appendix A].

The third condition to be tested comes from a math-
ematical result called Pawula Theorem [25], from which  
it follows a necessary condition for Equation 1 to be 
valid: the fourth conditional moment must be con-
stant, i.e., D(4) = 0. To test that one computes its  
derivative with respect to the time-lag, the fourth 
coefficient

Figure 2: One-dimensional Langevin Approach: (a) drift coefficient, D (1)(x) = –x3 + x, and (b) diffusion coefficient,  
D(2)(x) = x2 + 1. Circles indicate the numerical results while the red dashed line indicates the theoretical coefficient, 
used when generating the synthetic data. Here 107 data points from the series illustrated in Figure 1a, were used for 
computing the averaged conditional moments.
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and checks if it vanishes, i.e., if it is small compared to the 
diffusion coefficient: D(4)(x) << (D(2)(x))2 ∀x. This coefficient 
is also useful for computing the numerical error of the dif-
fusion coefficient [19].

The tests whether conditions two and three hold ensure that 
Г(t) (see Equation 1) is δ-correlated and Gaussian distributed.

If all these conditions are fulfilled the Langevin Approach 
can be carried out and the two functions, drift coefficient 
D(1) and diffusion coefficient D(2), can be derived from the 
given data. With the derived coefficients two additional 
cross-checking tests can be done.

The first one is to check if the stochastic force in Equation 1  
fulfills the two con ditions of a δ-correlated Gaussian 
white noise. To that end, one substitutes in Equation 2 the 
derived D(1)(X) and D(2)(X) and solves it with respect to η(t):

 

(1)

(2)

( ) ( ) ( )
( ) .

( )

X t X t D X
t

D X

t t
h

t

+ - -
=

 
(7)

Taking t as the time-step of the observed time-series and 
substituting in X(t + t) and X(t) successive values of that 
series one re-obtains a series for η(t) which should be nor-
mally distributed.

The second cross-checking test is to substitute in 
Equation 2 the derived D(1)(X) and D(2)(X) coefficients, gen-
erate synthetic series and compare if its increments

 ( ) ( ) ( )t X t X ttD t= + -  (8)

have the same distribution as the original series for a fixed 
t spanning from the time-step of the original series up to 
two or more orders of magnitude larger.

Some extra care should be taken if the derived D(1)(X) 
and D(2)(X) coefficients show linear drift and quadratic 
diffusion forms as this is also the case for every Langevin 
process if the sampling interval is large compared to the 
relaxation time of the process. Riera and Anteneodo [23] 
presented a method for cross-checking in this case.

Notice that, though the fulfillment of all such conditions 
through the proposed preliminary tests and cross-checking 
tests guarantees that the Langevin Approach can be applied, 
the rejection of one or more of these tests is still no reason 
for avoiding this approach. In Section “A glimpse beyond 
the Langevin package” we will come back to this issue.

Implementation and architecture
In this section we present the implementation of the 
Langevin Approach describ ing the two available R func-
tions, Langevin1D and Langevin2D. The func-
tion Langevin1D deals with single time-series while 
Langevin2D should be used for two-dimensional cases, 
when one has two stochastic variables to be analyzed 
simultaneously.

The one-dimensional case deals with an evolution equa-
tion similar to Equation 1 and the two-dimensional case 
comprehends two stochastic variables, X1(t) and X2(t), gov-
erned by:

  

(1)
1 11 1 2 12 1 2 11 1 2

(1)
2 21 1 2 22 1 2 22 1 2

( , ) ( , ) ( )( , )
( , ) ( , ) ( )( , )

X g X X g X X tD X Xd
X g X X g X X tdt D X X

é ùé ù é ù é ùGê úê ú ê ú ê ú= +ê úê ú ê ú ê úGê úë û ë û ë ûë û  
(9)

where clearly now the drift function (1) (1) (1)
1 2( , )D D=D  is a 

two-dimensional vector and the diffusion coefficient is a 
2 × 2-matrix given by D(2) = ggT, i.e., = (2)

ij ik jkk
D g g= ∑ . Similar 

to the one-dimensional case the integration of Equation 9 
follows from a simple Euler scheme leading to:
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(10)

where η1(t) and η2(t) are two independent normally dis-
tributed random variables. In our implementation the con-
ditional moments M(n)(x, t), Equation 3, are estimated by 
dividing the state space of x in N intervals, or bins, (I1, ..., IN) 
and calculating the mean values for each interval Ii:

 
( )

( )( , ) ( ( ) ( )) .
i

n n
X t IM x X t X tt t Î= + -

 (11)

For estimating the drift and diffusion coefficients from 
the conditional moments we insert Equation 2 into 
Equation 11 and apply the conditional averages for  
n = 1, 2 leading to:

 
(1) (1)( , ) ( ) ,M x D xt t»  (12)

 
(2) (2) (1) 2( , ) 2 ( ) ( ( ) ) .M x D x D xt t t» +  (13)

Important to notice is that for M(2)(x, t), Equation 13, a 
term quadratic in D(1)(x) and t has to be considered. We 
estimate drift and diffusion coefficients from the slope of 
a weighted linear regression of Equations 12 and 13.

The implementation of the functions heavily relies on 
the C++ linear algebra library Armadillo [26] for which 
RcppArmadillo and Rcpp provide the integration with R 
[3, 4]. We choose Armadillo as it results in fast code 
especially for large data sets and has an easy readable 
syntax. The functions Langevin1D and Langevin2D 
use OpenMP [2] if available to take advantage of shared 
memory multiprocessing. Here we parallelize the evalua-
tion of the drift and diffusion coefficients for the bins as 
their evaluation is independent for each bin.

In the following subsections we present one- and two-
dimensional examples of Langevin processes and walk 
through the analysis based on the framework described in 
the previous section.

Example for analyzing one-dimensional data sets1

As an example we integrate the Langevin equation illus-
trated in Figure 1a with cubic drift and quadratic diffu-
sion, namely

 

3 2( ) ( ) ( ) 1 ( ).
dx

x t x t x t t
dt

= - + + G
 

(14)

The presented package provides the function time-
series1D to do the integration using an Euler integra-
tion scheme:
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R> library("Langevin")
R> sf <– 1000
R> set.seed(4711)
R> x <– timeseries1D(N = 1e7, d11 = 1, d13 = –1, 
+    d22 = 1, d20 = 1, sf = sf)

Extracting drift and diffusion coefficients from the gener-
ated time series is done by the function Langevin1D. 
Here two parameters that are important for the estima-
tion have to be given as arguments.

The first one is the number of bins dividing the variable 
space x in discrete bins at which drift and diffusion are 
estimated. This integer should not be so large that each 
bin does no longer include a significant number of points 
(typically ∼ 100) and also not so small that no depend-
ence of the drift and diffusion on the state variable can 
be observed.

The second parameter is the vector steps to calculate the 
conditional moments for different t values (Equation 3). 
The conditional moments will be computed for each bin 
and for each step. For each bin, a linear fit is computed 
for all steps in steps. Typically a vector of up to ten steps is 
given in samples (= t · sf).

R> bins <- 40
R> steps <- c(1:3)

R> ests <- Langevin1D(x, bins, steps)

From the resulting list ests, plots of the estimated drift 
and diffusion coefficients can be generated (see Figure 2). 
Here we use plotrix [18] to add errorbars.

R> library("plotrix")
R> attach(ests)
R> par(mfrow = c(1, 2))
R> plotCI(mean_bin, D1, uiw = eD1, xlab = "x [a.u.]",
+   ylab = expression(paste("Drift coefficient",  
+   Dˆ(1), "(x) [a.u.]")),
+  cex = 2, pch = 20)
R> lines(mean_bin, mean_bin – mean_binˆ3,  
+  col = "red", lwd = 3, lty = 2)
R> plotCI(mean_bin, D2, uiw = eD2, xlab = 
+  "x [a.u.]", ylab = expression(paste 
+  ("Diffusion coefficient", Dˆ(2), 
+  "(x) [a.u.]")),
+  cex = 2, pch = 20)
R> lines(mean_bin, mean_binˆ2 + 1, col = "red", 
+  lwd = 3, lty = 2)

We now want to walk through some of the remarks given 
in Section “Back to the data” to check if the conditions 
under which we applied the Langevin Approach are ful-
filled. We do not check if the time series is stationary and 
fulfills the Markovian properties, since here we already 
know this (as we are using synthetic data).

Therefore we concentrate on cross-checking the esti-
mated drift and diffusion coefficients. For checking if D(4)

(X) is small compared to D(2)(X) (Pawula Theorem) we use 
the function summary which also computes the ratio 
between D(4) and (D(2))2:

R> summary(ests)
Number of bins: 40
Population of the bins:

Min. : 3
Median: 32034
Mean : 250000
Max. : 1053446

Number of NA’s for D1: 7
Number of NA’s for D2: 7
Ratio between D4 and D2^2:

Min. : 0.002004
Median: 0.002102
Mean : 0.002385
Max. : 0.004487

The result shows that D(4)(X) is smaller than 0.5% of the 
squared diffusion coefficient, indicating the necessary 
condition of the Pawula Theorem holds.

As a second cross-check we compare the increments, as 
defined in Equation 8, of the original time series with the 
ones computed from the reconstructed time series based 
on the estimated drift and diffusion functions.

To this end we fit a cubic function to the estimated drift coef-
ficient and a quadratic function to the diffusion coefficient:
R> estDl <- coef(lm(D1 ~ mean_bin  
+    I(mean_binˆ2) + I(mean_binˆ3),
+    weights = 1/eDl))
R> estD2 <- coef(lm(D2 ~ mean_bin  
+    I(mean_binˆ2), weights = 1/eD2))

The resulting coefficients are used to generate a new time 
series with timeseries1D:
R> rec_x <- timeseries1D(N = 1e7, d10 =  
+    estD1[1], dll = estD1[2],
+   d12 = estD1 [3], d13 = estD1[4], d20 =  
+    estD2[1], d21 = estD2[2],
+   d22 = estD2[3], sf = sf)

We want to emphasize here that the Langevin Approach 
does not require the drift and the diffusion coefficients to 
be of any particular functional form, from the estimated 
coefficients one could directly integrate a stochastic time 
series which can be used to calculate the increments. We fit 
the estimated coefficients to polynomials only to be able 
to use the function timeseries1D for the integration.

From the original and the reconstructed time series we 
now calculate PDFs of the increments for different t and 
plot them to inspect their agreement visually:
R> plot(1,1, log = "y", type = "n", xlim = 
c(–11, 12), ylim = c(1e–17, 5),
+   xlab = expression(Delta[tau]/ 
+   sigma[Delta[tau]]), ylab = "density")

R> tau <- c(1,10,100,1000)
R> for(i in 1:4) {
+    delta <- diff(Ux, lag = tau[i])
+    rec_delta <- diff(rec_x, lag = tau[i])
+    den <- density(delta)
+    den$x <- den$x/sd(delta, na.rm = TRUE)
+    rec_den <- density(rec_delta)
+    rec_den$x <- rec_den$x/sd(rec_delta,  
+    na.rm = TRUE)
+    lines(den, lwd = 2, col = i)
+    lines(rec_den, lwd=2, lty = 2, col = i)
+ }

Figure 3 shows the output: there is indeed good agree-
ment of both increment PDFs for a wide range of t values. 
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Therefore we can assume that our estimated drift and dif-
fusion coefficients describe the process sufficiently.

Notice once again that while the PDF of the series gen-
erated by Equation 14 is the same as the one of the simple 
Ornstein-Uhlenbeck process, ( ) ( )dx

dt x t t=- +G , our Langevin 
Approach is able to uncover the correct dynamics with a 
bistable drift and a non-constant diffusion (see Appendix).

Example for analyzing two-dimensional data sets1

As a two-dimensional example we integrate the coupled 
Langevin equations in Equa tions 9 for a particular choice 
of the drift and diffusion coefficients, namely [28]

  
1

2 1( )
X

X a t
dt

= + G
 

(15a)

  
3 22

1 2 1 1 2 20.02 0.03 ( ),
X

X X X X X a t
dt

= + - - + G
 

(15b)

where a is a constant. Figure 4a shows the integrated 
trajectory (X1, X2) for a = 0, a case where no stochastic 
contribution is present, whereas in Figure 4b the same 
trajectory is plotted now with stochastic forces having a 
constant amplitude of a = 0.05.

The integration is performed by timeseries2D. Drift 
and diffusion functions are full cubic and quadratic poly-
nomials respectively and the elements aij of the matrices 
are defined by the corresponding equations for the drift 
and diffusion terms (see Equations 9 and 10):
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Estimating the drift and diffusion coefficients is done by 
Langevin2D, here the same rules for bins and steps 
apply as for the one-dimensional case.

The results shown in Figure 5 are generated by the fol-
lowing command lines (the source code for plotting the 
figure can be found in the aforementioned examples.r):
R> D1_1 <- matrix(0, nrow = 4, ncol = 4)
R> D1_1 [1, 2] <- 1
R> D1_2 <- matrix(0, nrow = 4, ncol = 4)
R> D1_2 [2, 1] <- 0.02
R> D1_2[1, 2] <- 0.03
R> D1_2[4, 1] <- –1
R> D1_2[3, 2] <- –1

R> g_11 <- matrix(0, nrow = 3, ncol = 3)
R> g_12 <- matrix(0, nrow = 3, ncol = 3)
R> g_21 <- matrix(0, nrow = 3, ncol = 3)
R> g_22 <- matrix(0, nrow = 3, ncol = 3)
R> g_11[1, 1] <- 0.0025
R> g_22[1, 1] <- 0.0025

R> set.seed(4711)
R> x <- timeseries2D(N = 1e8, 0.145, 0.0002,  
+   D1_1, D1_2, + g_11, g_12, g_21, g_22,  
+   sf = sf)
R> ests <- Langevin2D(x, bins, steps)

The numerical results can be properly fitted through 
the functions used for the integration in Equations 15, 
namely: (1)

1 2D X= , (1) 3 2
2 1 2 1 1 20.02 0.03D X X X X X= + - - ,  

(2) (2) 2
11 22 0.05D D= =  and (2) (2)

12 21 0D D= = . Notice that the 
large deviations in the boundaries are due to the finite 
length of the time series and thus the lower population in 
the boundary bins resulting in a poorer estimation of the 
drift and the diffusion.

A glimpse beyond the Langevin package
The two examples exposed above show cases where all 
conditions are fulfilled. When analyzing real empirical 
data sets this is often not the case: one or more of the 

Figure 3: PDFs of the increments for t =1, t =10, t = 100 and t = 1000  time lags (from top to bottom). Solid lines show 
the results for the original time series, broken lines the result for the reconstructed time series.
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conditions under which the Langevin Approach is applied 
are not met. Still, in the last years we developed different 
alternatives and extensions to this approach to overcome 
specific situations in stochastic data analysis. In this sec-
tion we briefly describe these alternatives and extensions.

One first problem that researchers face is the non-sta-
tionary character often appearing in real data. Here, one 
of two approaches may be possible. One is to ascertain if 
for “shorter” time-windows of the data series stationarity 
may be assumed. In case the data set can be decomposed 

Figure 4: (a) Trajectory (X1(t), X2(t)) from Equations 15 with a = 0 and (b) the same trajectory integrating the same equa-
tions with non-zero stochastic terms (a = 0.05). For plotting 106 resp. 105 data points where used.

Figure 5: Drift coefficient of (a) the X1 component, (1)
1D , and (b) the X2 component, D(1)

2 , together with all diffusion 
 coefficients, namely (c) (2)

11D , (d) (2)
22D , (e) (2) (2)

12 21D D= . See Equation 9. Estimated with added noise, i.e., a = 0.05 in 
Equation 15.
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in a series of time-windows which may overlap, each one 
having more or less constant statistical moments of the 
observable, the Langevin approach can be applied sepa-
rately to each one of them, yielding a set of drift and dif-
fusion coefficients, one for each time-window. In the end 
one extracts one drift and one diffusion coefficient, both 
functions of the observable and also of time.

Another possibility to handle non-stationary data sets 
is to check if they can be conditioned to other observ-
ables. In that case, considering the periods of the data 
sets associated to a particular value of the conditioning 
observable may be itself stationary. This is the case of the 
stochastic series measured of wind turbines [20, 31]. The 
power output of one wind turbine or the loads applied 
to it by the wind field are two observables whose meas-
urement series are by themselves non-stationary. The 
wind velocity is the observable driving those properties 
and it is also non-stationary. However, we have shown 
that both wind power production [31] and instantane-
ous loads [20] can be analyzed through the Langevin 
Approach if we conditioned both the drift and the dif-
fusion coefficients to each particular admissible value of 
the wind speed.

Another problem researchers often face are situations 
where the correlation function of the process is not fully 
resolved, i.e. the sampling rate of the data is too low. When 
this is the case, the correlation length is overestimated 
leading to wrong estimation of the time scale associated 
with the drift [12]. Kleinhans and Friedrich [12], Lade [14] 
and Honisch and Friedrich [10] developed optimization 
methods to still resolve drift and diffusion coefficients 
properly for cases where data is poorly sampled. These 
optimizations are computationally demanding, particu-
larly when no functional form of the drift and diffusion 
coefficients is known a priori. 

The second condition listed above is the Markov prop-
erty. When the series of mea surements fails to fulfill the 
Markov tests described above, it cannot be reconstructed 
through stochastic Euler integration since the next state 
cannot be estimated from the present state alone (see 
Equation 2). This happens, for instance, when a Markov 
process is spoiled by additional additive noise when 
a measurement is taken (see [13]). While the process 
alone, X(t), is Markovian, the actual measurement, which 
retrieves X(t) + Y(t), does not fulfill the Markov property. 
In such cases the limits computed for the coefficients D(1) 
and D(2) diverge (see Equation 4): when t → 0 the con-
ditional moment for the measured values (numerator) 
does not vanish. Still, it is frequently possible to obtain 
the correct drift and diffusion coefficients for the Markov 
process X(t) through simple changes of their estimates [1, 
16, 17, 27]. In cases of correlated noise where ( ) 0tG =  
holds the drift coefficient D(1)(X) can still be reconstructed 
correctly.

A third problem that may appear during preliminary 
tests of empirical data is the non-vanishing fourth coef-
ficient D(4). As stated above in Section “Back to the data”, 
according to Pawula Theorem [25] the fourth condi-
tional moment must be independent of the time-lag t. 
If not, one cannot assume that the stochastic process is 

governed by a Langevin equation, Equation 1. However, 
in such cases, although no evolution equation can be 
extracted and therefore the estimated functions D(1) and 
D(2) have not the meaning of drift and diffusion contribu-
tions, one can still use both to provide valuable insight 
about the system being analyzed. One example is the 
work of Rinn et al. [24] on in-situ analysis of the elas-
tic features of a mechanical beam structure for realistic 
excitations with correlated noise as it appears in real-
world situations. They could show that the slope of the 
drift coefficient D(1) is a sensitive indicator of the dam-
age and compared to frequency based approaches, like 
power spectra, which estimate changes of the eigenfre-
quency of the structure, it is even more sensitive to small 
damages.

Finally, it is also important to stress that, while the 
functions of the presented package were prepared for 
analyzing data series as processes in time, the Langevin 
Approach can be adapted for analyzing processes in scale. 
In fact, when the process is not Markovian in time, violat-
ing Equation 5, there is the possibility that it is Markovian 
in “scale”. What does this mean? It means that the incre-
ments Δτ introduced above follow a Markovian process 
in t i.e., in time-lags but are instationary. Such analysis in 
scale is able to reproduce e.g., turbulence energy cascades 
[5, 29] or ocean rogue waves [8].

More details on all these extensions and alternatives 
to the Langevin Approach can be found in Friedrich 
et al. [6].

Discussion and conclusions
In this paper we present an R package for stochastic 
data analysis that is able to extract the stochastic evolu-
tion equations of physical properties from sets of their 
measurements.

The introduced functions serve as a framework to ana-
lyze one- and two-dimensional time series. They provide 
estimation of drift and diffusion coefficients describ-
ing the deterministic and the stochastic part of the ana-
lyzed process respectively. Inte grating Langevin processes 
numerically enables one for cross-checking the obtained 
result and for generation of synthetic data sets.

Through illustrative examples we have shown that the 
Langevin evolution equation is able to uncover complex 
dynamics, even in cases when the associated statistics is 
identical to many other stochastic processes.

The presented package can be straightforwardly applied 
by R-users and it implies only a few preliminary tests to 
ascertain if all conditions on which the Langevin Approach 
is built are fulfilled. In case they are not, we briefly explain 
how to overcome them with simple extensions to the 
method that were already successfully applied in several 
applications [6].

Still, additional improvements of the presented func-
tions are possible. For instance, instead of using the 
common average bin value when performing the bin-
ning of the data, one can incorporate a kernel-based 
regression of such values [15] or a maximum likelihood 
framework [11] for estimating the drift and diffusion 
functions.
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Appendix: Different stochastic dynamics, same 
stationary distribution
In this appendix we show that a large family of two-point 
statistical distributions, each one univocaly defining one 
Langevin equation, Equation 1, corresponds to a one-
point statistics given by the standard normal distribution
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i.e., a Gaussian distribution with zero mean and unit variance.
To that end, we start with one important remark con-

cerning the evolution equation of one stochastic vari-
able X, Equation 1: this equation is related to an another 
evolution equation, namely the one of the probability 
density function (PDF) of X, so-called Fokker-Planck 
Equation [25]:

 

2
(1) (2)

2

( )
( ) ( ) ( ).

P X
D X D X P X

t X X

æ ö¶ ¶ ¶ ÷ç ÷= - +ç ÷ç ÷ç¶ ¶ ¶è ø  
(17)

The stationary solution ( 0)P
t

¶
¶ =  of the one-dimension 

Fokker-Planck is given by Risken [25]:
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For the simple Ornstein-Uhlenbeck process, governed by 
Equation 1 with D(1) = — x and D(2) = 1, the stationary PDF 
reduces to P0 in Equation 16.

One could, however, consider a much more complex 
dynamics such as the one exemplified in this paper, with a 
bistable (cubic) drift coefficient and a non-constant diffu-
sion, depending quadratically on the stochastic variable X:

  
(1) ( ) ( )( ),D X aX b X b X= - +  

(19a)

 (2) 2( ) .D X c dX= +
 

(19b)

Here, D(1) has two stable fixed points at ±b, with a maxi-
mum amplitude between them proportional to a, while 
D(2) has a minimum value c and a broadness propor tional 
to 1/d.

Substituting the cubic drift and the quadratic diffu-
sion, given in Equations 19, into the stationary solu-
tion, Equation 18, and integrating, yields the stationary 
solution:
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(20)

As one sees, the solution in Equation 20 has, in gen-
eral, not only a Gaussian part, like Ornstein-Uhlenbeck 
processes, but also a polynomial part with an exponent 

depending on all parameters of D(1) and D(2). However, if the 
exponent is exactly zero,
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the polynomial part vanishes and the stationary solution 
reduces to the Gaus sian distribution. In the example used 
in Section “Example for analyzing one dimensional data 
sets” with a = b = c = d = 1, this is the case (see Figures 1 
and 2 and Equation 14).

In general, the one-point statistic in the stationary 
regime given by Equation 18 yields Gaussian distribu-
tions even in more complex dynamics than the one here 
chosen. One only needs to have a drift coefficient given 
by one polynomial of odd degree n > 0 and simultane-
ously have a diffusion coefficient given by a polynomial 
of degree n – 1. In that case, whatever general expression 
both coefficients have, it is always possible to find a com-
bination of their parameter values for which the quotient 
D(1)/D(2) in the stationary solution reduces to a linear func-
tion in x yielding the PDF of a Gaussian distribution. The 
two-point statistic, P (X(t)|X(t – τ)), however is able to dis-
tinguish between sets of (D(1), D(2)) yielding the same one- 
point statistic.

The ambiguity of one-point statistics in characterizing 
the dynamics of stochas tic processes in general, motivates 
the Langevin Approach implemented in our R package. 
Our approach has the advantage of being parameter free: 
since it com putes numerically D(1) and D(2) without any 
given Ansatz, it can easily distinguish between higher-
order drift and diffusion coefficients.

Quality control
All functions of the presented package have been tested 
against analytically solvable problems. Both example sec-
tions of this paper show how those tests where carried out 
in principle.

(2)Availability
Operating system
Any system capable of running R ≥ 3.0.2.

Programming language
R ≥ 3.0.2.

Dependencies
R ≥ 3.0.2, Rcpp ≥ 0.11.0 and RcppArmadillo ≥ 0.4.600.0.

List of contributors
1. Philip Rinn (Developer)
2. Pedro G. Lind (Contributed to timeseries2D)
3. David Bastine (Contributed to timeseries1D)

Software location
Archive

Name: CRAN
Persistent identifier: https://cran.r-project.org/web/

packages/Langevin/
Licence: GPL-2+
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Publisher: Philip Rinn 
Version published: 1.1.1 
Date published: 03/11/2015 

Code repository
Name: GitLab, C.v.O. University of Oldenburg
Persistent identifier: https://gitlab.uni-oldenburg.de/

TWiSt/Langevin 
Licence: GPL-2+
Date published: 11/03/2016

Language
English.

(3) Reuse potential
The Langevin package serves as a basis for the analysis of 
a wide range of dynamic systems, therefor it is applica-
ble for a wide range of scientific fields. We already out-
lined where the Langevin Approach was already used in 
the section “A glimpse beyond the Langevin package” and 
believe that this provides a good basis for po tential users 
to judge if the presented package might be suitable for 
there research. The authors welcome interested develop-
ers to contribute code by mail or as a pull request in the 
code repository.

Notes
 1 The source code of these examples is availiable at  

https://gitlab.uni-oldenburg.de/TWiSt/Langevin/
blob/master/examples.r
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Abstract We present a hybrid GPU-CPU implemen-
tation of an accurate Discrete Element Model for a sys-

tem of ellipsoids. The ellipsoids have three translational
degrees of freedom, their rotational motion being de-
scribed through quaternions and the contact interaction

between two ellipsoids is described by a force which ac-
counts for the elastic and dissipative interactions. Fur-
ther we combine the exact derivation of contact points
between ellipsoids with the advantages of the GPU-

NVIDIA parallelization strategy [1]. This novelty makes
the analytical algorithm computationally feasible when
dealing with several thousands of particles. As a bench-

mark, we simulate a granular gas of frictionless ellip-
soids identifying a classical homogeneous cooling state
for ellipsoids. For low dissipative systems, the behavior

of the granular temperature indicates that the cooling
dynamics is governed by the elongation of the ellipsoids
and the restitution coefficient. Our outcomes complies
with the statistical mechanical laws and the results are

in agreement with previous findings for hard ellipsoids
[2,3]. Additionally, new insight is provided namely sug-
gesting that the mean field description of the cooling

dynamics of elongated particles is conditioned by the
existence of energy equipartition.

Keywords DEM · GPU · Homogeneous Cooling State

S.M. Rubio-Largo · D. Maza · R. C. Hidalgo
Department of Physics and Applied Mathematics,
University of Navarra, Pamplona, Spain.

P. G. Lind
ForWind and TWiSt, University Carl Von Ossietzky,
Oldenburg, Germany.

1 Introduction

Computer simulations are a realistic way of mathemat-

ically modeling the nature of many systems in physics
and engineering. Numerical algorithms often reduce the
original problem in a system of differential equations

that can not be solved analytically [4]. Implementing
these algorithms has a computational time-cost that
for many complex problems is not feasible. Therefore,

in recent years several parallelization strategies have
been developed [1,5,6].

On one hand, Message Passing Interface (MPI) are
applications that get parallelism by coordinating many

processes, which are mapped to different nodes. MPI
provides a language-specific syntax allowing the pro-
cess to synchronize and communicate[5]. Although MPI
can produce good benchmarks, there are huge differ-

ences between serial an parallel implementation of the
same algorithm, due to one has to deal explicitly with
the message passing. A more immediate option is Open

Multi-Processing (OpenMP), which is an Application
Program Interface (API) consisting in a set of compiler
directives, libraries and environment variables that no-

tably improve the run-time benchmarks[6].

In the last years, Graphics Processing Units (GPUs)
have experienced a huge increase in number of cores
and flip-flop rate to improve the rendering of more re-

alistic video games. Moreover, GPUs are also becoming
a powerful tool in many scientific projects because of its
high computing throughput and memory bandwidth[7].

In this way, general-purpose computation on graphics
hardware (GPGPU) [1,8,9] has become a promising al-
ternative for parallel computing on clusters or super-
computers.

One important field in physics where parallel com-
puting and efficient algorithms are required, due to its
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2 S.M. Rubio-Largo et al.

computational demands, is granular matter. Discrete
element modeling (DEM) is widely accepted as an ef-
fective method in addressing physical and engineering
problems concerning dense granular media [10]. Using

DEM, particle shapes have been numerically identi-
fied from digitized images[11], represented either by su-
perquadrics [12], polygons [13–15], ellipsoids [16–22],

spheropolygons or spheropolyhedra [23] or by clumps
of disks or spheres[24]. Moreover, advanced models that
consider contact geometry and particle geometry have

been developed by combining DEM with finite element
formulations [25].

Nevertheless, the main disadvantages of DEM algo-

rithms are the maximum number of particles and the
computing time of the simulation. It is well accepted,
that to compute accurately the inter-particle interac-

tion is by far the most time consuming part of the
computations. This is enhanced when dealing with non-
spherical particles like ellipsoids, whose mathematically
rigorous treatment is notably non-trivial [26,27].

In the past, exact methods of contact detection for
ellipsoids based on algebraic conditions have been pro-

posed [26,27]. However, those procedures generally in-
volve the solution of characteristic polynomial equa-
tions, which made them infeasible for most applica-
tions, where thousands of particles are modeled. Thus,

to achieve fast execution time, a number of approxi-
mated contact detection algorithms have been devel-
oped [16–19,22]. For instance, intersection strategies

[16], curvature simplifications [17] and geometric po-
tential algorithms, have been introduced [19]. In gen-
eral, those approximations have captured interlocking,
the resistance to rolling; and have reproduced realistic

statistics of orientation and stress transmission.

In the present work, we present a step forward in

the development of such algorithms. Namely, we intro-
duce an analytical description of an arbitrary number
of polydisperse ellipsoids, which is computationally fea-
sible, fast and accurate. Given the algebraic complexity

of the interaction problem and its computational cost,
we have taken advantage of the GPU-NVIDIA archi-
tecture [1] as a parallelization strategy. To validate the

accuracy of the hybrid CPU-GPU algorithm, we have
examined the free cooling process of a granular gas of
friction-less ellipsoids, comparing our results with pre-

vious works, where other methodologies are used.

The paper is organized as follows: in Sec. 3 we de-
scribe the specific DEM, reviewing the algebraic con-

ditions, which are later involved explaining the contact
detection procedure. In Sec. 3 the implementation on
GPU architecture is detailed. The homogeneous cool-
ing state of a system of non-friction ellipsoids (Sec. 4) is

then used to validate our GPU implementation, namely

Fig. 1 Sketch of an ellipsoid, defined by the semi-axis lengths
a, b and c, the center of mass (x0, y0, z0) and q = [q0, q1, q2, q3]
is its quaternion (see text).

showing several situations where our implementation

reproduces previous results in the literature. At the end,
the conclusions and outlooks are presented in sec. 5.

2 Model

2.1 Relative position between two ellipsoids

An ellipsoid is a geometric object enclosed in a quadratic
surface. The algebraic description of an ellipsoid cen-

tered at the origin and aligned with the axes in the
three-dimensional Euclidean space is given by:

x2

a2
+
y2

b2
+
z2

c2
= 1 (1)

where the positive numbers a, b and c are the lengths
of the three semi-axis, as it is shown in Fig. 1. For
convenience, we then introduce a scale factor W such

that a = a0W, b = b0W and c = c0W, which reduces
Eq. (1) to

x2

a20
+
y2

b20
+
z2

c20
=W2 (2)

Therefore, we embed the three-dimensional Euclidean
space in a four-dimensional space, rewriting Eq. (2) in

the form

XSXT = 0 (3)

where X = (x, y, z, 1) and

S =




1
a20

0 0 0

0 1
b20

0 0

0 0 1
c20

0

0 0 0 −W2


 (4)
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More generally, an arbitrarily oriented ellipsoid cen-
tered at (x0, y0, z0) (see Fig. 1) is defined by a quadratic
expression with the form of

α0x
2 + α1y

2 +α2z
2 + α3xy + α4xz + α5yz

+α6x+ α7y + α8z + α9 = 0 (5)

where αi are constants that are determined from the
matrix representation of a general ellipsoid, namely

XAXT = 0 (6)

with

A = TRSRTTT (7)

where T and R are the translational and rotational ma-
trices, respectively. The more general form in Eq. (6)
considers the ellipsoid in homogeneous coordinates.

The translational matrix is defined by

T =




1 0 0 0
0 1 0 0
0 0 1 0

−x0 −y0 −z0 1


 (8)

and defines the translation of the center of mass from
the origin to the point (x0, y0, z0).

For the rotational matrix, instead of the common

definition through trigonometric functions of the Euler
angles, we use quaternions[28]. The quaternion formal-
ism characterizes each ellipsoid by a four-dimensional

vector q = [q0, q1, q2, q3]. In such way that the rota-
tional matrix reads

R =




1− q22 − 2q23 2q1q2 − 2q0q3 2q1q3 + 2q0q2 0
2q1q2 + 2q0q3 1− 2q21 − 2q23 2q2q3 − 2q0q1 0

2q1q3 − 2q0q2 2q2q3 + 2q0q1 1− 2q21 − 2q22 0
0 0 0 1


 .

We have followed the formulation of Ref. [26,27],
when examining the relative position of two neighboring
ellipsoids. It is summarized next (see Fig.2).

Let us consider the characteristic equation of two

ellipsoids, fulfilling XAXT = 0 and XBXT = 0, which
establishes the following eigenvalue problem:

| λA+B |= 0, (9)

with λ being the eigenvalue that solves Eq. (9).

Useful properties of Eq. (9) are the following ones:

P1 The characteristic equation Eq. (9) always has at
least two negative roots.

P2 The two ellipsoids are separated by a plane if and
only if the characteristic equation Eq. (9) has two
distinct positive roots.

Since the characteristic equation in Eq. (9) is a poly-
nomial equation of degree four, we analyze the nature
of the roots of a general quartic equation with real co-

efficients

ax4 + bx3 + cx2 + dx+ e = 0, (10)

which is determined by the sign of the discriminant for
the quartic equation, given by

∆ = 256a3e3 − 192a2bde2 − 128a2c2e2

+ 144a2cd2e− 27a2d4 + 144ab2ce2

− 6ab2d2e− 80abc2de+ 18abcd3

+ 16ac4e− 4ac3d2 − 27b4e2 + 18b3cde

− 4b3d3 − 4b2c3e+ b2c2d2.

(11)

Namely, when∆ < 0 the characteristic equation (Eq. (9)
has two complex conjugate roots and two real roots,
whereas when ∆ > 0 one may get four real roots or

two pairs of complex conjugate roots. To distinguish be-
tween the two last cases with∆ > 0, we inspect the aux-
iliary quantity for the quartic solution P = 8ac−3b2. If

P < 0 (and∆ > 0) all roots are real, otherwise there are
two different pairs of complex conjugate roots. There-
fore, we conclude that two ellipsoids are disjoint if their
characteristic equation has four real roots, two real pos-

itive and two real negative roots, and this can be easily
detected by evaluating ∆ and P solely. If ∆ > 0 and
P < 0 the ellipsoids are disjoint, otherwise they are

colliding.
According to Ref. [27], when two ellipsoids A and B

are disjoint, the four eigenvectors of −A−1B form the

vertices of a tetrahedron that is self-polar to both ellip-
soids, see Fig. 2. Furthermore, they also proved that two
eigenvectors, V0 and V1 are located outside of both ellip-
soids while V2 and V3 are inside B and A, respectively.

Thus, having the four spatial positions Vi, the separat-
ing plane is well defined by the three (non-collinear)
points, V0, V1 and the middle point between V2 and V3,

C = (V2 + V3)/2.

2.2 Equations of motion

In DEM, each particle i (i = 1...N) has three trans-
lational degrees of freedom and their rotational move-
ments are described by the quaternion formalism [29–
31]. The translational motion of the particles is gov-

erned by the Newton’s Second Law of motion:
Nc∑

j=1

Fij = mr̈i, (12)

with (i = 1, ..., N) for the translation degrees of free-

dom. Complementary, Euler equations describe the ro-
tational motion,
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Fig. 2 Tetrahedron built with the eigenvectors [V0, V1, V2, V3]
of −A−1B.

Nc∑

j=1

τxij = Mx
i = Ixx ω̇

x
ij − (Iyy − Izz) ωyi ωzi

Nc∑

j=1

τyij = My
i = Iyy ω̇

y
ij − (Izz − Ixx) ωzi ω

x
i

Nc∑

j=1

τzij = Mz
i = Izz ω̇

z
ij − (Ixx − Iyy) ωxi ω

y
i

(13)

with Nc the number of contacts of particle i, Ixx, Iyy,
Izz the eigenvalues of the moment of inertia tensor Iij ,
which are given by Ixx = 1

5m(b2+c2), Iyy = 1
5m(a2+c2)

and Izz = 1
5m(a2 + b2), respectively. For sake of sim-

plicity, we consider prolate ellipsoids with a = c, then
Ixx=Izz. Fij is the force exerted by particle j on par-
ticle i and τij accounts for its corresponding torque.

For frictionless ellipsoids there is not net torque acting
on the y angular direction

∑Nc
j=1 τ

y
ij = 0. Moreover, for

Ixx = Izz and ωyi (0) = 0 there is not momentum inter-

change between the angular degrees of freedom, result-
ing ω̇yij = 0. Hence, in that conditions the rotational

movement of our particles are reduced to:

Nc∑

j=1

τxij = Mx
i = Ixx ω̇

x
ij ,

Nc∑

j=1

τzij = Mz
i = Izz ω̇

z
ij ,

(14)

We have implemented a Verlet-Velocity numerical
algorithm to integrate the 3D translational equations
of motion (see Eqs. (12)). Nevertheless, the numerical

implementation of the rotational degree of freedom de-
serves a better description. The set of Eq. (14) are the
first of two steps to simulate the evolution of the par-

ticles’ angular velocity ω, in the body frame. A second
step is necessary to solve the orientation, needed for
modeling frictional particles.

The rotational equations of motion are represented
using quaternions. The unit quaternion q = (q0, q1, q2, q3)
with q2 = 1 characterizes the particle orientation and
each quaternion variable satisfies the equation of mo-

tion [29]

q̇ =
1

2
Q(q)ω (15)

with

q̇ =




q̇0
q̇1
q̇2
q̇3


 , Q(q) =




q0 −q1 −q2 −q3
q1 q0 −q3 q2
q2 q3 q0 −q1
q3 −q2 q1 q0


 , ω =




0
ωx
ωy
ωz


 .

Equations (13) and (15) are solved together using a
Fincham’s leap-frog algorithm[32]. This algorithm con-
siders the Taylor expansion of q(t+dt) up to third order

q(t+ dt) = q(t) + dt q̇(t) +
dt2

2
q̈(t) +O(dt3) (16)

and since

q
(
t+

dt

2

)
= q(t) + q̇(t)

dt

2
(17)

one gets

q(t+ dt) = q(t) + dt q̇
(
t+

dt

2

)
+O(dt3). (18)

Here, the quaternion derivative at the mid-step, q̇(t +
dt/2), is required and for that q(t + dt/2) and ω(t +

dt/2) are required. The former can be easily calculated
using Eq. (18) where q̇(t) is obtained from Eq. (15) after
computing ω(t) from Eqs. (13) as

ωx(t) = ωx

(
t− dt

2

)
+

(
Mx

Ixx

)
dt

2

ωz(t) = ωz

(
t− dt

2

)
+

(
Mz

Izz

)
dt

2
.

(19)
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Fig. 3 Flowchart of our DEM algorithm. All the code runs on the CPU until the control is given to the GPU. The overlapped
boxes represent different threads running in parallel. For further details about how to determine the relative position between
ellipsoids and the analytical calculation of the contact distance and contact plane see Fig. 4.

In the same way ω
(
t+ dt

2

)
is determined as

ωx

(
t+

dt

2

)
= ωx

(
t− dt

2

)
+

(
Mx

Ixx

)
dt,

ωz

(
t+

dt

2

)
= ωz

(
t− dt

2

)
+

(
Mz

Izz

)
dt.

(20)

To avoid buildup errors the quaternions q(t) are renor-

malized every time step.

3 DEM implementation of ellipsoids on GPUs

A hybrid CPU-GPU discrete element method have been
implemented to compute analytically the local interac-

tion between an arbitrary number of ellipsoids. As most
of the GPGPU software some pieces of code run on the
CPU and others run on the GPU. Figure 2.2 represents

the algorithm we have developed. In this section, we
will describe the implementation in details.

3.1 Overview of the CPU-GPU algorithm

As any other CUDA-software, the program begins with

the initialization of the driver API, just to be able to
call the functions from the API. Then, the necessary
memory is allocated in both CPU and GPU, and the

configuration parameters of the system are loaded. All
this starting process runs on the CPU as pointed out in
the first step of the flowchart of Figure 2.2. The follow-

ing step is the copy of all the particles data from the
CPU-initialized variables to the GPU allocated mem-
ory. The transfer of data might be a bottleneck of the
code in terms of efficiency because it is done through

the single PCI Express bus that connects both pieces
of hardware.

Once the configuration is set up, the DEM algorithm

runs in a temporal for-loop iterator. As we pointed in
the previous section, a Velocity Verlet integrator algo-
rithm is used to solve the translational equations of mo-

tion [33]. This method is divided into two steps, one at
the beginning and one at the end of the loop iteration.
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Fig. 4 Flowchart of the contact detection and execution for a given pair of neighboring ellipsoids. This routine runs entirely
on GPU.

Both steps of the Verlet integrator are functions that
run in parallel on the GPU device. In both cases, we

take advantage of the powerful library of parallel algo-
rithms and data structures, Thrust [34]. The procedure
starts on the CPU, and consist in building tuples of

acceleration, velocity, and position based on the parti-
cle identifier. Then a thrust-device iterator routine is
launched and the control goes to the GPU. The main
advantage of using Thrust library is that the number

of threads (very basic element of data to be processed)
and blocks (group of threads) is optimized depending
on the number of tuples, and it is set up in time of exe-

cution. When the control goes to the GPU, in parallel,
each thread gets a unique tuple and using the accelera-
tion computes the corresponding velocity and position.

Next we execute the collision detection method by
using a neighbor list. This method consist in finding all
the pairs of ellipsoids in a certain neighborhood, and

that are susceptible of being in contact during a partic-
ular time-step. The collision detection is implemented
using a link cell method [35] while building a list of
neighbors with a given frequency. Once the collision is

detected, the forces and torques exerted on each particle
are calculated. The aim is to determine the total force
and torque acting on each ellipsoid. Both subroutines,

collision detection and execution, are implemented as
traditional kernels.

3.2 Analytical deduction of the interaction force
between ellipsoids

In DEM of soft particles a local inelastic deformation

is assumed; thus, the interaction force between grains
depends on their overlap distance. In Fig. 4 we present
the flowchart of the contact detection implementation.

As we have already mentioned, the collision detection
has been optimized by using a link cell algorithm and
a list of contacts.

First, we get a pair of neighboring ellipsoids and

build their interaction matrix representation Eq. (6).
After that, we compute the coefficients of their char-
acteristic equation, Eq. (10) and the discriminant ∆.
When the discriminant ∆ is positive the ellipsoids are

disjoint, and so, there is no need to compute any inter-
action force. Contrary, if the discriminant is negative,
the ellipsoids overlap and the contact force and torque

are calculated.

As novelty, we have analytically determined a com-
mon contact plane n by thoroughly tuning the scale
parameterW, defined in Eqs. (2) and (4). Thus, we pro-

ceed reducing the spatial scale W and shrinking both
ellipsoids until they do not overlap anymore, i.e. when
the discriminant ∆(W) = λA(W) + B(W) changes its
sign atWo (see Fig.5). Remarkably, this part of the our

algorithm is quite efficient because it is not necessary to
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Fig. 5 Determining the contact point. The fuzzy ellipsoids
A and B are the original colliding ones. The solid ones As

and Bs are the shrinked disjoint ellipsoids. The [V0, V1, V2, V3]
tetrahedron is also shown. Contact point is C and [x1, x2] is
the overlap distance.

build both matrices, while determining ∆(W) for each
value of W. Additionally, we have properly factorized
the discriminant equation in terms of the parameterW
and, as a results, several coefficients are computed just
once. Henceforth, we will refer to the shrinked ellipsoids
as A(Wo) = As and B(Wo) = Bs.

As a second step, we analytically compute the eigen-
vectors Vi of −A−1s Bs. As we pointed out above, the
four eigenvectors Vi define the contact plane and the
contact point C = (V2 + V3)/2. Then, the normal vec-

tor of the contact plane is deduced by the cross product
of V0 −C and V1 −C resulting,

n =
(V0 −C)× (V1 −C)

|(V0 −C)× (V1 −C)| (21)

To find the overlap distance δ, we analytically derive
the intersection points x1 and x2 between the straight

line defined by V2 and V3 with the surface of the original
ellipsoids A and B. Thus, δ accounts for the length of
the segment [x1 x2].

Finally, the interaction force, Fij , and torque τ ij ,

between two contacting particles read as:

FNij = −kNδn− γNvNreln (22)

τ ij = lij × FNij (23)

where kN is the spring constant in the normal direc-
tion, γN is the damping coefficient in the normal direc-

tion and vNrel is the normal relative velocity between
ellipsoids i and ellipsoid j. Vector lij represents the

branch vector related with the contact point. For sake
of simplicity, here we consider frictionless ellipsoids, and
therefore we do not have any component acting on the
tangential direction t.

4 Benchmark: Homogeneous Cooling of

frictionless Ellipsoids

To validate our DEM algorithm on GPU architecture,
we have implemented a benchmark that consists of a
granular gas of ellipsoidal particles without friction.

Hence, we have explored the cooling dynamics of a gran-
ular gas of frictionless particles. In particular, we exam-
ined the evolution of the rotational and translational

temperature that are known to depend accordingly on
specific laws on the geometrical and elastic properties of
the ellipsoids. As we describe in this section, our data

outcomes corroborate the ones presented by Villemot
and co-workers in Ref. [3].

Initially, the ellipsoids are homogeneously distributed
in the space following a simple cubic structure. Their
initial translational and rotational velocities follow a

Gaussian distribution. To minimize finite size effects,
periodic boundary conditions are imposed. Moreover,
to remove the sensitivity to initial conditions the sys-

tem is allowed to execute several hundreds of collisions
without dissipation, before starting to analyze the sys-
tem temporal evolution.

We model hard particles, where the maximum over-

lap must always be much smaller than the particle size.
This have been ensured by introducing values for nor-
mal elastic constant, kn = 1× 108 N/m.

Moreover, we use an equivalent normal dissipation
parameter for the coefficient of normal restitution en
fulfilling γn =

√
4knm12

1+( π
ln en

)2 , which can be derived for

spherical particles [36]. Hence, we estimate the contact

time as tc = π
√

m12

kn
, and use accordingly a time-step of

∆t < tc
50 . To validate the algorithm, systems of particles

with different coefficient of normal restitution have been
studied, namely en = 0.90, 0.95, 0.98.

In all the simulations reported here, we have a fixed
number of N = 4096 particles, which are confined in

a square box of size L = 2m (see Fig. 6a). Systems
of ellipsoids with different elongations (ξ ∈ [1.15, 3]),
keeping a constant volume fraction η = 0.058 have been

examined (see Fig. 6).

4.1 Homogeneous cooling state

A granular gas is a diluted set of macroscopic grains
which loose their energy due to their inelastic collisions.
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Fig. 6 (a) represents an HCS of 3D prolate ellipsoids with
ξ = a/b = 2.82 and a volume fraction of η = 0.058 with
coefficient of normal restitution of en = 0.95. Plots (b),(c) and
(d) show the HCS of ellipsoids of different kind of elongations
of ξ = 1.15, ξ = 2 and ξ = 3 respectively, keeping the same
packing fraction.

When a granular gas evolves freely, at early stages, the
dissipative nature of the collisions leads to a homoge-

neous cooling state (HCS). In this regime, the density
and velocity fields are approximately uniform and all
the time dependencies are practically controlled by the

granular temperature. Analogously to the kinetic the-
ory of gases the granular temperature can be defined
from equating the kinetic energy T ≡ 1

2mv
2.

In the past, the HCS has been described for fric-
tional [37–40], and non-frictional spheres [41,42], need-
less [43], ellipsoids [3] and non-uniform particles [44,
45]. Moreover, in the last years important experimen-

tal efforts have been made examining the macroscopic
behavior of granular gases [46–49].

In our simulation, we consider a granular gas of N

identical ellipsoids of revolution with mass m inside a
closed volume V , with a global volume fraction ρ =
Nm/V . The semi-axis a and b can be expressed in terms

of the semi-axis b and the elongation ξ = a/b, with
a > b. The volume of each ellipsoid is defined as V (ξ) =
4
3πab

2 = 4
3πξb

3. The eccentricity of the ellipsoid is ζ2 =

1− 1
ξ2 . The moment of inertia is given by Ixx = Izz =

1
5m(a2 + b2).

We can define a granular temperature for our gas
of ellipsoids using the translational and rotational en-
ergies, reading as,

Ttr =
2

3N
Etr =

2

3N

N∑

i=1

1

2
mv2i , (24a)

Trot =
1

3N
Erot =

1

N

N∑

i=1

1

2
Iω2

i , (24b)
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Fig. 7 Translational temperatures and Ttr/Trot as function
of the time for different elongations ξ (from 2 to 3) and with
a coefficient of normal restitution of en = 0.95.

where we include three translational and only two ro-
tational degrees of freedom because the ellipsoids are
frictionless. Following theses definitions Eq. (24), when
full equipartition applies, Ttr/Trot = 1.

The total granular temperature of the gas of ellip-
soids can also be defined as a weighted average of Ttr
and Trot by the respective degrees of freedom

Ttot =
3

5
Ttr +

2

5
Trot (25)

Hence, when equipartition applies, Ttr = Trot = Ttot
and a single granular temperature can be examined.

In the simple case of a gas composed by spherical
particles, the energy lost can be described by a constant

restitution coefficient en. In this case, it has been de-
duced that the evolution of the granular temperature
T (t) obeys Haff’s Law[50,51],

T (t)

T (0)
=

1

(1 + αΓ0t)2
=

1

(1 + τ)2
, (26)

where Γ0 is the equilibrium Enskog collision rate at the
initial granular temperature T (0) = Etr

N [50,51]. The
coefficient α is defined as a function of both the number
D of degrees of freedom and the effective coefficient of

normal restitution en, namely α =
1−e2n
2D .

Back in the nighties , the transport properties of the

hard ellipsoids fluid were examined [2]. Based on these
results, and with the same spirit of Ref.[3] the collision
rate per particle Γ0, of 3D elliptical macroscopic bodies

can be defined as,

Γ0 = 4
(πT (0)

m

)1/2
ρgcSc〈D〉c, (27)

where the term 〈D〉c measures the average energy trans-
fer between rotational and translational degrees of free-
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Fig. 8 Asymptotic value of Ttr/Trot as a function of the elon-
gation, for different coefficients of normal restitution.

dom over collisions and 4πSc accounts for the aver-
age exclusion surface in contact. Moreover, gc(e) is the

isotropically averaged contact value of the pair distri-
bution proposed by Song and Mason [52]. There, e =
R(ξ)S(ξ)/(3V (ξ)) is the nonsphericity parameter and

S(ξ) and R(ξ) define the surface area and mean radius
of the convex body, which reads as,

S(ξ) = 2πb2
(

1 + ξ
arcsin ζ

ζ

)
, (28a)

R(ξ) =
a

2

[
1 +

1

2ζξ
log

(
1 + ζ

1− ζ

)]
. (28b)

Villemot and co-workers [2,3] compute analytically the
quantity 〈D〉c, for an homogeneous ellipsoid depending

on its elongation ξ. Moreover, using an event-driven al-
gorithm, a HCS of ellipsoids was identified. Their find-
ings indicates that the cooling dynamics of a gas of
ellipsoids in HCS can be also described by the mean

field scheme of Eq.(26).

In the next section, we proceed exploring the kinet-

ics evolution of a granular gas of ellipsoids, using DEM
and comparing with the mean field approximation.

4.2 Numerical Results

In Fig. 7 we represent the evolution of the translational

Ttr and rotational Trot kinetic energies for gases of ellip-
soids with different elongations. In all cases the kinetic
energy is monotonically decreasing, which suggests the
establishment of a homogeneous cooling process for el-

lipsoids similar to the traditional homogeneous cooling
state of spheres. Hence, after a short transient, the de-
cay is algebraic t−2 in agreement with the asymptotic

analytic prediction of Haff’s law. Complementary, in
Fig. 8, the asymptotic value of Ttr/Trot varying the

elongation and the coefficient of normal restitution is
represented. Note that the coupling between degrees
of freedom in a gas of ellipsoids is determined by the
particle elongation ξ. As it was also found in Ref.[3],

for short ellipsoids the translational degrees of freedom
cool down faster than the rotational ones. For longer el-
lipsoids, however, the energy equipartition is satisfied,

Ttr = Trot. Hence, we two different ranges are identi-
fied. For weakly elongated ellipsoids, ξ < 2, the rota-
tional kinetic energy is slightly greater than the trans-

lational one, and for ξ > 2 the translational and rota-
tional kinetic energy equally evolves in time. Further-
more, for short ellipsoids ξ < 2 the rotational degrees
of freedom seem to serve as an energy reservoir. In this

regime, the energy interchange between the rotational
and translational degrees of freedom is notably affected,
and full energy equipartition is not satisfied (see Fig.7).

Although this behavior is very non-trivial, it is still intu-
itive that after crossing the ξc = 2, from above, a single
collision of two particles may favor the translational to
rotational energy transfer. Note that in collisions where

the contact point is close to the center of mass of one of
the particles, its translational energy diminishes, while
its rotational degree of freedom is less affected. As par-

ticles get shorter, central collisions are more and more
frequent, which may unbalance the energy interchange
process.

To compare the obtained cooling dynamics with the

analytic expression Eq. (26) one needs to introduce a

proper collision rate Γ0(ξ) and the value of α =
1−e2n
2D ,

in which D is interpreted as the number of degrees of

freedom among which energy is transfered [3]. In Fig. 9,
we illustrate the comparison of our numerical outcomes
for the evolution of the translational temperature Ttr(t)

vs the collisional time (τ = αΓ0(ξ)t) with the analyt-
ical expression Eq. (26). For each case, the value of
Γ0 has been analytically deduced from Eq. (27), using

Eqs. (28a) and (28b), as well as the eccentricity ξ of the
ellipsoids. Moreover, for 〈D〉c(ξ) the analytical values
of Ref. [3] were used. The numerical data corresponds
to particles with an effective restitution coefficients of

en = 0.90, 0.95 and 0.98, and results for several par-
ticle shapes ξ are shown. In each case, the solid line
represents the theoretical prediction of Eq. (26) using

α =
1−e2n
2D and setting D = 5, that corresponds with

three translational and two rotational degrees of free-
dom, respectively [3]. This nice scaling of the curve and

the remarkable agreement with the analytic prediction
validates the performance of the numerical algorithm.
However, the agreement is slightly lost as we approach

to the limit ξ = 1 (spheres), as well as when the dissipa-
tion is enhanced. This correlates with the fact that long
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Fig. 9 Kinetic translational energy as a function of the col-
lisional time τ = αΓ0(ξ)t obtained for different elongations
(cases where Ttr/Trot ≈ 1, and several restitution coefficient.
In all cases the solid line represents the analytic prediction of
Eq. 26, using as collision rate Γ0(ξ) Eq.27

ellipsoids ξ > 2 exhibit nearly perfect equipartition, and
short ellipsoids equipartition is lacking Ttr/Trot 6= 1.

As we pointed out earlier, performing even driven
simulations a homogeneous cooling state in a gas of

hard ellipsoids was earlier identified [3]. Thus, in Ref.[3]
the cooling dynamics was also compared with Haff’s
law Eq.(26), but examining the total kinetic energy
Ttot(t) defined in Eq. (25). In Fig.10, we illustrate the

kinetic evolution of the total temperature Ttot defined
by Eq. (25), for system with ξ < 2 i.e., where no-
equipartition is found. The time scale has also been

rescaled τ = αΓ0(ξ)t, using the analytical values of
Γ0(ξ) and the total initial temperature Ttot(0). It is
noticeable that Eq. (25) seems to predict the cooling

dynamics during the homogeneous state in terms of
Ttot(t), where equipartition is lacking Ttr/Trot 6= 1. Al-
though our outcomes are in good agreement with [3],
they also indicates that the naive mean field descrip-

tion of the cooling dynamics by Eq.(26) is conditioned
to the existence of energy equipartition.
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Fig. 10 Total energy as a function of the collisional time
τ = αΓ0t obtained for different elongations (cases where
Ttr/Trot 6= 1, and several restitution coefficient. In all cases
the solid line represents the analytic prediction Eq. 26, of us-
ing the collision rate introduced using the collision rate Γ0(ξ)
proposed in Ref. [3]

Finally, we have also examined the velocity statis-

tics during the cooling process. Originally, the veloc-
ity distribution of the particles follows a Gaussian dis-
tribution then due to the low dissipation the system
cools down uniformly. Consequently, the particle veloc-

ity distribution is practically governed by a single scale
corresponding to the mean translational temperature
Ttr(t), and one can identify a dynamic scaling regime

where the scaled velocity distribution P (c) = P ( vi
vms

)
becomes stationary (see Fig. 11). The scaled velocity
distributions on the x direction are illustrated at sev-

eral times. The mean-square speed vms has been used as
scaled parameter. In all cases, the velocity distributions

remain close to a Gaussian P (c) = 1
σc
√
2π
e
− c2

2σ2c featur-

ing the expected homogeneous cooling state. Regardless

of the particle anisotropy (data not shown), the scaled
velocity distribution remains close to a Gaussian.

5 Conclusion

We have presented a novel CPU-GPU implementation
of an accurate DEM algorithm for a system of ellipsoids.
We have implemented on GPU architecture, an analyt-

ical collision detection method and a novel method to
compute the overlap distance and normal plane of con-
tact for two colliding generalized ellipsoids. Although,

sequentially, this is a really time-consuming procedure,
we have taken advantage of the GPU multi-cores archi-
tecture.

The accuracy of the algorithm has been validated by

simulating a granular gas of prolate ellipsoids with low
dissipation. We have found an uniform regime, where
both the translational and rotational kinetic energy ho-

mogeneously decrease, suggesting the establishment of
a homogeneous cooling process. Our findings for the col-
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Fig. 11 Normalized translational velocity distribution at dif-
ferent times for a system of 4096 frictionless ellipsoids. Results
at different times are presented. The dashed lines corresponds
to a Gaussian Fit.

lision frequency, depending on the particle eccentricity,
have been validated comparing with kinetic theory for

a gas of ellipsoids [3] However, the results indicate that
the mean field treatment of the cooling dynamics of
elongated particles is conditioned by the existence of en-
ergy equipartition. Although the results presented here

are focused on frictional-less ellipsoids, it is important
to remark that the implementation of rough generalized
ellipsoids is straightforward. The latter will allow us to

investigate more complex processes, in granular gases of
rough particles with high dissipation, where clustering
and significant translation-rotation correlations are ex-
pected [39,49]. Finally, following our findings, a detailed

comparative analysis between our present framework
and other parallelization strategies is now demanding.
Up to authors knowledge no other analytical implemen-

tations were done that address large scales similar to
the ones addressed in this paper. For comparing differ-
ent performances the development of a complete new

algorithm, using MPI or OPENMP, is necessary. This
point to be addressed elsewhere.
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51. N. V. Brilliantov, T. Pöschel, Kinetic Theory of Gran-
ular Gases, Oxford University Press, 2004.

52. Y. Song, E. A. Mason, Equation of state for a fluid of
hard convex bodies in any number of dimensions, Phys.
Rev. A 41 (1990) 3121–3124.

123



124



Chapter 6

Estimation of long-range correlations in
complex networks from local properties

• Reference:
Cycles and clustering in bipartite networks,
P.G.Lind, M.C.González, H.J.Herrmann,
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We investigate the clustering coefficient in bipartite networks where cycles of size three are absent and there-
fore the standard definition of clustering coefficient cannot be used. Instead, we use another coefficient given
by the fraction of cycles with size four, showing that both coefficients yield the same clustering properties. The
new coefficient is computed for two networks of sexual contacts, one bipartite and another where no distinc-
tion between the nodes is made (monopartite). In both cases the clustering coefficient is similar. Furthermore,
combining both clustering coefficients we deduce an expression for estimating cycles of larger size, which im-
proves previous estimations and is suitable for either monopartite and multipartite networks, and discuss the
applicability of such analytical estimations.
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I. INTRODUCTION

One important statistical tool to access the structure of com-
plex networks arising in many systems [1, 2] is the clustering
coefficient, introduced by Watts and Strogatz [3] to measure
“the cliquishness of a typical neighborhood” in the network
and given by the average fraction of neighbors which are in-
terconnected with each other. This quantity has been used for
instance to characterize small-world networks [3], to under-
stand synchronization in scale-free networks of oscillators [4]
and to characterize chemical reactions [5] and networks of so-
cial relationships [6, 7]. One pair of linked neighbors corre-
sponds to a ‘triangle’, i.e. a cycle of three connections.

While triangles may be abundant in networks of identi-
cal nodes they cannot be formed in bipartite networks [6–
8], where two types of nodes exist and connections link only
nodes of different type. Thus, the standard clustering coef-
ficient is always zero. However, different bipartite networks
have in general different cliquishnesses and clustering abil-
ities [7], stemming for another coefficient which uncovers
these topological differences among bipartite networks. Bi-
partite networks arise naturally in e.g. social networks [8, 9]
where the relationships (connections) depend on the gender of
each person (node), and there are situations, such as in sexual
contact networks [10], where one is interested in comparing
clustering properties between monopartite (identical nodes)
and bipartite (two types of nodes) compositions.

In this paper, we study the cliquishness of either monopar-
tite and bipartite networks, using both the standard clustering
coefficient and an additional coefficient which gives the frac-
tion of squares, i.e. cycles composed by four connections. As
shown below, such a coefficient retains the fundamental prop-
erties usually ascribed to the standard clustering coefficient in
regular, small-world and scale-free networks. As a specific
application, two examples of networks of sexual contacts will
be studied and compared, one being monopartite and another
bipartite.

Furthermore, we will show that one can take triangles and
squares as the basic units of larger cycles in any network,

monopartite or multipartite. The frequency and distribution
of larger cycles in networks have revealed its importance in
recent research for instance to characterize local ordering in
complex networks from which one is able to give insight
on their hierarchical structure [11], to determine equilibrium
properties of specific network models [12], to estimate the er-
godicity of scale-free networks [13], to detect phase transi-
tions in the topology of bosonic networks [14] and to help
characterizing the Internet structure [15]. Since the compu-
tation of all cycles in arbitrarily large networks is unfeasible,
one uses approximate numerical algorithms [13, 16, 17] or
statistical estimations [18, 19]. Here, we go a step further
and deduce an expression to estimate the number of cycles
of larger size, using both clustering coefficients, which not
only improves recent estimations [19] done for monopartite
networks, but at the same time can be applied to bipartite net-
works and multipartite networks of higher order.

We start in Section II by introducing the expression which
characterizes the cliquishness of bipartite networks, compar-
ing it with the usual clustering coefficient. In Section III we
use both coefficients to estimate cycles of larger size and show
how it is applied to bipartite networks, while in Section IV we
apply both coefficients to real networks of sexual contacts.
Conclusions are given in Section V.

II. TWO COMPLEMENTARY CLUSTERING
COEFFICIENTS

The standard definition of clustering coefficient C3 is the
fraction between the number of triangles observed in one net-
work out from the total number of possible triangles which
may appear. For a node i with a number ki of neighbors the
total number of possible triangles is just the number of pairs
of neighbors given by ki(ki − 1)/2. Thus, the clustering co-
efficient C3(i) for node i is

C3(i) =
2ti

ki(ki − 1)
. (1)
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FIG. 1: Illustration of the neighborhood of a central node (◦) com-
pose by its first neighbors (•) and its second neighbors (�), i.e. the
neighbors of its neighbors. First and second neighbors are used to
compute the complementary clustering coefficient C4 (see text).

where ti is the number of triangles observed, i.e. the number
of connections among the ki neighbors. As in other studies,
here and throughout the manuscript multiple connections be-
tween the same pair of nodes are not allowed.

Similarly to C3(i), a cluster coefficient C4(i) with squares
is the quotient between the number of squares and the total
number of possible squares. For a given node i, the number of
observed squares is given by the number of common neigh-
bors among its neighbors, while the total number of possible
squares is given by the sum over each pair of neighbors of the
product between their degrees, after subtracting the common
node i and an additional one if they are connected. Explicitly,
for a given node i the contribution of a pair of neighbors, say
m and n, to C4(i) reads

C4,mn(i) =
qimn

(km − ηimn)(kn − ηimn) + qimn
, (2)

where qimn is the number of common neighbors between m
and n (not counting i) and ηimn = 1 + qimn + θmn with
θmn = 1 if neighbors m and n are connected with each other
and 0 otherwise. The numerator in Eq. (2) gives the number of
squares containing nodes i, m and n, while the denominator
counts the total possible number of squares containing these
three nodes.

To illustrate the definition giving in Eq. (2), we show in
Fig. 1 a simple sketch of a node (◦) neighborhood composed
by its first and second neighbors (• and � respectively), Con-
sidering the neighbors 2 and 3, one has q123 = 2 squares con-
taining nodes 1, 2 and 3 and there are k2 = 5 and k3 = 5
neighbors of nodes 2 and 3 respectively. Since nodes 2 and 3
are not connected with each other θ23 = 0, yielding η123 = 3
and a denominator in Eq. (2) which equals 6 possible squares:
two squares which are observed and other four squares cor-
responding to the possible combinations of all pairs of non-
common neighbors. For neighbors 6 and 7 a similar calcu-
lation can be done, this time with θ67 = 1 since the neigh-
bors are connected with each other. The clustering coefficient
C4(i) is easily obtained from Eq. (2) just by summing the nu-
merator and denominator separately over the neighbors of i.

While C3(i) gives the probability that two neighbors of
node i are connected with each other, C4(i) is the probability
that two neighbors of node i share a common neighbor (differ-
ent from i). Averaging C3(i) and C4(i) over the nodes yields
two complementary clustering coefficients, 〈C3〉 and 〈C4〉,
characterizing the contribution for the network cliquishness
of the first and second neighbors respectively. For simplicity
we write henceforth C3 and C4 for the averages of C3(i) and
C4(i) respectively.

An important point to stress concerns the denominators in
the definitions of both clustering coefficients. The possible
number of triangles in Eq. (1) does not take into account
the topology of the neighborhood, in particular the number
of second neighbors. Instead, the standard way [3] to com-
pute C3, given by Eq. (1), is to assume that all possible trian-
gles are observed when the neighbors are fully interconnected.
Consequently, possible degree-correlation biases may appear.
The same occurs for the definition of C4. Recently [20] an-
other expression for C3 was proposed with the aim to filtered
out these degree-correlation biases by taking into account the
minimum number of neighbors of each pair of nodes consid-
ered. A similar approach could be done for C4, substituting
the denominator in Eq. (2) by a suitable function of the min-
imum number of neighbors of n and m. However, here we
consider C4 as defined above, since it is our purpose to estab-
lish a parallel between C4 and the the standard definition of
C3, which itself does not take into account either the correla-
tion removal proposed in Ref. [20].

Figure 2 shows both clustering coefficients C3 and C4 in
several topologies. In all cases C3 and C4 are plotted as
dashed and solid lines respectively, and are averages over sam-
ples of 100 realizations. As an example of regular networks,
we use networks with boundary conditions where each node
has n neighbors symmetrically disposed, i.e. when placed in
a chain, each node has an even number of neighbors, half of
them placed on one side and the other half placed on the other
side. In particular, for n = 2 one obtains a chain of nodes con-
nected to its nearest neighbors. For these regular networks,
Fig. 2a shows the dependence of the clustering coefficients on
the fraction n/N of neighbors, with N = 103 the total number
of nodes. As one sees C4 < C3 and for either small or large
fractions of neighbors both coefficients increase abruptly with
n. In the middle region C3 is almost constant, while C4 de-
creases slightly. Our simulations have shown that in regular
networks the coefficients depend only on n/N , i.e. for any
size of the regular network, similar plots are obtained.

Figure 2b shows the coefficients for small-world networks
with N = 103 nodes, constructed from a regular network
with n = 4 neighbors symmetrically disposed. The coeffi-
cients are computed as functions of the probability p to rewire
short-range connections into long-range connections and they
are normalized as usual [3] to the clustering coefficients C0

3,4

of the underlying regular network. As one sees, C4 yields
approximately the same spectrum as the standard clustering
coefficient C3 being therefore able to define the same range
of p for which small-world effects are observed. While here
the small-world networks were constructed with rewiring of
short-range connections into long-range ones, the same fea-
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FIG. 2: Comparisons between the standard clustering coefficient
C3 in Eq. (1) (dashed line) and the clustering coefficient C4 in
Eq. (2) (solid line) for different network topologies: (a) in one regu-
lar network with n neighbors symmetrically placed (N = 103), (b)
in small-world networks where long-range connections occur with
probability p (N = 103 and n = 4) and (c) in random scale-free net-
works where the distribution of the clustering coefficients is plotted
as a function of the number k of neighbors (N = 105 and m = 2).
In all cases samples of 102 networks were used. The distributions
C3(k) and C4(k) are also plotted for (d) Apollonian networks [21]
with N = 9844 nodes (•) and pseudo-fractal networks [23] with
N = 9843 nodes (◦).

tures are observed when using the construction procedure in-
troduced in Ref. [24] where instead of rewiring one uses ad-
dition of long-range connections.

To construct scale-free networks, we use the standard pro-
cedure of Albert and Barabási with growing and preferen-
tial attachment proportional to number of neighbors (see

e.g. Ref. [2] for details). For such scale-free networks, which
we call henceforth random scale-free networks, we plot in
Fig. 2c the distribution of both coefficients as functions of the
number k of neighbors, using networks with N = 105 nodes
and by given initially m = 2 connections to each node. Here,
one observes that C4(k) is almost constant as k increases, re-
producing the same known feature as the standard C3(k) apart
a scaling factor: C4(k)/C3(k) is approximately constant for
any k. In Fig. 2d we plot the clustering distributions for two
different deterministic scale-free networks recently studied,
namely Apollonian networks [21], represented with bullets •,
and pseudo-fractal networks [23], represented with circles ◦.
In both cases, the same power-law behavior already known for
C3(k) ∼ k−α in these hierarchical networks is also observed
for the coefficient C4(k) with the same value of the exponent
α.

All networks in Fig. 2 are monopartite, i.e. no distinction
between nodes is made, to aim the straightforward compar-
ison between both clustering coefficients, C3 and C4. Of
course that, in the case that bipartite counterparts are consid-
ered, the standard clustering coefficient C3 vanishes, and only
C4 is suitable to measure the clustering between nodes.

In short, the results shown in Fig. 2 give evidence that C4

is also a suitable coefficient to characterize the topological
features in several complex networks commonly done with
the standard clustering coefficient C3. Furthermore, since C4

counts squares instead of triangles, it is particularly suited for
bipartite networks. Next, we will use this coefficient to com-
pare different models for networks of sexual contacts, where
both monopartite and bipartite networks arise naturally.

III. ESTIMATING THE NUMBER OF LARGE CYCLES
WITH SQUARES AND TRIANGLES

Recent studies have attracted attention to the cycle structure
of complex networks, since the presence of cycles has impor-
tant effects for example on information propagation through
the network [25] and on epidemic spreading behavior [26]. In
order to avoid numerical algorithms for counting the number
of cycles with arbitrary size which implies long computation
times, an estimate of the fraction of cycles with different sizes
was proposed [19], using the degree distribution P (k) and the
standard cluster coefficient distribution C3(k). However, this
estimation yields a lower bound for the total number of cycles
and cannot be applied to bipartite networks, as shown below.
The aim of this Section is twofold. First, to show that by using
both C3 and C4 one is able to improve that estimation, being
suitable at the same time to either monopartite and bipartite
networks. Second, to explicitly show some limitations of the
estimations below and discuss their applicability.

The estimation in Ref. [19] considers the set of cycles with
a central node, i.e. cycles with one node connected to all other
nodes composing the cycle. Figure 3a illustrates one of such
cycles, where the central node and each pair of its consecutive
neighbors forms a triangle, in a total amount of four adjacent
triangles. In such set of cycles, to estimate the number of
cycles with size s one looks to the central node of each cy-
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cle which has a number, say k, of neighbors. The number of
different possible cycles to occur is n0(s, k) =

(
k

s−1

) (s−1)!
2 ,

since one has
(

k
s−1

)
different groups of s nodes and in each

one of these groups there are (s − 1)!/2 different ways in or-
dering the s nodes into a cycle. The fraction of n0(s, k) of cy-
cles which is expected to occur is p0(s, k) = C3(k)

s−2, since
the probability of having one edge between two consecutive
neighbors is C3(k) and one must have s − 2 edges between
the s− 1 neighbors. Therefore, the number of cycles of size s
is estimated as

Ns = Ngs

kmax∑

k=s−1

P (k)n0(s, k)p0(s, k), (3)

where P (k) is the degree distribution and gs is a factor which
takes into account the number of repeated cycles. This ge-
ometrical factor can be computed for each particular case of
s-cycles but the estimations can be carry out without the ex-
plicit computation of the factor [19].

The estimation in Eq. (3) is a lower bound for the total num-
ber of cycles since it considers only cycles with a central node.
For instance, in Fig. 3b while cycles of size s = 4 can be esti-
mated with Eq. (3), the cycle s = 6 cannot since it has no cen-
tral node, and in Fig. 3c the above equation cannot estimate
any cycle of any size. In fact, Fig. 3c illustrates the type of
cycles appearing in bipartite networks, where no triangles are
observed. For such cycles C3(k) = 0 and therefore all terms
in Eq. (3) vanish yielding a wrong estimation of the number
of cycles.

To take into account cycles without central nodes (Figs. 3b
and 3c), one must consider the clustering coefficient C4(k)
defined in Eq. (2). One first considers the set of cycles
of size s with one node (◦) connected to all the others ex-
cept one, as illustrated in Fig. 3b. In this case, since there
are s − 2 nodes connected to node ◦ one has n1(s, k) =(

k
s−2

)
(s − 2)!/2 different possible cycles of size s, with k

the number of neighbors of node ◦. The fraction of the
n1(s, k) cycles which is expected to be observed is given by

(a) (b) (c)

FIG. 3: Illustrative examples of cycles (size s = 6) where the most
connected node (◦) is connected to (a) all the other nodes composing
the cycle, forming four adjacent triangles. In (b) the most connected
node is connected to all other nodes except one, forming two trian-
gles and one sub-cycle of size s = 4, while in (c) the same cycle
s = 6 encloses two sub-cycles of size s = 4 and no triangles (see
text).

p1(s, k) = C3(k)
s−4C4(k)(1−C3(k)), since the probability

of having s− 4 connections among the s− 2 connected nodes
is C3(k)

s−4, the probability that a pair of neighbors of node
◦ has to share a common neighbor (different from node ◦) is
C4(k) and the probability that these same pair of neighbors
have to be not connected is (1− C3(k)). Writing an equation
similar to Eq. (3), where instead of n0(s, k) and p0(s, k) one
has n1(s, k) and p1(s, k) respectively and the sum starts at
s− 2 instead of s− 1, one has an additional number N ′

s of es-
timated cycles which are not considered in estimation (3). No-
tice that, since for N ′

s one considers at least one sub-cycle of
size s = 4, this additional estimation contributes only for the
estimation of cycles with size s ≥ 4. We call henceforth sub-
cycle, a cycle which is enclosed in a larger cycle and which
do not enclose itself any shorter cycle.

Still, the new estimation Ns + N ′
s is not suitable for bi-

partite networks, since it yields nonzero estimation only for
s = 4. To improve the estimation further one must con-
sider not only cycles composed by one single sub-cycle of
size s = 4, as done in the previous paragraph, but also cy-
cles with any number of sub-cycles of size s = 4. Figure
3c illustrates a cycle of size s = 6 composed by two sub-
cycles of size 4. In general, following the same approach
as previously, for cycles composed by q sub-cycles of size
4 one finds nq(s, k) = (s−q−1)!

2

(
k

s−q−1

)
possible cycles of

size s looking from a node with k neighbors and a fraction
pq(s, k) = C3(k)

s−2q−2C4(k)
q(1 − C3(k))

q of them which
are expected to be observed. For q = 0 one considers cycles
as the one illustrated in Fig. 3a, while for q = 1 and q = 2 one
considers the set of cycles with one and two sub-cycles with
size 4, as illustrated in Figs. 3b and 3c respectively. Summing
up over k and q yields our final expression

Ns = Ngs

[s/2]−1∑

q=0

kmax∑

k=s−q−1

P (k)nq(s, k)pq(s, k). (4)

where [x] denotes the integer part of x. In particular, the first
term (q = 0) is the sum in Eq. (3). The upper limit [s/2]−1 of
the first sum results from the fact that the exponent of C3(k) in
pq(s, k) must be non-negative: s−2q−2 ≥ 0. The estimation
in Eq. (4) not only improves the estimated number computed
from Eq. (3), but also enables the estimation of cycles up to a
larger maximal size. In fact, since in the binomial coefficient(

k
s−1

)
of Eq. (3) one must have s − 1 ≤ k ≤ kmax, one

only estimates cycles of size up to kmax + 1, while in Eq. (4)
the maximal size is 2kmax, as can be concluded using both
conditions s − 2q − 2 ≥ 0 and s − q − 1 ≤ kmax.

Figure 4 compares two cases treated in Ref. [19], both with
a degree distribution P (k) = P0k

−γ and coefficient distribu-

tions C3(k) = C
(0)
3 k−α, using one value of α < 1 (Fig. 4a)

and another one α > 1 (Fig. 4b). Dashed lines indicate the
estimation done with Eq. (3), while solid lines indicate the es-
timation done with Eq. (4). In both cases, the latter estimation
is larger. For α < 1 the difference between both estimations
decreases with the size s of the cycle. For α > 1 the differ-
ence between the estimations increases with s beyond a size
s∗ . kmax. Clearly, from Fig. 4b one sees that kmax + 1 is
the larger cycle size for which Eq. (3) can give an estimation,
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FIG. 5: (a) The exact number of cycles as a function of the size
for the pseudo-fractal network [23] compared with (b) Ns/Ngs of
the analytical estimations in Eqs. (3), dashed lines, and (4), solid
lines. From small to large curves one has pseudo-fractal networks
with m = 2, 3, 4, 5 generations (see text).

while for Eq. (4) the estimation proceeds up to 2kmax (par-
tially shown). In both cases, the typical size for which Ns at-
tains a maximum is numerically the same for both estimations,
as expected. Moreover, for α > 1 (Fig. 4b), beyond a size of
the order of kmax, Ns/(Ngs) in Eq. (4) decreases exponen-
tially with s, and not as a cutoff as observed for Eq. (3). In
fact, the deviation of Eq. (3) from the exponential tail, is due
to the fact that for very large cycle sizes (s ∼ kmax) Eq. (3)
can only consider very few terms in its sum.

Another advantage of the estimation in Eq. (4) is that it esti-
mates cycles in bipartite networks. For bipartite network there
are no connections between the neighbors, i.e. all subgraphs
are similar to the one illustrated in Fig. 3c. Therefore all terms
in Eq. (4) vanish except those for which the exponent of C3(k)
is zero, i.e. for s = 2(q +1). Consequently, since q is an inte-

ger, Eq. (4) shows clearly that in bipartite networks there are
only cycles of even size, as already known [8]. Moreover, sub-
stituting q = (s − 2)/2 in Eq. (4) yields a simple expression
for the number of cycles in bipartite networks, namely

N Bipart
s = Ngs

kmax∑

k=s/2

P (k)
(s/2)!

2

(
k

s/2

)
C4(k)

s/2−1. (5)

A simple example to illustrate the validity of Eq. (4) is the
fully connected network, where each node is connected to ev-
eryone else. In this case the number of cycles with size s is
given by Ns =

(
N
s

) (s−1)!
2 . The factor (s − 1)! counts for

the arrangements between s − 1 nodes in each combination
of s nodes, while the division by two is due to the undirected
links. To compute Ns from Eq. (4) one has for the particular
case of fully connected network, P (k) = C3(k) = C4(k) =
δk−N+1, kmax = N − 1 and gs = 1/s. Consequently the
only nonzero term in the first sum is the one for q = 0, while
the nonzero term in the second sum is the one for k = N − 1,
yielding the same result as above.

Both the estimation in Eq. (3) and the one in Eq. (4) are
particularly suited for networks or subnetworks where nodes
are highly connected with each other, since in those situations
there is a very large number of centrally connected cycles as
the ones illustrated in Fig. 3. Highly connected subnetworks
appear, for instance, in social networks which are composed
by communities [22]. In Ref. [19], for instance, the estimation
of small cycles from Eq. (3) is compared with the true values
computed for several empirical networks, namely the Inter-
net, the co-authorship web and semantic networks. While for
s = 3 and 4 the estimation is clearly good, for s = 5 there
is a clear underestimation, due to the appearance of no cen-
trally connected cycles. Of course one expects that, similarly
to what is observed in Fig. 4, the estimation in Eq. (4) im-
proves the one used in [19] for such situations. However, one
should stress that the drawback of such estimations for larger
cycles both estimations get worse.

Next we illustrate this point using a particular network,
so-called pseudo-fractal network, introduced by Dorogovtsev
and co-workers [23]. This network is scale-free and is con-
structed starting with three nodes connected with each other
(generation m = 0), and iteratively adding new generations
of nodes such that in generation m+1 one new node is added
to each previous edge and it is connected to the two nodes
joined by that edge. For this networks, the exact number of
cycles with size s can be written iteratively [27] as

N (m+1)
s =

s∑

l=3

(
l

s − l

)
N (m)

s , (6)

for s ≥ 4 and N
(m+1)
3 = N

(m)
3 + 3m.

Figure 5 shows the real number of cycles of the pseudo-
fractal network (Fig. 5a) with the quantity Ns/(Ngs) (Fig. 5b)
for the pseudo-fractal network. In Fig. 5b solid lines indicate
our estimation, while dashed lines indicate the previous es-
timation in Ref. [19]. In both cases, the underestimation is
very significant when compared with the exact number from
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Eq. (6). Nevertheless, even in this case, the estimations pre-
dict the shape of the cycle distributions. Up to our knowl-
edge, complex networks for which the exact number of cycles
may be computed having most nodes highly connected are not
known.

It is important to notice that triangles and squares may ap-
pear in any multipartite network (except in bipartite ones,
where triangles are absent). Therefore, the estimation de-
scribed and studied in this Section can be applied not only
to bipartite networks but to any multipartite network of any
order. In the next Section we will focus on the applicability
of the clustering coefficient C4 in empirical sexual networks
(monopartite and bipartite) with the aim to compare simulated
results for such networks.

IV. CYCLES AND CLUSTERING IN SEXUAL NETWORKS

In this Section we apply both coefficients C3 and C4 in
Eqs. (1) and (2) to analyze two real networks of sexual con-
tacts. One network is obtained from an empirical data set,
composed solely by heterosexual contacts among N = 82
nodes, extracted at the Cadham Provincial Laboratory and is
a 6-month block data [28] between November 1997 and May
1998. The other data set is the largest cluster with N = 250
nodes in the records of a contact tracing study [29], from 1985
to 1999, for HIV tests in Colorado Springs (USA), where most
of the registered contacts were homosexual. Figure 6 sketches
these two networks, where one can see that cycles of different
sizes appear. While the network with only heterosexual con-
tacts is clearly bipartite, the network with homosexual con-
tacts is monopartite.

For the two networks in Fig. 6, Table I indicates the num-
ber T of triangles, the number Q of squares and the coeffi-
cients C3 and C4. As one sees, although the heterosexual net-
work has less squares than the homosexual network due to
its smaller size, C4 is much larger. Another feature common
for both networks is L/N ∼ 1, i.e. an effective coordination
number of 2L/N ∼ 2.

In order to ascertain possible nontrivial features in these
empirical networks, we compare the topological measures of
them with the ones of a null model having the same degree

(a)
(b)

FIG. 6: Sketch of two real sexual contact networks having (a) only
heterosexual contacts (N = 82 nodes and L = 84 connections)
and (b) homosexual contacts (N = 250 nodes and L = 266 con-
nections). While in the homosexual network triangles and squares
appear, in the heterosexual network triangles are absent (see Table I).

N L T Q 〈C3〉 〈C4〉
Heterosexual 82 84 0 2 0 0.00486

(Fig. 6a)
Homosexual 250 266 11 6 0.02980 0.00192

(Fig. 6b)

Heterosexual 82 84 0 8.47 0 0.0451
(Null model)
Homosexual 250 266 6.94 16.2 0.011 0.00373
(Null model)

Heterosexual 82 84 0 8.47 0 0.0451
(Null model, same T )

Homosexual 250 266 11.0 21.462 0.0145 0.00477
(Null model, same T )

Heterosexual 82 83.63 0 1.45 0 0.01273
(Agent Model)
Homosexual 250 287.03 8.23 10.52 0.02302 0.01224
(Agent Model)

TABLE I: Clustering coefficients and cycles in two real networks
of sexual contacts (top), illustrated in Fig. 6, one where all con-
tacts are heterosexual (Fig. 6a) and another with homosexual con-
tacts (Fig. 6b). In each case one indicates the values of the number
N of nodes, the number L of connections, the number T of triangles,
the number Q of squares and both clustering coefficients C3 and C4

in Eqs. (1) and (2) respectively. The values of these quantities are
compared with the ones of a null model (see text) with the same de-
gree distribution for two cases, one where the number of triangles is
found and another where this restriction is not imposed, and also with
networks constructed with the agent model recently introduced [10].
Samples of 100 realizations were used in each case.

distribution. The null model is a randomized version of the
empirical networks, constructed by rewiring connections ran-
domly selected [31]. Namely, whenever one pair of links is
selected, say i ↔ j and k ↔ l, we substitute this links by two
other, one connecting i and k and another connecting j and
l. While in the heterosexual network the number of squares
and consequently the value of C4 is overestimated, for the ho-
mosexual network the null model yields reasonable results for
both clustering coefficients, although the large discrepancy in
the number of triangles and squares. In order to compare the
number of squares without the effect of the number of trian-
gles in the network, we consider also the case of a null model
where additionally to the degree distribution, the number T of
triangles is also the same. In this case, Table I shows still
an underestimation of C3 and a much larger number Q of
squares. Notice that, while the total number of triangles is
the same, the standard clustering coefficient 〈C3〉 can be nev-
ertheless different, since it is an average over the local cluster-
ing coefficient of each node, which depends not only on the
number of triangles the node belongs to but also on its degree.

Recently, we introduced [10] a model to simulate the statis-
tical features of these networks of sexual contacts. The model
is a sort of a granular system with low density composed by N
mobile particles representing persons and collisions between
them representing their sexual contacts. Initially, all agents
have a randomly chosen position and moving direction with
the same velocity modulus |~v0| and no connections. When for

131



7

1 10k
10

−3

10
−1

C4(k)

1 10k

10
−2

10
−1

C3(k)

1 10
10

−3

10
−2

10
0

Pcum(k)

(b)

(a)

(c)

FIG. 7: Comparing topological features between networks obtained
from the agent model (solid lines) used to reproduce one real
monopartite network of sexual contacts (bullets): (a) cumulative de-
gree distribution Pcum(k), (b) standard clustering coefficient C3(k)
in Eq. (1) and (c) clustering coefficient C4(k) in Eq. (2). Here
N = 250 and samples of 100 realizations were used.

1 10k

10
−2

10
−1

10
0

Pcum(k)

1 10k
10

−3

10
−2

10
−1

10
0

C4(k)(a) (b)
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(bullets) compared with the one of networks obtained from the agent
model (solid lines): (a) cumulative degree distribution Pcum(k), (b)
clustering coefficient C4(k) in Eq. (2). Here C3(k) = 0 always,
N = 82 and samples of 100 realizations were used.

the first time two agents collide, the corresponding collision
is taken as the first connection in the network. Through time,
more and more collisions occur giving rise to new connections
and enabling the network growth, till the number of connected
agents attains the required network size, at which the simula-
tion is stopped and the accumulated number of connections is
determined. As a particular feature of our model, we choose a
collision rule where the velocity of each agent increases with
the number of previous contacts. More details concerning this
model are given in Ref. [10].

Using the same number of nodes as in the real networks il-
lustrated in Fig. 6 and considering two types of nodes for the
heterosexual (bipartite) case, we obtain with the agent model
similar results for L, T , Q, C3 and C4, as shown in Table I
where values represent averages over samples of 100 realiza-
tions. As one sees, in general, the agent model yields values
much closer to the ones for the empirical networks, than the
two null models considered above. Remarkably, for the bi-
partite case not only the number of connections and the num-
ber of squares are numerically the same, but also C4 is of the
same order of magnitude. Similar values of the topological
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FIG. 9: Estimating the number of cycles for the agent model using
Eq. (4) for N = 1000 (solid lines), N = 5000 (dashed lines) and
N = 10000 (dotted lines) in (a) a monopartite network and in (b) a
bipartite network, both obtained with the agent model.

quantities are also obtained for the monopartite case, with the
exception of C4.

In Fig. 7 we plot the degree and clustering coefficient
distributions for the monopartite network of sexual contacts
sketched in Fig. 6b, while in Fig. 8 we plot the distributions for
the bipartite network (Fig. 6a). In both figures bullets indicate
the distributions of the empirical data, while solid lines indi-
cate the distributions of the networks obtained with the agent
model, imposing the same size as the real network, i.e. stop-
ping the simulation when the number of connected agents
equals the size of the corresponding empirical network, and
taking averages over a sample of 100 realizations.

The results above concern small empirical networks. To
improve the particular study of sexual networks reproduced
by our model, larger networks of sexual contacts should be
also studied and comparisons with a null model [31] must be
carried out to validate the agent model. This points are be-
ing further studied and will be presented elsewhere. The main
point here is that the results above show already that the com-
plementary clustering coefficient C4 is suitable for comparing
the cliquishness of neighborhoods in either monopartite and
bipartite counterparts of the same complex networks, while
the standard clustering coefficient is not.

With the agent model one is able to construct larger net-
works than the empirical ones. In such large networks cycles
of different size may then appear and one important ques-
tion is to know the frequency of cycles of any order. Us-
ing the agent model for large networks, and computing only
their degree distribution and the two clustering coefficients we
can then estimate the distribution of cycles in those networks.
Figure 9 shows the distribution of the fraction Ns/(Ngs) of
cycles as a function of their size s, for a monopartite net-
work (Fig. 9a) and a bipartite network (Fig. 9b) composed by
N = 1000, 5000 and 10000 nodes. Here, while monopartite
networks show an exponential tail preceded by a region where
the number of cycles is large, bipartite networks are composed
by cycles whose number depend exponentially of their size.
Furthermore one observes a clear transition for a characteris-
tic size, which seems to scale with the network size.

132



8

V. DISCUSSION AND CONCLUSIONS

We introduced a clustering coefficient similar to the stan-
dard one, which instead of measuring the fraction of triangles
in a network measures the fraction of squares, and showed that
with this clustering coefficient it is also possible to character-
ize topological features in complex networks, usually done
with the standard coefficient. We showed explicitly that the
range of values of the probability to acquire long-range con-
nections in small-world networks and the typical clustering
coefficient distributions of either random scale-free and hier-
archical networks are approximately the same. In addition,
we showed that this second clustering coefficient enables one
to quantify the cliquishness in bipartite networks where trian-
gles are absent. Thus, one should take triangles and squares
simultaneously as the two basic cycle units in any network.

An application of both clustering coefficients was proposed,
namely to estimate the number of cycles in any network, either
monopartite or multipartite. Using a recent estimation which
yields a lower bound of the number of cycles in monopartite
network up to a size s < kmax + 1 where kmax is the maxi-
mum number of neighbors in the network, we deduce a more
general expression which not only improves the previous esti-
mation but is also suitable for bipartite networks and enables

one to estimate cycles of size up to 2kmax. Furthermore, in
the particular case of bipartite networks our estimation yields
as a natural consequence that only cycles of even size may
appear.

To illustrate the applicability of the complementary clus-
tering coefficient in bipartite networks, we studied a concrete
example of two sexual networks, one where only heterosexual
contacts occur (bipartite network) and another with homosex-
ual contacts (monopartite). The results obtained with the two
real networks were found to be similar to the ones obtained
with an agent model recently introduced.

All in all, our analytical estimation gives a simple way to
extract information concerning the distribution of cycles in
multipartite networks, and in particular the clustering coef-
ficient C4 can be regarded as a suitable measure of neighbor-
hood cliquishnesses in bipartite networks.
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Abstract –Based on data from the Sea of Japan and the North Sea the occurrence of rogue waves
is analyzed by a scale dependent stochastic approach, which interlinks fluctuations of waves for
different spacings. With this approach we are able to determine a stochastic cascade process,
which provides information of the general multipoint statistics. Furthermore the evolution of
single trajectories in scale, which characterize wave height fluctuations in the surroundings of a
chosen location, can be determined. The explicit knowledge of the stochastic process enables to
assign entropy values to all wave events. We show that for these entropies the integral fluctuation
theorem, a basic law of non-equilibrium thermodynamics, is valid. This implies that positive and
negative entropy events must occur. Extreme events like rogue waves are characterized as negative
entropy events. The statistics of these entropy fluctuations changes with the wave state, thus for
the Sea of Japan the statistics of the entropies has a more pronounced tail for negative entropy
values, indicating a higher probability of rogue waves.

Introduction. – Oceanic rogue waves are usually de-
fined as extremely large waves that occur suddenly and
unexpectedly, even in situations where the ocean appears
relatively calm and quiet [1]. While there are numerous re-
ports from sailors claiming to have observed a rogue wave
in the open ocean, rogue waves are very rare, which makes
researching or forecasting difficult [2]. Because of their size
rogue waves can be extremely dangerous, even to the large
ocean liners, appearing in different forms of rare large am-
plitude events [3,4]. As a prototypical example of extreme
events emerging in a stochastic “background”, rogue waves
have been investigated from various perspectives, e.g. us-
ing tools from non-linear waves and soliton theory [5–7].

Due to the scarcity of observational data, many fun-
damental questions are still under debate. What exactly
causes a specific rogue wave? Are there any fundamental
features of the ambient sea state that lead to the occur-
rence of a rogue wave in the ocean? Is it possible to provide
quantitative insight into how probable it is to observe a
rogue wave? [8–11] Often investigations into rogue waves

are based on models for wave packet evolution in non-
linear dispersive media [3, 4, 12–14]. Studies have been
successful in demonstrating the existence of rogue waves
and also allowed classifying them into different classes. A
very complete review paper on that topic can be found in
Ref. [3] and in [4] contains a detailed description on the
main methods in nonlinear dynamics on rogue wave phe-
nomena. Still, the approach is fundamentally determinis-
tic, while, as the definition of rogue waves itself suggests,
a probabilistic description seems more natural.

In this paper we provide what is, to our knowledge, the
first evidence for thermodynamical processes underlying
the occurrence of rogue waves in nature. Our findings do
not contradict the findings from previous deterministic ap-
proaches to investigate rogue waves, but instead comple-
ment the present understanding with a thermostatistical
perspective, following previous related work [15–19]. Two
previous works [20, 21] have established the basis for the
present paper. There, we have worked out a stochastic
approach to the n-point statistics of waves by a Fokker-
Planck equation and showed that the Markovian proper-
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Fig. 1: (a) Series of sea surface height taken at the Sea of
Japan, where rogue waves are observed, and (b) surface heights
from the North Sea, where rogue waves are not observed. All
heights are given in units of meter. On the right, we plot the
distribution of entropies variations through trajectories asso-
ciated to each series, which are well approximated by (c) the
Laplace distribution, with negative median for Sea of Japan.
The mean value for ∆Stot distributions are 0.18 and 0.12 for
North Sea and Sea of Japan recpectively. (d) Illustration of
the sea-level heights, as a scale process (see text).

ties holds also for wave data without any additional filter-
ing. In this paper, we use the stochastic thermodynamic
concept and calculate the associated entropy, showing that
rogue wave events are responsible for negative entropy tra-
jectories.

The findings reported here are based on the combina-
tion of two important features that rogue waves share with
extreme events in general [20,21]: first, they occur within
short time-scales; second, their large amplitude variations
reflect a flow of energy coming from the largest scales.
This energy flow through scales underlying the occurrence
of a rogue wave is similar to the picture of the energy
flux in Kolmogorovs turbulence cascade [22]. Our work
presents first evidence of a physical connection between
the emergence of extreme events in systems far from equi-
librium and the fundamental features of energy flow in
them. As we will see, our findings corroborate some of the
non-Gaussian properties found previously [23] in works on
fluctuations associated with sea-level measurements, on
several time scales.

From time processes to scale processes. – Two
observational data sets are analyzed, one collected at the
Sea of Japan at a location 3 km off the Yura fishery harbor,
where the water depth is about 43 meters. The data set
consists of 1.08 × 105 samples at a sampling frequency
of 1 Hz, in which rogue waves are observed, and another

collected at the FINO station, North sea, with the same
sampling frequency, where rogue waves are almost absent
[24–26]. The measuring device is an ultrasonic wave gauge
in both cases. Figures 1a and 1b sketch a part of these
two observational series. The series from the Sea of Japan
(Fig. 1a) includes the measured signal of one rogue wave
with a height of about 6 meters.

We will show that the structure of rogue waves results
from an exchange of entropy between the wave environ-
ment and the local wave condition itself, along a trajectory
“downscale”. Furthermore, the distribution of the total
entropy variation along these downscale trajectories differ
for the two cases: in the data set where rogue waves are ab-
sent it has a positive mode, whereas for the Japanese data
set, which includes rogue waves, the distribution mode
is negative. See the right plots of Figs. 1a and 1b and
Fig. 1c. We notice that, while the distributions in Fig. 1c
have modes with opposite signs, the respective means is
in both cases positive, fulfilling the integral fluctuation
theorem (see below).

For the proper analysis of the stochastic series in Fig. 1,
we aim at the derivation of a predictor ht+τ for the next
time step t + τ , based on past measurements of the se-
ries, {ht, ht−τ , . . . , ht−Nτ}. Here, τ is taken as the unitary
time-lag between successive measurements. If the process
is Markovian throughout its time evolution, the predictor
is a function of the present state ht only, and the time
series can be statistically reproduced using the 2-point
statistics p(ht+τ , ht). We call the conditional probabil-
ity density function p(ht+τ |ht) = p(ht+τ , ht)/p(ht) with
p(ht) =

∫
p(ht+τ , ht)dht+τ the propagator. When the pro-

cess is not Markovian, each value in the series depends on
a larger set of previous values and consequently we need
to extract a N -point statistics, for larger N > 2, which,
in practice, is very cumbersome and challenging. Ocean
surface level time series turn out not to be Markovian.

It is possible to overcome this shortcoming if we con-
sider the concept of “scale process” [15–17], illustrated in
Fig. 1d. A scale process describes how the variables’ in-
crements ∆hk,t := ht − ht−τk change with τk := kτ for
a fixed time t and a chosen value of τ . Here we denote
time-lags as time-scales. With such a concept, we now
define the ensemble ∆hk,t for fixed t as a scale trajectory
through time-scales τk (k = 1, . . . , N − 1).

To convert the series of sea-level height measurements in
time to its scale or increment counterparts has profound
consequences, as the latter now turns out to be Marko-
vian [20, 21]. As a consequence the full analysis of the
data, based on the computation of the N -point propaga-
tor p(ht|ht−τ1 , ..., ht−τN−1

) that predicts the time series of
heights, can be decomposed into N − 2 increment propa-
gators p(∆hk,t|∆hk+1,t, ht) for each scale k together with
the initial distribution, p(∆h0, τ, ht) [21].

Each increment propagator can be extracted separately
from the time series [27, 28], defining a Fokker-Planck
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equation [29] for the respective time-scale,

−τ ∂
∂τ
p(∆hk|∆hk′ , h) = (1)

− ∂

∂∆hk

[
D(1)(∆hk, h)p(∆hk|∆hk′ , h)

]

+
∂2

∂∆h2
k

[
D(2)(∆hk, h)p(∆hk|∆hk′ , h)

]
,

where the dependent variable is the height increment ∆h
and the independent variables is the time-lag (time scale)
τk or, respectively, k [28]. The surface elevation h itself
comes in as a second independent variable. This ensem-
ble of Fokker-Planck equations is defined through the ex-
traction of the corresponding family of drift and diffusion
functions, D(1)(∆hk, τk, h) and D(2)(∆hk, τk, h), for the
set of scales k as [29]

D(n)(∆hk, τk, ht) = (2)

lim
δτ→0

1

n!δτ
〈[∆hτk −∆hτ ′k ]n〉 |∆hτk , (3)

where τ ′k = τk + δτ . Detailed description of estimating
drift and diffusion coefficient has been discussed in Supple-
mentary material. The Fokker-Planck equations provide
the general multi-point statistics of the data, enabling to
generate new surrogate data as well as to predict next
wave events [21]. As shown in the following, this stochas-
tic description makes it also possible to set wave states
in the framework of non-equilibrium thermodynamics and
its fluctuations theorems.

Entropy-consuming trajectories and rogue
waves. – It is known that, for a Markov process the
integral fluctuation theorem (IFT) should hold, i.e. the
balance between fluctuations that produce or consume
entropy is given by [16]

〈e−∆S〉 = 1, (4)

where ∆S are entropy fluctuations and 〈· · · 〉 is the expec-
tation value over many trajectories.

Since the ocean wave system is Markovian in scale, the
IFT should also hold for increment (∆h) trajectories in
scale k. Based on the knowledge of the Fokker-Planck
equation for the system, a total entropy for each increment
trajectory can be defined [15, 16]. This total entropy is
given by the sum of two contributions,

∆Stot = ∆Smed + ∆Straj, (5)

with ∆Smed being the total entropy variation of the sur-
rounding environment, which, between scales k and k− 1,
is given by

(∆Smed)k,k−1 = − log

(
p(∆hk−1)

p(∆hk)

)
. (6)

The contribution ∆Straj is the entropy variation of the
system, i.e. along a specific trajectory between those two
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Fig. 2: Rogue waves and extreme events of sea-level heights ful-
fill the integral fluctuation theorem (IFT), which means that
statistically the entropy production fluctuates around zero.
Here, the computation is applied to the data set from the Sea of
Japan (circles) and the North sea (squares). Both trajectories
converge to the unitary value within the numerical error.

time scales, and is defined as [16]

(∆Straj)k,k−1 =
∫ τk−1

τk

∂

∂x
∆h(x)

∂

∂∆h
log
(
pstat
k (∆h, x, h)

)
dx,

(7)

where pstat
k is the stationary solution of Eq. (2)

pstat
k (∆h, τ, h) =

1

D(2)(∆h, τ, h)
× e

∫ ∆h
−∞

D(1)(x,τ,h)

D(2)(x,τ,h)
dx
. (8)

To obtain ∆Stot, the step-wise entropies contributions, de-
fined in Eqs. (6) and (7), have to be summed up along
the scale trajectories. Figure 1c shows the distribution of
∆Stot in each one of the data sets.

To show that the IFT holds for both data sets we eval-
uate the Eq. (4) for both data sets. As shown in Figure
2 the IFT is fulfilled for both the Sea of Japan and the
North Sea, with an accuracy of ∆ . 1% for more than
2000 events. Notice that the set of data from the North
Sea, being larger, yields more accurate results than the
one from Sea of Japan.

The mean value 〈e−∆S〉 changes very sensitively with
variations of the functional form of the Fokker-Planck
equation. Thus, the finding of the IFT can also be taken
as a strong independent support of the validity of our
approach to characterize the complexity of wave states
through scale processes. In particular, it supports the
thermostatistical description for the emergence of rogue
waves here proposed.

The convergence of the average 〈e−∆S〉 is based on a
sufficiently large data set, as the exponential function puts
much weight on rare negative entropy events. This also
means that due to the IFT there must be a special balance
between events with positive and negative entropies. This
leads us to the next point to set the estimated entropy
values for different increment trajectories in connection
with wave structures.
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Fig. 3: The close relation between an extreme event, i.e. a large
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entropy production, ∆Stot < 0. In (a-b) we illustrate the time
series of the height increments ∆h0,t = h(t) − h(t− τ0) (large
scales) and ∆hs,t = h(t)− h(t− τs) (small scales) respectively.
On the left we see the corresponding probability distribution
for the increments, also plotted (in logarithmic scale) in (c)
and shifted vertically for better comparison. (d) The vertical
dotted line marks the instant when a rogue wave event takes
place: a large value of h emerges. As we see, (e) the entropy
variation is strongly negative, which indicates the statistical
feature of a rogue wave or an extreme event in general.

Figures 3a and b show time series of the height incre-
ments at the largest and smallest time scales, τ0 and τs
respectively, with the corresponding probability distribu-
tions (left plots). Time scales have been chosen consid-
ering the Markovian property of the measurement data.
The smallest time scale, τs = 14 s is the Markov-Einstein
length scale, i.e. the scale below which the Markovian
properties do no longer hold [30], and τ0 = 10τs is the
largest time scale beyond which data points are indepen-
dent from each other. In Fig. 3c these probability densities
are shown in a semi-logarithmic presentation. In Fig. 3d
the part of the time series of the corresponding wave height
is show. The vertical dotted line marks the rogue wave
seen in Fig. 3d, which is characterized by a small height
increment at the largest scale and a large increment at the
smallest scale. Figure 3c shows that the small increment
at the largest scale occurs with a high probability, while
the large increment at the smallest scale occurs with low
probability.

To each wave height at a particular time instant t be-
longs a scale trajectory ∆hk,t in k (t is fixed). Following
such scale processes the total entropy variation, ∆Stot,
can be positive (entropy production) or negative (entropy
consumption). Comparing the increment time series and
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Fig. 4: (a) With the total entropy production being negative
whenever a rogue wave takes place, we see that such negative
variation of the entropy is not dominated by the variation of
the entropy of the medium, ∆Smed, (b), but rather by the
variation of the individual trajectory’s entropy only, ∆Straj,
(c).

the height time series with the series of the corresponding
total entropy variations (Fig. 3e) we identify an abrupt
entropy consumption at the time of the occurrence of the
rogue wave. In other words, From data we can conclude
that there are trajectories, as parts of the time series of
increments, that produce entropy, and trajectories that
consume entropy. We conjecture that the fundamental
physical characteristic of extreme rogue waves is that they
emerge from a process through a hierarchy of time scales
that follows a trajectory from high probability states to
low probability states consuming entropy. As shown in
Fig. 4, it is not the entropy of the environment but the
entropy of the trajectory which becomes more negative
and dominates the occurrence of the extreme event.

Discussion. –

Towards the predictability of rogue waves in particular
oceanic regions. Since the negative entropy variation
shows to be an indicator of an extreme event, we could
now return to Fig. 1c and use the statistical distribution
of total entropy variations for predicting how reasonable
it is to expect the occurrence of rogue waves at a partic-
ular spot in the ocean. The entropy values for the Sea
of Japan have a distribution shifted to negative values,
whereas the measurements taken for the North Sea show
a positive mode. Assuming that the Laplacian distribution
is a reasonable model for ∆Stot, we can now use the en-
tropy value as a measure for the likelihood of rogue waves.
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To illustrate this fact, we could see from the distributions
p(∆S) in Fig. 1c, that an extreme event in the North sea
with an amplitude associated to an entropy variation of
e.g. ∆Stot = −6 is less likely to occur than in the Sea of
Japan by an factor of 10−4.

Reconstruction of time series of wave heights. Having
a stochastic cascade model for the time series of surface
heights in the ocean, with or without rogue waves, we are
now able to generate data that reproduces all statistical
features in the observations, including the ones related to
extreme waves.

Such time series are generated with the N -point condi-
tional distribution as mentioned in the article and shown
in [21]. The starting point is that the process is Markovian
in scale, for what evidence is obtained by the verification
of p(∆hk|∆hk+1,∆hk+2, h) = p(∆hk|∆hk+1, h). Assum-
ing that the process is Markovian in scale the (N+1)-point
conditional distribution

p(ht|ht−τ1 , ..., ht−τN ) =
p(ht, ht−τ1 , ..., ht−τN )

p(ht−τ1 , ..., ht−τN )
(9)

is used to construct the time series of heights. As the joint
multi-point probabilities

p(ht, ht−τ1 , ..., ht−τN ) = p(∆h1,∆h2, ...∆hN |h) · p(h)
(10)

are equivalent to joint increment statistics, the (N + 1)-
point conditional distribution (of Eq. (9)) can be expressed
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Fig. 6: (a) Illustration of pattern in sea-level height series from
the Sea of Japan during which rogue waves are observed with
(b) the corresponding simulations using the stochastic frame-
work based on a Fokker-Planck equation for the distribution
of height increments. The similarity between simulated and
measured patterns suggests an equivalence between the deter-
ministic and the stochastic description based on what we call
a scale-process of the height increments (see text).

as
p(ht|ht−τ1 , ..., ht−τN ) =
∏N−1
k=1 p(∆hk|∆hk+1, ht)∏N−1

k=2 p(∆̃hk, |∆̃hk+1, ht−τ1)
×

p(∆hN |ht)
p(∆̃hN |ht−τ1)

× p(ht)

p(ht−τ1)
.

(11)

For reason of clarity we dropped the index t for ∆hk, the
two increments ∆hk and ∆̃hk have two different refer-
ence points, ht or, respectively ht−τ1 . Here we used the
Markov property to express all multi-point distributions
through simple conditioned probabilities p(∆hk|∆hk′ , h).
Note these conditioned increment probabilities are deter-
mined by the Fokker-Planck equation, Eq. (2), for any ref-
erence value h. The drift and diffusion coefficients are de-
termined from the experimental data, for details see [21].
Note that the Fokker-Planck equation is continuous in τ ,
to obtain results for a finite step size, mentioned above, it
has to be iterated over this step.

Figure 5 shows that the IFT is also fulfilled for the nu-
merically reconstructed time series, which we obtain from
the estimated Fokker-Planck equations. The same is ob-
served for the North Sea data (not shown). This is again a
strong indication that all aspects of our stochastic meth-
ods are correct as well as the claim that the correct N-point
statistics can be recovered.

Statistics and coherent structures in extreme events.
As shown in the previous section, the knowledge of

the Fokker-Planck equation for the increment trajectories
given by the functions D(1)(∆h, τ, h) and D(2)(∆h, τ, h)
can be used for a simulation of the sea surface elevation
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[20]. It is possible to generate a time series much longer
than the empirical series to see which further patterns of
rogue waves may be expected. In sets of such simulated
data we could actually observe events that are very similar
to real rogue waves. As can be seen in Fig. 6, the rogue
wave patterns in our earlier simulations, resemble the ones
found in the Sea of Japan [20].

Interestingly, these patterns obtained are qualitatively
similar to those obtained from deterministic modeling,
like e.g. from solving the non-linear Schrödinger equation,
which is today considered a lowest order deterministic
model for rogue waves in non-linear media [31]. These re-
sults indicate that the stochastic approach of multi-point
statistics presented here also include typical features of the
deterministic description, like coherent structures. Thus
the often debated difference between deterministic models
and stochastic approaches seem to fade out at least for the
case investigated here.

Conclusion and outlook. – In conclusion, we in-
troduce a thermodynamical approach, including the IFT,
that enables to interpret the emergence of rogue waves
in the context of the statistical physics and provides the
possibility for estimate the likelihood of them. An aspect
that follows from our framework is that the knowledge of
the Fokker-Planck equation for the increment trajectories
given by the functions D(1)(∆h, τ, h) and D(2)(∆h, τ, h)
can be used also for a simulation of the sea surface ele-
vation [20]. With such a model it is possible to generate
much longer time series to see which further patterns of
rogue waves may be expected. Interestingly, our simu-
lations indicate that the patterns obtained are qualita-
tively similar to those obtained from deterministic mod-
eling, like e.g. from solving the non-linear Schrödinger
equation, which is today considered a lowest order deter-
ministic model for rogue waves in non-linear media [31].
These results strengthen the indication we provide above
that multi-point statistics for sea-level data includes typ-
ical features of the alternative deterministic approaches,
such as coherent structures.

The often debated difference between deterministic
models and stochastic approaches seem to fade out for
the case investigated here, and can now serve as an in-
spiration in other fields of science and technology where
rare extreme events are known to emerge from a com-
plex dynamical system state, and where at present sta-
tistical descriptions fall short of capturing key properties
and characterizing the emergence of the extreme events.
Here we name explicitly two possible examples, one in
fluid dynamics and another in climatology. In fluid tur-
bulence, where a hierarchy of simultaneous spatial and
time scales occurs, our approach might bridge the gap be-
tween the statistical approaches to turbulent data and the
Navier-Stokes equations. In climatology, in the context
of climate change, applying our framework to other sets
of measurements of different geophysical properties may
enable to uncover where to expect extreme fluctuations

of such properties. If our approach is valid the study of
rare and extreme events becomes accessible for the wide
toolbox of statistical physics, and a novel way towards
prediction has been opened.
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Aerodynamics and percolation: unfolding laminar separation bubble on airfoils
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As a fundamental phenomenon of fluid mechanics, recent studies suggested laminar-turbulent transition be-
longing to the universality class of directed percolation. Here, the onset of a laminar separation bubble on an
airfoil is analysed in terms of the directed percolation model using particle image velocimetry data. Our find-
ings indicate a clear significance of percolation models in a general flow situation beyond fundamental ones.
We show that our results are robust against fluctuations of the parameter, namely the threshold of turbulence in-
tensity, that maps velocimetry data into binary cells (turbulent/laminar). In particular, this percolation approach
enables the precise determination of the transition point of the laminar separation bubble, an important problem
in aerodynamics.

PACS numbers: 47.85.Gj 47.27.eb, 47.20.Ib, 47.27.Cn
Keywords: percolation, laminar separation bubble, transition, aerodynamics

I. INTRODUCTION

Three decades ago, Pomeau described the flow of a fluid as
a collection of oscillators that interact with each other. When
observing that [1] “each oscillator if in a turbulent state may
either relax spontaneously toward its quiescent state or con-
taminate its neighbors” he concluded that “this is precisely the
definition of the process called “directed percolation” in statis-
tical physics” and therefore raised the possibility of laminar-
turbulent transition belonging to the same universality class as
directed percolation (DP).

The idea is quite reasonable in the sense that transition from
laminar to turbulent flow (hereafter referred to as transition)
can be described via the so-called spatio-temporal intermit-
tency [2, 3]. While since then several simulations have sup-
ported Pomeau’s conjecture, only in the last few years it was
possible to provide experimental evidence [4], due to novel
possibilities of extracting accurate measurements from a tur-
bulent flow with sufficient spatial and temporal resolution.
Recent studies approached transition from different angles by
means of low-order models [5–7], sophisticated simulations
[8–11], as well as experiments [12–14]. They concordantly
indicate non-equilibrium phase transition occurring in basic
shear flows, i.e. pipe, channel and Couette flows. While in-
vestigating the hypothesis of transition belonging to the uni-
versality class of directed percolation, they treat transition into
turbulence as a fundamental phenomenon. Up to now, di-
rected percolation has not been used in flows with a direct
aim of helping to solve specific needs in applied sciences that
deal with turbulence by extension.

Here, we argue that the applicability of percolation models
can be extended from fundamental fluid dynamics to practical
aerodynamics relevant for engineering problems and, thus, to
a more generally valid concept. More specifically, we provide
evidence that directed percolation modelling tools are capa-
ble of characterizing the onset of a laminar separation bubble
(LSB) on the suction side of an airfoil (see Fig. 1) [15, 16].
This is of particular importance because of two reasons. First,
since the aerodynamic functionality of an airfoil depends sen-
sitively on such transitions like the LSB. Second, the precise

(a)

laminar separation bubble

turbulent reattachment

laminar-turbulent transition

onset laminar separation bubble(b)

FIG. 1. (a) Photograph of an LSB on airfoil CK220. Laser light sheet
illuminates the particle seeded inflow from right-hand side and per-
pendicular to the airfoil’s surface resulting in a shadow at the leading
edge. Inflow is coming from left-hand side. LSB can be identified
as a region without smoke between the airfoil’s surface and the am-
bient flow. False colors are used for better visualization. (b) Labeled
zoom, emphasizing the flow topology at the LSB. LSB occurs just
behind the airfoil’s thickest cross section, where streamlines (in blue)
separate from the surface. Further downstream, when LSB is at its
maximum expansion, the laminar shear layer destabilizes resulting
in transition to turbulence. High momentum perpendicular to the air-
foil’s surface contained in the shear layer enables reattachment and
the formation of a turbulent boundary layer.

determination of the onset of transition into LSB as well as
transition in general are still an open problem in aerodynam-
ics. So far, there are no methods available that reliably capture
the nonlinear nature of an LSB. Due to its known connection
with turbulence phenomena, DP is potentially valid for non-
linear flow phenomena encountered in the class of external
flows over curved surfaces, where the flow becomes more and
more unstable as it is advected downstream. Based on our
findings, we discuss how DP properties can also be of use
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in applications, ranging from computational fluid dynamics
(CFD), through the design process of airfoils, to maintenance
of rotor blades in wind turbines.

The paper is structured as follows. At first, the experi-
mental setup is described in Sec. II. This includes an airfoil
subjected to laminar inflow and the optical flow visualization
method. In Section III, a procedure is explained how to map
the measured flow field into binary cells, either laminar or tur-
bulent, which enable for estimating a critical Reynolds num-
ber identifying the onset of LSB. Characteristic exponents at
this critical value are determined in Sec. IV and discussed sub-
sequently in Sec. V. Finally, Section VI concludes the paper.

II. THE EXPERIMENT

The phenomenon of LSB can be qualitatively visualized by
means of a laser illuminated smoke photography (see Fig. 1).
The seeded flow is coming from left-hand side, separates just
after the airfoil’s thickest cross section, destabilizes and un-
dergoes transition resulting in reattachment of the turbulent
boundary layer. The recirculation zone between the airfoil’s
surface and the shear layer is the one usually addressed as
LSB. In Figures 1a and 1b, the LSB appears as the smoke
free region above the airfoil. While transition, taking place
within the shear layer between LSB and free flow, is three-
dimensional, the LSB’s onset happens in a linearly stable lam-
inar flow region whose boundary layer has a thickness small
compared to the dimensions of the LSB. Therefore, transi-
tion into LSB can be approximated locally as a quasi two-
dimensional process.

The formation of an LSB is a highly unsteady process
which emerges stochastically over a certain region on airfoils.
In order to properly investigate this complex and delicate flow
topology, it is crucial to use non intrusive methods featur-
ing high spatio-temporal resolution. Therefore, high-speed
stereoscopic particle image velocimetry (HSPIV) is used to
visualize an LSB on the suction side of a CK220 airfoil in the
wind tunnel. A schematic representation of the experiment is
given in Fig. 2. The experimental setup consists of two Phan-
tom Miro M320S high-speed cameras and a Litron LDY303
laser. This enables HSPIV measurements with a recording
frequency of 2,000 velocity fields per second and a recording
length of T ≈ 3 s at reduced resolution of 896 × 792 px2.
For a measurement region of ∆x × ∆y = 40 × 40 mm2,
where x and y are in chordwise, respectively spanwise, direc-
tion, a spatial resolution of dx = dy < 0.4 mm is obtained
with a sufficient accuracy (stereo residue below 0.5 px). This
resolution corresponds to dx/c < 2 × 10−3 at given airfoil
dimension of c × s = 220 × 250 mm2, where c denotes the
airfoil’s chord length and s is its span.

As illustrated in Fig. 2, the light sheet is adjusted tangen-
tially to the airfoil’s surface approximately at the onset of the
LSB at a distance dz/c < 3 × 10−3 or dz = 0.5 mm, re-
spectively. Due to the airfoil’s curvature, this distance varies
slightly, by less than 5 % of the LSB’s thickness. The on-
set of LSB is thus captured properly. At the same time, the
measurement region covers the LSB completely.

x

z

u
∞

(a)

x

y

z

(c)

(b)

s

c

FIG. 2. Experimental setup consisting of (a) a HSPIV system and (b)
a CK220 airfoil. Laminar inflow of u∞ = 11m/s approaches airfoil
from left-hand side forming a laminar separation bubble (LSB) on the
suction side. The light-sheet (in green) is adjusted (c) tangentially to
the surface approximately at the location where LSB is observed.
The coordinate system has its origin at the mid-span leading edge
and defines the main flow direction as x-direction, spanwise as y-
direction and normal to wind tunnel wall as z-direction. Chord length
and span of the airfoil are denoted c and s, respectively.

In the present experiment, the LSB appears at a global
Reynolds number of Rechord = 160, 000 and an angle of at-
tack of α = 5◦. Rechord is obtained with respect to the chord
length and a free stream velocity of u∞ = 11 m/s. In this
way, the ambient conditions of the experiment are described
in general. Moreover, any transition process is strongly depen-
dent on detailed flow conditions, such as free stream proper-
ties. To minimize this impact, the experiments are performed
in a wind tunnel with inlet 250× 250 mm2, length 2000 mm
and a closed test section with a low turbulence intensity of
TI < 0.004.

III. FROM PARTICLE IMAGE VELOCIMETRY DATA TO
LAMINAR AND TURBULENT STATES

Following the objective of this study, the LSB’s onset needs
to be derived from experimental data. HSPIV results provide
instantaneous velocity fields of the whole LSB and the flow
upstream as well as downstream of the LSB. Characteristic
differences between those three regions are reflected by ve-
locity magnitude u and the fluctuations u′. Both quantities
define the turbulence intensity TI. The value of TI is usually
derived locally from the whole data set losing its temporal
information, whereas directed percolation analysis is based
on the time-resolved evolution of laminar and turbulent re-
gions. Therefore, we define the TI at the time t as the TI
computed locally at the position (x, y) from 10 consecutive
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FIG. 3. Illustration of measured and computed quantities: The plane of space and control parameter (Rex) is formed by the airfoil’s spanwise
and chordwise direction, where Rex = Re(x, u∞) is based on the distance, x, from the leading edge and the inflow velocity, u∞. Rex provides
a measure for the flow’s likelihood to undergo transition from laminar flow into an LSB and, therefore, serves as a control parameter. The
presence of LSB is indicated by means of turbulence intensity (TI) exceeding a certain threshold denoted as turbulent phase. The instantaneous
turbulence intensity is derived from 10 temporally consecutive velocity fields at one respective position, Rex, in a plane crossing the laminar
separation bubble. Transition from laminar flow into LSB happens once turbulent clusters merge significantly. At this critical point, Rec,
characteristic turbulent clusters occur, depicted as an evolution in time (vertical plane). Averaging over time at each position, Rex, the fraction
of turbulent cells, ρ, is shown next to the plane of TI. Following ρ in streamwise direction, transition from laminar boundary layer flow into
the LSB and subsequent reattachment are obvious. The first phase transition represents the LSB’s onset which is important for our work.

velocity fields in the following manner:

〈u(x, y, t)〉 ≡ 〈ut〉 =
1

10

t+9∑

t′=t

u(x, y, t′), (1a)

TI(x, y, t) =

√√√√ 1

10〈ut〉2
t+9∑

t′=t

(u(x, y, t′)− 〈ut〉)2. (1b)

The general mapping procedure into laminar and turbulent
states is visualized in Fig. 3. The flow is moving along the
airfoil’s surface (gray) in the x-direction which is chordwise.
In the horizontal color-coded plane, the LSB can be clearly
identified as a high level of turbulence intensity. Mainly a ve-
locity magnitude close to zero within the LSB contributes to
the sharp rise of TI, while velocity fluctuations increase only
slightly. It is important to notice that the term “laminar sepa-
ration bubble” is misleading at this point. In the context of the
present work, the LSB is revealed by a turbulent flow region,
whereas it is referred to as laminar in airfoil aerodynamics.
This is due to the fact that velocity fluctuations within the LSB
are small compared to fluctuations present in a fully turbulent
boundary layer. With that in mind, we use a threshold value
of the turbulence intensity TIth to distinguish between lami-
nar and turbulent regions, called clusters. Each measurement
point of the complete dataset is set to 0 if TI(x, y, t) < TIth
(laminar phase) or 1 if TI(x, y, t) ≥ TIth (turbulent phase).
The turbulent phase corresponds to the LSB whereas laminar
phase identifies ambient flow.

The onset of the LSB is accurately determined by the evo-
lution of laminar and turbulent clusters. The distribution of
clusters is evaluated at each position x along the spatial and
temporal dimensions y and t, as exemplary illustrated close to
the LSB’s onset by the bicoloured vertical plane in Fig. 3.

IV. TRANSITION INTO LAMINAR SEPARATION BUBBLE

The flow along the airfoil is more likely to separate from
the surface (onset of LSB) the further downstream from the
leading edge it has been evolved due to an increasing recep-
tivity for perturbations. In analogy to well known transition
results from flat plates [17], this is expressed in terms of local
Reynolds number Re(x) = Rex = x u∞/νkin, where νkin
denotes the kinematic viscosity. This locally changing Rex
represents the state of the boundary layer and must not be con-
fused with the fixed Rechord reflecting the experiment glob-
ally. Therefore, Rex is used as the control parameter in the
framework of DP for the present experiment. Notice that one
HSPIV snapshot is composed of the control parameter Rex-
axis and the spatial dimension y of our percolation model. The
time dimension t in this percolation model corresponds to the
physical time in the experiment. In this way, the evolution
of turbulent clusters is locally captured in a plane held by the
spatial dimension, y, and time, t, at each Rex.

In accordance with DP, a critical value Rec of the Reynolds
number Rex is observed where transition to LSB takes place.
In general, this value is characterized by turbulent clusters
merging into one infinitely connected cluster. Figure 4a shows
three illustrative extracts containing laminar and turbulent
clusters in space y and time t. While below/above the criti-
cal Reynolds number laminar/turbulent clusters dominate, the
number of laminar and turbulent clusters span the entire sys-
tem in both directions at Rec.

In the framework of DP, transition from the laminar bound-
ary layer into the LSB is characterized by three critical ex-
ponents at Rec. The first exponent, β, describes the critical
behavior of the so-called turbulent fraction,

ρ(Rex) = ρ0 ε
β , (2)
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FIG. 4. (a) Three illustrations of cluster distributions in t (time) and
y (space) derived for TIth = 0.8: (left) Reynolds number below the
critical value Rec, showing a dominance of laminar clusters, (right)
Reynolds number above Rec, where turbulent cells dominate, and
(middle) one at the computed Rec for which laminar and turbulent
clusters span the entire system. (b) Turbulent fraction ρ (circles),
as a function of Rex, where ρ is the fraction of cells with a turbu-
lence intensity larger than a threshold TIth. Results shown for three
different threshold values. The corresponding best fits (solid lines)
above the critical point cross the control parameter axis at the critical
Reynolds number, Rec. Experimental uncertainty of ρ is estimated
by the standard error of 10 subsets constituting the total dataset.

as a function of the reduced Reynolds number, ε := (Rex −
Rec)/Rec, and a proportionality factor, ρ0. The mean fraction
is determined from turbulent cells over space, y, and time, t,
for each value Rex. The other two critical exponents, ν⊥ and
ν‖, characterize the diverging correlations of cluster sizes at
Rec in space and time. According to the so-called hyperscal-
ing relation, µ = 2 − β/ν [18], the correlation lengths are
univocally expressed by the transverse and longitudinal frac-
tal dimensions, µ⊥ and µ‖. These are defined as the expo-
nents that relate the size of laminar clusters and their number,
N(L⊥) ∼ L−µ⊥

⊥ and N(L‖) ∼ L
−µ‖
‖ respectively, where

L⊥ and L‖ represent the size of laminar clusters measured in
the spatial and temporal directions, y and t respectively. By
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FIG. 5. (a) Illustration of how the critical Reynolds number Rec is
determined: (i) One first adjusts a parabola (red line) around the three
highest values (stars) of the derivative of the turbulent fraction dρ

dRex
(circles) and (ii) performs a best fit expecting the critical Reynolds
number Rec lying close to the mathematical maximum (red dashed
line) of the parabola respecting the spatial resolution of the experi-
ment. Based on this determined interval, Rec is estimated after Eq.
(2). The obtained Rec is marked in inset (gray dashed line) along
with weights a1 and a2 used for computation of distributions of lam-
inar cluster sizes at Rec (see Fig. 6). Here, TIth = 0.8. (b) Compen-
sated plots (after Eq. (3)) for each value of the turbulence intensity
threshold: fraction of turbulent cells rescaled to the one for 1+1D di-
rected percolation predictions as a function of the reduced Reynolds
number ε.

analogy with the DP analysis presented by [12] and [13], we
estimate from our measured data first the critical Reynolds
number, Rec, and subsequently the set of critical exponents
(β, µ⊥, µ‖). The results will be discussed in the following
Sec. V.

The turbulent fraction over local Reynolds number is shown
for three descriptive thresholds TIth ∈ [0.8, 0.93, 1.42] in
Fig. 4b. A transition occurs within the narrow range of values
of Rex where an abrupt increase of the turbulent fraction is
observed separating a laminar phase (ρ ∼ 0) from a turbulent
phase (ρ ∼ 1). For the whole DP analysis, it is important to
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FIG. 6. (a) Size distribution of laminar clusters in space at the estimated critical Reynolds number, i.e. consecutive laminar states when
sweeping in the y direction at a given time t, for three illustrative values of turbulence intensity thresholds and (b) their corresponding size
distribution of laminar clusters in time, i.e. consecutive laminar states when sweeping in the time t while keeping y constant. Solid lines show
the theoretical distribution predicted by the directed percolation model at the transition. For comparative purposes, the turbulence intensity
thresholds values are the same as the ones in Fig. 4b, where the critical value for each TI is given. Cluster lengths are shown in multiples of
the spatial and temporal resolution respectively.

determine precisely the critical value of Rec.
Rec and β can be obtained simultaneously by a best fit ac-

cording to Eq. (2). The measurement points used for the best
fit are selected in two steps. At first, the derivative of the tur-
bulent fraction with respect to the Reynolds number, dρ

dRex
, is

computed, as shown in Fig. 5a. Considering the largest value
of the derivative together with the derivative values at the two
nearest measured Reynolds numbers (red stars in Fig. 5a), a
parabola with negative concavity is defined, whose mathemat-
ical maximum is taken as an initial estimate of the critical
value. While starting the best fit at this estimated location,
in step two, only measurement points are taken into account
meeting 0.001 < ε < 0.01, in accordance with the experi-
mental spatial resolution. As shown in Fig. 4b, this procedure
yields values of Rec = 1.061(9) × 105, β = 0.28(4) for
TIth = 0.8, Rec = 1.063(6) × 105, β = 0.28(0.05) for
TIth = 0.93 and Rec = 1.07(1) × 105, β = 0.28(5) for
TIth = 1.42. In comparison, the predicted theoretical value
of 1 + 1D directed percolation is βDP = 0.276.

In order to evaluate the validity of the determined charac-
teristic values Rec and β, the rescaled turbulent fraction, ρ̃,
defined as

ρ̃(Rex) =
ρ(Rex)

ρ0εβDP
, (3)

is shown in Fig. 5b as a function of the reduced Reynolds
number using the theoretical value of βDP . In this represen-
tation, scaling is readily apparent as a horizontal line equal to
unity. Dashed lines also show the rescaled fraction obtained
for slight deviations from the exponent, βDP ± 0.05.

To estimate the other two critical exponents describing
the fractal dimensions, the distributions of the sizes of the
laminar clusters at the critical Reynolds number have to be

known. Based on our finite experimental resolution, we have
no direct access to these critical distributions. To overcome
this problem we take the corresponding distributions at the
two Reynolds numbers close to Rec and sum them up in a
weighted manner using the normalized inverse of their dis-
tances a1 and a2 to Rec (cf. inset of Fig. 5a).

While the procedure of estimating the critical size distribu-
tions is not standard, it results in robust estimates of spatial
critical exponents µ⊥. The distributions of cluster sizes in
space and time at the critical Reynolds number are shown in
Figs. 6a and 6b, respectively. The evaluations are performed
with the same three threshold values TIth as previously. Each
best fit for the spatial fractal dimension (smallest three cluster
sizes are disregarded) yields µ⊥ = 1.75(9) and compares well
with the theoretical value predicted by directed percolation,
µ⊥,DP = 1.748. For the temporal direction, the results are
not as conclusive as for the spatial direction. Seemingly, the
cluster distribution tends towards exponential behavior and,
due to the continuous change in curvature no exponent can be
fitted to our data. The theoretical exponent, µ‖,DP = 1.84, is
shown in Fig. 6b with a dashed line for comparison. Here we
want to note, that the temporal analysis is more affected by
experimental perturbations, as we work out in the Appendix.

As a last step in our data analysis we investigate the effect
of the choice of the threshold values TIth for this transition.
Beyond the three threshold values considered up to now, Fig. 7
shows the results for two of the three critical exponents with
95 % confidence intervals for 200 values of TIth covering a
range of 0.5 < TIth < 2.5. The theoretically predicted values
of the critical exponents are shown by horizontal dashed lines.
It is evident that the values of β and µ⊥ exponents are robust
against the change of the turbulence intensity threshold for
TIth > 0.64.
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FIG. 7. Systematic analysis of the critical exponents sensitivity to
the threshold of turbulence intensity imposed in the directed percola-
tion model: the exponent β and the transverse fractal dimension µ⊥.
The dashed lines indicate the theoretical value of the exponents in di-
rected percolation. For a turbulence intensity TIth > 0.64, the crit-
ical exponents of directed percolation are obtained within numerical
errors (see text). Gray symbols show the dependence of the critical
Reynolds number on the threshold. For the sake of clarity, only three
illustrative error bars of Rec are shown.

A variation of a factor of 5 in turbulence intensity threshold
implies an increase of less than 2 % of the critical Reynolds
number while corresponding uncertainty is in the order of 1 %.
The monotonic trend is a natural consequence of mapping
continuous HSPIV velocity data into binary states using in-
creasing threshold values, TIth. As it is ubiquitous in phase
transitions, the value of the control parameter at which a phase
transition occurs is model-dependent. Important for claiming
universal behavior at the phase transition is to observe critical
exponents that do not depend on these model details. All these
features are observed in our investigations (Fig. 7). We thus
conclude that the critical Reynolds number marking the onset
of the LSB depends only slightly on TIth without contradict-
ing DP.

V. DISCUSSION

The main aspect of our work is to show evidence for the
concept of DP being of use for understanding transition phe-
nomena in aerodynamics, in particular, the onset of an LSB
on an airfoil. This evidence is shown by means of estimated
critical exponents. However, as it is known, this estimation
is very sensitive to the computation or measurement of the
critical point, or here, the critical Reynolds number. To show
the quality of our estimate, we present compensated plots in
Fig. 5b. For the critical exponents of the turbulent fraction (β)
as well as the transverse fractal dimension (µ⊥), Figs. 5b, 6a
and 7 show accordance with the predicted values of 1+1D di-
rected percolation, even if one varies the confidence intervals
for the error estimation. The results of the longitudinal frac-
tal dimension (µ‖), are not so conclusive. Tending towards
exponential behavior, distribution of laminar clusters actually
contradicts 1 + 1D directed percolation, see Fig. 6b. Since
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FIG. 8. (a) Rescaled turbulent fraction ρ̂ as a function of ε for a va-
riety of possible critical Reynolds numbers, Rec′ ∈ [Rec, Rec ±
75, Rec ± 150]. Where ρ̂ becomes constant, Rec can be estimated
best. (b) Derivative of ρ̂ as a function of Rec′ including standard
errors. The critical Reynolds number is determined by the zero-
crossing of ρ̂′. The uncertainty of Rec is estimated by propagation
of errors. Here, TIth = 0.93.

cluster distributions in time are known to be particularly more
difficult to estimate as these seem to suffer more from finite
size effects and experimental uncertainty, our findings open
the door for future experimental sets: minimizing the uncer-
tainty, may uncover a critical behavior not resolved in our ex-
periment or provide deeper evidence on the occurrence of a
phenomenon other than critical phase transition, e.g. a contin-
uous bifurcation.

The scaling ranges obtained for our systems are not much
larger than one decade. However, in contrast to numerical
investigations, we are limited by our experimental setup. Nei-
ther the spatial dynamic range of HSPIV nor the size of the
wind tunnel can easily be changed. Taking also into account
that estimation of power laws may lead to biased estimation
and pitfalls [19], our experimental results indicate, to the best
of our belief, astonishingly consistent results with the 1 + 1D
directed percolation. We also see that the quality of our results
are comparable with those of other groups, like the work on
directed percolation in a channel flow [13]. Other experimen-
tal studies on DP [11, 20] suffer from similar shortcomings,
such as continuous onset of turbulence and truncated scal-
ing ranges. By establishing an adapted DP model, we are
able to trace these shortcomings back to typical experimental
constraints, such as noisy control parameter and experimen-
tal coarse graining. We introduce this DP model in a separate
Appendix and show that these findings explain the experimen-
tal deviations from theory and thus provide stronger ground-
ing for the potential importance of the DP framework in LSB
events and other transition phenomena in aerodynamics.

Based on the findings in this paper, it is now possible to
introduce an alternative procedure to determine the onset of
the LSB. Under the assumption of 1 + 1D DP holding true,
the critical Reynolds number can be determined following the
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compensated representation shown in Fig. 5b, but now fixing
βDP to its theoretical value and varying a reference value,
Rec′ , deviated from the critical value,

ρ̂(Rex,Rec′) =
ρ

εβDP
. (4)

For a variety of reference Reynolds numbers, ρ̂ is shown as
a function of ε and Rec′ in Fig. 8a. Here we see that in-
creasing (decreasing) Rec′ turns the slope, ρ̂′ = ∂ρ̂/∂ε, to
become negative (positive). By analogy with Fig. 5b, the
horizontal line in ρ̂ represents the case where DP properties
are found. Thus, from the zero-crossing of ρ̂′ the best esti-
mation Rec is obtained. In comparison to the estimation of
the critical Reynolds number by fitting a power law about
the maximum derivative of ρ (see Figs. 4b and 5a), the un-
certainty in Rec decreases by two orders of magnitude from
Rec = 1.063(6) × 105 to Rec = 1.06302(2) × 105 for
TIth = 0.93. This shows that the concept of DP enables to
determine the critical Reynolds number for the LSB with very
high precision. Since such high precision concepts are very
rare in fluid mechanical research, the introduced procedure
may serve as a new benchmark.

VI. CONCLUSION

This work presents a first experimental evidence that per-
colation models are of practical relevance for the flow over
the suction side of an airfoil. Our work has been inspired by
recent achievements in fundamental turbulence research that
link the onset of turbulence to directed percolation phase tran-
sition. In comparison to the flow situations investigated up
to now, the flow over an airfoil changes its Reynolds number
along with its stability while evolving downstream.

Applying a bond directed percolation model to characterize
transition from a laminar boundary layer into an LSB on an
airfoil, one obtains values for the critical exponents consistent
with those in 1 + 1D directed percolation. The physical im-
plication of this universality class indicates that the boundary
layer at the LSB’s onset is slender compared to the dimension
of the LSB and, thus, flow instabilities cannot spread perpen-
dicular to the surface. As an important aspect for practical
applications, with the assumption of an 1 + 1D directed per-
colation, a new method is introduced to determine the tran-
sition point into the LSB with very high precision of better
than 10 in Reynolds numbers. This is for fixed TI less than 1
per mill or for all TI less than 1 per cent of the chord length.
For our profile, the precision exceeds the optical resolution of
0.4 mm.

Since instabilities like the LSB have essential impact on the
performance of airfoils, it is of great importance to know how
and where they emerge. From the findings of this work, new
directions for future applications and investigation are now
open. First, in CFD, several frameworks need a model that
delivers the location of transition [21] and, thus, the LSB’s
onset. Since the directed percolation framework is now shown
to be able to retrieve a consistent determination where the LSB
onset is located, it can be used to validate current transition

models. Additionally, the temporal evolution of the LSB’s
onset parameterized by DP might be of use for unsteady low-
order models [22] which often couple details of the boundary
layer flow with CFD approaches used for the ambient flow
[23, 24].

Second, in a lot of applications, transition to turbulence is
a phenomenon that needs to be controlled properly, also when
taking place within an LSB. For instance, vortex generators
are applied to rotor blades of wind turbines close to the loca-
tion of an LSB in order to avoid aerodynamic instabilities that
cause high fatigue loads. Nowadays, this is done based on effi-
cient engineering models used in the design process of a wind
turbine. As revealed by different studies [25, 26], these mod-
els cannot account for nonlinear flow behavior that inherently
governs the emergence of LSBs. Particularly when an LSB
emerges very close to the natural onset of laminar-turbulent
transition, models fail to correctly predict both phenomena.
The more reliably such situations can be identified and char-
acterized, the better vortex generators can be applied to ro-
tor blades, resulting in more efficient wind turbine operation
along with reduction of destructive aerodynamic loads.

Third, the wind tunnel experiment here investigated con-
siders an airfoil subjected to a constant ambient inflow. In
reality, airfoils of a plane or a wind turbine are subjected to
non-stationary inflows. Assuming that the non-stationarity of
such flow occurs at a smaller time scale than the time scale
needed for the LSB onset to take place as a percolation tran-
sition, the concept of directed percolation has the potential to
derive a model for the (non-stationary) dynamics of the LSB’s
onset in time.

All in all, results of the present study indicate a more com-
prehensive significance of percolation models in fluid me-
chanics beyond fundamental laminar-turbulent transition phe-
nomena.
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APPENDIX

The results of the present study reveal basically three main
deviations from standard DP, also present in previous exper-
iments [12, 13]: turbulent clusters appear unconnected and
dense, phase transition is rounded off and scaling ranges are
truncated. While the latter two observations, to some degree,
are affected by well known finite size effects, in this supple-
mentary material, we show that all three apparent deviations
from standard DP reflect two important experimental features,
namely limited measurement resolution and “fluctuating con-
trol parameter”. The limited measurement resolution is re-
lated to the apparently unconnected clusters, while the “fluc-
tuating control parameter”, Rex, caused by noisy inflow con-
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FIG. 9. Illustrations of cluster distributions in time and space at criti-
cality. On the right, a typical snapshot obtained from the experimen-
tal HSPIV data is depicted. On the left, the (detailed) result from
a DP simulation is compared with the corresponding coarse-grained
visualization.

ditions in the experiment, reflects the rounded off phase tran-
sition. Both experimental features affect the distribution of
laminar clusters.

We therefore introduce a modified DP model that incorpo-
rates these experimental features, retrieves results resembling
laminar-turbulent transition in shear flows [5] and, in particu-
lar, presents the same deviations observed in our experimental
HSPIV data.

The standard DP model is a two-parameter model dis-
cretized in space and time with two different (fixed) probabil-
ities, one for turbulence prevalence in consecutive time steps,
p, and another for turbulent spreading to neighboring cells, r.
The flow field is represented by a square lattice with N × N
binary cells, that can be either turbulent (state 1) or laminar
(state 0). The binary flow fields are initialized with a fully oc-
cupied turbulent system at t = 0. Turbulent decay or spread-
ing is then investigated, depending on the chosen values for
p and r. Reference [5] provides all additional details on the
standard DP model.

The modified DP model extends the standard DP model in
two ways:

(I) Turbulent and laminar cells are coarse-grained merg-
ing into larger cells that take binary states depending
on the majority of smaller cells within. This extension
accounts for natural constraints when capturing a con-
tinuous flow by discrete measurement techniques. In
case of HSPIV, the implied averaging imposes a spatio-
temporal low-pass filter on continuous flow data.

(II) The turbulence spreading probability, r, is no longer
fixed, but varies according to a normal distribution of
fixed (small) standard deviation, σr, and an average
value, 〈r〉. The average value plays the role of the
“new” control parameter. A value of σr & 0 accounts
for experimental uncertainties in the inflow resulting in

FIG. 10. Turbulent fraction for the baseline DP model in blue ac-
cording to [5], compared with a modified model in red that allows
a noisy parameter r, which changes in time according to a standard
normal distribution with a standard deviation of σ ≈ 0.02 and a fixed
average 〈r〉. This average value plays the role of the “new” control
parameter. In the inset, the respective compensated representation
indicates first order phase transition for both cases. Please note that
the critical point is adjusted to each model.

a deviation at the critical value rc ∼ 〈r〉c. In the partic-
ular case with σr = 0, the modified model reduces to
the standard DP model.

To illustrate the first extension (I), we simulate a flow field
on a lattice with N = 5000 exploiting accurate determina-
tion of the critical point as given in [5]. Subsequent analysis
is based on fixed turbulent propagation of p = 0.7 yielding a
critical turbulent spreading of rc ≈ 0.3069. An example of a
simulated cluster distribution in time and space is depicted in
Fig. 9 (left), along with the corresponding coarse-grained vi-
sualization using a 3×3 kernel (middle), and compared to typ-
ical experimental data (right). Merging simulation data into a
coarse-grained representation of larger cells thus yields results
qualitatively similar to our experimental space-time plots. In
other words, connected clusters in our experimental flow field
can appear unconnected and dense due to coarse graining re-
sulting from the HSPIV measurement procedure.

To illustrate the second extension (II), we choose a value
centered at a fixed average, 〈r〉, with a normal probability den-
sity function with σ = 0.02 for the fluctuation. In Figure 10,
the turbulent fraction, ρ, derived from the standard model is
compared with the modified DP model. Unlike perfect sys-
tems underlying DP (blue curve), the transition is smeared
(red curve), a feature also observed in our experiment (cf.
Fig. 4b). Although the two curves reveal different behavior
about the critical value, the inset of Fig. 10 shows that critical
behavior can be recovered in the compensated representation.

Finally, one should also notice that experimental coarse
graining as well as the noisy parameter r affect the distri-
butions of laminar clusters derived from our DP model for
three cases, as depicted in Fig. 11. Based on a snapshot of
the (standard) DP simulation (N = 5000), both the transver-
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FIG. 11. (a) Size distribution of laminar clusters in space at the estimated critical value (i.e. turbulent spreading) for one illustrative binary
flowfield generated by applying the baseline DP model (in blue) as presented in [5]. The baseline model is then modified according to
experimental constraints allowing a fluctuating control parameter (in red) and considering metrological coarse graining (in gray). (b) The
corresponding size distribution of laminar clusters in time is depicted analogously. Dashed lines show the theoretical distribution predicted by
the directed percolation model at the transition. Cluster lengths are shown in multiples of the discretization used in the simulation.

sal as well as the longitudinal gap distributions show scaling
behavior over at least two decades. If the noisy parameter is
introduced, the scaling range is significantly restricted in the
long clusters. Note that longitudinal clusters are stronger af-
fected by such noise, as we observe in our experimental data

depicted in Fig. 6. Once coarse graining is added to noise,
the number of short clusters is reduced below the edge of the
kernel. Particularly the distribution of longitudinal laminar
clusters gets affected, showing an apparently exponential be-
havior.
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Chapter 10

Thermostatistics and scale-free networks
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J.P.da Cruz, N.A.M.Araújo, F.Raischel, P.G.Lind,
International Journal of Modern Physics C 26 1550070 (2015).

• Electronic version of an article published as International Journal of Modern Physics C, 26, 06,
2015, 1550070, doi.org/10.1142/S0129183115500709 ©copyright World Scientific Publishing Com-
pany, https://www.worldscientific.com/worldscinet/ijmpc

159



A thermostatistical approach to scale-free networks

João P. da Cruz

Closer Consulting Ltd, Knowledge Dock Business Centre, University of East London, 4-6 University Way,
London E16 2RD, United Kingdom
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1. Introduction

The theory of thermal equilibrium is one of the most important milestones in the devel-
opment of statistical and theoretical physics. Most mesoscopic processes are, however, far
from equilibrium, and describe the flow of energy through a system. Often the cascaded
transfer and eventual dissipation of this energy leads to the appearance of scale-free struc-
tures, characterized by power laws. Describing nonequilibrium systems in an equilibrium
framework would give access to the vast array of tools developed for the equilibrium case.
Such parallelism is not straightforward. Nevertheless, important equivalences between the
two descriptions have recently been established 1,2.

1
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Fig. 1. Illustration of the microcanonical formalism applied to two interacting scale-free networks: (a) Starting
from two separated scale-free networks, one with N ′ nodes and a degree distribution exponent γ1 and another
with N ∼ N ′ and exponent γ2, when (b) they are brought into contact and links are rewired according to some
proper procedure (details in the text), (c) a scale-free network of γeq emerges. The same illustration can be adapted
for the canonical formalism, where N � N ′ is then taken as the number of nodes composing the reservoir and
consequently, γeq = γ2 (see Fig. 2).

With the aim of strengthening further the bridge between equilibrium and non-
equilibrium systems, we explore such apparent equivalences in the context of complex
networks. Networks are general means to describe the topology of interactions, where
nodes are the agents and links represent the interactions. Scale-free networks (SFNs) are
characterized by a power-law degree distribution and have been found in several socio-
technical systems, such as airline networks, Internet, phone calls patterns, and reservoir
networks 3,4,5,6. Insofar, SFNs have been described as products of growth processes as,
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e.g., preferential attachment7,8, or as a result of dilution by preferential depletion9. There-
fore classified as nonequilibrium networks10.

In this Letter, we present a mapping of a specific ensemble of SFNs into an equilibrium
ensemble by properly rescaling the growing values of the connection strength, and we
apply the tools of thermostatistics to measure several network properties. We derive the
equivalents to micro- and macrostates and show how properties such as energy and entropy
can be defined. While the number of nodes is kept constant, the number of connections
grows in time.

For the specific case that the weights correspond to the degrees k of the nodes, we
present a series of Monte-Carlo simulations, both in the canonical and the microcanoni-
cal formalism, illustrating that the scale-free networks follow the equivalent of a Zeroth
law (see Fig. 1), i. e. (i) a network brought in contact with a reservoir relaxes to an “equi-
librium” state with the same degree distribution as the reservoir, (ii) two “equilibrated”
networks with different degree distributions brought in contact with each other develop a
new “equilibrium” state with a new final degree distribution. We then show, (iii), that the
final degree distribution can be calculated exactly from the equivalent of the heat capacity,
which depends on the second moment of the energy.

We start by defining a proper energy function that characterizes the microstates of a
scale-free network. From this definition we then introduce the canonical and the micro-
canonical ensembles. From these ensembles we can then derive the explicit expression for
entropy and heat capacity as well as principles such as the Zeroth-law for scale-free net-
works. Discussion and conclusions end this paper.

2. The energy function for scale-free networks

The network investigated here consider an ensemble of N nodes, where each node i oc-
cupies one of M possible microstates. Each microstate j is characterized by a scalar ŵj ,
which we call connection strength or weight. This weight can be, for example, the degree
of the node for undirected graphs, the in- or out-degree for directed ones, or the sum over
the weight of the node links for a weighted graph. In every case, it is the weight that mea-
sures the local state of each node, and therefore the energy function shall be a function of
the weight alone.

In general, the weight can change in time. For example, if the weight is the degree of
the node, it typically varies as the network grows. Thus, the state space is not constant. To
properly define a statistical ensemble, we introduce a rescaled weight wj as,

wj =
ŵj − ŵmin

ŵmax − ŵmin
, (1)

where ŵmin and ŵmax are the minimum and maximum weights, such that wj is in the range
[0, 1], for all states j = 1, . . . ,M . With this rescaling, we then have a time-independent
probability space, over which we can derive a microcanonical evolution equation.

Assuming that the energy is an exclusive function of the weights, the next question
is: Which functional dependence on the weight should the energy function have? Here we
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argue that the proper choice for the energy function of the microstate j is

εj = logwj . (2)

As will be shown later, this choice for the energy leads to scale-free behavior. Various
ad-hoc relations between energy and connectivity of nodes in a network can be considered
and yield plausible results, without a clear physical argument in favor of any of them11.
The same logarithmic relationship used here has been shown to model Bose-Einstein con-
densation on networks 12. However, this argument does not explain why the logarithmic
function of the weight is the proper one for defining an energy interchange among nodes in
a scale-free network.

The answer might lie in the typical self-similarity of scale-free networks4. In time-
evolving processes one usually looks for periodicities, i.e. invariants under a given time
shift. For an ordered set of different scales the corresponding feature of periodicity is self-
similarity13: a perfectly self-similar process variable w is invariant when shifting from one
scale to another, λ, i.e. the probability distribution function remains invariant p(λnω) =

λp(ω), as do its moments. In our case, this means that the energy scales with the logarithm
of the connectivity, i.e. rescaling wj → wλj leads to a multiplication in the energy, εj →
λεj .

It has been found in similar contexts that a process which is characterized by a
power-law distribution is often related to an underlying multiplicative process, which is
a steady-state process with a Boltzmann distribution when expressed in the logarithm of
the energy14,15.

Through the rescaling of the weights in scale-free networks one is able to obtain a
stationary probability space, in which the evolution of canonical and microcanonical en-
sembles can be formulated. For that, it is necessary to identify the logarithmic weight as
the energy function of each microstate. In other words, while SFNs evolve with no conser-
vation of their average degree, the total logarithmic weight is conserved, which should be
taken therefore as the total energy.

3. Canonical scale-free networks

To derive the canonical ensemble of scale-free networks we first define each macrostate of
the system. One macrostate W is completely defined by the distribution of the N nodes
among the microstrates: W ≡ W (n1, . . . , nM ), where nj is the occupation number of
state j. For each macrostate there are Ω = N !∏

j nj ! equivalent configurations or microstates.
Using Boltzmann’s entropy, the entropy S of a macrostate is S = log Ω. Both energy and
entropy are extensive in this formalism, i.e. they grow linear with the number of nodes N .

In a general canonical framework, where one has a weight defined by Eq. (1), the most
probable macrostate is the one that maximizes the entropy. This maximization has two
constraints: conservation of the average total energy, which with the definition (2) reads
E =

∑
j nj logwj , and of the number of nodes, N =

∑
j nj .

Together with the definition of entropy above, the most probable macrostate is an ex-
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Fig. 2. A network with a uniform degree distribution of size N ′ = 105 is brought in contact with a much larger
reservoir network N = 107 � N ′ with a scale-free distribution, and both networks are rewired according to
the canonical mechanism described in Sec. 3. It is shown how in four stages the smaller network evolves into a
scale-free state with exponent γ = 3, the exponent of the reservoir.

tremum of the functional,

F = log Ω− γ
M∑

j=1

nj logwj + logα
M∑

j=1

nj , (3)

where γ and logα are the Lagrange multipliers for the constraints in the energy and number
of nodes, respectively. For thermodynamic ensembles, γ is the inverse of the reservoir
“temperature” and logα the ratio between the “chemical potential” and the temperature.
Interestingly, from this approach one concludes that γ is a property of the reservoir, while
logα is characteristic of the system.

Using Stirling’s approximation one obtains that the extrema of Eq. (3) yield nj =

αw−γj . If we define ŵi = ki, where ki is the node degree, the degree distribution is a power
law of degree exponent γ. In other words, the reservoir sets the degree exponent. The
weight distribution is consistent with the expected Boltzmann distribution for canonical
ensembles. Note that the node energy is

εi = logwi , (4)

which is thereby exponentially distributed.
To generate “equilibrium” networks with degree exponent γ in this formulation, the

canonical formalism was numerically implemented using a Metropolis algorithm, respect-
ing detailed balance16. One starts with a reservoir with N nodes, interconnected through L
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links, yielding a certain specified initial degree distribution, {ki}. Together with the reser-
voir of N nodes we consider an additional set with N ′ << N nodes where the degree is
distributed uniformly between 1 and a given integer kmax such that N ′ � kmax > 1. At
each iteration, one randomly selects two nodes, say l and m, from the full set of N + N ′

nodes and calculates the change ∆E of the total energy E, when one link connected to l is
rewired to be connected to m:

∆E = ∆(log kl) + ∆(log km) . (5)

This rewiring is executed with probability

p = min {1, exp (−γ∆E)} . (6)

The resulting weight distribution is then again rescaled according to Eq. (1).
Since εi = log ki the energy is only conserved for movements where kinitial

l = kinitial
m +

1, where kinitial
l and kinitial

m are the degree of nodes l and m before the movement, to
guarantee that ∆ (log kl) = −∆ (km), i.e., kfinal

m = kinitial
l and kfinal

l = kinitial
m . However,

through the logarithmic dependence on the degree the energy fluctuations are larger for the
nodes with smaller degree and therefore the probability for them to be accepted is smaller.
In other words, interchanges of links between nodes with a large difference in their degrees
will occur less frequently as interchanges with similar degrees, e.g. those differing by one
link, so energy is approximately conserved.

Since the interaction occurs also between nodes in the system and nodes in the reservoir,
one converges to an hierarchical configuration which eventually follows the same degree
power-law distribution observed for the reservoir.

To understand this fact one points out that from the Metropolis algorithm the energy
distribution resulting from a rewiring probability given by (6) is P (εi) ∝ exp−γεi and
therefore, according to Eq. (4), the degree distribution follows P (ki) ∝ k−γi . In a simula-
tion, this means that after some iterations, the network converges to the scale-free degree
distribution with the exponent γ imposed by the reservoir.

Shown in Fig. 2, a canonial simulation as discussed above is performed with a network
of uniform degree distribution of sizeN ′ being brought in contact with a much larger reser-
voir networkN � N ′ with a scale-free distribution. Indeed, as one clearly sees throughout
the four stages plotted in Fig. 2, the degree distribution evolves towards a power-law dis-
tribution with the same exponent as the one imposed to the reservoir. While in this imple-
mentation the number L of links is kept constant, similar results are obtained for a network
with L growing in time; in that case, instead of degree, one considers the normalized degree
similar to the weight in Eq. (1).

4. Microcanonical scale-free networks

The canonical ensemble introduced in the previous section corresponds to a single network
with a distribution of microstates in contact with a much larger second network acting as
heat reservoir.
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Fig. 3. (Color online) (a) Evolution of the degree exponent of two scale-free networks in contact with each other.
Initially, the two networks have different degree exponents (inset (b)) but converge towards a degree distribution
with the same degree exponent γeq (inset (c)). All represented values refer to cumulative distributions.

Next we discuss the microcanonical ensemble where both networks are of the same size,
and the classical problem of thermal equilibrium, i.e. what is the final degree distribution
when two scale-free networks are put in contact?

To address this question, we consider two scale-free networks of degree exponent γ1

and γ2. Since the combined system is isolated, the total energy E1+2 = E1 + E2 is ex-
pected to be conserved, where E1 and E2 is the energy of networks 1 and 2, respectively.
Figure 3a shows the evolution of the degree exponent of the nodes in each network, using
the microcanonical algorithm proposed below. The two networks merge into one with a
power-law degree distribution of exponent γeq.

This situation is described through a microcanonical ensemble, which represents an
isolated network at a given energy. To numerically explore the configuration space we pro-
pose a generalization of the Creutz algorithm, which respects both detailed balance and
ergodicity17. Let us consider again the case where the weight corresponds to the degree.
Algorithmically, instead of interacting with a heat reservoir like in the canonical case, the
network exchanges energy with one energy reservoir, named demon, with energy Edemon.
One starts with one network at the desired energy and Edemon = 0. We define that the

166
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Fig. 4. The heat capacity cN versus exponent γ for the microcanonical ensemble of two scale-free networks.
The negative-valued slope of the linear dependence between c and γ gives the constant value dS

dγ
. See Fig. 5.

maximum energy that can be stored in the demon is Emax
demon =∞. As in the canonical sim-

ulation, at each iteration two nodes l and m are randomly selected and the energy change
of the rewiring movement is obtained from Eq. (5). If ∆E ≤ 0, the movement is accepted
if Edemon − ∆E ≤ Emax

demon and the energy is transferred to the demon. Otherwise, the
movement is only accepted if Edemon > ∆E, and, when it happens, the energy difference
is subtracted from Edemon. To obtain a network with a pre-given energy E, one can also
start with a network having the desired number of links and nodes of energyE0 and impose
that the initial energy in the demon is Edemon = E −E0. After a few iterations the network
energy converges towards E.

To illustrate the microcanonical ensemble of scale-free networks we implemented the
algorithm above for two subnetworks, each one composed of N = 105 nodes and a power-
law degree distribution, but having different exponents, namely γ1 ≈ 7/2 and γ2 ≈ 5.
Figure 3b shows the initial degree distribution of each subnetwork. As shown in Figs. 3b
and 3c, the degree distribution of the set of nodes initially belonging to subnetworks 1 and
2 converges towards the same degree exponent, γeq ≈ 9/2.

5. Thermostatistics of scale-free networks

With the thermostatistical approach proposed here, one can derive five results for ensembles
of scale-free networks. First, the equivalent to the Zeroth-law of thermodynamics can be
expressed as: if networks A and B are in equilibrium with network C then they are also
in equilibrium with each other. Here, two networks in equilibrium have the same degree
exponent γ.

Second, one can derive a closed expression for the entropy of scale-free networks. As
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Fig. 5. (Color online) Computing equilibrium exponents and heat capacity of scale-free networks: (a) first and
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and red). (c) The corresponding heat capacities, c1 and c2 (Eq. (9)) and equilibrium exponent γeq (Eq. (11)).

discussed before, each macrostate has Ω possible equivalent configurations. Substituting
the power-law solution in Eq. (3) in the definition of Ω, yields for the entropy

S = log Ω = S0 + γα
M∑

i=1

w−γi logwi , (7)

where S0 = N log
(∑N

i=1 w
−γ
i

)
is the minimum entropy and the second term is equivalent

to the Shannon entropy. This expression for the entropy complements previous works18.
Third, in the continuum limit, associated with a large number of microstates M , the

sum in Eq. (7) can be approximated by an integral, yielding an expression for S, solely
depending on γ and N . The differential of the entropy is then,

dS =
∂S

∂γ
dγ +

∂S

∂N
dN . (8)

Equation (8) tell us that the network entropy can either change due to removal or addition
of nodes (dN 6= 0), similar to the procedures introduced by Barabasi, Newman and others4

or due to rewiring19, “energy” exchange (dγ 6= 0), as reported here.
Fourth, we can define a heat capacity for non-growing scale-free networks, which can
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be obtained from the entropy as,

cN = γ

(
ds

dγ

)

N

= γ2
(
〈logw〉2 − 〈(logw)2〉

)
, (9)

where s = S/N . Figure 4 shows the pair (cN , γ) of the system of interacting networks
addressed in Fig. 3. One clearly sees a linear dependence with a negative slope, (dSdγ )N < 0,
which can be understood since γ plays the role of the inverse of a temperature.

Fifth, one can predict the value of the exponent γeq when two networks of different
degree exponents, γ1 and γ2, interact. Due to the interaction, internal links of each network
are rewired to connect to the other network. The variation of energy El, which accounts
for the overall variation of the logarithm of the number of connections in network l = 1, 2

obeys the relation,

∆El = cl (γeq − γl) , (10)

where c(l) is the heat capacity of network l. As the number of links is conserved, ∆E1 =

−∆E2. Consequently,

γeq =
c1γ1 + c2γ2

c1 + c2
. (11)

Indeed, Eq. (11), together with Eq. (9), provide a simple way for predicting the equilibrium
exponent of two scale-free networks that merge.

Figure 5a and 5b show respectively the evolution of the quantities 〈log γ〉 and 〈(log γ)2〉
in Eq. (9) for computing the heat capacity, c1 and c2 in each network, which we plot in
Fig. 5c together with γeq calculated from Eq. (11). The result for γeq are consistent with
the ones plotted in Fig. 3.

6. Discussion and conclusions

In summary, we presented an equilibrium description of scale-free networks with a growing
number of connections. A thermostatistical framework was established, defining canonical
and microcanonical ensembles of power-law distributions. With an algorithm for micro-
canonical ensembles, we showed that the merging of two scale-free networks, with differ-
ent exponents, evolves towards an equilibrium power-law distribution. Moreover, we show
how to predict the equilibrium exponent when two scale-free networks merge.

We have replaced, through rescaling, the growing system (growing k), which has an
influx of energy (increasing εj) by a corresponding “isolated” system which obeys thermo-
statistical laws. As should be noted, a similar choice for the energy has been made in the
context of Bose-Einstein condensation in networks12.

Moreover, as claimed by other authors14,15 in other context, we presented evidence
that, if properly interpreted, the Boltzmann factor used in our numerical simulations yield
“disguised” power laws. Indeed, the power-law distributions were generated through a pro-
cedure that only depends on the choice of the energy function, Eq. (4). No preferential
attachment is here required. For another choice of the energy function, e.g. εi =

√
ki, the
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resulting degree distribution is given by the Boltzmann distribution where one substitutes
the energy by the chosen energy function.

Future work might focus on the geometrical properties of this new ensemble of net-
works. We consider a statistical ensemble of networks, with a time-dependent weight for
each node, which is used to define an equivalent to the energy of one microstate. We then
prescribe an iterative re-weighting procedure, such that a functional, which contains the
analogue of the entropy, is maximized, while constraining the average total energy and
number of nodes. We present expressions for the thermostatistical variables. From this,
we propose the existence of canonical and microcanonical ensembles, which are scale-free
networks with maximum entropy. We employ rescaling of the number of links, which is not
necessarily time invariant, and we focus on networks with a constant number of nodes20.

This new framework might provide insight into other problems. For example, recently
an interesting study of the Romenian wealth distribution revealed that the evolution of the
wealth distribution yields a power law robust against external forcing and perturbations
(changes in policy, tax laws, ...) 21. The size of the Romanian society is considered to
be approximately constant in time, but the links (economical interactions) are dynamic.
In the spirit of the framework we describe here, one might speculate that the robustness
of the power-law distribution is characteristic of an “equilibrium” state as the one reported
here. Well known examples of robust power-law distributions, with approximately constant
exponent in time, are also the Internet and the WWW. In this case, the number of nodes
is dynamic. A generalization of our framework to networks with varying number of nodes
might also help understanding such robustness.
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useful discussions and the German Environment Ministery under the grant number
0325577B (PGL), the Fundação para a Ciência e a Tecnologia (FCT) through PEst-
OE/FIS/UI0618/2011 (FR and PGL), SFRH/BPD/65427/2009 (FR), IF/00255/2013 (NA)
and Ciência 2007 (PGL), and the FCT and Deutscher Akademischer Auslandsdienst
(DAAD) through Project DRI/DAAD/1208/2013 (FR and PGL).

References
1. R. Chetrite and H. Touchette, Phys. Rev. Lett. 111, 120601 (2013).
2. M. Javarone and G. Armano, J. Stat.Mech. 04, P04019 (2013).
3. R. Guimera, S. Mossa, A. Turtschi and L. A. N. Amaral, Proc. Nat. Acad. Sci. USA 102, 7794

(2005).
4. R. Albert and A.-L. Barabási, Review of Modern Physics 74, 47 (2002).
5. M. Gonzalez, C. Hidalgo and A. Barabasi, Nature 453, 779 (2008).
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We present a systematic overview of granular deposits composed of ellipsoidal particles with different particle
shapes and size polydispersities. We study the density and anisotropy of such deposits as functions of small to
moderate size polydispersity and two shape parameters that fully describe the shape of a general ellipsoid. Our
results show that, while shape influences significantly the macroscopic properties of the deposits, polydispersity
in the studied range plays apparently a secondary role. The density attains a maximum for a particular family of
non-symmetrical ellipsoids, larger than the density observed for prolate or oblate ellipsoids. As for anisotropy
measures, the contact forces show are increasingly preferred along the vertical direction as the shape of the
particles deviates for a sphere. The deposits are constructed by means of an efficient molecular dynamics
method, where the contact forces are efficiently and accurately computed. The main results are discussed in the
light of applications for porous media models and sedimentation processes.

PACS numbers: 81.05.Rm, 45.70.-n, 05.20.-y, 45.70.Cc
Keywords: Packing, Ellipsoidal, Deposition, Porous media

I. INTRODUCTION

The granular character of many processes in nature has mo-
tivated the study of granular materials and in particular granu-
lar packings since Kepler’s time[1]. One of such processes is
the deposition of particles subject to gravity[2], which under-
lies the formation of sandstones, ceramics and in general, the
emergence of porous materials. Modelling porous media[4, 5]
in a realistic way is important for instance to understand per-
meability of soils for petroleum engineering or in material sci-
ences.

However, a model for grain deposition should incorporate
two ingredients not always easy to combine. First, empirical
studies[6] show that the shape of grains significantly deviates
from the sphere with a small to moderate polydispersity in
their sizes. Until recently most computational studies dealt
with round particles for simplicity, in solving specific prob-
lems such as obtaining the optimal packing[7, 8], construct-
ing space-filling configurations[9–11] or studying elongated
shapes[3]. Some progress was recently made when addressing
the influence of particle shape on the macroscopic observables
of the agglomerate, focusing on ellipsoidal particles[12, 13]
and even in more general shapes[14, 15], without accounting
for the size polydispersity.

Second, deposition processes are fundamentally sequential
and therefore should be modelled through sequential proce-
dures. The procedure introduced by Donev et al[12, 13] for
jammed configurations, captures some of the general features
observed in granular deposits, such as their density and av-
erage coordination number, although it is based on a non-
sequential procedure. However, deposition under gravity does
not generally lead to a jammed state. Recently, some sequen-
tial procedures were already carried out in two-dimensional

∗Electronic address: reza@cii.fc.ul.pt
†Electronic address: plind@cii.fc.ul.pt

deposits of mono-disperse elongated particles[2, 3].
In this paper we focus on three-dimensional polydis-

perse deposits of general ellipsoids and study how macro-
scopic properties of such deposits depend on the shape and
size polydispersity of particles. We show that the density
and coordination number of deposits behaves similarly to
what is observed in jammed systems. However, in contrast
with randomly constructed jammed systems, deposits become
strongly anisotropic when the shape of the particles deviate
from the sphere. Furthermore, we find that introducing small
to moderate polydispersities has minor effects.

To this end, we develop an efficient algorithm for the calcu-
lation of the interactions forces at all contact points within
a three-dimensional deposits of polydisperse ellipsoids and
use it in a Molecular Dynamics[16, 17] method to perform
our simulations. Further, we introduce two shape parameters
which describe any ellipsoid, enabling a systematic study of
the role of particle shape in granular deposits.

The outline of the paper is as follows. In Sec. II we describe
the algorithm for calculating the contact forces between col-
liding ellipsoids with arbitrary size and shape as well as the
simulation setup. In Sec. III the control parameters describ-
ing the polydispersity in the size and the shape of a general
ellipsoid are introduced. In Sec. IV the dependency of macro-
scopic observables taken from the entire deposit are studied as
functions of the control parameters. We focus on the density,
coordination number and anisotropy of the deposits. Discus-
sion and conclusions are given in Sec. V.

II. MODELING THE CONTACT FORCES BETWEEN
ELLIPSOIDAL PARTICLES

When dealing with large systems, calculating the inter-
particle forces is by far the most time consuming part of the
computations. This is due to the fact that, in general, every
particle can interact with every other one. In granular materi-
als, however, the inter-particle forces are short range making
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FIG. 1: (Color online) Sketch of the contact vector ~ξ used to define
the normal repulsive force between two overlapping ellipsoidsA and
B. The contact point is chosed to beXc after properly deriving points
X

(A)
m and X(B)

m at the surfaces of the ellipsoids (see text). The full
procedure is sketched in Fig. 2.

techniques such as verlet list and linked-cell algorithm indis-
pensable in reducing the computation time. These technique
are employed to eliminate the redundant calculations for pairs
which are too far apart to have any interaction[16].

In time-driven Molecular Dynamics (MD) methods of gran-
ular materials the system is evolved for one time step allowing
the particles to overlap. Then normal repulsion forces on the
particles are calculated as a function of the amount of over-
lapping, which is defined usually by a line segment. Here we
refer to this line segment as the contact vector (see Fig. 1).

The contact vector between two ellipsoids can be defined in
more than one way. The common method, introduced by Per-
ram and co-workers[18] and developed by others[13, 19, 20],
is based on finding two points, one on the surface of each ellip-
soid by minimizing a potential through a variational problem
with one geometric constraint. The two obtained points can be
used to define the contact vector. However, the contact vector
defined this way is not necessarily normal to the surface of the
particles, particularly when particles are strongly asymmetri-
cal, leading to non-physical motions of the particles. Further-
more, the Herzian contact law is based on the assumption that
the overlapping vector is normal to the particles.

An alternative method consists in finding two points on the
surfaces of the ellipsoids at which the corresponding surface
normals point exactly in opposite directions. Consequently,
the vector connecting these two points is normal to the sur-
faces of both ellipsoids and can be used as a well-defined
contact vector. This method is, however, much more com-
putationally expensive than the former one. See Ref. [21] for
more details.

To retain the computational efficiency, we use the former
method and introduce an additional step for correcting the di-
rection of the contact vector.

The geometric potential of the ellipsoid A is defined as:

fA(X) = (X −XA)TA(X −XA), (1)

where A is a 3× 3 matrix encoding the shape and orientation
of the ellipsoid, and X and XA are the Cartesian coordinates

of a point on the surface and the centroid of the ellipsoid, re-
spectively. The equation fA(X) = 1 describes the surface of
ellipsoid A. Considering a pair of ellipsoids A and B, two
minimum points X(A)

m and X(B)
m are found on the surfaces of

A and B by minimizing fB and fA, respectively. These points
are shown schematically in Fig.1. To obtain the minima of
fA(X) subject to the constrain of being on the surface of el-
lipsoid B we minimize the following auxiliary potential:

f(X) = (X −XA)TA(X −XA)+

λ
[
(X −XB)TB(X −XB)− 1

]
, (2)

where λ is the Lagrange multiplier associated with the con-
strain. Setting to zero the gradient of this function with respect
to X ,

∇f(X) = A(Xm −XA) + λB(Xm −XB) = 0, (3)

we obtain an equation for optimum points Xm for A:

Xm = (A + λB)−1(AXA + λBXB). (4)

To derive an equation for λ we left-multiply Eq. (3) by
(Xm −XB)T and use the fact that Xm lies on B and that the
gradients of the potential functions of the ellipsoids at mini-
mum point are in opposite directions:

λ =
∣∣(Xm −XB)TA(Xm −XA)

∣∣ . (5)

Equations (4) and (5) can be solved iteratively to findX(A)
m up

to the desired precision. The second point X(B)
m can be found

similarly.
The contact point Xc where a contact force is exerted on

both ellipsoids is defined as the midpoint between X(A)
m and

X
(B)
m . The contact vector for ellipsoid A is defined as ~ξA =

X
(A)
m −X(B)

m and for ellipsoid B, ~ξB = −~ξA (see Fig. 1).
Although Eq. (4) involves inversion of a 3× 3-matrix, find-

ing the minima can be very efficient by choosing the initial
points properly. Good approximations for minima are the
minima from the last time step or, if the ellipsoids were dis-
joint in the last time step, the closest points on the surfaces of
the ellipsoids which are known from collision detection pro-
cedure described later in this section. These points are then
used as initial points, reducing the number of iterations sig-
nificantly.

The overlapping vector calculated in this way, however, is
not necessarily normal to the ellipsoids at the contact point.
In fact, the normal directions to A and B at points X(A)

m and
X

(B)
m deviate significantly from each other when the particles

are strongly aspherical. To overcome this problem we intro-
duce an additional step for correcting the contact vector, as
described next.

If the calculated contact vectors deviate more than a given
amount from the gradients of the ellipsoid’s potential at the
contact point Xc, a new direction is calculated by averaging
the gradients at Xc. Then, two new points are calculated from
the intersection of the line along this direction passing through
the contact point. These new points are used to define a new
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FIG. 2: (Color online) Flow-chart of the algorithm for detection and
calculation of the contact points between two arbitrary ellipsoids.

contact vector. Although it is not generally possible to define
a vector which is along the gradients of both ellipsoids at the
contact point, this approximation gives satisfactory results in
terms of energy conservation.

Having described the procedure for calculating the contact
of two colliding ellipsoids, we next need an efficient way to
determine when two previously disjoint ellipsoids collide. To
this end, we use the technique proposed by Wang et al[25]
which is described briefly as follows.

In homogeneous coordinates the equation for the surface of
a general ellipsoid is given by

A : XT ÃX = 0, (6)

where X is any point on the surface of the ellipsoid and Ã is
the 4×4-matrix of the affine transformation which transforms
the unit sphere centered at the origin into the ellipsoid.

Given two ellipsoids A : XT ÃX = 0 and B : XT B̃X =
0, their characteristic equation is defined as f(ν) = det(νÃ+

B̃), whose roots are the eigenvalues of matrix −Ã−1B̃. Fur-
thermore, it can be shown [25] that (i) f(ν) = 0 has at
least two negative roots, (ii) f(ν) = 0 has two distinct pos-
itive roots if and only if the two ellipsoids are disjoint, (iii)

f(ν) = 0 has a positive double root if and only if the two el-
lipsoids are externally touching. Therefore, by examining the
eigenvalues of −Ã−1B̃ it can be determined if two ellipsoids
collide.

When the ellipsoids are disjoint, the corresponding eigen-
vectors give the coordinates of the four vertices Vi, i =
1, . . . , 4, of a tetrahedron which is self-polar for both ellip-
soids A and B[26], i.e. V Ti ÃVj = V Ti B̃Vj = 0,∀i 6= j.
Two of the vertices lie outside both ellipsoids (external ver-
tices), while the other two are contained inside the ellipsoids,
one in each (internal vertices). In this case, a set of separation
planes can be defined using three points exterior to both ellip-
soids, two of them being the external vertices and the other a
point on the line segment connecting the internal vertices. We
choose the third point as the midpoint between the surfaces of
two ellipsoids on this line segment.

Having the separation plane between the two disjoint ellip-
soids, in the subsequent time step we check if the ellipsoids in-
tersect that plane. If not, the ellipsoids are still disjoint and the
procedure stops. This helps to eliminate the need for checking
for collision between the ellipsoids which is more computa-
tionally expensive. Only when any of the ellipsoids intersects
the separation plane it is necessary to check again for the colli-
sion between the ellipsoids. If the ellipsoids turn out to be still
disjoint their separation plane and closest points are updated
to be used in the next time step. If the ellipsoids do collide
the contact vector is calculated and saved to be used for the
calculation of the contact force.

As described in Ref. [25], the efficiency gain through the
employment of separation planes is highest for dilute systems
where the rate of collisions between particles is low. This
is the case for the early stages in our simulations. However,
in later stages the particles are most of the time in contact
and thus the overhead of calculating the separation planes be-
comes larger than the efficiency gain. Therefore, this proce-
dure is turned off for late stages.

Figure 2 shows the flow-chart of the complete procedure
which is performed for all potentially overlapping pairs of el-
lipsoids. It is worth noting that, to further speed up the pro-
cedure, only the pairs whose spherical envelopes intersect are
evaluated.

The contact force can be decomposed to normal and tangen-
tial forces. The tangential forces such as static and dynamical
frictions are generally derived from the normal force. For cal-
culating the magnitude of the normal force we use Hertzian
model[16]:

Fn ∝ ξ3/2 +K
√
ξ
dξ

dt
, (7)

with ξ = |~ξ| being the length of the contact vector between
the particles and K being the dissipative constant depending
on the material viscosity [22]. Since we are only concerned
with the properties of the deposit at rest, we choose K suffi-
ciently large for the deposit to relax rapidly. This relaxation is
enhanced by including a tangential force ~Ft = −µFn~vt/|~vt|,
µ being the dynamic friction coefficient and ~vt the relative
tangent velocity of the particles.
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FIG. 3: (Color Online) Volume distributions V (r) for different val-
ues of α and β as defined in Eq. (8). The inset shows the correspond-
ing size distributions n(r) (see text).

Finally, the procedure described above is used in a MD sim-
ulation together with standard methods, namely a prediction-
correction integrator for solving the equations of motions,
quaternions for describing the orientation of the particles and
linked-cell algorithm to eliminate unnecessary collision de-
tections. For details of the MD methods see e.g. Ref. [16] and
references therein.

III. CONTROL PARAMETERS FOR SIZE AND SHAPE

The size and shape of the particles are the main parameters
whose effects on the properties of the system are to be studied.
In the following we explain how these are defined and chosen
when preparing the samples. All samples considered here are
cubic and the size of the sample is taken as length unit (size
L = 1).

We define the size of an ellipsoidal particle as the radius

of the sphere with the same volume, i.e. r = (abc)
1
3 > 0

with a, b and c being the three semi-axis radii of the ellip-
soid. We refer to a sample as mono-sized or monodisperse in
size when all its constituting particles have the same volume,
i.e. the same size r. To introduce size polydispersity we adopt
the approach by Voivret et al[23]: instead of directly choosing
the size distribution n(r) of the particles, we consider the dis-
tribution of the total volume V (r) = 4

3πn(r)r3 of all particles
with size r.

We chose V (r) as

V (r) =

{
C (r−rmin)α−1

(rmax−r)1−β if rmin ≤ r ≤ rmax
0 otherwise,

(8)

where α and β determine the shape of the distribution and C
is the normalization factor. Figure 3 shows V (r) for differ-
ent values of α and β and the corresponding size distributions

FIG. 4: (Color Online) Examples of ellipsoids of equal size (volume)
for different values of the shape parameters η = a/b and ζ = b/c:
(1, 1) bottom left, (1, 4) bottom right, (4, 1) top left and (2, 2) top
right.

FIG. 5: (Color online) A cubic deposit of unit sides (L = 1) con-
sisting of N ∼ 4200 ellipsoids with shape parameters η = 1.4 and
ζ = 1.8 and a polydispersity of δr = 0.6, i.e., rmin = 0.016 and
rmax = 0.064 in units of L (see text). Colors are arbitrarily chosen
for better visualization.
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n(r) (inset). For α = β this function takes a symmetric shape
with a peak at (rmin + rmax)/2. For the samples studied in
this work we have chosen α = β = 3 which corresponds to
a distribution (solid line in Fig. 3) very close to a truncated
Gaussian.

The width of the distribution is controlled by the polydis-
persity parameter δr which is defined as [23]:

δr =
rmax − rmin
rmax + rmin

. (9)

For δr = 0 the particles are monodisperse while δ = 1 corre-
sponds to infinite polydispersity. Here, we consider small to
moderate polydispersity δr ≤ 0.6.

The shape of an ellipsoid is characterized by two parame-
ters here defined as η = a/b ≥ 1 and ζ = b/c ≥ 1, with
a ≥ b ≥ c. For prolate (a > b = c) and oblate (a = b > c)
ellipsoids, the shape can be fully characterized by the aspect
ratio a/c = ηζ. The particular case η = ζ = 1 corresponds
to the sphere. These shape parameters together with the size r
fully specify any ellipsoid. Figure 4 shows examples of ellip-
soids of equal size r for different values of η and ζ.

Similar to the size polydispersity, two additional parameters
δη and δζ can be similarly defined for the polydispersities in
the shape of the particles. In this study we consider systems
of mono-shaped particles, describing each deposit by η, ζ and
size polydispersity δr.

In this work, all the deposits are generated by releasing par-
ticles with randomly chosen positions and orientations and
letting them fall in an open box, under gravity along the ver-
tical direction. The box is limited from below by a rigid wall
(ground) and is periodic in x and y directions. In order to
reduce the boundary effects the first few bottom layers of par-
ticles are not considered in our analysis. Figure 5 shows a
cubic deposit of unit sides (L = 1) of ellipsoidal particles
with η = 1.4, ζ = 1.8 and δr = 0.6, that is, rmin = 0.016
and rmax = 0.064.

IV. MACROSCOPIC PROPERTIES OF THE DEPOSIT

The macroscopic properties considered in our study are
the packing density, the average coordination number and the
anisotropy.

A. Packing density and coordination number

Figure 6 shows the packing density in deposits of N ∼
3000 mono-disperse ellipsoids as a function of the shape.

When the shape deviates from the spherical shape, i.e. when
η > 1 or ζ > 1, the density first increases rapidly, then it
attains a maximum and finally decreases slowly. From Fig. 6a
one sees that typically, along lines of constant η (or constant
ζ) the maximum is observed around η = ζ. Further, along
η = ζ, that is where b2 = ac, a global maximum is attained at
η = ζ ≈ 1.4, as can be observed from Fig. 6b (solid line).
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FIG. 6: (a) Density ρ of monodisperse deposits as a function of the
shape parameters η and ζ. The density attains a maximum along the
diagonal η = ζ. (b) The density as a function of ration (a− c)/a =
(ηξ−1)/(ηξ) along the diagonal η = ζ (solid line) together with the
case of prolate ellipsoids (ζ = 1, dashed line) and of oblate ellipsoids
(η = 1, dashed-dotted line). For comparison, the same plot is shown
in the inset for the ration of largest to the smallest semi-axis a/c.
In all configurations N ∼ 3000 − 4500 depending on particle size
(volume) and shape.

The observation of the existence of a global maximum at
the diagonal η = ζ shown in Fig. 6a, provides a further evi-
dence that there is an optimal shape of ellipsoid in construct-
ing random dense packings of monodisperse particles. Previ-
ously, other authors addressed this point for particular shapes,
showing similar results, e.g. in Refs. [13, 14]. In these works
a higher density is observed along η = ζ, due to their method
for generating the packings: instead of being generated via de-
position, their samples are prepared in order to be in jammed
state using a generalized form of Lubachevsky-Stillinger al-
gorithm [28, 29]. This method is generally more efficient in
attaining high densities than method of deposition even with-
out including static friction (as it is the case for our samples).

Figure 6b shows the density along three lines in the space
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FIG. 7: (Color online) (a) The average coordination number Z as a
function of the shape parameters η and ζ. In the inset the coordi-
nation number is plotted as a function of η = ζ for different poly-
dispersities δr (see Eq. (9)). (b) The average coordination number
of particles per unit area Z̄. In order to make Z̄ independent of the
system size, it is multiplied by the surface area of the sphere of the
same volume, 4π(abc)2/3.

of the shape parameters, namely, η = 1, ζ = 1, and η = ζ.
In the main plot we choose the horizontal axis as (a− c)/a =
(ηξ−1)/(ηξ). This quantity has been used in previous works,
e.g. Ref. [33], as a measure of aspect ratio of non-spherical
particles. It takes values between zero (for sphere) and one
(for infinite elongation). For comparison, the same plot is
shown in the inset for the ration of largest to the smallest semi-
axis a/c. Although the curves seem similar we have found no
scaling which could collapse all the curves to a single curve
(more discussion below).

Figure 7a shows the average coordination number Z as a
function of the shape of the particles. For spheroidal particles,
Z increases gradually with the aspect ratios toward a maxi-
mum. For a general ellipsoid the coordination number attains
a maximum higher than the maximum observed for spheroids

(η = 1 or ζ = 1), but decreases to values comparable to those
of spheroids for larger η and ζ. This can be understood con-
sidering the fact that for η = ζ � 1, one of the semi-axis
radii is significantly larger than the other two and therefore
the particle can be regarded as a prolate ellipsoid. The ef-
fect of polydispersity is examined by comparing the result for
three different values of δr as shown in the inset of Fig. 7a.
The results indicate that the coordination number seems to be
insensitive to low to moderate size polydispersities. The same
is observed for the density (not shown).

Figure 7b shows the average coordination per unit area Z̄.
In order to make Z̄ independent of the system size, it is mul-
tiplied by the surface area of the sphere of the same volume,
4π(abc)2/3. In this representation, one can see that there ex-
ists a globally optimum shape for η = ζ ∼ 1.4. This cor-
responds to the same shape for which the packing has the
highest density. A simple intuitive interpretation is that higher
densities result in higher contacts per particle. However, a
closer inspections reveals no one-to-one relation between Z̄
and ρ nor a monotonic one (not shown here). This relation is
non-trivial and depends on the shape of constituting particles.

Figures 6 and 7 show that there is no simple parameter such
as ηζ = a/c controlling the behavior of the density ρ and
the average coordination number Z. As can be seen from the
contour lines, such a parameter would have a complex form
with a nontrivial dependence on b. In fact, for a given aspect
ration a/c the maximum values for ρ and Z are obtained when
b takes a value equal to the geometric mean of a and c, i.e.,
b =
√
ac. Again, these maximums are much higher than for

the limiting cases when b = a or b = c indicating that the
middle semi-axis b plays an important role.

B. Anisotropy

To study the anisotropy of the deposits we investigate the
orientational order of the contact vectors and the principal di-
rections of the ellipsoids by calculating their angular distri-
butions. In general two angles are needed to specify the ori-
entation of a vector in three dimensional space, namely one
azimuthal angle and another angle with the vertical direction.
Since the samples are periodic in x and y directions, they are
by construction homogenous and isotropic in x-y plane. This
is also observed in our results (not shown here for the sake of
brevity). Therefore, we will only consider the angle with the
positive vertical direction.

Figure 8a shows the distribution of the contact normal an-
gles, θc, for different values of the shape parameters η = ζ
with δr = 0. The vertical axis, P (Ω(θc)) represents the prob-
ability density of contact normal vectors within the solid angle
Ω(θc) at an angle θc with the z-axis. We note that P (Ω(θc))
is, by construction, symmetric with respect to θc → θc +π/2,
since for each contact normal of a particle there is a con-
tact normal with opposite direction from the other particle to
which it is in contact.

The results show that for deposits of spheres P (Ω(θc)) is
independent of θc, and consequently the configuration of the
contacts is isotropic and has no preferred direction. However,
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FIG. 8: (Color online) The anisotropy of the contact normals. (a)
Probability distribution of the angle θc between the contact vectors
and the positive z-semiaxis for different values of the shape parame-
ters η = ζ, for the mono-sized case (δr = 0) and (b) its polar repre-
sentation. (c) Histogram of the angle θc for a given shapen (η = 1.6,
ζ = 1.8) but different size polidispersity values δr 6= 0.

as the shape of the particles deviates from a sphere the number
of side contacts between particles, i.e. the number of contacts
on the horizontal plane, decreases and the contact normals line
up along the vertical direction. This is seen in Fig. 8a and
(its polar representation) Fig. 8b which show for every shape
(except sphere) there is a minimum at θc = π/2 which cor-
responds to the number of contacts on the (x, y)-plane, while
having a maximum around θc = 0 (vertical direction). The
minimum at θc = π/2 together with the maximum at θc = 0
get more pronounced when increasing η and ζ. This means
that for larger values of η and ζ which correspond to higher
asphericities the particles tend to lie horizontally, for minimiz-
ing potential energy during deposition. Consequently most of
the contacts will occur with the particles beneath and above.
This can have dramatic effect on the force chains and the re-
sponse of the sample under shear or compression. Such a
study is, however, beyond the scope of the current work.

Figure 8c shows the comparison of the angular distribution
of contact normals for deposits with η = 6, ζ = 1.8, with
different polydispersities δr. It is clear that the polydispersity
has a minor effect.

To study the anisotropy of the orientation of the particles
we do a similar analysis for the principal directions of each
ellipsoid. Figure 9 shows probability distribution of the an-
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FIG. 9: (Color online) (a) Probability distribution of the orientation
angle θo between the direction along the largest semi-axis a of the
particles and the vertical direction together with. (b) its polar rep-
resentation. Each curve corresponds to different values of the shape
parameters.

gle θo between the direction along the largest semi-axis of the
particle a and the positive vertical direction. One can see that
as the shape of the particles deviates from a sphere the largest
semi-axis also tends to lie on the (x, y)-plane. The polydis-
persities in the sizes of the particles has again no significant
effects on the orientation anisotropy (not shown).

The results above can also be obtained through the standard
approach of computing eigenvectors of the fabric tensor of the
particles. For a particle A, the fabric tensor FA is defined by
[31]:

FAij =
∑

c∈CA

`A,ci `A,cj

|`A,c|2 (10)
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FIG. 10: Polar representation of the probability distribution of the
eigenvectors of fabric tensors based on (a) branch vectors (corre-
sponding to largest eigenvalue), (b) contact normals (corresponding
to largest eigenvalue), (c) branch vectors (corresponding to small-
est eigenvalue), and (b) contact normals(corresponding to smallest
eigenvalue). See Eq. (10).

where CA is the set of contacts of particle A and `A,ci,j (i, j =
1, 2, 3) are the components of the, so called, branch vector
joining the centroid of ellipsoid A to a contact c. Defined in
this way, the fabric tensor describes the local configuration of
contacts between the particles.

Except for spherical particles, the branch vector corre-
sponding to a contact is generally different from the normal
vector at that contact. Therefore, the fabric tensor can be al-
ternatively defined based of contact normals, as it has been
use in previous works [30, 31] In this case, the definition is
the same as Eq. (10) except that ` denotes the contact normal.

In Fig. 10 we give the polar plot of the probability distri-
butions of the orientation of the eigenvectors corresponding
to largest and smallest eigenvalues of fabric tensors based on
both branch vectors (a,c) and normal vectors (b,d). The an-
gles of orientation are denoted by θb for branch vectors and
θc for contact vectors and are, similarly, taken relative to the
positive z-direction. Different curves correspond to different
shapes.

As can be seen from Fig. 10, the two definitions of the fab-
ric tensors lead to eigenvectors which are perpendicular to
each other, i.e., 〈θb〉 = 〈θc〉 + π/2. This qualitatively re-
flects the previous results for contact normals and orientations.
Additionally, the probability distributions of the eigenvectors
corresponding to the smallest eigenvalues indicate vertical ori-
entation of the smallest semi-axis. Consequently, not only the
largest semi-axis tends to lie in the horizontal plane but also
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FIG. 11: Orientational order parameter S (see Eq. (11)) as a function
(a) of both parameter shapes η and ζ separately and (b) of the product
ηζ = a/c.

the second largest one.
In short, the results of Figs .8 through 10 reflect the prin-

ciple of minimum energy under the gravitational field con-
trolling the deposition process: while the major semi-axis a
tends to align horizontally, the minor semi-axis c tends to align
along the vertical direction.

We quantify the degree of orientational alignment using a
scalar order parameter to defined as [32, 35]:

S =
3

2
〈cos 2(θ − π

2
)〉 − 1

2
, (11)

where θ is the angle between the largest semi-axis of the par-
ticles and the vertical axis, and the average is taking over all
the particles in the sample. This quantity becomes zero when
the particles are randomly oriented and one when all particles
lie in the horizontal plane.

The order parameter S is shown in Fig. 11a as a function
of both shape parameters separately. Here one sees typically
isolines of constant S given approximately by ζ ∝ 1/η which
indicates that S depends almost exclusively on the product ηζ.
Figure 11b put this dependency in evidence. In accordance
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to the previous results, Fig. 11 shows that as the shape of
the particles deviates from a sphere anisotropy emerges in the
sample, increasing rapidly with ηζ = a/c.

V. CONCLUSIONS

In this work, we studied systematically the static properties
of deposits composed of ellipsoidal particles of different size
and shape, focusing on their density and anisotropy. To this
end, we developed an efficient Molecular Dynamics method
for simulation of ellipsoidal particles which we used to gener-
ate deposits of such particles under gravity.

For mono-sized particles, the density increases rapidly as
the shape of the particles deviates from a sphere, reaching for
particular values of the shape parameters a maximum signifi-
cantly higher than the one observed in random close packing
of spheres. Increasing further the shape parameters, that is,
deviating further for a sphere density to decrease slowly.

We also study the anisotropy of such deposits and show that
as the shape of the particles deviates from a sphere stronger
anisotropies are observed. Such anisotropies appear due to
the gravity and are absent in the systems without gravity.

In the case of polydisperse particles the density takes higher
values with qualitatively similar behavior. We observe that
small to moderate polydispersities in the sizes of the particles
has almost no effect on the anisotropic behavior of the system.

The densities observed in the deposits are generally lower
than the ones obtained through procedures for optimal pack-
ings. Thus, as expected, deposition is not an ideal process
for achieving the largest densities. Porous media and media
formed through deposition processes present also densities
much lower than the optimal one. Such observations point
toward the possibility for using deposition of ellipsoids as a
proper procedure for modeling porous media. This is the sub-
ject of future works.
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eInstitute of Theoretical Physics, University of Münster, D-48149 Münster, Germany

f Departamento de Fı́sica, Faculdade de Ciências da Universidade de Lisboa, 1649-003 Lisboa, Portugal

Abstract

By implementing a recent technique for the determination of stochastic eigendirections of two coupled stochastic variables, we
investigate the evolution of fluctuations of NO2 concentrations at two monitoring stations in the city of Lisbon, Portugal. We analyze
the stochastic part of the measurements recorded at the monitoring stations by means of a method where the two concentrations
are considered as stochastic variables evolving according to a system of coupled stochastic differential equations. Analysis of their
structure allows for transforming the set of measured variables to a set of derived variables, one of them with reduced stochasticity.
For the specific case of NO2 concentration measures, the set of derived variables are well approximated by a global rotation of the
original set of measured variables. We conclude that the stochastic sources at each station are independent from each other and
typically have amplitudes of the order of the deterministic contributions. Such findings show significant limitations when predicting
such quantities. Still, we briefly discuss how predictive power can be increased in general in the light of our methods.

Keywords: Stochastic Systems, Environmental Research, Pollutants, Langevin Equation
PACS: [2010] 02.50.Ga, 02.50.Ey, 92.60.Sz,

1. Introduction

The industrial and urban development during the last decades
has led to a general decrease of air quality, drastically affecting
urban environmental and human life quality. Although, accord-
ing to the European Environment Agency report[1], air quality
has improved in general during the last years, this enhancement
was not significant enough to ensure good air quality in all ur-
ban areas. One of the pollutants with negative impact on health
and environment is NO2. Anthropogenic NO2 is mainly emitted
by vehicles and industrial processes. NO2 has not only severe
effects on health causing e.g. respiratory and cardiovascular dis-
eases, it also affects the environment[2] as nitrogen deposition
leads to eutrophication[3]. A better understanding of the mech-
anisms that influence production, transport, and decomposition
of NO2 is therefore important. Previous studies revealed that
temperature, wind speed and direction, relative humidity, cloud
cover, dew point temperature, sea level pressure, precipitation,
and mixing layer height are relevant meteorological variables
to model the concentrations of air pollutants[2, 4, 5, 6, 7]. In
particular, approaches that deal with the evolution of the NO2
concentration at individual city locations are important for fore-
casting the air quality of urban regions.

Recently a framework[9, 10] for analyzing measurements on
complex systems was introduced, aiming for a quantitative es-

timation of drift and diffusion functions from measured data.
These functions can be identified with the deterministic and
stochastic contributions to the dynamics, respectively, and give
a considerable insight into the underlying systems. The frame-
work was already successfully applied for instance to describe
turbulent flows[9] and the evolution of climate indices[11, 29],
stock market indices[12], and oil prices[13]. At the same time,
the basic method has been refined in particular with respect to
the impact of finite sampling effects [14, 15], the impact of mea-
surement noise[16, 17, 18], and the role of local eigendirections
of the diffusion matrices [19].

In this paper, we aim to apply some recent methods for de-
riving variables with reduced stochastic fluctuations to empiri-
cal data. Namely, we adapt this framework for analyzing mea-
surements of NO2 concentrations in the metropolitan region of
Lisbon, Portugal (see Fig. 1), taken over several years. We ar-
gue that the temporal fluctuations of these concentrations re-
sult from two independent contributions: one periodic and one
stochastic. The periodic part describes daily, weekly, seasonal
and yearly variations of the concentration, which is an accepted
and well-studied result[8]. The stochastic contribution can be
modelled through a stochastic differential equation[23] having
two terms, one drift forcing (deterministic) and one diffusive
fluctuation (stochastic).

When addressing stochastic higher-dimensional systems it is
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Figure 1: NO2 measurement stations in the region of Lisbon (Portugal) at the
Southwestern coast of Europe. In this paper we focus on the set of measure-
ments taken at the stations of Chelas and Avenida da Liberdade with approxi-
mately 105 data points each extracted in the period between 1995 and 2006.

typically difficult to identify the variables most relevant for a
proper description of the system’s evolution. In geophysical
applications, the reduction of the full set of variables to only a
few variables often is achieved by means of the so-called Princi-
pal Component Analysis (PCA)[21] or other standard reduction
methods, such as stepwise regression or ARIMA[22]. However,
the inherent fluctuations are not so commonly investigated.

In this paper we will apply a recent method for reconstruct-
ing the phase space of two stochastic variables, which evolve
according to a set of two coupled stochastic equations defined
through drift vectors and diffusion matrices [19]. The method is
based on the eigenvalues of the diffusion matrices, from which
it is possible to derive a path in phase space through which the
deterministic contribution is enhanced. This technique implies
a transformation of variables and allows for the investigation
of the minimal number of independent sources of stochastic
forcing in the system. In particular, a rather small eigenvalue
of the diffusion matrix, compared to the average value of all
the other, corresponds to one eigendirection in which stochastic
fluctuations may be neglected, reducing the number of stochas-
tic variables taken for describing the system’s evolution. On the
contrary, having all eigenvalues of the same order of magnitude
means that the number of independent stochastic forces equals
the number of variables. Moreover, as we will see, a direct in-
spection of the diffusion functions enables one to ascertain if
the stochastic contributions, one for each variable, are coupled
among them or not. Therefore, we argue that the diagonaliza-
tion of the diffusion matrices gives insight into the system.

We start in Sec. 2 by describing the properties and the prepa-
ration of the data set. Consecutively, in Sec. 3 and 4, the mod-
eling of the time series as a Langevin process is carried out and
its transformation to a new coordinate system are described in
Secs. 5 and 6 respectively. In Sec. 7 we discuss the perfor-
mance of the transformation of the coordinates obtained by our
approach compared to other techniques commonly used for sta-

Figure 2: (a) Time series of the NO2 concentration at the station of Chelas,
before detrending according to Eq. (2), and (b) a zoom-in of these “raw” time
series y1 compared to the detrended series x1, which takes averages of 52-weeks
periods, and then a second detrend with daily averages. Vertical offset of same
plots are done for clarity. For the station at Avenida da Liberdade similar fea-
tures are found (not shown).

tistical analysis of measured data. Section 8 closes this Letter
with a general summary and ideas on the interpretation of the
transformed time series with respect to the underlying environ-
mental processes.

2. NO2 measurements in Lisbon

In this section we briefly describe the sets of data analyzed in
this paper as well as its preparation for analyzing the stochastic
components of the measurements.

The data set covers hourly measurements of NO2 concentra-
tion, taken at 22 stations in the urban center of Lisbon recorded
from of 1995 to 2006. For this study we choose the data
from 1995 to 2005 for the monitoring stations at Chelas and
at Avenida da Liberdade. These stations are located at a dis-
tance of ∼ 4 km from each other, see Fig. 1. In the following,
the NO2 concentrations at the stations of Chelas and Avenida
da Liberdade will be designated as y1(t) and y2(t), respectively,
omitting the temporal dependency when not necessary.

Increments in time are always of 1 hour. Each of the data
sets contains 105 measurement points approximately, including
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some periods of incomplete or erroneous measurements that are
disregarded for our analysis. In the case of the chosen stations,
the series of measurements y1 and y2 contain 3726 and 4548
instances of measurement errors, respectively.

The concentration of NO2 is strongly driven by daily, weekly,
monthly and yearly anthropogenic routines, and also by peri-
odic atmospheric processes. For instance the rush hours on
working days have an almost immediate impact on the NO2
concentration, and thus, on air quality. The 24 hours and one
week cycles are both traffic related and mirror daily and weekly
cycles. The measurements of NO2 are therefore influenced by
different periodic forcings and, since we are interested in the
fluctuations of NO2 concentrations, the periodic behavior must
be first detrended. The detrended series for y1 and y2, repre-
sented below as x1 and x2 respectively, are obtained as follows.

One first partitions the data in segments of length N, which
we suppose to be a multiple of relevant periodic fluctuations in
the data set. As a second step, a mean segment is calculated by
averaging measurements with the same position in the segment
over the entire data set according to

Ni(n) ≡ 〈yi(t)|t = n + mN,m = 0, 1, . . .〉 (1)

for n = 0, 1, ...,N − 1. The detrended data set xi is then calcu-
lated by subtracting the respective values of the mean segment
from the measured data,

xi(t) ≡ yi(t) − Ni(t mod N) . (2)

for t = 1, . . . ,T with T > N. If T is the size of the data set,
our simulations have shown that averages over N = 52 weeks
is the best choice for the entire data set, to take into account
all known periodicities mentioned above. With this detrending
method, some periodicities with variable phase remain. To filter
also these periodicities, a second detrending with N = 1 day is
then performed on consecutive periods of T = 14 days.

Figure 2a shows the original data y1 for the station of Chelas.
A zoom-in of a small time interval is plot in Fig. 2b together
with the corresponding detrended data x1. From now on, if not
stated explicitly otherwise, we will only consider the detrended
time series x1 and x2. Next describe their characteristics by
means of a stochastic process.

3. Modeling stochasticity in series of NO2 concentrations:
Langevin processes

The detrended series xi in Eq. (2) reflect the remaining
stochastic components of the measurements at the respective
stations of Chelas and Avenida da Liberdade. In this section
we assume that, with two variables, the stochastic process is
modeled by a system of two coupled Langevin equations, con-
taining a deterministic and a stochastic part, described through
a drift vector and a diffusion matrix, respectively.

For the general case of a K-dimensional state vector X =

(x1, ..., xK), the Itô-Langevin equations describing the evolution
of a particular trajectory in time read [23, 24]:

dX
dt

= h(X) + g(X)Γ(t), (3)

τ
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M
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)
/
τ
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Figure 3: First conditional moments M(1) for (a) the original series and (b) the
detrended series, with different NO2 concentrations (x1, x2) at each one of the
two stations (see legend). The corresponding second conditional moments M(2)

are shown in (c) and (d), respectively. These moments are computed according
to Eqs. (9a) and (9b). While the original data presents oscillations beyond a
given time interval τc ∼ 5, the detrended time series does not (see text). The
value of the corresponding Kramers-Moyal coefficient at the value of (x1, x2)
chosen is given by Eq. (8) for the lowest value of τ, i.e. one.

where Γ = (Γ1, . . . ,ΓK) is a set of K independent stochastic
forces with Gaussian distribution fulfilling

〈Γi(t)〉 = 0 (4a)
〈Γi(t)Γ j(t′)〉 = 2δi jδ(t − t′). (4b)

The two terms on the right hand side of Eq. (3) include both the
deterministic contribution, h = {hi}, and the stochastic contri-
bution, g = {gi j}. The deterministic contribution describes the
physical forces which drive the system, while functions g ac-
count for the amplitudes of the different sources of fluctuations
Γ[10].

The coefficients h and g are directly related to the drift vec-
tors and diffusion matrices[23]

D(1)
i (X) = hi(X) (5)

D(2)
i j (X) =

K∑

k=1

gik(X)g jk(X) (6)

for i, j = 1, . . . ,K, describing the evolution of the joint proba-
bility density function (PDF) f (X, t) by means of the Fokker-
Planck equation [23, 24]:

∂

∂t
f (X, t) = −

K∑

k=1

∂

∂xk
D(1)

k (X) f (X, t)

+

K∑

k=1

K∑

m=1

∂2

∂xk∂xm
D(2)

km(X) f (X, t). (7)

As done previously in other contexts[10, 11, 12, 13, 14, 16,
17], the drift vector and the diffusion matrix can be derived di-
rectly from the data.
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Figure 4: For the detrended series we plot (a-b) both components of the drift vector h = (h1, h2) and (c-e) the components of diffusion matrix D(2) = {D(2)
i j }. The

corresponding fitted surfaces (black) are vertically offset for clarity. Since D(2) is symmetric (see text) one has D(2)
12 = D(2)

21 .

Statistically, the drift and diffusion coefficients coefficients
D(1)

i and D(2)
i j are defined as

D(k)(X) = lim
τ→0

1
τ

M(k)(X, τ)
k!

, (8)

with the first and second conditional moments given by

M(1)
i (X, τ) = 〈Yi(t + τ) − Yi(t)|Y(t) = X〉 (9a)

M(2)
i j (X, τ) = 〈(Yi(t + τ) − Yi(t))

·(Y j(t + τ) − Y j(t))|Y(t) = X
〉
, (9b)

Here 〈·|Y(t) = X〉 symbolizes conditional averaging over all
events that fulfill the condition Y(t) = X.

To determine the underlying Langevin equations, defined in
Eq. (3), one additionally needs to solve Eqs. (5) and (6). In par-
ticular, the calculation of matrices g from the diffusion matrices
requires to solve D(2) = ggT , e.g. by means of diagonalization,
D(2)

diag = PD(2)P−1, with P the orthogonal matrix of eigenvectors

of D(2). The family of solutions is given by g = PT
√

D(2)
diagPO,

where O is an arbitrary orthogonal matrix, obeying OOT = 1.
The matrices D(2) are symmetric and positive semi-definite with
all their eigenvalues real and non-negative (see Eq. (9b)), and

therefore
√

D(2)
diag is well-defined. For any choice of O the anal-

ysis below does not change, and therefore we choose for sim-
plicity O as the identity matrix.

The computation of the conditional moments is based on
their statistical τ-dependence for small τ[10, 17]. Previous
works showed that Eqs. (9a) and (9b) are an operational defini-
tion of the conditional moments that can easily be implemented

for the direct estimation of the drift and diffusion coefficients
from the data[10, 17]. In some practical situations, the limit
in Eq. (8) can be approximated by the slope of a linear fit of
the corresponding conditional moments at small τ. When such
linear fit is not possible, an alternative estimate is to consider
the first value of M(τ)/τ at the lowest value of τ[14]. We will
use this latter estimate for deriving the drift and diffusion coef-
ficients, underlying the evolution of NO2 concentration in Lis-
bon.

Within this framework, we consider the two-dimensional
system of NO2 concentrations X = (x1, x2) describing the fluc-
tuations at the stations of Chelas and Avenida da Liberdade, see
Fig. 1. In order to comply with a Langevin process, as defined
in Eq. (3), we first verify that both data sets exhibit Markovian
properties, which we show next for component x1 only, for sake
of clarity. For x2 the results are similar.

As Fig. 3 indicates, the conditional moments of the time se-
ries show no evidence of measurement noise as τ approaches
zero[16]: M(1)/τ do not diverge when τ → 0. This is true,
both before and after detrending. For τ smaller than a limiting
value τc, some oscillations are observed in the case without de-
trending, although they have no impact on the estimate of the
corresponding Kramers-Moyal coefficients, as compared to our
method of using the value at τ = 1 as estimate. For details see
Ref. [14].

The resulting components of the drift and diffusion coeffi-
cients are plotted in Fig. 4. As one sees all surfaces are ade-
quately fitted by a quadratic polynomial

p(x1, x2) = a1x2
1 + a2x2

2 + a3x1x2 + a4x1 + a5x2 + a6 , (10)
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Figure 5: Contour plots of conditional probabilities (solid curves) and con-
ditional two-point probabilities (dashed curves) computed from the detrended
time series x1 and x2 with τ2 = 1 hour for (a) τ3 = 2 hours and (b) τ3 = 10
hours. The corresponding cuts through contour planes, indicated by the hori-
zontal dashed lines, are shown in (c) and (d) with a good matching between the
respective one-point and two-point conditional probabilities. The distributions
were computed with 13 bins for each variable using a sample of 105 data points.

where p denotes the drift and diffusion components, D(1)
i and

D(2)
i j respectively, and the coefficients ai are computed from a

least-square procedure on the drift and diffusion components as
functions of the detrended variables x1 and x2.

4. Analysis of Markov properties for the series of NO2 con-
centrations

The Markovian nature of the variable x1 can be investigated
by considering the differences between the conditional one-
point probability p(x(1)

1 , t|x(2)
1 , t − τ2) and the conditional two-

point probability p(x(1)
1 , t|x(2)

1 , t − τ2; x(3)
1 , t − τ3). If the process

is Markovian on time scales larger than τ2, then these prob-
ability distributions should not differ significantly[10] for any
choice of τ3. Indeed, as can be seen from Fig. 5, the Markovian
properties seem to be fulfilled for τ2 = 1h and both τ3 = 2h
and τ3 = 10h . We therefore observe strong indications that the
process is Markovian already at the sampling rate of the data
points of 1h and for time lags longer than 1h.

Further, it is also necessary to check the Gaussian nature of
the stochastic force Γ and ascertain it indeed obeys Eqs. (4). Us-
ing the measured time series and the estimated KM-coefficients,
the noise Γ(t) can be reconstructed from a numerical discretiza-
tion of Eq. (3) solved with respect to Γ[25], namely solving

Γ = g−1(X)
(
X̄ − h(X)

)
, (11)

where X̄ = X(t + 1) − X(t) and h(X) and g(X) are evaluated at
X = X(t).

The resulting noise is analyzed with respect to its autocorre-
lation, shown in Fig. 6: the autocorrelation decays to zero for
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1.0
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Figure 6: Autocorrelation of the reconstructed dynamical noises Γ1,Γ2
(stochastic fluctuation), indicating that they are δ-correlated. The inset shows
the probability density function (PDF) of the reconstructed noise normalized to
variance 1 (lines) and a normal distribution for comparison (dashed line).

the very first values of τ, which strongly supports to treat Γ1 and
Γ2 as a white, δ-correlated noise source.

For ascertaining the Gaussian nature of the stochastic sources
we plot in the inset of Fig. 6 the PDF of the reconstructed noise
time series Γ1 and Γ2 (solid lines) against a Gaussian distribu-
tion (dashed lines).

As one sees from the inset, in the range comprising over
95% of the Gaussian noise, the distributions for the stochastic
sources are well approximated by a Gaussian distribution. We
find it reasonable to assume, therefore, that the data series can
be approximated sufficiently well by a Fokker-Planck equation.
The deviations observed for the extreme values, are common in
the analysis of long-term field measurements, showing tails for
close to exponential decay.

From the tests described in this section one may satisfacto-
rily take the series x1 and x2 as a set described by two coupled
Langevin Equations, Eq. (3) with K = 2. Next we derive these
equations from the sets of measurements x1 and x2.

5. Deriving optimal variables: eigensystem for NO2 mea-
surements at different stations

Having successfully determined the drift and diffusion
constants describing the respective deterministic forcing and
stochastic fluctuations of the system of NO2 concentration mea-
surements, we now determine the eigensystem of the diffusion
matrices and investigate its principal directions. This procedure
was described in detail in [19] and was previously applied to a
two-dimensional sub-critical bifurcation[26] and to the analysis
of human movement[27]. It will be briefly outlined here, for K
variables.

Diffusion matrices are numerically estimated on a mesh of
points in phase space, as shown for example in Fig. 4c-e. Then
at each mesh point the K eigenvalues and corresponding eigen-
vectors of the estimated matrices are calculated. The diffusion

5

192



matrices contain information about the stochastic fluctuations
acting on the system and we use the local eigensystems of the
matrix for a further characterization of these forces. In par-
ticular, a vanishing eigenvalue indicates that the corresponding
stochastic force may be neglected.

We are looking for a transform of the original coordinates
X = {xi} into new ones X̃ = {x̃i}, such that the new coordinates
are aligned in the directions of the eigenvectors of the diffusion
matrix in each mesh point, i. e. the principal direction in which
the diffusion matrix is diagonal. Diagonalizing the diffusion
matrix decouples the stochastic contribution in the set of vari-
ables, and if the eigenvalues in the transformed coordinates are
significantly different, we are able to restrict our investigation
to the coordinates with lower stochasticity.

We therefore look for a two-times continuously differentiable
function F with

X̃ = F(X, t), (12)

for which[23, 24] the deterministic and stochastic parts in the
Langevin systems of equations, transform respectively as[19]

h̃(1)
i (X̃) =

N∑

k=1

(
h(1)

k (X)
∂Fi

∂xk

+

N∑

l=1

N∑

j=1

gl j(X)gk j(X)
∂2Fi

∂xk∂xl

)
(13)

g̃i j(X̃) =

N∑

k=1

gk j(X)
∂Fi

∂xk
(14)

where the second equation reads g̃(X̃) = J(X)g(X), with J(X)
the Jacobian of our transformation F. For reasons of clarity in
the following we do not explicitly notate the dependence on X
and X̃.

The eigenvectors uk of matrices g̃ with coordinates in
local bases ẽi, can be incorporated in matrices U =

[u1 u2 . . . uK]. Defining Ũ as U = JTŨ one then obtains
(see Eq. (14))

ŨT g̃g̃T Ũ = UT gT gU. (15)

By definition the inverse transform F−1(X̃) is chosen such
that the normalized eigenvectors are given by

uk =
1
sk

∂F−1

∂x̃k
(16)

with

sk =

∣∣∣∣∣∣
∂F−1

∂x̃k

∣∣∣∣∣∣ . (17)

i.e. the respective square sum of the columns in the Jaco-
bian of the inverse transform. Taking into account this scal-
ing factor the eigenvalues in the new coordinate system can be
calculated[19],

D̃(2) = diag

λ1

s2
1

λ2

s2
2

. . .
λK

s2
K

 , (18)

where λi (i = 1, . . . ,K) are the eigenvalues of the diagonalized
matrix D(2)

diag.

In general, the eigenvalues of the diffusion matrix indicate
the amplitude of the stochastic force and the corresponding
eigenvector indicates the direction towards which such force
acts. These directions can be regarded as principal axes of the
underlying stochastic dynamics[19].

In particular the vector field yielding at each mesh point the
eigenvector associated to the smallest eigenvalue of matrix g
defines the paths in phase space towards which the fluctuations
are minimal. If this eigenvalue is very small compared to all
the other, the corresponding stochastic force can be neglected
and the system can be assumed to have only K − 1 independent
stochastic forces, reducing the number of stochastic variables
in the system.

Notice however that, whereas in a Cartesian coordinate sys-
tem the eigenvalues are strictly related to the amplitude of dif-
fusion in the corresponding eigenvectors, a nonlinear transfor-
mation usually changes the metric[19, 28]. In the transformed
system the direction of the maximal eigenvalue is not neces-
sarily the direction with the highest diffusion. This disparity
is accounted for by the factor si above. A much more simple
case occurs when the eigenvectors are parallel (or almost) to a
fixed direction, meaning that the eigendirections at each point
in phase space are the same but rotated by a constant angle.
Next we address such situation.

6. Transform of NO2 concentrations to the stochastic
eigendirections

In this section we apply the procedure described previously
to the two series of NO2 concentration, x1 and x2 in Chelas and
Avenida da Liberdade, shown in Fig. 7a. The joint PDF of both
concentrations x1 is x2 is plotted in Fig. 7b showing the region
in phase-space most visited by the bivariate series (x1, x2). A
plot of the eigenvectors of D(2) in Fig. 7c suggests that a contin-
uous and smooth description of the corresponding sorted eigen-
values exists. Here we place at each grid point of the phase
space one ellipsoid whose major and minor axis are given by
the (non-normalized) eigenvectors associated to the largest and
smallest eigenvalue respectively. Since the two eigenvalues are
different, the eigenvector corresponding to the lower eigenvalue
describes the direction of minimum stochasticity. The eigen-
vectors and eigenvalues of the diffusion matrix give locally the
principal directions of stochastic fluctuations (diffusion).

In general, from a plot as the one in Fig. 7c it is possible to de-
rive numerically the variable transformation in Eq. (12): at each
grid point one determines the angle between the “largest” eigen-
vector and the positive horizontal axis. Figure 7d shows the an-
gle φ for the bivariate series (x1, x2). Rotating each ellipsoid
separately by the respective φ-angle aligns the largest eigenvec-
tor along the horizontal direction and the smallest eigenvector
along the vertical direction, yielding the two new (transformed)
variables x̃1 and x̃2. This angle can be derived at each grid point
from the corresponding diffusion g components namely

tan 2φ =
2g12

g11 − g22
(19)
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The angle φ or its absolute value quantifies the relative off-
diagonal contribution that describes the coupling of the noise
terms by the diffusion matrix.
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Figure 7: (a) The original time-series x1 and x2 and (b) their joint probability
density function. In (c) we plot the two (orthogonal) eigenvectors defining the
semi-axis of an ellipsoid. The major semi-axis is associated with the largest
eigenvalue and correspondingly the minor semi-axis with the smallest. For
each grid point in phase space (x1, x2) we plot (d) the angle φ between the
eigenvector associated to the largest eigenvalue and the positive x-semi-axis.
As one sees from (c) and (d) the angle φ does not show significant disparity in
its values within the considered range, indicating a strong uncoupling between
the two stations (see text). Thus, a global rotation of the axis may be considered
(see Fig. 8).

In general, what does such a transformation add to our un-
derstanding about the system? First, by definition the transfor-
mation decouples independent stochastic forces in the system.
The original (detrended) pair of variables as well as the trans-
formed pair of variable obey Eq. (3), with one important dif-
ference: the transformed pair of variables are such that each
variable has a stochastic contribution governed by one indepen-
dent stochastic force alone. In other words g(x1, x2) is diag-
onal. For the original pair of variables the stochastic contri-
bution mixes both independent stochastic forces. Second, in
a reference frame where the two independent stochastic forces
are decoupled, their minimum and maximum magnitude reach
the largest difference between them. In other words, one aligns
the major and minor axis of the “diffusion ellipsoids” shown
in Fig. 7c. In the particular case when one of the magnitudes
is much smaller than other one, one of the variables can even
be disregarded as a stochastic variable, reducing the number of
stochastic variables describing the system. A generalization to
K variables is straightforward.

The value of 〈φ〉 shown in Tab. 1 is the (x1, x2)-averaged an-
gle 〈φ〉 ' 0.40π ∼ π/2 indicated at the scale of 7d. Further, one
inspection of Fig. 7c and 7d enables the observation that in our
present case the φ-angle remains approximately constant at any

y x x̃ x̂
〈〉1 36 5.82 · 10−6 0.00935 −0.0145
〈〉2 64.7 5.22 · 10−6 0.0541 −0.0721
σ1 26.8 17.3 26.7 18.3
σ2 40.8 25.5 15.1 23.3
〈|φ|〉 1.11±0.282 1.31±0.203 0.117±0.114 1.33±0.105
〈Q〉 0.703±0.182 0.714±0.103 0.679±0.0946 0.593±0.0445
〈R1〉 0.157±0.125 0.247±0.167 0.19±0.122 0.169±0.118
〈R2〉 0.183±0.13 0.207±0.134 0.245±0.15 0.243±0.153
µ 0.479 0.457 −0.254 −0.401

Table 1: Characterizing different pairs of variables: the original pair of mea-
sures y, the detrended pair of variables x, the transformed pair x̃, and, for com-
parison, the pair x̂ transformed according to the simpler rules in (22). For each
variable or pair of variables (i = 1, 2) we show the mean 〈〉i and standard devia-
tion σi of their distribution of observed values together with the rotation angle
φ averaged over phase space, as well as the average coefficients Q and Ri for
evaluating their stochastic and deterministic contributions. See Eqs. (19), (20)
and (21). The correlation coefficient between both variables is also given in
each case (see text).

grid point. Similar observations were made for the other pairs
of stations in Lisbon (not shown). Consequently, we may con-
clude that for our set of stations a global rotation is enough to
align the “diffusion ellipsoids”. For the stations in Chelas and
Avenida da Liberdade, Figure 8a shows the result obtained after
performing a global rotation by the median median(φ) ' 0.43π.

In Fig. 8b both eigenvalues λi are plotted, corresponding
to the length of the major and minor axis of the diffusion el-
lipsoids. While there is a significant difference between both
eigenvalues, λmax ∼ 2.5λmin as shown in Fig. 8f, they are of the
same order of magnitude. Such observation indicates the pres-
ence of two independent stochastic forces driving the bivariate
signal (x1, x2).

The stochastic contribution for each variables of the pair
(x1, x2) obeying Eq. (3) can be compared through one param-
eter Q defined at each point x in phase-space as

Q2(x) =
g2

11(x) + g2
12(x)

g2
21(x) + g2

22(x)
(20)

where one orders the rows of matrix g to guarantee Q < 1,
i.e. variable x1 is chosen as the one having lower stochastic
contribution. When Q = 1 both stochastic contributions are
equal. When Q � 1 one stochastic contribution can be ne-
glected, reducing by one the number of stochastic contributions
in the system. For an arbitrary number of stochastic variables,
the generalization of Eq. (20) is straightforward[19].

Table 1 shows the value of coefficient Q for the set of mea-
surements y, for the detrended variables x and for the trans-
formed detrended variables x̃. The coefficient is averaged over
the sample of points in the corresponding phase space. For
y and x the smallest stochastic contribution has a magnitude
of approximately 70% of the largest one, while for the trans-
formed variables it decreases more than 2%. This magnitude is
not small enough to permit neglecting one variable. We con-
sider this finding the central result of this letter: before trans-
formation the pair of detrended variables include already two
independent stochastic forces of the same order of magnitude.

One note is however important to stress at this point. The
method applied here to empirical data deals with a transforma-
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Figure 8: Transformed variables through a global rotation of the x1 and x2 axis (check Fig. 7) into new variables, x̃1 and x̃2. (a) Eigenvectors of the transformed
variables and (b) its eigenvalues derived for the diffusion matrix of the transformed variables, together with quantities to evaluate some underlying properties of the
system, namely (c) the rotation angle φ (see Eq. (19)), (d) the asymmetry of the stochastic influence at each variable, given by Q in Eq. (20), (e) the deterministic
coefficient R in Eq. (21) and (f) the quotient between the largest λmax and the smallest λmin for each grid point in the transformed phase position. For each property
the average value is showed with horizontal surfaces and an explicit indication at the vertical axis.

tion that operates on the diffusion matrix alone. No constraints
related to the drift functions, h1 and h2 are considered. To eval-
uate the predictability of each variable i one needs to compare
the total amplitude of the stochastic term with the deterministic
term, namely

R2
i (x) =

h2
i (x)

g2
i1(x) + g2

i2(x)
. (21)

Such expression is also straightforwardly extended to K vari-
ables. The larger Ri the more predictable the variable i may be,
i.e. the smaller the stochastic overall contribution is compared
to the deterministic part governing the evolution of the variable.
In our present case, as given in Tab. 1, while the detrending
y → x of our measurements increases the predictability of the
non-periodic modes in time, the global rotation has no major ef-
fect: both coefficients Ri maintain the same order of magnitude
after transform.

The correlation coefficient µ between both stations is also
given in Tab. 1. While detrending has no significant effect on
the correlation, the transform xi → x̃i indeed decreases its ab-
solute value.

Figure 8c, 8d and 8e illustrate the numerical result of each
property, φ, Q and R for the transformed variables. Similar to
such variables is the quotient between the maximum and mini-
mum eigenvalues, shown in Fig. 8f. Similar plots are obtained

for the other possible pairs of stations.

7. Comparison with standard methodologies

In this Section we first address the question of how good the
coordinate transform derived above is compared to other, pos-
sibly simpler transforms.

For example, we may consider a transform to coordinates
which describe the mean value and difference between the two
measured time series, e.g.

(
x̂1
x̂2

)
= 1

2

(
x1 + x2
x1 − x2

)
. (22)

This choice is the simplest one for two variables, one describ-
ing the total amount x1 + x2 and another describing the relative
amount x1 − x2. For such choice of variables we obtain a value
of Q = 0.59, which is essentially the same as for our “opti-
mized” variables (see Tab. 1), The absolute value of the an-
gle 〈|φ|〉 is however considerably larger than for our optimized
transform, as is the correlation coefficient between the time se-
ries, meaning that this simple transform fails to decouple the
noise sources. The drift-diffusion quotients yield R1 = 0.17 and
R2 = 0.24, showing again no better predictability in comparison
with the original variables.
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In our case we saw that the eigendirections do not depend
much on the detrended variables x1 and x2, which implies that
they are functionally decoupled. However, sometimes it is nec-
essary to consider a proper scaling of the variables[19]. In such
cases, we find it advisable to use a more general transform to
generalized polar coordinates given by

(
x̃1
x̃2

)
=

(
rg

θg

)

=


√

(αx1 + β)2 + (γx2 + δ)2)
arctan

(
γx2+δ
αx1+β

)
+ ε

 (23)

where in general the radial and angle variables, rg and θg, are
functions of the detrended variables x1 and x2. This approach
has the advantage that the inverse transform F−1 is given by the
simple form


x1

x2

 =



1
α

[rg cos(θg − ε) − β]

1
γ
[rg sin(θg − ε) − δ]

 . (24)

In addition, the metric factors introduced by the polar transform
can result in a more pronounced separation of the eigenvalues
in the transformed coordinates.

The other question addressed within this section is the com-
parison between methods applied to choose the most appro-
priate inputs. Theoretically, any set of input data can be fed
into a model for training and evaluation. However, the num-
ber of possible variables to be used and the number of ways
they can be presented is too diverse to test all possible com-
binations. A number of statistical methods can be applied in
order to choose the most appropriate set of predictors or inputs.
Examples are, among other, stepwise regression, PCA, cluster
analysis and ARIMA. For details, see Ref. [22] and references
therein. Such pre-processing procedures, reduce the number
of input variables into the models, thus eliminating the redun-
dant information. In these standard procedures, the selection
of variables is usually made independently for each monitoring
station.

Another possible way to tackle redundancy is the pre-
processing of data consisting of the computation of backward
stepwise regressions (BSR) conducted between a target variable
and all the other data sets. Based on the available common pe-
riod data sets, one constructs a collection of records, composing
the input vector, which includes the meteorological variables,
air pollutant concentrations, etc, and together with it assumes
the corresponding target, which in our case is the atmospheric
concentration of a certain pollutant. Subsequently, one retains
the smallest subset of statistically significant variables to pre-
dict a certain pollutant concentration automatically at a given
monitoring station. In addition, BSR allows the determination
of the best time lags for each input variable, typically daily and
weekly cycles.

The referred techniques also allow the comparison between
the original data sets and surrogate data sets including only the
stochastic component. The stochastic component may be deter-
mined through a rough approximation of a mathematical func-
tion (e.g., sin x), or, for example, by the presented framework.

After the selection of variables and the determination of cyclic
and stochastic behaviors on each time series, linear and non-
linear models can be applied in order to model air pollution in
each monitoring station. The forecasting capabilities of the dif-
ferent approaches can then be compared. Such models are also
applied to each decoupled time-series in order to predict next
days air quality at each monitoring station. The applications
of this framework, however, allows to determine the stochastic
component on a efficient manner, enhancing air quality predic-
tions.

8. Discussion and Conclusion

In this paper, we investigated the stochastic properties of a
set of two simultaneous series, obtained by introducing a proper
detrending of NO2 measurements, which is able to remove pe-
riodic modes in the series. We focused in the measurements at
two different stations out from a set of 22 stations in Lisbon.

Based on validity tests we assumed, that the time series af-
ter detrending were properly modeled by a system of Langevin
equations. The validity of this assumption is discussed in sec-
tion 3, showing that the data sets obey the Markov property to a
sufficient extent. The stochastic fluctuations show good resem-
blance with δ-correlated Gaussian noise.

Calculating the eigenvalues of the diffusion matrices, we
found a transform that leads to a description in which the dif-
fusion matrices are diagonal. Since the transformed variables
are derived directly from the transformation that diagonalizes
the diffusion matrices, they correspond to the orthogonal direc-
tions in phase space in which fluctuations are stronger (larger
eigenvalue) and weaker (smaller eigenvalue) respectively.

Comparison between original and transformed variables
showed that the two detrended variables are driven by stochas-
tic forces almost decoupled from each other, showing an almost
constant rotation angle of the “diffusion ellipsoid” at each point
of phase space. Further, both stochastic sources have ampli-
tudes of the order of the deterministic terms, indicating a short
horizon of predictability. This procedure worked out well for
the NO2 data, since the transformation of variables resulted in
decoupling the diffusion components in the new coordinates.
Other transformation could be considered. For instance, we dis-
cussed how this approach could be applied for other data sets
in which the diffusion ellipsoids do not align in phase space,
but instead depend in non trivial functional of the variables. In
this case, the transform maps the detrended variables into two
polar-like coordinates.

One question that should be addressed in a forthcoming study
is to present a systematic overview on all pairs of stations stud-
ied by us in this scope but not shown thoroughly, since it was
out of our main purposes. Doing that one would be able to com-
pare in detail the results obtained through the method applied
in this paper with standard methods used for forecasting NO2
concentration at a specific spot in the city of Lisbon.
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Using a method for stochastic data analysis, borrowed from statistical physics, we analyze synthetic data
from a Markov chain model that reproduces measurements of wind speed and power production in a wind park
in Portugal. We first show that our analysis retrieves indeed the power performance curve, which yields the
relationship between wind speed and power production and we discuss how this procedure can be extended for
extracting unknown functional relationships between pairs of physical variables in general. Second, we show
how specific features, such as the rated speed of the wind turbine or the descriptive wind speed statistics, can be
related with the equations describing the evolution of power production and wind speed at single wind turbines.
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I. INTRODUCTION

The use of efficient and clean renewable energy sources is
one of the major conditions required to achieve the important
aim of sustainable development in modern societies[1]. Wind
energy is one of such sources and wind turbines are being sub-
ject to intensive studies for improving their efficiency[2, 3].
Although the basic laws of atmospheric wind motion have
been known for a long time, important problems such as tur-
bulence, layering, and the statistics of extreme events remain
poorly understood. A better understanding of these phenom-
ena can help to construct energy conversion schemes that are
both more efficient and robust. Here, robustness must be con-
sidered under two aspects: first, the occurrence of sudden
changes in wind speed and direction can interrupt the pro-
cess of energy conversion, meaning unreliability and a sud-
den slump in the electrical energy generated, which is seen
as one of the major obstacles for the replacement of fossil
and nuclear plants by wind energy sources. Second, these
sudden changes introduce massive mechanical stresses which
can lead to excessive wear or, ultimately, to the destruction of
wind generators.

Wind flow is in general turbulent[4] and non-
homogeneous[5] with a non-negligible stochastic contri-
bution. Therefore, in order to be able to construct more
accurate models for its physical properties, one needs either
accurate measurements of the wind speed on the length scales
of wind turbines, or suitable models that can statistically
reproduce these measured data. Since the wind turbines are
driven by turbulent wind fields, the stochasticity of the wind
fields transfers to stochastic dynamics of the wind turbine
as a whole, of the loads on its structures and, last but not
least, of the power output. Recently, a Markov chain model
was used to reproduce wind measured data[6], based on the
transition matrix and time propagators for the wind speed
and direction together with the power production. Differently

FIG. 1: Illustration of Iberia Peninsula indicating the position of the
Portuguese wind park. In the inset one sees the geographic location
of each of the 57 wind turbines (bullets). The blue marker (AO1)
indicates the wind turbine analyzed here.

from previous first-order approaches[7], information from
two and three step transition probabilities are considered.

In this paper, we aim at understanding the stochastic as-
pects of power production coupled to the wind velocity field.
To that end, we use a methodology recently introduced by
some of us[8], for uncovering optimal stochastic variables
weakly[9] and strongly coupled[8], and adapt it with two pur-
poses. First, to properly derive the functional relation of pairs
of variables whose values are extracted from the Markov chain
model for wind turbines. Second, to uncover specific fea-
tures of the wind turbine and characterize the different work-
ing regions observed in the power-speed plane. After this,
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FIG. 2: Time series for (a) the magnitude of the wind speed v. Inset
shows the time series for a shorter time period. The PDF of the wind
speed is shown in the inset of Fig. 5. (b) the power production P
of the wind turbine. Inset shows the PDF of the time series. (c) the
corresponding wind direction, θ. Inset shows the PDF of the time
series. All data series were generated with the Markov chain model
[6] described in Sec. II. All properties are normalized to the observed
intervals [0, vmax], [0, Pmax] and [0, θmax] respectively. In this and
all following figures, time is in multiples of 20min, whereas velocity
v, power P and direction θ are normalized to unity.

FIG. 3: (Color online) Performance curve for one wind turbine in
Pinhal Interior, Portugal. Circles show all the historical data points
used in the Markov chain modeling [6] and the boxes display the
state discretization.

we test our approach to uncover the functional dependence
of the well-known performance curve, which describes the
functional dependence of the power production and the wind
speed. Whereas previous reports have pointed out the benefits
of deriving the power curve from the drift field[10], we addi-
tionally take the diffusion field into account and find that this
procedure creates additional insight.

We use the data sets generated by the Markov chain model
described by Lopes et al. [6]. Using such synthetic data sets
that properly reproduce the statistical features of empirical
data sets, allows us to use data sets as large as needed for our
analysis. Moreover, the Markov chain model serves as a filter
to remove periodicities present in the data. This is an essential
step for our modeling, as it would not be possible to correctly
estimate the Kramers-Moyal coefficients from the raw data.

We start in Sec. II by describing the empirical data used
to define the Markov chain model as well as the data gener-
ated with it. In Sec. III we describe our stochastic method for
analyzing the data and in Sec. IV we apply it to analyze the
performance curve of a wind turbine. In Sec. V we show that
the same method when applied separately to both wind speed
and power production allows to derive the performance curve.
Further, the same analysis also provides insight concerning
specific features of the turbine system studied. Section VI
concludes this paper.

II. PROPERTIES AND GENERATION OF THE DATA SETS

The data analyzed in this manuscript was simulated from a
set of measurements from a wind turbine in the region of Pin-
hal Interior, Portugal. The measured properties are the power
production P of the wind turbine, the wind speed v and the
wind direction θ (θ = 0 corresponds to north). The wind tur-
bine was selected out of a total of 57 wind turbines in an eolic
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park. Figure 1 shows an overview of the eolic park. The time
increment between two successive measures is ∆t = 10 min-
utes and the time period covered starts in January 1st 2009
and ends in December 31st 2010, yielding approx. 105 data
points. It has to be remarked that these measurements are
acquired directly from the top of wind turbine (nacelle) and
might not be optimal for the reconstruction of the underly-
ing physical processes for two reasons: first, the wind speed
measurement is acquired at a point located downstream of the
turbine blades and can neither account for the spatial exten-
sion and inhomogeneity of the wind field nor for its complex
aerodynamical interaction with the turbine blades[11]. Sec-
ondly, the 10 minute sampling period of the historical data set
does not allow to resolve the time scales of either the turbulent
interaction between wind and turbine, nor the quick action of
the controller system response. Finally, missing data records,
a low number of data points [12] or large sampling intervals
[13], and periodicities due to the daily and seasonal variations
in wind flow often hinders a direct stochastic analysis of these
data sets. Specifically, it is well known that the estimation
of the drift and diffusion coefficients which we use cannot be
applied to periodic time series. If applicable, a filtering or de-
trending procedure has to be applied to the data set [9, 14, 19].
However, as the quasi-daily variations in the wind speed do
not occur every day, the usefulness of a filtering or detrending
procedure has to be doubted.

Thus, the challenge is to devise new methods that can make
most use of the information present on these data sets—given
that most of the data acquisition systems on existent wind
farms are limited—with the aim of understanding the dynamic
processes of the wind power generation, which hopefully can
lead to economic benefits from scheduling and maintaining a
level of constant production.

To overcome some of these problems, we employ a recon-
struction of the original wind data set through a Markov chain
model, which has recently been established [6] using a joint
discretization of the wind speed, power and direction variables
for the state definition. In our specific case within the range of
each variable P , v and θ we select 80, 60 and 12 states. States
without a realization in the time series are deleted, all states
that contain at least one observation are kept. Details about
the estimation of the transition probabilities can be found in
[6, 21] and Appendix A. The use of the MC model has the
additional benefit of removing periodicities from the data.

Based on the Markov chain transition matrix P with
P(i, j) = pi,j being the probability of transition from state si
to state sj , the synthetic data sets were generated using the fol-
lowing Monte Carlo approach. We find the cumulative prob-
ability transition matrix Pcum with Pcum(i, j) =

∑j
k=1 pi,k

and select randomly an initial state si. A random number ε
between zero and one is then uniformly selected and a new
state snew is chosen such that Pcum(i, new) ≥ ε. For details
see Ref. [7]. Figure 2 shows the generated time series. As
shown in the previous work Ref. [6], the proposed Markov
chain model reproduces the dominant statistical features of all
three properties, namely power production, wind speed and
wind direction, although no periodicities are present in the re-
produced time series.

The resulting synthetic data series for power production and
wind speed also retain the persistence statistics, namely the
average duration of power production and wind speed on a
certain level, respectively. Power production and wind speed
are presented as fractions of the maximum observed power
Pmax and wind speed vmax respectively, assuming therefore
values between zero and one.

The wind direction in the original time series follows a bi-
modal pattern, which is to some extent also periodic: during
the day there are weaker breezes in a particular direction than
during the night when wind streams in a different direction;
therefore the prevailing wind speed values occurring during
the “day” (2pm – 2am) have approximately θ1 ∼ 80◦, a value
different from the one found for wind speeds measured during
the “night” (2am–2pm), θ2 ∼ 320◦. The Markov chain model
is capable of preserving this bimodality. Although we will not
consider the wind direction in our study, one should notice that
the wind direction bimodality is reflected in the distribution of
the wind speed (see inset of Fig. 5 below). Another bimodal-
ity preserved from the original data set is the one in the joint
PDF of velocity and power, which is visible in Fig. 4f.

Figure 3 shows the discretization of the data set where the
combined states for power and speed are indicated with boxes
and circles represent the historical data set points projected
into the speed-power plane. The synthetic data sets were gen-
erated with 2× 106 data points and show stationary behavior,
i.e. have constant moving averages (not shown).

This approach has several advantages over the direct anal-
ysis of historical data sets. First, high-quality data series of
arbitrary length can be generated, which increases the accu-
racy of the Markov analysis. Secondly, the generated data are
by construction Markovian, with the reconstruction through
the Markov chain acting as a filter that removes both noise
correlations and periodicities. Finally, non-Gaussian transi-
tion probabilities between the states are preserved, which en-
ables to study them through higher Kramers-Moyal (KM) co-
efficients. Error analysis for the derivation of the transition
matrix is described in Append. B.

III. STOCHASTIC ANALYSIS OF WIND TURBINES

The co-evolution of two or more stochastic variables,
such as wind speed and power production, can be described
through a system of coupled stochastic equations, each one
defined by a deterministic contribution (drift) and stochastic
fluctuations from possible stochastic sources. In this section
we present the general framework to analyze our data and in
the next section we apply it to the power production and wind
speed variables.

For the general case ofK stochastic variables,X1, . . . , XK

the vector X(t) = (X1(t), ..., XK(t)) defines the state of the
system under study at each time instant t. The evolution of the
state vector yields a stochastic trajectory in phase space and is
given by the so-called Itô-Langevin equation[8, 14, 15]:

dX

dt
= h(X) + g(X)Γ(t), (1)
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FIG. 4: (Color online) The drift and diffusion coefficients defining the co-evolution of P and v: (a) hv , (b) hP , (c) D(2)
vv , (d) D(2)

vP = D
(2)
Pv

and (e) D(2)
PP . The PDF of both variables is shown in (f).

where Γ(t) = (Γ1(t), . . . ,ΓK(t)) is a set of K indepen-
dent stochastic forces with Gaussian distribution fulfilling
the following conditions: 〈Γi(t)〉 = 0 and 〈Γi(t)Γj(t′)〉 =
2δijδ(t − t′). Function h = {hi} in Eq. (1) is the determin-
istic contribution, describing the physical forces which drive
the system, while g = {gij} describes the amplitude of the

stochastic sources of fluctuations Γ[16].

The evolution of the stochastic variables in time yields a
joint probability density function (PDF), f(X), that evolves
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FIG. 5: (Color online) The drift vector D(1)(P, v) = (hP (P, v), hv(P, v)) (see Eq. (5)) in each (P, v) box used to generate the data (see
Fig. 3). Three regions can be identified: Region I having slow dynamics and regions II and III with fast dynamics (see text). Interestingly, the
fixed point spot in Region II coincides with the rated speed of the wind turbine (see text). The black curve indicates the performance curve
and crosses the bins for which D(1)(v, P ) vanishes. In the inset, the marginal probability density function of the wind speed v is well fitted
by a Weibull distribution with scale parameter λ ≈ 0.25 and shape parameter k ≈ 1.66 and a mode vmode ≈ 0.14vmax[18]. Velocities above
vth = 0.55vmax are rarely observed, which explain the observed drifts in Region I (see text). The gray shading indicates the gradual transition
from Region II to Region III. Dotted vertical lines mark the positions of vmode, 〈v〉 and vth, respectively.

according to the so-called Fokker-Planck equation

∂f(X, t)

∂t
= −

N∑

i=1

∂

∂xi

[
D

(1)
i (X)f(X, t)

]

+
N∑

i=1

N∑

j=1

∂2

∂xi∂xj

[
D

(2)
ij (X)f(X, t)

]
,(2)

where the functionsD(1)
i andD(2)

ij are related to the functions
hi and gij above, namely

D
(1)
i (X) = hi(X) (3a)

D
(2)
ij (X) =

N∑

k=1

gik(X)gjk(X) (3b)

and are usually called drift and diffusion functions, respec-
tively.

Drift and diffusion functions can be directly derived from
observed or generated data [16, 17], and this fact is the basis of
our framework. Indeed, the drift and diffusion functions of the
underlying process are defined through conditional moments,
namely [14]:

D(k)(X) = lim
∆t→0

1

∆t

M(k)(X,∆t)

k!
, (4)

where M(k) are the first and second conditional moments
(k = 1, 2). These conditional moments can be directly
derived from the measured data as [16, 17] M (1)

i (X,∆t) =

〈Yi(t+ ∆t)− Yi(t)|Y(t) = X〉 and M
(2)
ij (X,∆t) =

〈(Yi(t+ ∆t)− Yi(t))(Yj(t+ ∆t)− Yj(t))|Y(t) = X〉
where Y(t) = (Y1(t), . . . , YN (t)) is the N -dimensional
vector of measured variables and 〈·|Y(t) = X〉 symbolizes
a conditional averaging over the entire measurement period,
where only measurements with Y(t) = X are taken into
account. Important conditions to hold are (i) the underlying
process is stationary and (ii) the Markovian property is
fulfilled.

Numerically h and g are determined on a n1 × ... × nN
mesh of points in phase space, as a function of the vari-
ables Xi, using the drift and diffusion functions. Locally, at
each mesh point, one can always diagonalize the matrix g(X)
and compute their K eigenvalues and K eigenvectors. As
shown previously[8, 19, 20], this analysis provides informa-
tion about the stochastic forces acting on the system. Namely,
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the eigenvalues indicate the amplitude of the stochastic force
and the corresponding eigenvector indicates the direction to-
ward which such force acts. In a previous work[8] we argued
that to each eigenvector of the diffusion matrix one can asso-
ciate one independent source of stochastic forcing Γi and thus
the eigenvectors can be regarded as defining principal axes for
stochastic dynamics. In particular, if one eigenvalue is very
small compared to all the others, the corresponding stochastic
force can be neglected. In the following sections we present
a different implication of this principal stochastic component
analysis, which emphasizes that the vanishing of one stochas-
tic direction is in fact an indication of a strong functional de-
pendence between the pair of variables being analyzed.

IV. WIND TURBINE DRIFT AND DIFFUSION MAP
ANALYSIS

In this section we focus solely on two variables, which are
power production P and wind speed v. Since both series are
stationary and Markovian, we assume them to evolve accord-
ing to the following equations:

dv

dt
= hv(v, P ) + gvv(v, P )Γ1 + gvP (v, P )Γ2 (5a)

dP

dt
= hP (v, P ) + gPv(v, P )Γ1 + gPP (v, P )Γ2.(5b)

In general, the six functions defining vector h and matrix g
depend on both variables and describe the coupling between
each other. Based on Eqs. (3), we can derive both h and g
from the functions D(1) and D(2), which, in turn, are ex-
tracted directly from the synthetic data-set by computing the
corresponding conditional moments using Eq. (4). Note that,
solving Eq. (3b) for computing the matrix g yields multiple
solutions. If g is a solution then all matrices of the form
g̃ = gO where O is an orthogonal matrix (OOT = 1) are
also admissible solutions.

The matrix g can therefore be computed as the “square
root” of matrix D(2), i.e. by diagonalizing D(2) through a
proper permutation matrix and —since all eigenvalues are
positive (D(2) is positive definite)—taking the square root of
each eigenvalue and transforming the matrix back.

Figures 4a-e show the five components of D(1) and D(2),
i.e. the numeric results for both the drift and the diffusion co-
efficients computed directly from the generated P and v time
series. The large fluctuations in the region near to maximum
power production and wind speed are due to lack of observa-
tions. Indeed, the joint PDF for P and v (Fig. 4f) shows that
this region is poorly sampled.

To extract valuable information, next we treat these func-
tions separately. Namely, we consider the drift vector field
(hv, hP ) and the eigenvectors of the diffusion matrix associ-
ated to its eigenvalues λmax and λmin. Figure 5 shows the
drift vector field in the power production and wind speed state
space, restricted to the sampled region defined by the power
production curve in Fig. 3. The solid black line is the perfor-
mance curve computed from the (P, v) joint probability den-
sity function, shown in Fig. 4f, and defines the most likely

power production for a given wind speed. Three different re-
gions can be identified.

Region I in Fig. 5 is characterized by a large wind speed,
i.e. above a “threshold” velocity vth that exceeds the rated
wind speed of the turbine. Postponing a more detailed de-
scription to section V, we define vth = 0.55vmax, which cor-
responds to a 97-percentile of the wind speed distribution. For
these rare events of high wind speeds, the expected behavior
of the wind turbine is to maintain the power production since
there is a surplus of energy in the airflow. In this region, the
performance curve is roughly constant at ∼ 0.95Pmax. Still,
positive power drifts are observed whenever the power pro-
duction is below the performance curve. The wind speed drift
is large in magnitude and always negative, i.e. the drift points
towards lower wind velocities.

Region II is characterized by production levels above a tran-
sition region of 0.6Pmax . P . 0.8Pmax, indicated by gray
shading in Figs. 5,6, which is defined in more detail in section
V and Fig. 6. A closer look at Region II enables one to identify
a fixed point region (D(1) ∼ 0) at high power production lev-
els and wind speed v ∼ 0.5vmax, shown as an encircled area
in Fig. 5 near the vth. This speed value coincides approxi-
mately with the rated wind speed, i.e. the speed for which the
turbine was designed and at which it operates at an optimal
regime. It can therefore be concluded from our analysis that
the turbine has been well selected, and it remains to be seen if
similar conclusions can be drawn when applying our method
to arrays of turbines.

Finally, region III is characterized by frequent low-speed
events with a power production below P ≈ 0.6Pmax, con-
taining another attraction point at vmode ≈ 0.14vmax.

In previous works[5] the drift vector field around the per-
formance curve is parallel to the power production axis. In
Fig. 5 the vector field tends to be tilted towards the perfor-
mance curve, because the data analyzed was sampled with a
much smaller frequency, and therefore the time between suc-
cessive measures is sufficiently large to observe the conver-
gence to the stable fixed points.

Such observations can be more clearly understood by con-
sidering Fig. 5 together with the marginal PDF of the wind
speed shown in its inset. The distribution of observed values
for the wind speed follows approximately a Weibull distribu-
tion, as is known from the literature[18]. In our case we ob-
serve significant deviations at the tail, which shows a bump.
This deviation can be explained with the help of Fig. 2c and
by recalling that there are correlations between the wind speed
with each one of the main wind directions (as highlighted in
section II), resulting in the bimodality of the wind speed. The
bump in the distribution for the wind speed indicates one of
the two modes, namely the one observed at high wind speeds.
Therefore, the bimodality of the original data is preserved as
bimodality of the Markov chain model.

The two dominant trends identified in region I are compat-
ible with the expected behavior of the power production con-
trol system present on the wind turbine. For high values of
wind speed, the controller action upon the blade aerodynam-
ics is capable of sustaining the production level despite the
expected decrease of the wind speed. One has to consider,
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FIG. 6: (Color online) Diffusion ellipses in the power production and wind speed state space, plotted together with the distribution of data
pairs along the boxes shown in Fig. 3. At each box center, the corresponding diffusion ellipse is defined by the two orthogonal eigenvector
of the diffusion matrix D(2) computed at that center. The principal axes defining the ellipse are aligned along the eigenvectors with a length
proportional to the corresponding eigenvalue. Along the performance curve, which gives the functional dependence between both variables,
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from Region II to Region III. In the inset one sees the ratio of both eigenvalues λmin/λmax, using a gray scale (0.2 for black, 0 for white).
Dotted vertical lines mark the positions of vmode, 〈v〉 and vth, respectively.

however, the time scales involved. With a 10min resolution
of the original data, it is not possible to directly observe the
rapid controller action on the blades, only the average behav-
ior of the controller as well as actions that occur on larger time
scales, such as the rotation of the tower. However, even at
large sampling times, the data set catches some events outside
of the power curve and the subsequent conditional moments
mirror the controller action that forces the system back on the
curve.

Another important application of our method deals with the
diffusion matrix. As explained in the previous section, by di-
agonalizing the diffusion matrix at each point of the phase
space one is able to determine the two eigendirections for dif-
fusion. Being orthogonal to each other, these two eigendi-
rections define an ellipse with major and minor axis propor-
tional to the corresponding eigenvalue. Figure 6 shows the
diffusion ellipses in phase space. Region I is characterized
by the largest ellipses indicating very large fluctuations, while
there is an area in region II, which presents small fluctuations
and corresponds to the fixed point areas identified in the drift
field. In the high-slope region of the power curve, the ellipses

degenerate, i.e. one eigenvalue is negligible when compared
to the other (λmin/λmax ∼ 0). The inset of Fig. 6 shows
in a gray scale the quotient λmin/λmax between the smallest
and the largest eigenvalue. White corresponds to zero quo-
tient, while values in [0.2 . . . 1] are colored in black. Clearly,
a white region indicating a very low ratio of the eigenvalues
can be identified, which follows the performance curve shown
in Fig. 3. Details concerning our error analysis are described
in Append. B.

One remark is appropriate at this point. As we mention
above, the procedure described in this section has been per-
formed on synthetic data generated using a Markov chain
model. One might argue that the drift and diffusion coef-
ficients could be extracted directly from the measured data.
However, as a process in time, the real data also reflects daily
and seasonal variations, which hinders and eventually spoils
this approach. It has been found (cf. IV ) that the dynamics
of the system are reflected by the presence of two maxima
in the joint distribution (one at low v, near vmode and one
at high v, near vth). The two dimensional PDF of the mea-
sured data (not shown) closely resembles the one of synthetic
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FIG. 7: (Color online) Uncovering properties of wind turbines by
analyzing data series of wind speed v and power P separately (see
text and Eqs (6a) and (6b)). Horizontal axis indicates the value of
v/vmax for h̃v and g̃2v and the value of P/Pmax for h̃P and g̃2P . The
large circle denoted as ‘rws’ marks the region of the rated wind speed
also seen in Figs. 5 and 6. Lines without error bars indicate the same
Kramers-Moyal coefficient functions, this time derived directly from
the transition matrix (see text), yielding similar results (red solid line
in a): h̃v , blue dashed line in a): h̃P , red solid line in b): g̃2v , blue
dashed line in b): g̃2P ).

data, shown in Fig. 4f, including the two maxima. Estimat-
ing drift and diffusion coefficients directly from the measured
data, however, does not allow to reproduce this distribution
(not shown). The MC model has been found to reproduce the
relevant statistical and dynamical features of the fluctuations
observed in the real data[6]. Given the facts that i) the MC
model produces a transition matrix that maximizes the like-
lihood of distributions [6], ii) its errors are known and small
(cf. B), iii) it faithfully reproduces the joint PDF, and iv) the
analysis using the MC yields the correct physical dynamics
and fixed points (cf. IV), it is reasonable to take the simulated
data as the aperiodic process corresponding to the time series
of power and wind speed.

V. DERIVING THE PERFORMANCE CURVE FROM
UNIVARIATE STOCHASTIC DYNAMICS

The inset of Fig. 6 shows that along the performance curve
one eigenvalue is typically much larger than the other. This is
an indication that in fact P is a function of v, which in the case
of power production and wind speed yields the performance
curve drawn in Fig. 3, 5 and 6.

To see this one first takes P and v as two general variables
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FIG. 8: Power production P as function of wind speed v by integra-
tion (see Eq. (7)). Both Eqs. (8) are fulfilled, analyzing both series P
and v separately (see Eqs. (6a) and (6b)).

fulfilling Eqs. (5) and observes that if P ≡ P (v) there are not
two independent stochastic forces, but only one, yielding for
v[15] and for P

dv

dt
= h̃v(v) + g̃v(v)Γ, (6a)

dP

dt
= h̃P (P ) + g̃P (P )Γ, (6b)

where functions h̃ and g̃ are of course different from the drift
and diffusion functions defined above in Eqs. (5), since only
one variable is taken into consideration for the stochastic mo-
tion equation.

Consequently, the separate analysis of both wind speed and
power production enables one to extract valuable insight about
the full dynamics and behavior of the wind turbine with the
atmospheric wind. In fact, the 2D analysis of the performance
curve summarized in Figs. 5 and 6 can indeed be accessed
through a one dimensional stochastic analysis of each variable
P and v separately.

Figure 7 shows the drift and diffusion of both the wind
speed and power production determined for the model de-
scribed by equations Eqs. (6a,6b). The drift of the wind speed
h̃v has three zeros. These zeros correspond to three fixed
points, two stable (v ' vmode ' 0.14vmax and v ' vth '
0.55vmax), and one unstable at vUFP ' 0.42vmax. Thus,
for wind speed below vUFP, the airflow is unstable and un-
suited for power production, while wind speeds above vUFP

promote power production. The first zero of h̃v indicates ap-
proximately the mode of the wind speed distribution - com-
pare with inset in Fig. 5 - and the other two zeros mark the
transition between two different regions identified above in
Figs. 5 and 6. The transition between Region I and Region
II is marked by vth. The transition between Region II and
III is more subtle and deals with the zero at vUFP and with
the functional dependency of the two variables: it is located
at the transition region of 0.6Pmax . P . 0.8Pmax, which
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corresponds to vUFP ' 0.42vmax, cf. Fig. 5. The transition
between Region III and Region II is also located at a min-
imum of the diffusion g̃v for the wind velocity. Moreover,
Fig. 7a also shows that positive drifts are located at small wind
speeds (up to vmode) and for Region II (see Figs. 5 and 6). At
vUFP, the drift changes to a positive value. In other words,
above v = vUFP the expected change of the wind speed is
towards higher values. The drift reaches a maximum on Re-
gion II prior to a steep change towards negative values. In this
region, the wind speed values are not in the range of the ex-
treme weather conditions and are also not as frequent as the
lower wind speed values. However, it is frequent enough to be
associated with a commonly repeated pattern, i.e. the bimodal
pattern of the wind direction, in which the airflow is mainly
induced by thermal differences. This pattern is responsible
for most of the power production in this wind turbine and the
main reason for a second attraction point at vth. For higher
wind speed values, the drift changes again to negative values
(Region I) since very high wind speed is usually of short dura-
tion, i.e. extreme wind gusts. Moreover, Fig. 7b shows where
the power stochasticity is maximal, i.e. the region of the high-
est diffusion values g̃P , which is the high-slope region of the
power curve for 0.3Pmax . P . 0.6Pmax.

Parallel to our stochastic approach, we also derive coeffi-
cients D(1) and D(2) directly from the transition matrix. Re-
sults are similar to the ones described above, as one can see in
Fig. 7 (thin gray solid and dashed lines), where the deviations
from the coefficients derived from our analysis are due to the

prescribed binning of phase space, i.e. to the number of states
chosen for the transition matrix.

Bringing all the above observations into account, one con-
cludes that there is a strong agreement between the regions
defined in the context of Fig. 5 and 6 and the sign of the wind
speed drift.

Having analyzed separately both properties, v and P , we
continue by showing that from the drift and diffusion coef-
ficients, h̃v , g̃v , h̃P and g̃P , one obtains a functional depen-
dence between power production and wind speed. To that end
we assume that Eq. (6a) holds for v and that the other variable
P is an exclusive function P (v) of v. Thus, we can take the
Itô-Taylor expansion[15] of its differential

dP (v) = P (v + dv)− P (v)

=
dP

dv
dv + 1

2

d2P

dv2
dv2 +O(dv3)

=

(
dP

dv
h̃v + 1

2

d2P

dv2
g̃2
v

)
dt+

dP

dv
g̃vdw (7)

using the differential dv = h̃v(v)dt + g̃v(v)dw. Therefore,
identifying

h̃P =
dP

dv
h̃v + 1

2

d2P

dv2
g̃2
v (8a)

g̃P =
dP

dv
g̃v (8b)

which can be solved with respect to the two derivatives of P (v) yielding the numerical integration scheme as follows:

P (v + ∆t) = P (v) +
dP

dv
|v,P (v)∆v +

1

2

d2P

dv2
|v,P (v)(∆v)2 +O((∆v)3)

= P (v) +
g̃P (P (v))

g̃v(v)
∆v +

1

2

h̃P (P (v))g̃v(v)− h̃v(v)g̃P (P (v))

(g̃v(v)3
(∆v)2 +O((∆v)3). (9)

Figure 8 shows the integration of dP (v) for the condition
P0(v0) = 0 for v0 = 0. The deviations can be attributed
to the fact that Eqs. (6a) and (6b) are strictly only valid in the
regions where the eigenvalues of the diffusion matrix show a
large difference between them, λmin � λmax, cf. inset of
Fig 5 and 6 where 0.2 ≤ v ≤ vth. In addition, it also holds
only on the performance curve, and applying Eqs. (6a) and
(6b) therefore also neglects the asymmetry of the drift func-
tions with respect to this curve. Both deviations are a natural
consequence of having treated two dependent variables, P and
v, as separated stochastic variables.

However, by doing so, two important features can be ob-
served. First, the diffusion matrix D(2)(P, v) has rank one,
i.e. one of its eigenvalues can be neglected in comparison to
the other. Second, from the functions h and g in Eqs (6), it is
possible to determine the functional dependence between both
variables. More details are given in Append. C.

VI. DISCUSSION AND CONCLUSIONS

Investigating a wind turbine from a real wind park, we re-
port the reconstruction of the stochastic performance curve in
the variables wind speed and power production, using both
drift and diffusion coefficients. These coefficients, describ-
ing the respective deterministic and stochastic interactions
of wind field, turbine aerodynamics, and controller action,
are estimated from a synthetic time series generated using a
Markov Chain model of the original measurement data. We
argue that this reconstruction is superior to a direct evaluation
of the measurements.

As a main finding, we present the fact that the reconstruc-
tion of the power curve using both drift and diffusion coeffi-
cients uncovers additional information not visible in an analy-
sis of the drift field alone[10], even though we are using mea-
sured data of a very low measurement rate as model input.
Specifically, our analysis reveals the existence of various dis-
tinct regions in the wind speed–power production plane.
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In addition, we have been able to reconstruct the power
curve from the drift and diffusion coefficients, using a method
which should be able to uncover functional relationships be-
tween stochastic variables in a wide range of experimental se-
tups.

It should be noted that it is possible to infer the correlation
between v and P from the joint PDF in Fig. 4f alone; how-
ever, such an approach neglects the dynamical behavior of the
system.

Without our approach summarized in Figs. 5, 6 and 7, one
could not so surely claim the existence of three separated re-
gions. Moreover, attached to these three regions we detected
three fixed points of the dynamics, two of them stable and one
unstable. These three fixed points are only clearly shown in
Fig. 7, after performing the one-dimensional analysis with our
method.

In particular, considering the upper stable fixed point, while
its coincidence with peak production can be identified directly
in the (P, v) joint PDF, the analysis sketched in Fig. 7 al-
lows to detect the region which belongs to its basin of attrac-
tion, within which drift drives the trajectories to the upper sta-
ble fixed point, whereas out from this regions trajectories are
pushed to the lower stable fixed point.

Finally, information about how trajectories diffuse in phase
space, i.e. the entire dynamics of the system, can only be ob-
tained completely after extracting the drift and diffusion fields
together with the fixed points of the drift field and the princi-
pal directions of diffusion. Only after analyzing the separation
of diffusion eigenvalues visible in Fig. 6 can we postulate the
existence of a single diffusive force underlying Eqs. (6a)-(C5).

Although there are limitations in increasing the extracted
power of a wind turbine, typically described by the power
coefficient which has a maximum value given by the Betz
limit[22], our approach may be helpful in obtaining a bet-
ter understanding of the complex dynamics that determines
power production in wind turbines. Indeed, we believe that
such a stochastic description if applied to an entire wind park,
would enable to better quantify the risk associated to the es-
timate of global energy production. The global energy pro-
duction of a wind park is usually determined by financial con-
straints, i.e. by decision making of how much energy one must
buy or sell in the market to compensate the energy production
fluctuations. Therefore, we are now extending this method-
ology in order to consider coupled systems of wind turbines
in nearby locations, using direct measures of power and wind
speed as well as simulated data.
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Appendix A: Estimation of the Markov chain transition matrix

The Markov chain transition probabilities were not ob-
tained employing the usual maximum likelihood (ML) estima-
tor, but by using a modified likelihood function which com-
bines information from 1-step and 2-step transitions, as de-
scribed in this appendix. This modified ML yields lower vari-
ance estimates for the transition probabilities (see Appendix
B).

Let {si | i ∈ {0, ..., n}}, n ∈ N be the state
space of the Markov chain model, where each state is
a combination of a wind power-, speed-, and direction-
state. Thus the wind-power, -speed and -direction time-
series can be transferred into a stream s of states, i.e. s =
{si0 , si1 , si2 , ..., sim−2 , sim−1 , sim}, where m ∈ N denotes
the length of the time-series and sik denotes the state the
Markov process assumes at time k with ik ∈ {1, ..., n},
∀k ∈ {0, ...,m}. Let pi,j denote the probability of the pro-
cess for moving from state si, at time k, to state sj , at time
k + 1. Then the likelihood function L(1), i.e. the probability
of the observed series of states s, given the transition proba-
bilities pi,j for 1-step transitions, is

L(1) = P (si0) · pi0,i1 · pi1,i2 · · · pim−2,im−1 · pim−1,im . (A1)

Since the probability of the process being in state si0 is con-
stant, the maximum likelihood estimator can thus be written as
the maximum of L(1) =

∏
(i,j)∈S1 pi,j subjected to pi,j ≥ 0

and
∑n
j=0 pi,j = 1, with i, j = 1, . . . , n, where S1 is the set

of all 1-step transitions (i, j) observed in the state stream s.
Solving the above optimization problem is equivalent to

minimizing the negative log-likelihood function L(1)
log =

−∑(i,j)∈S1 log pi,j , subjected to the same constraints. For
practical purposes we consider henceforth the log-likelihood
function L(1)

log .
Next, we consider only 2-step transitions. Taking p′i,j as the

probability of the process for moving from state si, at time k,
to state sj , at time k + 2, the maximum likelihood estima-
tors are given by the maximum of L(2) =

∏
(i,j)∈S2 p

′
i,j =∏

(i,j)∈S2
∑n
k=1 pi,kpk,j with S2 = Sodd2 ∪ Seven2 , where

Sodd2 = {(i1, i3), (i3, i5), ..., (im−3, im−1)} (odd time points)
and Seven2 = {(i0, i2), (i2, i4), ..., (im−2, im)} (even time
points), assuming without loss of generality that m is even.
Here, we use the Chapman-Kolmogorov equations to express
the 2-step transitions p′i,j in terms of 1-step transitions pi,j
with the same constraints as above.

The corresponding log-likelihood function, whose min-
imization defines an equivalent optimization problem, is
L(2)
log = −∑(i,j)∈S2 log(

∑n
k=1 pi,kpk,j).

Finally, as described in Ref. [6], we minimize the objective
function given by the sum of the two log-likelihood functions
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above, namely

Llog = L(1)
log + L(2)

log, (A2)

and under the same constraints. Higher order Markov models
were also tested and not showed considerable improvement
compared to the estimator Llog in Eq. (A2).

Notice that the minimization of Llog in Eq. (A2) for
the series of states s is equivalent as to minimize the 1-
step functional L(1)

log of the augmented state stream s′ =
si0 , si1 , si2 , ..., sim−2

, sim−1
, sim , S, si1 , S, si3 , S, si5 , ...,

sim−3
, S, sim−1

, S, si0 , S, si2 , S, si4 , ..., sim−2
, S, sim , where

S stands for voids in the state stream.
Concerning the state space partition, we tried several differ-

ent partitions of the power-speed-direction-space. Compari-
son of the histograms of the original data and the data syn-
thesized using these models showed that the model with the
highest resolution of the binning in the power-speed plane is
80 × 60 × 12, which reproduces the original data most accu-
rately.

Appendix B: Error Analysis

A lower bound for the uncertainty of the transition probabil-
ities is provided by the Cramer-Rao bound (CRB), since there
is no simple expression to determine the parameters variance
for the 2-step estimator, described in section A. The CRB for
maximum likelihood estimators with constraints on the pa-
rameter space can be computed by using the following equa-
tion [23]:

CRB = UT (UHUT )−1U, (B1)

where U is an orthonormal matrix spanning the null-space of
the Jacobian J of the parameters equality constraints and H
the Hessian of the objective function, defined in section A.

The uncertainty is linked to the number of observed transi-
tions in the data. Results show that a high value for the CRB
(σpij > 0.1) is always associated with infrequent transitions
(< 4 observations, in the 2-yr dataset). For transition proba-
bilities pij with more than 25 observations, 90% of the σpij
values are smaller than 0.25pij .

To assess the performance of the 2-step estimator, its CRB
is compared with the CRB of the 1-step estimator, applied to
the same 2-yr dataset. Results shows that for the transition
probabilities with a high CRB value, the 2-step estimator pro-
vides a lower bound. In the remaining cases, the difference is
not significant.

Another source of errors stems from our use of the direct
estimation of the Kramers-Moyal (KM) coefficients from the
synthetic time series. This method has been found to intro-
duce three principal types of errors [16, 24, 25].

The first error accounts for the statistical variation of counts
N in each bin used for the calculation of the conditional mo-
ments. It can be shown [25] that this error decreases with
1/
√
N . Since we can generate synthetic time series of ar-

bitrary length and, therefore, arbitrarily high N in each bin
under consideration, we can neglect this error.

Second, estimation of the KM coefficients uses an expan-
sion of the Fokker-Planck operator in powers of the tempo-
ral increment τ , neglecting higher orders in τ . It is known
[24] that this finite-time expansion induces an erroneous count
M

(i)
E of the i−th conditional moment M (i), namely M1,E =

τD(1) + τ2

2 (D(1)D
(1)
x + D(2)D

(1)
xx ) and M2,E = 2τD(2) +

τ2(D(1)D(1) + 2D(2)D
(1)
x +D(1)D

(2)
x +D(2)D

(2)
xx ).

We have calculated these errors numerically, using the es-
timated KM coefficients D(i) and their numerical first and
second derivatives D(i)

x , D
(i)
xx , and found them to be generally

within a few percent of the estimated KM coefficients.
A third source of errors is the finite size of the bins used for

the calculation of the conditional moments. Again, it can be
shown [25] that this finiteness induces an erroneous count of
the moments (and corresponding coefficients)

D
(k)
E (x0) =

∫ x0+∆x

x0−∆x
D(k)(x0)p(x) dx

∫ x0+∆x

x0−∆x
p(x) dx

, (B2)

where x0 and ∆x are the respective bin centers and bin
widths, and p(x) is the stationary distribution of the stochas-
tic variable. We numerically investigated this error using fits
for both the stationary distribuitions and KM coefficients in-
side the bins, and found it to be generally in the few-percent
regime, too, increasing considerably only at the edges of the
regions investigated, where the KM functions become steeper.

The effect of those two last error sources is indicated by
error bars in Fig. 7.

Appendix C: Stochastic analysis of two dependent variables

In general, whenever the diffusion matrix D(2)(P, v) has
rank one, the set of variables (P, v) have in fact only one in-
dependent stochastic source, and therefore Eqs. (5) reduce to
Eqs (6), where the stochastic force Γ is the same for both vari-
ables.

Consequently, one can write the differential of v as

dv = h̃vdt+ g̃vdW (C1)

where the stochastic differential dW is the same as the one in
Eq. (7).

Since both variables, P and v, are driven by the same
stochastic forces, one can take only one of them as the
stochastic variable, say v, and the other one as a function of
v and t alone, P ≡ P (v, t). In that way one incorporates all
stochastic contributions into v.

Mathematically this implies that we can write the differen-
tial of P as

dP =
∂P

∂v
dv +

∂P

∂t
dt (C2)

where both partial derivatives are derived from the functions
h̃ and g̃ alone (see Eq. (6)).
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Indeed, rewriting Eq. (7) as

dP (v) =
dP

dv

(
h̃vdt+ g̃vdW

)
+ 1

2

d2P

dv2
g̃2
vdt (C3)

and using Eq. (C1) together with the relations in (8) yields

dP =
g̃P
g̃v
dv +

(
h̃p − h̃v

g̃P
g̃v

)
dt. (C4)

This last equation means that P is a function of t and v,
which contains all stochastic contributions. Consequently, the
partial derivatives in Eq. (C2) are

∂P

∂v
=

g̃P
g̃v

(C5a)

∂P

∂t
= h̃p − h̃v

g̃P
g̃v
. (C5b)

The first partial derivative shows that the variation of the pro-
duction power by speed variations equals the quotient of the
corresponding diffusion amplitudes in time. The second par-
tial derivative describes the local power production which is
given by the power production drift h̃p, after subtracting the
contribution of the wind speed drift h̃v in the variation of P
due to v.
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T. Mücke, J. Peinke, N. Reinke, and P. Rinn, Journal of Turbu-
lence 13, N26 (2012).

[12] David Kleinhans, Phys. Rev. E 85, 026705 (2012).
[13] S.J. Lade, Phys. Rev. E 80 031137 (2009).

[14] H. Risken, The Fokker-Planck Equation, (Springer, Heidelberg,
1984).

[15] C. W. Gardiner, Handbook of stochastic Methods, (Springer,
Germany, 1997).

[16] R. Friedrich, J. Peinke, M. Sahimi, and M.R.R. Tabar,
Phys. Rep. 506 87 (2011).

[17] P.G. Lind, M. Haase, F. Boettcher, J. Peinke, D. Kleinhans and
R. Friedrich, Phys. Rev. E 81 041125 (2010).

[18] J.A. Carta and P. Ramı́rez and S. Velázquez, “ A review of wind
speed probability distributions used in wind energy analysis:
Case studies in the Canary Islands”, Renewable and Sustainable
Energy Reviews13(5), 933-955 (2009).
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Abstract: We propose a procedure to estimate the fatigue loads on wind turbines, based on
a recent framework used for reconstructing data series of stochastic properties measured
at wind turbines. Through a standard fatigue analysis, we show that it is possible to
accurately estimate fatigue loads in any wind turbine within one wind park, using only the
load measurements at one single turbine and the set of wind speed measurements. Our
framework consists of deriving a stochastic differential equation that describes the evolution
of the torque at one wind turbine driven by the wind speed. The stochastic equation is
derived directly from the measurements and is afterwards used for predicting the fatigue
loads for neighboring turbines. Such a framework could be used to mitigate the financial
efforts usually necessary for placing measurement devices in all wind turbines within one
wind farm. Finally, we also discuss the limitations and possible improvements of the
proposed procedure.

Keywords: fatigue loads; stochastic modeling; Langevin equation

1. From the Load at One Single Turbine to the Fatigue of an Entire Wind Farm

Wind energy has become one of the most promising answers to the world-wide energy problem [1],
profiting from the recent developments and research activities in engineering, meteorology and physical
sciences. However, important challenges still remain to be solved, particularly on two fronts.
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The first concerns the predictability and optimization of power production when the wind is itself
turbulent and intermittent [2], i.e., large fluctuations occur with a non-negligible probability [3].

Second, the costs implied in the construction of wind turbines together with the proper devices for
controlling and monitoring them are typically high [4]. Alternative methods to indirectly estimate the
necessary quantities for control and monitoring could help to mitigate these costs.

Both of these two different types of challenges in wind energy research are, in fact, related with
each other. An important example is that devices for measuring certain types of loads are considerably
expensive, and due to the unpredictable and intermittent nature of the wind, one typically places one or
more devices at each turbine, for preventing the loss of accuracy in cumulative loads [5,6]. The loads
applied on one wind turbine are important to estimate, within some accuracy, the life expectancy of a
turbine or the maximal time span between two inspections of its operating features. Moreover, knowing
how the applied loads evolve in time helps to understand the fatigue behavior and critical situations that
compromise the functionality of the turbine [7]. Therefore, establishing models for the intermittency
of the loads in single wind turbines would not only contribute to better understanding of the energy
production and the monitoring of wind turbines, but would also open the possibility for mitigating
expensive procedures.

In this paper, we propose a recent model for reconstructing the increment statistics of the torque in
single wind turbines as a tool for estimating fatigue loads, not only of that wind turbine, but also of
its neighboring ones. As sketched in Figure 1, we use the wind speed and torque data series of one
wind turbine (Turbine 1) to derive our stochastic model, which describes statistically the evolution of the
torque subject to the observed wind speed. We assume that the response of similar wind turbines to the
wind speed shall yield similar values of their properties, such as the power, the blade bending moments or
the torque on the main shaft. Therefore, we apply the derived stochastic model to another wind turbine
(Turbine 2), where only the wind speed is measured on the nacelle. The outcome yields a series of
torque estimates used for a fatigue analysis, including Markov matrices, rain flow counting statistics and
the load duration distribution, which are then compared with the fatigue analysis of the respective torque
measurements. The overall result is that our stochastic model retrieves accurate estimates of fatigue
loads in any wind turbine within the same wind farm.

We start in Section 2.1 by describing the data analyzed, and in Section 2.2, the method is described in
further detail. Our results for extracting the stochastic model are described in Section 3.1, and the fatigue
analysis and fatigue estimate are presented and discussed in Section 3.2. Section 4 concludes the paper.

2. Data and Methodology

2.1. Wind Speed and Torque at Alpha Ventus

We analyze the set of measurements of the wind speed and torque taken at two different wind turbines
in Senvion in the Alpha Ventus wind farm, namely Turbines AV4 and AV5, during the full month of
January 2013.

In principle, our analysis could also be done for other types of loads instead of the drive torque.
However, in this article, we focus on the fatigue on the drive train, since some of its components are
known to be prone to failure. In the future, we aim at extending our analysis to other turbine components.
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Figure 1. Sketch of the proposed idea for estimating fatigue loads: one derives a stochastic
model from the data series of the wind speed and torque measured at Turbine 1. Using this
model and the wind speed series measured at Turbine 2, one reconstructs the statistics of
the torque at Turbine 2. From the estimated torque series, one estimates the fatigue loads.
This procedure can theoretically be applied to other properties that one wants to access for
monitoring and controlling wind turbines, avoiding placing measurement devices in all of
them (see the text).
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Figure 2 shows a sketch of the Alpha Ventus wind farm, the first off-shore wind farm in Germany,
located at Borkum West in the North Sea, 54.3oN–6.5oW. As shown in the wind rose, during January
2013, the main wind direction lies between northeast and east.

The torque on the main shaft T is computed from the measurements of the power output P and the
rotor rotational speed n, assuming neither mechanical nor electrical losses:

T =
30

π

P

n
(1)

with n in r.p.m., P in W and T in Nm. The sampling rate of the power output, rotational speed and,
consequently, the torque is 50 Hz, and the sampling rate of the wind speed is 1 Hz. Since we need to
use the same sampling rate for all data series, we only consider torque measurements each second, at
instants for which a wind speed measurement also exists. In total, for Turbine AV4, we have 826,745
data points.

Both the wind speed and torque measurements are shown in Figure 3 and are according to the
torque-speed curve known in the literature [4,8,9]. As one sees, the torque at both wind turbines,
in Figure 3a,c, shows periods of high power production (large values), alternating with pronounced
decreases and subsequent increase, during which large fluctuations occur. The largest values of the
torque observed for Turbine AV4 (Figure 3a) are not so close to the maximum observed value as the
values observed in the torque for AV5 (Figure 3c). As for the wind speed observed for both turbines
(Figure 3b,d), this increases and decreases in an oscillating manner and simultaneously in both turbines,
but showing no clear periodic pattern. In Figure 3e, one also plots the joint probability density function
(PDF) for both the wind velocity and the torque, a plot that will be of importance when interpreting the
stochastic model introduced below.
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Figure 2. Sketch of the Alpha Ventus wind farm, located in the North Sea, near the
northeastern coast of Germany. The study here described is based on measurements taken at
the two wind turbines, AV4 and AV5, manufactured by Senvion SE (Hamburg, Germany).
In the period of January 2013, during which the measurements analyzed in this paper were
taken, the main wind direction is east-northeast.

Figure 3. The torque and wind speed measured at Turbines AV4 and AV5 from Senvion
at the Alpha Ventus wind farm. All data were masked through normalization to the largest
values (see the text). For constructing the stochastic model, one uses (a) the torque T and
(b) the wind speed v at AV4 for estimating (c) the torque at AV5 conditioned to its (d) wind
speed. In (e), we show the histogram of the observed pair of measurements, torque and wind
velocity, measurements taken at Turbine AV4. In both T and v, 21 bins were used in the full
range of values [0, 1].
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All data series were analyzed according to all confidential protocols and were properly masked
through normalization by their highest value, being here published with Senvion’s permission. Scientific
conclusions are not affected by such data protection requirements.

Together with most of the properties measured at wind turbines, wind speed and torque have typically
fluctuations occurring at different time spans, defining the series of increments, whose statistics describe
the intermittency observed in the wind energy production [10]. In the particular case of the torque, the
succession of torque increments is related to the so-called random load cycles, which are of importance
for estimating fatigue loads.

From the physical point of view, the fatigue load at one wind turbine is roughly the time integral of
load increments, or of some proper positive and monotonic function of the increments. Therefore, we
consider the increments ∆Tτ (t) = T (t+ τ)−T (t), taken with a fixed time gap τ . As reported in [9], for
up to one hour or more, the torque increment distributions are clearly non-Gaussian. In Section 2.2, we
will describe a framework that yields an evolution equation for the torque constrained to the wind speed
observed at the same turbine. With such a framework, we reconstruct not only the torque observed at
that same wind turbine, but also the torque observed at neighboring wind turbines, which we assume to
respond similarly to the wind speed.

2.2. The Conditional Langevin Model for Turbine Loads

The Langevin approach is a framework developed from the pioneer work by Peinke and Friedrich
in 1997 [11], which consists of a direct method for extracting the evolution equation of a stochastic
series of measurements. Several applications were proposed and developed, e.g., in turbulence modeling,
in medical Electroencephalographic monitoring and in stock markets. See [12] for a review. In the
context of wind energy, this framework has shown the ability to predict power curves of single wind
turbines [10,13,14], as well as of equivalent power curves for entire wind farms [15] and, also, to properly
reproduce the increment statistics of power and torque in single wind turbines [9,10].

One considers a set of measurements X(t) in time t of one particular property x evolving according
to the so-called Langevin equation defined by:

dx

dt
= D(1)(x) +

√
D(2)(x)Γt, (2)

where Γt is a Gaussian δ-correlated white noise, i.e., 〈Γ(t)〉 = 0 and 〈Γ(t)Γ(t′)〉 = 2δijδ(t− t′).
The first term in the right hand-side incorporates the deterministic contributions in the process,

yielding the drift function D(1), while the second terms models the diffusion, i.e., the total stochastic
contributions accounting for the stochastic fluctuations, which are incorporated by function D(2). The
factor of 2 in the δ-correlation and the square root in the Langevin equation are usually chosen for
convenience. Details can be found in [12].

Since the drift and diffusion function have a physical interpretation, one could apply the model in
Equation (2) to a particular system and define ad hoc the functional shape of both functions from physical
reasoning. In several cases, however, such an approach is not convenient; for instance, when considering
properties that result from the interaction between a turbulent system, such as the atmosphere, and a
complex technical device, such as the drive train in a wind turbine. In those cases, it is hard to derive
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drift and diffusion from first principles, and the one natural alternative to get information about their
functional form is data analysis. In this work, we deal, therefore, with the inverse problem: having a
set of measurements, is it possible to derive the drift and diffusion functions in order to reproduce the
statistics of that set of measurements from the simple integration of Equation (2)?

The short answer is, yes, it is possible. The long answer has two main steps.
In the first step, one needs to test the data to ascertain if it can be taken as a Markovian series,

i.e., if there is a time interval t`, the so-called Markov–Einstein length, for which, in the succession of
measurements, the next value only depends on the present one and is independent of the values previous
to it. In other words, one must test if:

ρ(X(t+ t`)|X(t), X(t− t`), X(t− 2t`), . . . ) = ρ(X(t+ t`)|X(t)) (3)

holds, with ρ(x|y) representing the conditional probability density function (PDF) for observing x having
observed y. This PDF can be extracted from the histograms of the dataset.

There are simple standard ways to perform this test [12], which typically compare three-point
statistics, such as ρ(X(t + t`)|X(t), X(t − t`)) conditioned to a fixed value X(t − t`) = X∗, with
the corresponding two-point statistics ρ(X(t + t`)|X(t)) and ascertaining which t` one obtains the best
overlap, between both PDFs.

Though, when the measurements obey this Markov condition, the next step can be carried out, one
advantage of this Langevin framework is that it also works in some cases where the Markov test fails.
One such case is the presence of measurement noise [16,17], which opens a broad panoply of different
practical situations where this framework is applicable. In the present case, though no measurement
noise seems to be present, as reported below, the Markov condition is not perfectly fulfilled, as shown in
Figure 4a. Still, it is important to stress here that it is possible to accurately estimate fatigue loads using
such a framework.

To test the Markov condition, we compute a t-value, as shown in Figure 4a. The Wilcoxon test is
a statistical test used to test if Equation (3) holds. One assumes having two different series of values
from independent random variables and tests whether the variables are identically distributed or not.
The model retrieves a t-value, which when equal to the unit indicates perfect matching between both
distributions in Equation (3). As we see from Figure 4a, though the observed t-values lie near the perfect
fit value, they cannot always be taken as being one within numerical precision. While the Markov
property is fulfilled only approximately, we show in this paper that load time series can be accurately
reconstructed and fatigue loads accurately estimated.

For the second step, one needs to derive both functions, D(1) and D(2), that fully define Equation (2).
The derivation is performed through the computation of the corresponding first and second conditional
moments [9], respectively:

M (1)(x, τ) = 〈X(t+ τ)−X(t)〉 |X(t)=x (4a)

M (2)(x, τ) =
〈
(X(t+ τ)−X(t))2

〉
|X(t)=x (4b)

where 〈·〉|X(t)=x indicates the average over the full time series, whenever X(t) takes the value x.
Figure 4b,c shows the first and second conditional moments for five different values of the torque at

AV4. Taking the slope of the linear regression for each conditional moment yields the corresponding
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coefficients D(1) and D(2). Indeed, it can be shown [18] that drift and diffusion functions in Equation (2)
are, apart from a multiplicative constant (1/k!), the derivative with respect to the time gap τ of the first
and second conditional moments, respectively, which, for arbitrary order k, is defined as:

D(k)(x) = lim
τ→0

1

k!

M (k)(x, τ)

τ
. (5)

Therefore, drift (k = 1) and diffusion (k = 2) can be directly extracted from the datasets. For accuracy
purposes, a correction is introduced for the diffusion function [19], where instead of the second condition
moment M (2)(x, τ), one considers:

M (2)
cor(x, τ) = M (2)(x, τ)− [M (1)(x, τ)]2. (6)

Figure 4. The Markov–Wilcoxon test retrieves a normalized t-value. When equal to one
(solid line), the t-value indicates perfect matching between two conditional probability
distributions. (a) In the load series conditioned to wind velocity values, the Markov condition
is not perfectly fulfilled, but the method is still able to reproduce the torque time series
and fatigue estimates. For those estimates one starts by computing (b) the first and (c) the
second conditional moments, as defined in Equation (8). As indicated with dashed lines, the
slope of a linear interpolation of M (1) and M (2) yields the drift and diffusion coefficients
(see Equation (5)).
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Within a sufficiently low range of τ values, typically between five and ten time steps of the set of
measurements, the conditional moments depend linearly on τ . Thus, for each value x, both D(1)(x) and
D(2)(x) are given by the slope of the linear interpolation of the corresponding conditional moments.

224



Energies 2014, 7 8286

It is worth mentioning that, as known in previous studies [16,17], the existence of an offset in the
conditional moments indicates the presence of measurement noise in the data. As shown in Figure 4b,c,
the linear interpolations cross the origin, and no offset seems to exist. Therefore, one can say that
measurement noise is not significant in the datasets analyzed in this paper.

On top of these two steps, one important assumption must be added: the set of measurements must
be stationary. This is of course not the case for torque series at one wind turbine. To overcome this
shortcoming, it was recently proposed that [9,20] one should consider the succession of measurements
of the torque corresponding to a sufficiently narrow range of speed values. Considering only this subset
of torque values governed by what we named the conditioned Langevin equation [9], one observes that
the statistical moments of the torque value distribution are approximately constant, depending only on
the wind speed (not shown). The conditioned Langevin equation used here as the model is defined as:

dT

dt
= D(1)(T, v) +

√
D(2)(T, v)Γt, (7)

where, for our purposes, T represents the torque at the wind turbine and v is the wind speed.
For such an extension of the Langevin approach, now conditioned to the values the wind velocity, all

of the procedures described above are applied separately for the value of the wind velocity. This means
that, having the full series of the torque at AV4, one now filters out all values, except those observed,
together with a given wind velocity v = v∗, and computes, one for each, the conditional moments:

M
(1)
v∗ (T, τ) = 〈T (t+ τ)− T (t)〉 |T (t)=T,v(t)=v∗ , (8a)

M
(2)
v∗ (T, τ) =

〈
(T (t+ τ)− T (t))2

〉
|T (t)=T,v(t)=v∗ . (8b)

Similarly, the Markov test was also performed for each wind velocity separately, as described above.
Having derived both drift and diffusion functions, a final test must be performed. Generically, one

can compute from Equation (5) the coefficients D(k)(x) of an arbitrary order k. However, according
to Pawula’s theorem [18], in the case that D(4) is zero or, for practical purposes, it is negligible in
comparison with the drift and the diffusion, all coefficients of order k > 3 are also negligible.

Figure 5a,b shows the drift and diffusion, respectively, as a function of both the torque and the wind
velocity. The projection along the velocity is shown in Figure 5c,d, where one identifies a transition
approximately at T = 0.75 (in units of Tmax) where the drift depends linearly on the torque, while the
diffusion depends quadratically on the torque. Here, only the range [0, 0.85] is plotted; as shown in
Figure 3e, beyond this range, no significant statistics is observed. Both D(1) and D(2) were computed
for 21 bins in the torque, covering only the observed range of values at each particular velocity bin
(21 bins). Since, for each velocity bin, this range of values is different and covers solely and partially the
full range T ∈ [0, 1], Figure 5c,d shows a number of T -values larger than 21.

From the plots, Figure 5a,b, one sees that the value T = 0.75 is first attained for wind velocities around
v = 0.4 (in units of vmax). These two values also separate two different regions when observing the joint
pdf (see Figure 3e). Above this value, the controller at a wind turbine starts operating. Below that
velocity, the drift is almost absent, and diffusion decays with the magnitude of the velocity. Considering
Equation (7), a closer look into the plots in Figure 5 enables one to physically interpret D(1) and D(2) in
a stochastic model for the torque conditioned to the wind velocity.
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Figure 5. Numerical result for (a) the drift D(1)(T, v) and (b) the diffusion D(2)(T, v) in
the Langevin Equation (7) from which the time series of the torque is reconstructed. In (c)
and (d), the coefficients are plotted as a function of T alone, i.e., they are projected at the
T -axis to emphasize the linear and quadratic dependency of D(1) and D(2), respectively, for
the largest range of torque values. The numerical values of both functions are the ones used
for predicting the torque series in Wind Turbine AV5. In the inset, one sees the lower values
of D(4), which enables us to only consider drift and diffusion (see the text). In the full range
of values [0, 1], 51 bins were used.
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In general [18], the drift measures the force driving a specific property to increase or decrease in time,
while the amplitude in the diffusion coefficient measures the amplitude of a fluctuation around that driven
motion. Having such a physical interpretation in mind and looking again at the plots in Figure 5, one can
conclude that the controller starts operating around v = 0.4. Indeed, for this value, the drift coefficient
D(1) shows a linear dependence on the torque with a negative slope: when the torque increases, the
controller acts in order to decrease it, and vice versa. Simultaneously, diffusion depends quadratically
on T . Moreover, below the velocity threshold for controller operation, the drift almost vanishes with a
diffusion that decreases with the magnitude of the wind velocity: no force is driving the torque for this
range of wind velocities, and the magnitude of torque fluctuations increases with the wind velocity.

3. The Stochastic Model for Fatigue Loads

Using the Langevin framework described in the previous section, we next apply it to Wind Turbine
AV4 in order to extract a stochastic model for the torque, which is assumed to hold for any Alpha Ventus
turbine of the same model. Then, we use the set of wind speed measurements at a different wind turbine,
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namely AV5, for generating the increments of the torque at this second turbine and compare it with the
torque measurements. Finally, we show that the estimate of the fatigue loads at Wind Turbine AV5 are
statistically the same for the empirical torque measurements and for the reconstructed series.

3.1. Reconstruction of Non-Stationary Time Series

In a previous paper [9], we have shown that the anomalous wind statistics are responsible for the
intermittent time evolution of the load in single wind turbines, promoting additional fatigue of the turbine
itself. The approach used there follows from the method proposed in [3,10] for the power output of
singl turbines.

We now use the model introduced in our previous work, with the drift and diffusion functions, D(1)

and D(2), in Figure 5, extracted according to the framework described above for Turbine AV4, and apply
it to generate the torque in a neighboring wind turbine, namely AV5. For reconstructing the torque
at AV5, one integrates the stochastic Equation (7) in time, using the usual schemes for the integration
of stochastic equations [12,18]. Concerning one important aspect, if the number of simulations is an
advantage for our work, we have simulated our results several times independently and obtained no new
insights. When integrating our model, it is the running time, i.e., the time span over which we simulate,
that increases the statistics and consequently the precision of the reconstructed increment statistics.

The wind speed measurements taken at AV5 are used as input data and initialize the differential
evolution equation, Equation (7), with the first measurement of the torque at this same wind turbine.
The reconstruction of the increment statistics is plotted in Figure 6, with solid lines, together with the
empirical distributions in dashed lines. While for low values of the time span τ , the extreme fluctuations
are not completely well reproduced, above a time window larger than a few seconds, the fit between the
measurements and the model is very good.

Figure 6. Reconstruction of the probability density function of the increments (fluctuations)
of the torque at Turbine AV5. Time is in seconds, and the torque increments are in units of
corresponding standard deviations (στ ).
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In the inset of Figure 5b, one sees that the typical values of D(4) are of the order of 1% to 2% of
the D(2) values. As explained above, such low values corroborate the applicability of the method to
these datasets.

For practical purposes, one should briefly stress that the model described here is suitable for cases
where the sampling frequency of the wind speed and torque data are high enough. A sparse sampling
of the wind speeds leads to a poor increment statistic and, consequently, is not accurate enough for
estimating fatigue loads.

Having a proper way for reconstructing the increment statistics, one is now in a position to use
the reconstructed series of loads for estimating the fatigue at AV5 and compare it with the empirical
fatigue analysis.

3.2. Fatigue Analysis and Estimate

To test the capability of the Langevin framework to predict fatigue loads in a wind farm, we next
present a comparative fatigue analysis between both the empirical datasets at AV4 and AV5 and the
reconstructed dataset for AV5 only. This comparative analysis is based on three standard tools, namely
Markov matrices of the number of cycles, the rain flow counting procedure and the load duration
distribution. All of these tools are based on the concept of load cycle, which is the observed load
fluctuation between two successive local minima or maxima of the load.

The rain flow counting method was proposed in the late nineteen sixties by Endo and Matsuishi [21]
and became the most standard algorithm for cycle-counting during the last few decades, due to its ability
for accurately predicting the fatigue loads in a sequence of non-constant cycles. It has been defined in a
mathematically rigorous way by Rychlik in [22].

In the context of fatigue analysis, the so-called Markov matrix retrieves the number of load cycles of
a given amplitude ∆T as a function of the mean value of the observed load during each load cycle T̃ .
The term “Markov matrix” is used here for the plots shown in Figure 7 and is standard in the context
of engineering for fatigue analysis. It should not be confused with the terms “Markov process” and
“Markov condition”, used in previous sections, standard in the field of statistical physics, with which
other different matrices, e.g., transition matrices, may be associated. In Figure 7a,b, we plot the Markov
matrix of the observed load for AV4 and AV5, respectively. In both cases, most of the cycles have an
amplitude smaller than 0.5, in units of the maximum value of the load. While at AV4, such amplitudes
are observed for large loads, around 0.7, at AV5, such amplitudes are also observed in the remaining
range of values, being predominant in the lower load region, around 0.3. The reconstructed load series
for AV5, shown in Figure 7c, however, retrieves a good estimate of the full range of values, still with the
same deviation for the highest load values.

The difference between the observed Markov matrices for AV4 and AV5, with AV5 showing a broader
range of torque strengths, can be explained by considering the location of each turbine with respect to
the main wind directions. As sketched in Figure 2, AV4 lies westerly from AV5, which lies in the middle
of four neighboring wind turbines. Further, the main wind directions are southwest and east-northeast.
Thus, the wake effects on AV5 should be stronger than on AV4, and consequently, the optimal operation
is not as frequent.
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Figure 7. Plot of the Markov matrices, i.e., histograms of the number of cycles N as a
function of the mean value of every load cycle, T̃ , and the cycle amplitude itself ∆T for:
(a) the torque measurements of AV4; (b) the torque measurements of AV5; and (c) the torque
estimates of AV5.

Similarly to what we did with Markov matrices, we compute the rain flow counting (RFC) for AV4
(bullets in Figure 8a) and AV5 (circles in Figure 8b). While the RFC spectra of AV4 and AV5 are
qualitatively different, the Langevin model applied to AV5 retrieves a correct estimation of the rain flow
spectra. In the inset of Figure 8b, one sees the relative error:

η =
Ar − Ae
Ar

, (9)

where Ar and Ae are the amplitudes observed for the real and estimated values. The relative error of the
rain flow counting for the estimates is less than 2%.

Finally, the load duration distribution (LDD) shows the amount of time a load with a given amplitude
is observed, retrieving the energy consumed by the system, which is no more than the integral of the load
duration distribution. As shown in Figure 9, similarly to what is observed for the RFC, the LDD is also
properly reproduced for sufficiently sampled loads (the largest values).

Our approach is not based on a specific wake model. From our analysis, we see that the measured
wind speed at the hub seems to contain sufficient information about the wake, so that the loads, including
the extra load due to the wake, can be grasped by our approach.
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Figure 8. Rain flow counting (RFC) of the load (torque) series at (a) AV4 (the dataset used
for deriving the drift and diffusion of the torque model plotted in Figure 5) and (b) AV5.
While the measurements at AV4 were used for deriving the Langevin model, for AV5, one
uses the derived model for reconstructing the data and compares the estimated loads with
the observed ones. In the inset, we show the relative deviation η from Equation (9) of the
estimate with respect to the experimental results.
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Figure 9. Load duration distribution (LDD) observed for the load series at (a) AV4 and
(b) AV5. While for AV4, the empirical data were used for deriving the model, for AV5, one
uses the derived model for reconstructing the data and comparing the estimated loads with
the observed ones. In the inset, we show the relative deviation η shown in Equation (9) of
the estimate with respect to the results for the measurements.
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4. Conclusions

In this paper, we applied a framework to one single turbine of the Alpha Ventus wind farm for
reproducing the loads observed in other similar wind turbines of the same wind farm. The framework
consists of the derivation of a stochastic evolution equation for the loads constrained to the wind speed
observed at each wind turbine. Using rain flow counting methods and load duration distributions for
empirical and modeled data, we show that our framework is able to accurately estimate fatigue loads.
In a more general context, this procedure can be applied to other properties one wants to access for
monitoring and controlling wind turbines.

We stress that the coefficients used to reconstruct the torque at the second turbine are obtained only
from the torque and wind velocity at the first turbine. The torque reconstruction is then performed by
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taking the wind velocity at the second turbine as the input parameter. Notice that the coefficients are
taken directly from the numerical derivation (Figure 5) in only one realization. This is possible due to
the coupling between v and T , which is assumed to be the same for both turbines.

Two points should be stressed for future work. First, the conditional Langevin model here presented
and applied has some limitations. Since it is based on the integration of a stochastic differential equation
of the load, using empirical input (the wind velocity) in time periods during which no measurements
are available, additional assumptions would have to be made for reconstructing the torque during that
period. Moreover, our analysis assumes that the wind velocity field to which the turbine reacts can be
completely described by the single anemometer measurements; though such an assumption can be taken
as a first approximation to the wind velocity field, some properly-defined, rotor-effective velocity may
improve the reconstruction in our model.

Second, having shown the ability of our method to predict one particular load type, namely the one
on the drive train, a systematic study of how it works for the rest of the loads on a wind turbine shall
proceed. These points will be addressed in future work.
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Abstract: To monitor wind turbine vibrations, normal behaviour models are built to predict tower
top accelerations and drive-train vibrations. Signal deviations from model prediction are labelled as
anomalies and are further investigated. In this paper we assess a stochastic approach to reconstruct
the 1 Hz tower top acceleration signal, which was measured in a wind turbine located at the wind
farm Alpha Ventus in the German North Sea. We compare the resulting data reconstruction with
that of a model based on a neural network, which has been previously reported as a data-mining
algorithm suitable for reconstructing this signal. Our results present evidence that the stochastic
approach outperforms the neural network in the high frequency domain (1 Hz). Although neural
network retrieves accurate step-forward predictions, with low mean square errors, the stochastic
approach predictions better preserve the statistics and the frequency components of the original signal,
retaining high accuracy levels. The implementation of our stochastic approach is available as open
source code and can easily be adapted for other situations involving stochastic data reconstruction.
Based on our findings we argue that such an approach could be implemented in signal reconstruction
for monitoring purposes or for abnormal behaviour detection.

Keywords: wind turbine; tower acceleration; condition monitoring; signal reconstruction; neural
networks; stochastic modelling

1. Introduction

As the number of wind turbines installed worldwide increases, the reduction of operational and
maintenance cost by enhanced surveillance gains on importance [1]. Recent reviews on condition
monitoring of wind turbines [2–4], recognize the importance that a reliability based maintenance
system has on reducing the cost of energy. Although it is possible to monitor wind turbine functioning
with 10-min average SCADA data, part of the information is lost when data is averaged; a mixed
system, combining SCADA data and conventional high frequency sensors is expected in the future [3].

Zaher et al. [5] described the lack of failure records as the main challenge for early failure detection,
which emphasizes the importance of normal behaviour modelling. Such models are built empirically,
i.e., using only measured signals, and refer to the expected value the signal should have based on its
own historical records. An anomaly in the signal is detected when the error on its prediction, made by
the normal behaviour model, increases over several subsequent values.

Vibrations in wind turbines reduce their performance and their expected lifetime; thus, strategies
developed for large structures, as buildings and brigdes, are applied and optimised to control their
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vibration. Dampers are incorporated to wind turbines as part of a passive, active or semi-active
strategy [6]. Also, their structural behaviour is recorded with sensors, which serve to assess its
normal functioning, which is a challenge on its own due to the non-stationary nature of the excitation.
Metamodels are foreseen to model short-term variations, which are governed by the rotation of
components, as well as long-term variations, which are governed by the changing nature of excitation
loads [7].

Previous investigations have built normal behaviour models with data-mining algorithms on
SCADA data. Most of them are based on 10-min data [8]. In Ref. [9], the authors presented their
application to detect anomalies in wind turbine gearboxes. In Ref. [5] the authors proposed a
framework for their combination into a single user interface to facilitate their use, while Ref. [10]
shows that a normal behaviour model based on neural networks (NN) outperforms a regression based
one. However, some scientists also evaluate data with higher sampling frequency, e.g., in [11] the
authors analysed the performance of various NN algorithms to detect bearing faults on wind turbines.
In Refs. [12,13], they evaluated wind turbine vibrations in time domain with 10-s sampling signals
from drive-train vibrations and tower top accelerations.

Furthermore, the capability of NN as means to monitor normal behaviour models for condition
monitoring of wind turbines can be further enhanced updating preprocessing and post-processing
steps, and so improving their training and to reducing their false alarms [14].

In contrast to existing methods, signals can also be reconstructed based on a stochastic approach,
which has not been assessed so far for the creation of normal behaviour models. In a previous work [15],
we demonstrated its value to estimate fatigue loads for wind turbines based on reconstructed signals.
Though this stochastic approach was already combined with NN models [16] for improving forecast
of air quality, there is no systematic investigation for evaluating whether the stochastic approach
alone can be used as an alternative to other standard monitoring procedures, namely using NN.
We focus specifically on assessing the stochastic approach as basis for normal behaviour models.
We evaluate the performance of such model to monitor vibrations on wind turbines and compare it
versus one based on a NN, which was found the most suitable NN model to reconstruct the tower top
acceleration [13]. Our goal is to present the stochastic approach in terms than can be understood by a
larger audience, and thus the comparison is not intended to find the optimum model, by building and
comparing several regression models, as it was carried out in [11], but to build upon their findings
and communicate accordingly. We focus our assessment on the similarities and differences between
both approaches, and then discuss our findings with respect to the limitations imposed by the specific
case evaluated.

We start in Section 2 by describing in detail the data used in this investigation, obtained from one
wind turbine in an offshore wind farm. In Section 3 both the NN model and our stochastic approach
are introduced; then, the results obtained from them are properly presented. In Section 4 we compare
the results of both approaches when reconstructing one month of the tower acceleration measured at
one turbine. Section 5 concludes the paper.

2. Data Description

Wind turbine vibrations can easily be assessed monitoring two standard operational signals:
drive-train and tower top acceleration [13]. In this paper, we limited the analysis to the second one to
assess the reconstruction of signals with both the neural network model and the stochastic approach.

The data analysed in this paper correspond to measurements carried out in one 5 MW Senvion
wind turbine AV-04 of the offshore wind farm Alpha Ventus [17]. Alpha Ventus is the first offshore
wind farm in Germany, located at Borkum West in the North Sea, 54.3◦ N–6.5◦ W. See Figure 1.
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Figure 1. Location of the Alpha Ventus wind farm at Borkum West in the North Sea (54.3◦ N–6.5◦ W)
together with a picture of turbine AV04. Examples of (a,b) wind speed and (c,d) tower acceleration
signals in Alpha Ventus wind farm. The left ones ilustrate the time-domain of both quantities while
in the right the frequency domain is shown for the full datasets of October 2014. Scatter plot v× a
is shown in the inset of (a). All data were normalized to fulfill all confidentiality protocols, namely
normalization to maximal values (see text). Both wind velocity and tower acceleration are normalized
to maximal observed values, vmax and amax respectively.

The turbine is subjected most of the time to undisturbed inflow due to its position in the first
row of turbines, located at the western past of the wind farm. The support structure of the turbine
combines a rather stiff and hydrodynamically transparent jacket structure with a tubular tower on
top. In such a design the tower top acceleration signal is dominated by the dynamic response on
aerodynamic excitation mainly at the first bending natural frequency of the system and at multiples of
the blade passing frequency. Wave excitation plays only a minor role. The blade passing frequency is
0.175 Hz, while the first eigenfrequency of the tower is 0.34 Hz [18].

Data include all wind speed and tower top acceleration values recorded in October and November
2014, regardless of the operational and wind flow conditions. Therefore, 29 days were available in
October (2,555,805 values) and 21 days in November (1,859,179 values). We only removed incorrect
measurements from the data collected, either because they were identified by the recording system
with a flag (‘99999’ in our case) or because their values were out of reasonable physical values, namely
x > x̄± 5σ. Wind speed and tower acceleration values were available with sampling ratios of 1 Hz and
50 Hz respectively, thus the latter one was down-sampled to 1 Hz in order to complete the analysis.
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From measurements, 1434 and 992 records were flagged as ‘99999’ (equivalent to less than 24 min)
while 1 and 45 (less than a minute) were found outside reasonable physical values and removed from
datasets representing the whole months for October and November respectively.

Wind speeds were measured by a cup anemometer included in the meteorological station located
on top of the nacelle. Tower top longitudinal accelerations were recorded by an accelerometer
positioned at the bottom of the nacelle, near its connection to the upper part of the tower. Figure 1
illustrates the characteristics of the data in time and frequency domain. All measurements are
normalized to maximal values.

The cup anemometer is suitable for 1 Hz sampling, similar to previous studies [15,19,20] to
analyse fatigue loads, dynamic power curves and damages on wind turbines. It turned out that this
sampling frequency is indeed sufficient to resolve the response dynamics of turbine quantities with
respect to the wind fluctuations.

Since we aimed to construct a model for prediction and not to explain or find causality, we did
not perform any correction on the signals reconstructed. Although models that explain are assumed
to have good predictive characterstics, the first one is not a requirement to have the second one,
as discussed in Ref. [21].

To protect sensitive manufacturer information we normalized the values. Wind speeds recorded
included the whole operational range of the wind turbine. Furthermore, we divided measurements in
two sets according to different purposes: data collected in October were used to estimate the parameters
in each model, while data collected in November were used to test each model’s performance.

3. Methods and Results

Each approach to construct a normal behaviour model is introduced in a concise manner.
Where convenient, we provide references to literature with extensive details about neural networks
and the stochastic approach. At the end of the section, we describe the performance metrics utilised
for the assessment.

In [13], the authors evaluated a pool of potential input variables to predict tower top acceleration
signal with a wrapper algorithm [22], which includes the predictor model to search for the variables
that reduce prediction error (a posteriori approach). They found wind speed, tower acceleration and
wind direction relevant. Since our evaluation focused on the approaches themselves, we limited the
pool of potential input variables to a single external signal (wind speed) and previous values of the
tower top acceleration to have the same number of inputs for each approach.

3.1. Neural Networks: A Deterministic Approach

Neural networks transform input variables with a linear coefficient and a non-linear function.
This is repeated, in a chain, over a variable number of layers, where each output layer becomes the
input of the next one. The output of the last layer is the final prediction made for the target value. In this
analysis, we utilised a non-linear auto-regressive with exogenous inputs (NARX) neural network,
which is a recurrent network, i.e., it includes one or more feedback loops. Thus, the approach followed
to estimate the predicted value of the tower top acceleration, given by:

â(t) = f [a(t− ∆t), . . . , a(t− na∆t), v(t− ∆t), . . . , v(t− nv∆t)] + e(t), (1)

involves the use of its na previous values (a(t− ∆t), · · · , a(t− na∆t)) and those of the nv previous
wind speeds (v(t− ∆t), · · · , v(t− nv∆t)) through a smooth unknown function f (). An extra random
component e(t) represents a random error, which has a zero mean and is independent of v and a [23].
The time-dependent predicting function â(t) can be taken as an evolution equation.

To create the baseline normal behaviour model we used a NN to approximate f (), which is a
recursive non-linear transformation of its inputs. In Ref. [13], the authors demonstrated that NNs were
the most suitable algorithm to create a normal behaviour model for the tower top acceleration of a
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wind turbine when compared with neural network ensemble, boosting regression trees, support vector
machine, random forest with regression, standard classification and regression tree and K-nearest
neighbour. In our investigation, we used a NN with two layers (two transformations). The first
one (hidden layer) consisted of nh neurons, which apply non-linear transformations via a sigmoid
function; the second one (output layer) was formed by a single neuron, which performed an extra
linear transformation, with given weights wi.

To optimize the neural network we can also include a finite number of feedback loops for previous
values of the tower top accelerations (a, na) and wind speeds (v, nv), thus we have three parameters to
determine (nh, nv, na).

First, we divided data from October 2014 using the hold out method [22] in sub-sets for model
training (70%), validation (20%) and test (10%). Hold out was selected also at this stage [16] because
of the large number of points available in October and the data hold out from November. This was
meant to be in agreement with our intention to keep the inter model variations as small as possible.
Then, we selected the number of neurons in the hidden layer (nh), the number nv of input delays for
the wind speed v and the number na of output delays for the tower top acceleration a with a wrapper
algorithm [24], which searched for optimum prediction in the ranges nh, na, nv ∈ {1, · · · , 50}.

The optimization of the unknown function f was set to minimize mean squared error:

MSE =
1
n

n

∑
i=1

(ŷi − yi)
2, (2)

using the Levenberg-Marquardt algorithm. As a result, the architecture of the NARX network consisted
on 25 neurons in the hidden layer (nh = 25), three input delays (nv = 3) and one output delay (na = 1).

Figure 2 depicts the development and utilization of the NN model investigated. From left to right,
first we used the three previous wind speeds and tower top accelerations collected in October 2014 to
define the constitutive components of the model, which is named a neural net black box in Figure 2.
Once the evolution equation â(t) was defined, we used wind speeds and the previous acceleration
value collected in November 2014 to predict the tower top acceleration signal, as well as to evaluate
the performance of the model.
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Figure 2. Schematic illustration of the neural network (NN) approach, indicating the development
and test of neural networks for signal reconstruction. Here the particular case of tower acceleration
reconstruction is given.

3.2. Stochastic Approach: The Langevin Model

The Langevin model is a framework developed from the pioneering work in Refs. [25,26],
which consists of a direct method for extracting the evolution equation of stochastic series of
measurements. Several applications were proposed and developed, e.g., in turbulence modelling,
in medical EEG monitoring and in stock markets. See Ref. [27] for a review. In the context of wind
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energy, this framework has shown the ability for predicting power curves of single wind turbines as
well as of equivalent power curves for entire wind farms, and also to properly reproduce the increment
statistics of power and torque in single wind turbines from wind speed measurements [19].

Figure 3 depicts the development and utilization of the stochastic approach investigated.
Our stochastic framework, instead of computing non-linear functions and weights, which optimize a
set of output compared to input data, retrieves two single functions of the variables involved. One of
such functions, below symbolized by D(1), governs the deterministic contribution for the time variation
of the output variable, while the other function, D(2), accounts for the stochastic fluctuations that
include all the non-observable degrees of freedom present in the system. See the illustration in Figure 4.
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Figure 3. Schematic illustration of the Langevin (stochastic) approach. Here the particular case of tower
acceleration reconstruction at Alpha Ventus is given.
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Figure 4. Illustration of the stochastic approach, while integrating the evolution Equation (4), composed
by its two contributions, the deterministic contribution D(1) which governes the tendency of the
evolving observable (blue), and the stochastic fluctuations accounted by D(2) (red) added to the
deterministic part.

Having wind speeds v(t) and tower accelerations a(t), the following evolution equation for the
latter quantity is used:

da
dt

= D(1)(a, v) +
√

D(2)(a, v)Γt, (3)

with Γt representing a Gaussian δ-correlated white noise, i.e., 〈Γt〉 = 0 and 〈ΓtΓt′〉 = 2δ(t− t′).
The reconstruction of the tower acceleration a(t) follows therefore directly from the stochastic

integration of Equation (3) which yields:

a(t + ∆t) = a(t) + D(1)(a, v)∆t +
√

D(2)(a, v)∆t rN(0,2), (4)

where rN(0,2) is a random number from a Gaussian distribution with zero mean and variance equal to
two. Details are illustrated in Figure 4 and can be found in Ref. [27].
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Function D(1) is also called drift function, while function D(2) is typically named as the diffusion
function. Since the drift and diffusion functions have a physical interpretation, one could apply the
model in Equation (3) to a particular system and define ad hoc the functional shape of both functions
from physical reasoning. Next we explain how to compute these both functions.

The derivation is performed through the computation of the corresponding first and second
conditional moments [15], respectively:

M(1)
v∗ (a, τ) = 〈a(t + τ)− a(t)〉 |a(t)=a,v(t)=v∗ , (5a)

M(2)
v∗ (a, τ) =

〈
(a(t + τ)− a(t))2

〉
|a(t)=a,v(t)=v∗ . (5b)

where 〈·〉|X(t)=x indicates the average over the full time series, whenever X(t) takes the value x,
defined within an interval.

Figure 5a shows the first conditional moment for different values of the tower acceleration,
namely for a = 0.0075amax (bin 1), a = −0.0025amax (bin 2), a = 0.01amax (bin 3), computed as given in
Equation (5). Typically, for the lowest values of τ one observes a linear dependence of the conditional
moments with τ. Since it can be shown that drift (D(1)) and diffusion functions (D(2)) in Equation (3)
are, apart from a multiplicative constant (1/k!), the derivative with respect to the time-gap τ of the
first and second conditional moments respectively, we can define both functions directly from the
conditional moments, namely:

D(k)(a, v) = lim
τ→0

1
k!

M(k)
v (a, τ)

τ
. (6)
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Figure 5. Illustration of (a) the first conditional moment for three different bin values of the tower
acceleration as defined in Equation (5). Here v∗ is given by the average velocity found during October.
Numerical result for (b) the drift D(1)(a, v) and (c) the diffusion D(2)(a, v) in the Langevin equation
given by Equation (6), plotted as function of a alone, i.e., they are projected at the a-axis to emphasize
the linear and quadratic dependency of D(1) and D(2) respectively for the largest range of acceleration
values. In red a polynomial fit of both functions is shown. We use bins for the velocity with a width
of 0.017 in units of maximal velocity while acceleration was taken in bins of width 0.017 of maximal
tower acceleration.

In other words, by taking the slope of the linear regression for each conditional moment one
arrives to the corresponding value of function D(1) and D(2). Indeed, as sketched in Figure 5a, within a
sufficiently low range of τ values, here three time-steps of the set of measurements, the conditional
moments M(1) and M(2) depend linearly on τ. Figure 5b,c show both drift and diffusion functions,
(D(1)) and (D(2)) respectively, for a range of a-values at different velocities. Notice that while the
diffusion function shows a quadratic dependence on the tower acceleration, the drift function exhibits
a cubic dependence with a dominant linear term having one single fixed point at a∗ = 0 which
corresponds to the equilibrium position of tower vibrations.
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More precisely, a polynomial fit of D(1) yields:

D(1)(a) = α− ka
(

1 + βa + γa2
)

(7)

with α = −1.75× 10−4 us−1, u taken in units of amax, with k = 0.061 s−1, β = 0.67 u−1 and γ = 4.9 u−2.
Since the values of tower acceleration in units of u are typically of the order of 10−1 the dominant term
in the cubic fit is clearly the linear one, yielding:

D(1)(a) ∼ −ka. (8)

In other words, the “force” D(1) governing the drift of tower acceleration can be interpreted as a
spring force with spring constant k around a stationary state with no acceleration that corresponds
obviously to the vertical position of the tower. This interpretation of the stochastic model will be of
importance below, where we discuss the possibility to use the stochastic modelling for monitoring
tower vibrations and eventual structural defects of the tower. The fit of diffusion yields a quadratic
polynomial D(2)(a) = d0 + d1a + d2a2 with d0 = 7× 10−6, d1 = 5.4× 10−4 and d2 = 4.6× 10−2.

It is important to stress that our framework is based on the assumption that the observable follows
a Markov process, which means nothing else than that the noise Γt is δ-correlated as mentioned above.
Though, one advantage of this Langevin data reconstruction is that it also works in some cases where
the Markov test fails [28]. The full implementation in one- and two-dimensions of this approach is
already public available [29]. Improvements on the noise term are beyond this paper, but were already
addressed previously [30,31].

3.3. Performance Evaluation

To compare both approaches, we consider the distribution of all values predicted from each model
for November 2015, in particular their four first statistical moments, namely the mean, the standard
deviation, the skewness and the kurtosis. Notice that, while mean and standard deviation are sufficient
for characterizing the distribution of Gaussian processes, in general, higher-order moments should be
checked for ascertaining if the process is non-Gaussian or not. The corresponding results are shown in
Figure 6 and Table 1.

-0.2 -0.1 0 0.1 0.2

a / a
max

0.001

0.01

0.1

1

10

100

1,000

10,000

Measurements
Neural Nets
Langevin

-0.06

-0.03

0

0.03

0.06

a
 /

 a
m

ax

16,500 16,600 16,700 16,800 16,900 17,000

t (s)

-0.06

-0.03

0

0.03

0.06

a
 /

 a
m

ax

(a)

(b)

(c)

Neural Network

Stochastic

Figure 6. Sample of data series of tower acceleration from measurements at AV04 in Alpha Ventus
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model. In both cases, one also plots (black lines) the corresponding series of measurements for better
comparison. The corresponding value distribution of these series is displayed in (c) with symbols for
the full month of November 2014.
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Table 1. First four statistical moments of the value distributions shown in Figure 6d for the normalised
measurements and the reconstructed signals with each one of both models.

Signal Mean Std. Dev. Skewness Kurtosis

Measurements −2.07 × 10−3 24.7 × 10−3 11.6 × 10−3 5.07
NN −2.15 × 10−3 7.39 × 10−3 −30.1 × 10−3 6.31

Langevin model −1.71 × 10−3 25.6 × 10−3 −3.59 × 10−3 2.37

Additionally, to evaluate the prediction of both models we use four different metrics, namely the
mean absolute error:

MAE =
1
n

n

∑
i=1
|ŷi − yi|, (9)

its standard deviation:

SDofAE =

√√√√ 1
n

n

∑
i=1

(
|ŷi − yi| −

1
n

n

∑
i=1
|ŷi − yi|

)2

, (10)

the mean square error (already presented in Section 3, Equation (2)) and its standard deviation:

SDofSE =

√√√√ 1
n

n

∑
i=1

[
(ŷi − yi)2 −

n

∑
i=1

(ŷi − yi)2

]2

, (11)

where ŷi denotes the ith measured value of the property y, and yi the corresponding modelled value,
either with NN or with the Langevin model.

Notice that the standard coefficient of determination defined as:

R2 = 1− ∑n
i=1(ŷi − yi)

2

∑n
i=1(ŷi − ȳ)2 , (12)

with ȳ = (1/n)∑n
i=1 ŷi, is related to MSE by:

MSE =
1− R2

n

n

∑
i=1

(ŷi − ȳ)2. (13)

References [13,32] reported these metrics to select the best data-mining technique and to derive
models for the normal behaviour of wind turbine vibration and to detect faults in wind turbine
gearboxes. Moreover, they have been commonly used to evaluate the accuracy of models utilised for
regression analysis in wind energy applications [11–13,32]. The correspondig results comparing the
NN and the stochastic approach are summarized in Table 2.

Table 2. Performance of both models, using the metrics defined in Equations (2), (9)–(11), namely the
mean of the absolute error, Equation (9), its standard deviation, Equation (10), the mean square error,
Equation (2) and its standard deviation, Equation (11).

Signal MAE SDofAE MSE SDofSE

NN 0.031 0.032 2.0 × 10−3 65.6 × 10−3

Langevin model 0.027 0.031 1.6 × 10−3 0.7 × 10−3
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Finally, we also analyse the temporal correlations of the data. Therefore we use two methods,
namely we calculate the power spectra and analyse the statistics of the temporal increments:

∆a(t, τ) = a(t + τ)− a(t), (14)

where τ = n∆t is an integer number n of consecutive time-steps ∆t. Note that the second moment
of the increments ∆a, given by 〈(∆a)2〉, corresponds to the power spectrum. The power spectrum
of the reconstructed signals are plotted in Figure 7, showing how the frequency components are
reconstructed. The statistics of the increments is given in Figure 8, from which we will ascertain how
good the model retrieves the evolution of the process throughout the succession of measurements [27].
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4. Discussion

4.1. Comparing Both Approaches

To evaluate the suitability of the stochastic approach, described above, for modelling normal
behaviour of wind turbine vibrations, we compare it with the neural network [13].

Figure 6a,b shows normalized samples of the original tower top acceleration and its two
reconstructions. Already in these plots it is clear the stronger resemblance between the reconstructed
data from the stochastic approach and the set of tower acceleration measurements. While the NN
reconstruction keeps the average value of the tower oscillations, their range of amplitudes is not as
well reproduced as with the stochastic approach.

This feature is more evident in the plot of Figure 6c: both the stochastic and the NN models
retrieve the approximate distribution of values of the original signal (symbols), but the full range of the
tower acceleration values observed in measured distribution (bullets) is reproduced by the distribution
obtained from the Langevin model (diamonds) but not from the NN model (squares).

Furthermore, the empirical distribution is clearly non-Gaussian, showing exponential tails. Table 1
compares the first four moments of all three distributions in Figure 6c. While NN reproduces the
mean more accurately, the standard deviation is much better modelled with the stochastic approach.
In other words, while the average behaviour is better modelled with NN, for properly reproduced the
amplitude of tower vibrations the stochastic approach is better suited.

Curiously however, while the (weak) skewness is also better approximated by the stochastic
approach, the value of the kurtosis is better reproduced by the NN model. Additionally, the response
obtained with NN had a smaller amplitude, as the optimization of its parameters reduce its cost
function, the mean square error, thus it tends to center its prediction to improve its accuracy.
These statistics are important to better describe the shape of distributions and thus, indicate their
symmetry and the weight of the tails, respectively. Our distribution is fairly symmetrical but with tails
that differ from a normal distribution.

The performance of both models was also assessed using the metrics introduced above,
Equations (9)–(11) and results are given in Table 2: one clearly sees a tendency for lower values
of MAE, SDofAE, MSE and SDofSE. For such metrics, one concludes that the stochastic approach
results have comparable accuracy or are even more accurate than the results from NN models, in what
concerns the predictions for the tower top acceleration.

As for the temporal correlations of the signals, the results plotted in Figure 7 show the spectral
behaviour of the two models compared with the measurements of the tower acceleration. While NN
better reproduces the periodic modes (peaks in the spectrum) present in the measurements, it is worse
for the low-frequency range and for the overall amplitudes of the spectrum. Notice the different
vertical scale used for plotting the NN results. The stochastic approach smoothes out the periodic
modes, but reproduces the overall shape of the empirical power spectrum.

The metrics chosen indicate that the stochastic approach is a good alternative to model the
normal behaviour of a signal. However, for certain situations other approaches dealing with the
identification of normal and abnormal behaviour may also be suited. For example, were we in
posession of abnormalities in our data set, we could have also used a classification algorithm to mark
records into either one of two classes (normal, abnormal). In such a case, care must been taken to
account for the imbalance of instances in one of the classes [22], and as a consequence, we would
have had to select other metrics, such as the F-measure as recommended by the investigation of fault
diagnosis in gearboxes [33].

A better reconstruction of two-point statistics is also obtained through the stochastic approach,
as shown in Figure 8. It is clear that the stochastic approach better reconstructs the differences ∆a
between consecutive values in the tower acceleration series, only with some small deviations for the
largest differences. This shows furthermore that the assumption of Markovian process with Langevin
noise is considerably reliable for these data sets.
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4.2. Stochastic Modelling Applied to the Monitoring of Tower Vibrations

Having shown the better performance of the stochastic approach with higher frequency sampling
data, in this section we briefly discuss how the approach can be applied to specific monitoring of tower
vibrations. The discussion is based on the approximation derived in Equation (8) and follows from the
recent findings reported in Ref. [20].

The Ansatz of the stochastic modelling proposed above for tower vibrations, describes the
evolution of short-time vibrations as the superposition of two contributions, being one deterministic
(governed by function D(1)), and the other stochastic (governed by function D(2)). In parallel, tower
vibrations result from the interplay of a mass of wind acting on the tower and the tower itself reacting
back to the wind. Though there is no clear-cut match between the two contributions in our Ansatz and
the physical reality of tower vibrations, we may regard the deterministic contribution (D(1)) as the
one describing the tower response to wind loads and the stochastic part (D(2)) as the one describing
the (turbulent) dynamics of wind. Consequently, from such an interpretation of the stochastic model
introduced in Equation (3) we conclude that for monitoring normal functioning of tower vibrations we
should focus on D(1).

As derived above in Equation (8), function D(1) can be interpreted as an elastic force,
parameterized by a spring constant k. This spring constant characterizes the vibrating tower and
therefore, in case structural defects occur, one expects that the vibrations will be qualitatively different
from there on, showing a different D(1) in a way that a plot of it similar to Figure 5b will show a different
slope, i.e., different value of the spring constant.

Before concluding, one additional point needs to be discussed. The absolute quality of the wind
speed measurement is not crucial to our method. Most important for our method is the wind speed
that the rotor is exposed to. In this sense it is even preferable to let the anemometer share the same
tower oscillations as the rotor. However, we believe that the influence of tower oscillations on the
wind speed measurement is small anyway. A very coarse estimation of nacelle oscillations leads to
amplitudes in the order of 1 m at a frequency clearly below 1 Hz. This may give rise to wind speed
measurement deviations below 1 m/s. As for our analysis we use wind speed classes of 0.5 m/s width,
most of these tower oscillations would not have any effect. Moreover, these deviations will average out
due to their periodic nature. As our analysis is of statistical nature, a significant effect is not expected.

5. Conclusions

We have presented a stochastic approach which is capable of modelling the normal behaviour
of wind turbine tower acceleration for its monitoring. Our results demonstrate that, compared to
neural network (NN) models and using a single input, the Langevin model is able to better reconstruct
non-Gaussian fluctuations of signals. In general both models provide a good estimate for the central
part of the original signal, but the stochastic approach also reconstructs its complete variance.

We have also shown that a normal behaviour model based on the stochastic approach provides
more information about the original signal than one based on NNs. Still, one should emphasize that
previous publications on normal behaviour models, to monitor vibration of wind turbines based on
SCADA [12,13] using 10-s sampling signals, demonstrated the suitability of NNs and control charts
as a method to monitor signals in time-domain. Our results for NN match the applications found
in the literature, where they have been used with 10-min sampling time-series [10]. When using
low-frequency data, the NN is as good as our stochastic approach.

Putting our results in perspective, we state that NNs are a good choice to predict average values
or less fluctuating signals. For situations where 10-min data is not sufficiently, namely when dealing
with cumulative loads for which the large wind fluctuations of short intervals play an important role,
NNs seem to retrieve not so good results as the stochastic approach.

All in all, in those cases where the sampling rate is low, the NNs remain as a good option to
take into account, as the monitoring is sufficient in time-domain and the requirements to apply the
stochastic approach are not always fulfilled. In cases where the sampling rate of the signal is high
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(1 Hz in our case), the stochastic approach is clearly a better choice. It allows for monitoring normal
behaviour in time-domain as with NNs, but also extends the possibilities to the frequency-domain.
As discussed above, to notice that a central advantage of the stochastic approach is that deterministic
and noisy contributions can be separated leading to improvements in the statistical reproduction
of the output fluctuations. The study of the long time behaviour of the deterministic part of the
Langevin equation used in the stochastic approach can also provide information about the health of the
structure, in a similar direction as previous work [20]. From this paper, one can now use the available
routines [28,29] and extend the stochastic approach here applied to other wind turbine properties, in
particular to other loads.
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Resilience of electricity grids 
against transmission line overloads 
under wind power injection at 
different nodes
Christoph Schiel, Pedro G. Lind & Philipp Maass

A steadily increasing fraction of renewable energy sources for electricity production requires a better 
understanding of how stochastic power generation affects the stability of electricity grids. Here, we 
assess the resilience of an IEEE test grid against single transmission line overloads under wind power 
injection based on the dc power flow equations and a quasi-static grid response to wind fluctuations. 
Thereby we focus on the mutual influence of wind power generation at different nodes. We find that 
overload probabilities vary strongly between different pairs of nodes and become highly affected by 
spatial correlations of wind fluctuations. An unexpected behaviour is uncovered: for a large number of 
node pairs, increasing wind power injection at one node can increase the power threshold at the other 
node with respect to line overloads in the grid. We find that this seemingly paradoxical behaviour is 
related to the topological distance of the overloaded line from the shortest path connecting the wind 
nodes. In the considered test grid, it occurs for all node pairs, where the overloaded line belongs to the 
shortest path.

With the constantly rising fraction of renewable energy sources in electricity production, it becomes an increas-
ingly challenging task to make electricity grids most efficient and reliable. In particular, the embedding of renew-
able power is one major problem when planning and upgrading power grids in what concerns the size, location 
and distribution of renewable power plants1. To tackle this problem, a combination of methods developed in 
the fields of nonlinear dynamics, network theory and stochastic modelling provides a promising approach2–5. 
Moreover, new control designs are required6. Achievements have been made in optimal embedding forecast, 
using machine learning methods7, and for providing optimal grid structures in terms of good connection condi-
tions8. Since one power grid can cover several countries, optimal solutions raise challenges on how to coordinate 
efforts between different countries, belonging to the European grid9.

Deriving embedding solutions is crucial for cost efficient design and stable functioning of the power grid10. 
A key element for stability of power grids is the adjustment of the generated power to the consumed power and 
power losses. In the absence of renewable energy sources, this adjustment needs to be ensured with respect to 
stochastic variations in the demands and failures of technology. Various control mechanisms have been imple-
mented successfully in the past to maintain frequency and voltage stability, and reserve capacities were allocated 
to establish a resilience against failures of generators, transmission lines or other components of the grid11. Given 
the stochastic nature of wind and solar power, the stability against fluctuations needs to be considered also from 
the production side. Fluctuations in renewable power occur on time scales much smaller than the fluctuations 
in the power demand12, 13 and they pose new challenges for the control and optimisation of power grids. Their 
intermittent nature occurs on different spatial and time scales13–15 and is reflected in properties of wind tur-
bines such as power and fatigue loads16, 17. These features raise questions on how control mechanisms need to 
be modified to guarantee the resilience and proper functioning of electricity grids in the future. One option to 
cope with this problem is to avoid a direct feed-in of renewable power into the grid, but to store the renewable 
energy before injecting it into the grid in a controlled way. However, this option can be expensive and limited 
by the available amount of storage facilities. A direct feed-in of renewable power, on the other hand, must be 
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supplemented by power from conventional generators to keep control over the balancing of generated and con-
sumed power. Therefore, in view of plans to substitute a considerable fraction of the total generated power by 
renewable energy18, it becomes important to study favourable embedding strategies of renewable energy sources 
into existing power grids19, 20.

In this paper, we study how wind power feeding at different nodes of a power grid affects its stability against 
overloads of transmission lines. Such overloading can lead to overheating and line overload. Specifically we 
address the following question: If a given amount of conventionally generated power shall be replaced by wind 
power, where are the most favourable locations for wind farms if single line overloads shall be avoided? The meth-
odology of our approach follows partly previous work19 and is illustrated in Fig. 1. Wind power is injected at the 
generator nodes of an IEEE test grid by replacing nodes of conventional generators. Thereby, heterogeneities in 
the power production and consumption, as well as in the transmission line properties are taken into account, and 
we embed the wind power in a topological environment typical for a generator node. For the distribution of the 
fluctuating wind power we choose a Weibull distribution. This is motivated by empirical results for wind veloc-
ities and the so-called “power curve”21, which describes the average relation between wind velocity and power. 
A quasi-static response of the grid state with respect to the wind fluctuations is considered and the balancing 
of generated and consumed power is ensured by scaling the power input from the remaining (non-substituted) 
conventional generators. For our analysis, the IEEE RTS-96 test grid22 is taken as an example.

After describing the methods more specifically, we first address the question how strongly the resilience 
against line overloads varies with the location of wind power injection, if exactly one conventional generator in 
the grid is replaced by a wind farm. It turns out that the grid resilience can be quite sensitive to the location of the 
injection node. For a wind farm with average power production of 200 MW, we find the overload probabilities to 
vary over more than two orders of magnitude. Nodes with highest overload probabilities have at most one genera-
tor node as neighbour and they have a comparatively low total capacity of their emanating transmission lines. We 
then study how simultaneous wind power input at different nodes affects the grid resilience against line overloads. 
Therefore, pairs of the conventional generators are replaced by wind farms with fluctuating power generation. We 
find that a higher wind power input at one of the injection nodes can increase the threshold power for line over-
load at the other node. This surprising behaviour is correlated with the distance of the overloaded line from the 
shortest path connecting the pair of wind nodes. Finally, we show that spatial correlations between wind power 
fluctuations at the two injection nodes need to be taken into account in order to identify the best pairs with lowest 
overload probabilities. We conclude the paper with a summary of the key results, their impact for applications and 
an outlook for further investigations.

Methods
Feasibility regions. The power flow in the test grid is treated based on a linearised version of the ac power 
flow equations, which is an often applied procedure in the electric engineering literature23. In this approximation, 
three simplifications are made: (i) the resistances of the transmission lines [jk] between nodes j and k are neglected 
in comparison to their reactances, implying that their properties can be fully described by susceptances =b bjk kj, 
with =b 0lm  for all pairs of nodes l and m that are not connected, (ii) the moduli | |Vj  of the complex voltages 

= | | θV V ej j
i j at the nodes = …j N1, ,  are considered to be constant and here set to one, and (iii) the voltage phase 

Figure 1. Illustration of the methodology for estimating line overload probabilities under wind power injection 
in the IEEE RTS-96 test grid. The IEEE RTS-96 test grid consists of 30 generator nodes (red circles, dark grey), 
41 load nodes (yellow circles, bright grey) and 108 transmission lines. Wind power is injected by replacing 
conventional generators as indicated (blue/grey circles). If the injected wind power becomes too strong, line 
overload occurs, as indicated by the red (dark) overloaded line. The radii of the circles is drawn proportional 
to the total power generated/consumed at the respective nodes (as listed in the IEEE data set, i.e. before 
replacement of conventional generators), and the thickness of the transmission lines is proportional to their 
maximum capacity. The two paths of connecting lines coloured in yellow (bright grey) mark shortest paths 
between the two wind feeding nodes.
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differences between nodes connected by a transmission line are assumed to be much smaller than one, 
θ θ− ( ) 1j k . Setting | | =V 1j  in reference units, the (real) powers Pj ejected from nodes j are then connected to 

the voltage phase angles by the dc power flow equations

∑ θ θ= − = … .
=

P b j N( ), 1, ,
(1)j

k

N

jk k j
1

In the IEEE test grid data, powers >P 0j
(g)  of generators and <P 0j

(d)  of consumers (demands) are listed for a 
typical situation, and yield the net power = +P P Pj j j

(g) (d) at each node j. Due to the lossless transmission in the 
dc power flow, there is a balancing of total generated and consumed power ∑ =P 0j j , which follows also from the 
symmetry of the bjk and Eq. (1). By choosing one voltage phase angle as the reference, e. g., θN = 0, Eq. (1) are 
solved to express the remaining N − 1 phase angles θj in terms of the N − 1 independent Pj (from power balancing, 

= −∑ =
−P PN j

N
j1

1 ). Knowing the phase angles θj, we can calculate the power flows θ θ≡ −P b ( )jk jk k j  along each 
transmission line [jk]. These flows are limited by a maximal capacity P jk[ ]

max for each transmission line,

θ θ= − < .P b P( ) (2)jk jk k j jk[ ]
max

If ≥P Pjk jk[ ]
max, the transmission line [jk] is considered to be overloaded.

In studying the stability of the grid under additional injection of wind energy, we follow previous work19 and 
assume that the fluctuations of wind power occur on time scales short compared to that of load fluctuations and 
long compared to time scales needed for power adjustment of conventional generators. Accordingly, the con-
sumed powers Pj

(d) are taken to be constant. For including wind energy, we replace n of the Pj
(g) by powers >g 0l  

from wind farms, = …l n1, , , and rescale the remaining ones with a common factor to ensure ∑ =P 0j j . This 
rescaling can be viewed as a simple means to account for droop control or regulation response19. As for the values 
of the P jk[ ]

max in Eq. (2), we use the short-time emergency ratings of the IEEE Reliability Test System 1996 (IEEE 
RTS-96). This test grid was developed for comparative and benchmark studies22 and provides 15 tables of data. In 
Table 1 we list the entries in the IEEE RTS-96 data set, from which the relevant information for this work was 
extracted.

Given a replacement, the phase angles from the solutions of Eq. (1) become linear functions of the wind 
powers,

∑θ α β= + = … −
=

g j N, 1, , 1,
(3)j j

l

n

jl l
1

with coefficients αj, βjl depending on the Pj
(d), the non-substituted Pj

(g) and the set of susceptances of the transmis-
sion lines. Inserting these solutions into the conditions (2) yields, for each transmission line, feasibility regions in 
an n-dimensional Cartesian space +

n  spanned by the wind powers. For the line [jk], this region is bounded by the 
two limiting planes α α β β− + ∑ − = ± | |g P b( ) ( ) /k j l

n
kl jl l jk jk[ ]

max . Considering the set of all such limiting planes, 
there is a subset, which, together with the coordinate planes, confines a convex n-polytope around the origin of 
the wind power space, which is not intersected by any of the limiting planes. This polytope constitutes the feasi-
bility region with respect to a line overload anywhere in the grid. If the n wind powers …g g( , , )n1  lie inside this 
region, no overload occurs. Otherwise, at least one transmission line overloads.

In this work, we consider either one (n = 1) or two (n = 2) wind farms. Then the polytope becomes a line 
(n = 1) or polygon (n = 1). The line is given by a threshold value gi

(c) for each possible wind node i, and the poly-
gons are denoted as Pij for the possible pairs (i, j) of injection nodes.

Statistics of wind power fluctuations and line overload probabilities. To capture the statistics of 
wind power fluctuations is a difficult task that requires a good model for the transformation of wind speed into 
wind power (as performed by wind mills) and a description of the wind velocity statistics in the turbulent flow of 
the atmosphere, which shows long-ranged temporal and spatial correlations. There is continuing progress in the 
modelling of these issues13, 16, 24–26 but this progress has not yet matured to a state of established standard models. 
Here we base our description on empirical findings for the distribution of wind velocities and on the known aver-
age relation between wind speed and power characterised by the power curve21, 27. As for the spatial correlations 
between wind powers at different nodes, we consider the two extremes of completely uncorrelated and completely 
correlated fluctuations. This allows us to gain insight into the importance of such correlations for the probability 
of line overloads.

Information Source location

Power demand Pj
(d) Table 1, column 4

Power generation Pj
(g) Table 7, column 4

Lines jk[ ] Table 12, columns 2 and 3

Reactances = −x bjk jk
1 Table 12, column 9

Rating P jk[ ]
max Table 12, column 13

Table 1. Information extracted from the IEEE RTS-96 test grid.
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To be specific, we take the Weibull distribution

 λ
λ λ λ

=






−






−( ) ( )x k k x x( ; , ) exp ,
(4)

k k1

for the probability distribution function (PDF) ρ v( )v  of wind velocities with a shape parameter k 2v , as reported 
in the literature28, 29, ρ λ=v v( ) ( ; 2, )v v . In contrast to the shape parameter, the scale parameter λv depends 
significantly on the location of the wind farm, because locations with comparable k 2v  and stronger mean wind 
speed must have larger λv. This variation, however, is not relevant in our modelling approach, because we con-
sider a situation, where a given mean amount of wind power ḡ (tot) shall be injected into the grid. Different λv then 
amount to different wind farm sizes.

According to the power-curve, the power g  of a wind farm is on average proportional to the cube of the wind 
speed v over the most relevant range of velocities27, where wind turbines operate. Taking ∝g v3, the PDF ρ g( ) of 
wind powers becomes a Weibull distribution as well with shape parameter = k k /3 2/3v , i. e. 
ρ λ λ=g g( ; ) ( ; 2/3, ) .

If one single wind farm is included into the grid, the scale parameter λ λ= i will be fixed for injection node i 
by the condition
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where Γ ⋅ ⋅( , ) is the incomplete Gamma function30,

∫Γ = .− −a x y e dy( , ) (6)
x a y

0

1

This equation is solved numerically for λ i. Knowing λ i, we obtain the line overload probability

∫ ∫ρ λ
λ

Π = − = − =






−












( )g g g g

g
1 d ( ) 1 d ; , exp

(7)i
g g

i
i

i0 0

2
3

(c) 2/3
i i
(c) (c)

for wind power feeding at node i.
In the case of two wind farms, we need to specify the joint probability density ρ g g( , )2 1 2  for the powers g1 and 

g2 at the two wind farms. For a given pair of wind nodes (i, j), this gives the line overload probability

∫ ∫Π ρ= −
∞ ∞

g g I g g g g1 d d ( , ) ( , ) , (8)ij ij
0 1 0 2 1 2 2 1 2

where I g g( , )ij 1 2  is the indicator function of the feasibility region ij , i. e., =I g g( , ) 1ij 1 2  for ∈g g( , ) ij1 2   and zero 
otherwise. For uncorrelated wind velocity fluctuations at the two wind farm locations we have

 ρ λ λ= .( ) ( )g g g g( , ) ; , ; , (9)2 1 2 1
2
3 1 2

2
3 2

For completely correlated wind velocity fluctuations, i. e. equal wind speeds at the two wind farm locations, we 
can write λ=g g1 1 0 and λ=g g2 2 0, where g0 is a reference power, as, e. g., given by the transformation of speed 
into power by one wind mill (of the same type in the two farms). Different scale parameters λ λ≠1 2 take into 
account that the farms at the two locations can have a different size. Hence, we have λ λ=g g2 1 1 2 as a constraint, 
which implies that the conditional probability of power g2 for given power g1 is ρ δ λ λ| = −| g g g g( ) ( / )1 1 2 1 2 1 2 1 . The 
joint probability density then becomes

ρ ρ ρ λ δ λ λ= | = − .| ( )g g g g g g g g( , ) ( ) ( ) ; , ( / ) (10)2 1 2 1 1 1 2 1 1
2
3 1 2 1 2 1

In both the uncorrelated and correlated case, the two scale parameters λ λ( , )i j  are fixed by minimising the over-
load probability Πij in Eq. (8) under the constraint

∫ ∫ ρ= + .
∞ ∞

ḡ g g I g g g g g gd d ( , ) ( , )( ) (11)ij ij
(tot)

0 1 0 2 1 2 2 1 2 1 2

The minimisation is performed by using the MATLAB Interior Point algorithm31 and corresponds to an opti-
misation of the wind farm sizes, if wind power with total mean amount ḡij

(tot) shall be injected at the nodes i and j. 
Hence, when comparing line overload probabilities for different pairs of wind feeding nodes, this optimisation is 
always implicitly assumed. We finally note that the ratio λ λ/j i in the correlated case is given by the slope of the 
longest line between the origin and one of the other corner points of ij.

Results
Grid resilience under wind power injection at a single node. As described in the Methods, a critical 
power gi

(c) defines the feasibility region for wind power injection at a single node i: For ∈g g[0, ]i
(c)  no overload 

occurs in the grid, while for >g gi
(c) at least one transmission line overloads. Figure 2 shows the corresponding 
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overload probabilities Πi calculated from Eq. (7), where the λ i were determined from Eq. (5) for a wind farm size 
with an average power production =ḡ 200 MWij

(tot)  for all pairs. This corresponds to a power production of a 
mid-sized wind farm and also to the typical power production of the individual conventional generators in the 
test grid. The overload probabilities Πi vary by more than two orders of magnitude dependent on the selected 
injection node, showing that the protection against line overload can be an important factor for optimising wind 
power integration into existing grids. We found two structural features of the nodes to be particularly relevant for 
the magnitude of the associated overload probabilities. First, a fluctuation of high wind power should be more 
easily compensated by the grid, if it can be distributed among many strong lines in the immediate neighbourhood 
of the injection node. Analysing this correlation, we found the logarithms of the overload probabilities to linearly 
correlate with the capacity-weighted node degree with a Pearson correlation coefficient of −0.922. Secondly, 
conventional generator nodes in the neighbourhood of the wind node can help to stabilise the grid against line 
overload, because their regulated response implies a decrease of their power supply in the environment of the 
wind node upon increase of injected wind power. The most vulnerable nodes with high Πi in Fig. 2 have at most 
one conventional generator as neighbour and a small capacity-weighted node degree. The capacity-weighted node 
degrees for these nodes are even very similar in values, leading to seemingly repeated motifs of the corresponding 
Πij in Fig. 2.

Grid resilience under wind power injection at two nodes. For wind power injection g g( , )1 2  at two 
nodes i and j, the feasibility regions are polygons ij : If ∈g g( , ) ij1 2   the grid is stable, otherwise a line overload 
occurs. In our model setup, 435 different polygons exist for the IEEE RTS-96 test grid, corresponding to the num-
ber of different pairings of distinct generator nodes. Representative examples of these polygons are shown in 
Fig. 3(a). The large polygon is the feasibility region for the wind feeding nodes =i 1 and =j 2, and the nine 
smaller polygons in the array refer to node pairs with different topological distances Lij (three polygon examples 
for three fixed distances Lij): In the lower row, =L 3ij , in the middle row, =L 5ij , and in the upper row, =L 7ij .

Let us first consider the areas Fij of the polygons, which give a rough measure for overload probabilities in the 
case of uncorrelated powers injected at the two wind farms [cf. Eqs. (8) and (9)]. The examples in Fig. 3(a) show 
that these areas can be quite different for given topological distance Lij. The histogram of all Fij in Fig. 3(c) displays 
a broad unimodal distribution with the mode at about (800 MW)2. The large spread of areas implies strong varia-
tions of overload probabilities for uncorrelated wind power feeding (see below) and hence reflects the relevance 
of proper node selection already seen in the case of single-node injection.

Interesting information on correlation properties of the two wind nodes with respect to line overload is pro-
vided by the shapes of the polygons. If wind power injection at one node would not affect the critical power 
injection for line overload at the other node, the polygons become simple rectangles. For comparison, two of such 
virtual rectangles, × 





g g[0, ] 0,i j
(0) (0)  and ×g g[0, ] [0, ]i j

(c) (c)  are indicated by the dashed lines for the polygon 
drawn in large scale in Fig. 3(a). Here, the value gi

(0) is the critical value for power injection at node i, if no power 
is generated at node j, and gj

(0) has the analogous meaning. The value gi
(0) differs from the critical value gi

(c) for 
single node injection, because the latter refers to a situation, when there is a nonzero conventionally generated 
power at node j. With increasing topological distances Lij between the wind nodes, correlations decrease and the 
polygons tend to exhibit a more rectangular shape, see Fig. 3(a).

More detailed information on the correlations can be inferred by analysing the edges of the polygons. The two 
edges along the coordinate axes =g 01  and =g 02  are due to the constraints ≥g 02  and ≥g 01 , respectively, while 
the other edges are associated with overloads of transmission lines. If the wind powers g1 and g2 at the injection 
nodes i and j are driven out of the feasibility region due to high wind velocities at one or both injection nodes, one 

Figure 2. Variation of line overload probabilities for wind power injection at one node. For an average power 
production of 200 MW by the wind farm, the overload probabilities vary by more than two orders of magnitude 
for different wind feeding nodes.
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edge of the polygon ij is passed, and the line kl[ ] associated with this edge becomes overloaded. The slope mij
kl[ ] of 

this edge, or the corresponding slope angle π π∈ −( )matan [ /2, /2[ij
kl[ ] , is a measure for the wind node coupling 

with respect to the overload of the line kl[ ]. For slope angles near zero (nearly horizontal edge) and π±( /2) 
(nearly vertical edge), a change of power at one injection node has almost no effect on the threshold power for line 
overload at the other node (as it is strictly the case for the edges in the rectangles). A negative slope means that an 
increase of wind power at one of the injection nodes decreases the threshold power at the other injection node for 
the overload of line kl[ ]. We refer to this expectable behaviour as negative node coupling. Interestingly, we also see 
in Fig. 3(a) that an increase of wind power at one injection node can rise the threshold power for line overload at 
the other injection node, i.e. it makes the grid more stable. This seemingly paradoxical behaviour occurs for pos-
itive slope angles and we then say that the wind nodes exhibit a positive coupling with respect to the overload of 
line kl[ ]. In a way, this resembles another peculiar behaviour known as Braess paradox32, where the addition of a 
transmission line, or an increase of its capacity, makes the grid less stable or weakens the flow.

Histograms of slope angles matan( )ij
kl[ ]  and edge lengths lij

kl[ ] from all edges of all polygons are displayed in 
Fig. 3(c) and (d), respectively. While the histogram of edge length shows a wide spread of lij

kl[ ] in the range of 100-
2000 MW without characteristic signatures, the histogram of slope angles exhibits pronounced peaks at the bins 
close to the angles zero (horizontal edges) and π±( /2) (vertical edges). Minima appear close to the angles 

π±( /4), where the edges have maximum negative or positive coupling.
Closer inspection of the distribution of the slope angles in dependence of the distances Lij between the wind 

nodes reveals that strong node couplings with π±matan( ) /4ij
kl[ ]  occur only for sufficiently small Lij. This is 

shown in Fig. 4(a), where all angles matan( )ij
kl[ ]  are plotted against the distances Lij. With increasing Lij, the angle 

distribution separates into two peaks around zero and π±( /2) (in a repeated scheme, the figure may be viewed as 
periodically continued along the slope angle axis). Overall, the couplings become small with increasing distance 
Lij.

Figure 3. Shapes of feasibility regions and their statistics under wind power injection at two nodes. (a) 
Representative examples of feasibility regions (polygons) ij . The polygon on the left side is drawn in large scale 
for illustration and corresponds to wind power injections g1 and g2 at nodes =i 1 and =j 2. Each edge of this 
polygon not lying on the g1- or g2-axis corresponds to a transmission line kl[ ] that overloads if the wind power 
production g g( , )1 2  passes this edge. The edge associated with transmission line kl[ ] has length lij

kl[ ] and its slope 
mij

kl[ ] characterises the coupling between the two wind nodes with respect to an overload of the line kl[ ]. The two 
rectangles marked by the dashed lines are drawn for comparison (see text). The nine small polygons arranged in 
an array on the right side are examples of feasibility regions for node pairs i j( , ) with topological distances =L 3ij  
(lower row), 5 (middle row), and 7 (upper row). Powers are given in of units of 100 MW. (b)-(d): Histograms of 
(b) the polygon areas Fij, (c) the slope angles matan( )ij

kl[ ] , and (d) the edge lengths lij
kl[ ].
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The reason for the possibility to obtain positive couplings is that flows are directional and accordingly power 
injection from the wind nodes can compensate each other along a transmission line. If the overloaded line is on 
the shortest path connecting the two farms, one would therefore expect a compensating effect to occur with 
higher probability. More generally, we expect the positive couplings to be the more likely the closer the overload 
line lies on the shortest path. To quantify this feature, we introduce the following measure for the distance of the 
link kl[ ] to the shortest path connecting nodes i and j:

≡ + + − .L L L L L Lmin( , ) min( , ) 1 (12)ij
kl

ik il jk jl ij
[ ]

This measure corresponds to the excess length when subtracting the distance Lij from the length of the path con-
necting nodes i and j via link kl[ ], see the inset of Fig. 4(b). In particular, if the line kl[ ] belongs to the shortest path, 
one has =L 0ij

kl[ ] . In Fig. 4(b) the slope angles matan( )ij
kl[ ]  are plotted against the distances Lij

kl[ ]. Interestingly, posi-
tive node couplings become the more likely the smaller Lij

kl[ ]. If the overloaded line kl[ ] belongs to the shortest path 
connecting the wind nodes ( =L 0ij

kl[ ] ), positive node couplings are even found for all these lines. As shown in 
Fig. 4(c), the probability +|p L( )ij

kl[ ]  of finding positive node coupling under the condition of given Lij
kl[ ] rapidly 

decreases from one for =L 0ij
kl[ ]  to zero for ≥L 6ij

kl[ ] .
Mathematically, the slope mij

kl[ ] for the overload of line kl[ ] under wind power injection at nodes i and j follows 
from the solution of the dc power flow equations after the replacement of conventional generator nodes. If, for 
wind power feeding at nodes i and j, Eq. (3) is written in the form (with the superscript i j( , ) labelling the depend-
ence on the injection node numbers)

θ α β β= + + = … −g g m N, 1, , 1, (13)m
i j

m
i j

m
i j

m
i j( , ) ( , )

1
( , )

1 2
( , )

2

we obtain

β β

β β
= −

−

−
.m

(14)
ij
kl k

i j
l

i j

k
i j

l
i j

[ ] 1
( , )

1
( , )

2
( , )

2
( , )

The coefficients βkn
i j( , ), =n 1, 2, thus mediate the interplay of the power flows coming from the wind nodes. 

Intuitively, one can understand the enhanced likelihood of positive node coupling for small Lij
kl[ ], or at least for 

=L 0ij
kl[ ] , by the following argument: Flow emanating from a generator node i can be viewed as spreading in the 

“topological space” of the grid. Consequently, one should expect (with a high probability) that an increase in the 
generated power at node i leads to an increase of flow along the link kl[ ] in the direction k to l, if node k is closer to 
node i than node l, i.e. − =L L 1il ik , and to a decrease of flow in the same direction, if − = −L L 1il ik . The ana-
logue holds true for the power generated at node j. Therefore, if − − = −L L L L( )( ) 1il ik jl jk , power increments at 
the two nodes i and j likely are giving rise to mutually compensating flows through link kl[ ]. On the shortest path 
between nodes i and j, all links kl[ ] satisfy − − = −L L L L( )( ) 1il ik jl jk , and accordingly +| = =p L( 0) 1ij

kl[ ] .
Finally, we analyse the impact of spatial correlations between the wind powers at the injection nodes on the 

line overload probabilities Πij. We choose the same average total wind power production of =ḡ 200 MWij
(tot)  as 

considered in Fig. 2 for the single node injection. This average total power is generated now by two wind farms, 

Figure 4. Character of node coupling in dependence of node distance and distance of overloaded line from 
shortest path. Plots of the slope angles matan( )ij

kl[ ]  versus (a) the topological distance Lij between the wind 
feeding nodes i and j, and (b) the distance Lij

kl[ ] of the overloaded line kl[ ] from the shortest path connecting the 
wind nodes, according to the measure introduced in Eq. (12), which is illustrated in the inset. (c) The 
probability +|p L( )ij

kl[ ]  of finding a positive (+) node coupling under the condition of given Lij
kl[ ] is shown in 

dependence of Lij
kl[ ]. For overloaded lines on the shortest path ( =L 0ij

kl[ ] ), the injection nodes i and j are always 
positively coupled.
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where the individual farm sizes are optimised to yield the lowest possible overload probability Πij (see Methods). 
For comparing the uncorrelated with the correlated case, we present the overload probabilities in an array in 
Fig. 5(a), where for each possible pair i j( , ) of injection nodes, Πij is plotted in a colour scale (see the scale bar in 
the figure). In the upper triangle of the array above its diagonal, the Πij are given for the uncorrelated case, and in 
the lower triangle for the correlated case.

As a first result from Fig. 5(a) we find that the smallest Πij are by about two orders of magnitude smaller than in 
Fig. 2 for single-node injection, which demonstrates the advantage of decentralised wind power generation for the grid 
stability (for same average total wind power feeding). The injection nodes 4, 10, 16, 20, and 30, yielding the lowest line 
overload probability under single node injection, cf. Figure 2, give also comparatively low overload probabilities when 
paired with another injection node, both in the uncorrelated and correlated case. Corresponding rows and columns of 
the Π matrix in Fig. 5(a) remain in the red (dark grey) regime of overload probabilities in the range −− −10 105 3 (with 
one exception for node number =i 20 in the correlated case, which shows higher Πij when paired with nodes =j 21, 
22, or 23). That pairs of nodes tend to give low Πij if one of its nodes yields a low overload probability as a single wind 
power source, is a consequence of our optimisation of the wind farm sizes: If a “good node” i (Πi low) is paired with a 
“bad node” j (Πj high), Πij can be avoided to become very high by increasing the farm size at node i.

These common features for the correlated and uncorrelated case, however, do not imply that the best pairs of 
injection nodes are the same for uncorrelated and correlated wind powers. The five pairs yielding lowest Πij are 
listed in Table 2. While one of the nodes with numbers 4, 10, and 30 appears in all pairings for both the uncorre-
lated and correlated case, its “pairing node” is always different, i.e. none of the five best pairs in the uncorrelated 
case agrees with one of the five best pairs in the correlated case. This demonstrates the relevance of wind power 
correlations in the search for optimal wind feeding nodes. Pairs of the same rank in Table 2 have about 2-3 times 
lower overload probabilities for correlated wind powers. For completeness, we show in Fig. 5(b) the ranking of all 
node pairs with respect to grid resilience against line overload.

Discussion and Outlook
In this work we studied the line overload probabilities under fluctuating wind power injection at different nodes 
of an IEEE test grid in a model setup, where one or two conventional generators are replaced by wind feeding 
nodes with given total average power production. A quasi-static response of the power flow to wind fluctuations 
was assumed and we calculated this flow from the dc power flow equations under the constraint of total balance 

Figure 5. Effect of wind power correlations on line overload probabilities. (a) Outage probability and (b) 
ranking of the grid resilience against line overload for all possible pairings of wind feeding nodes and the same 
average total wind power production of =ḡ 200 MWij

(tot)  as in Fig. 2 (now generated by two wind farms). In 
each of the two arrays, the upper/lower triangle shows the results for uncorrelated/correlated wind powers at the 
two farm locations.

Uncorrelated Π × 10ij
5 Correlated Π × 10ij

5

4, 10 7.35 10, 28 4.35

4, 20 13.6 4, 28 5.31

10, 16 15.6 10, 26 5.97

10, 24 17.0 4, 26 6.82

20, 30 17.1 18, 30 8.27

Table 2. Node pairs for wind power injection with the lowest line overload probabilities. The five most optimal 
pairs of nodes for wind power feeding yielding the lowest probabilities for line overload in the gird. Different 
optimal pairs are obtained for uncorrelated and correlated wind powers at the two wind farm locations.
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between generated and consumed power. This was achieved by a corresponding rescaling of the controllable 
generators. To describe the distribution of wind speeds, we used the Weibull distribution with a typical shape 
parameter =k 2 reported in the literature. By resorting to the known average relation between wind speed and 
power, this was transformed into a Weibull distribution of wind power with shape parameter =k 2/3. For two 
injection nodes we considered the two limiting cases of uncorrelated and completely correlated wind powers at 
the wind farm locations to get insight into the role of large-scale spatial correlations of wind fluctuations. Scale 
parameters of the Weibull distributions were optimised by adjusting the wind farm sizes to yield lowest overload 
probabilities in the case of two-node injection (at given total wind power injection).

The main findings of our study can be summarised as follows: (i) The overload probabilities vary strongly with 
the location of injection nodes as a consequence of the heterogeneous grid properties, showing their importance 
for optimal integration of wind energy. A reduction of overload probabilities by about two orders of magnitude is 
seen if the same average amount of wind power is injected via two nodes rather than a single node. This gives an 
estimate of the benefit of decentralising wind energy integration for avoiding line overloads. (ii) An analysis of the 
structure of feasibility regions in the two-node injection case allows one to obtain valuable insight into couplings 
between injection nodes with respect to transmission line overloads, which are independent of the detailed wind 
statistics. In particular, many positive couplings exist, where an increase of wind power at one injection node 
increases the threshold power for line overload at the other node. It was found that node pairs with positive cou-
plings need to be topologically close to each other and that overloaded lines for positively coupled injection nodes 
tend to lay along the shortest path between these nodes. The first feature can be understood from the decrease of 
coupling strength with injection node distance, and the second feature from the likelihood that flows emanating 
from the injection nodes mutually compensate each other along transmission lines close to the shortest path. (iii) 
Large-scale spatial correlations between wind fluctuations seem to be a relevant factor for optimal integration of 
wind power. We found them to change the best pairs of nodes yielding lowest overload probabilities, and for these 
pairs to reduce the risk of line overload by a factor of two to three.

Generally, it is an important goal to provide proper tools and measures for estimating risks of transmis-
sion line overloads under increasing integration of renewable energy sources into power grids, and to develop 
risk-minimising strategies for the design of new grid structures that are better suitable for transporting electric 
energy between a large number of small power sources. The methodology used in this study, where we followed 
previous work reported in ref. 19 is just one step towards these goals. An important issue to be clarified in future 
studies is how far the quasi-static approach can be considered to be valid. This question is intimately connected 
with the magnitude of various time scales, in particular those specifying the power response to a change in wind 
speed and the correlations of wind speed fluctuations. It needs to be checked also how far the primary stability 
control on the scale of seconds11 can be effectively accounted for by a simple power rescaling of controllable gen-
erators. We have started to investigate these problems by conducting dynamical studies based on swing equations 
for the IEEE RTS-96 test grid, i.e. the same test grid as used in this study. When succeeding to identify a time 
scale of the validity of the quasi-static approach it should become possible to connect the calculated values of the 
line overload probabilities to time intervals, where one can expect a line overload to occur. In the present study 
we have refrained to pursue any attempts in this direction and regarded the calculated overload probabilities 
solely as a relative measure for comparison of different wind power injections. Moreover, we have not considered 
the specific function that specifies the power curve of one wind turbine or one wind farm. It is known that this 
average function has a saturation level, above the so-called rated speed21, which is specific for each wind turbine 
and needs to be taken into account for calculating the costs associated with maintenance. For estimating overload 
probabilities with the proposed methodology, the saturation effect can be considered in the transformation of 
the velocity distribution (4) to the power distribution. However, a significant effect on the overload probabilities 
is only to be expected if the derivation from the Weibull distribution are pronounced in the feasibility regions.

Apart from these necessary checks, we believe that our concept of positive and negative node couplings with 
respect to flow through transmission lines can be a valuable general tool to qualify the mutual influencing of power 
injections. The concept can be generalised to more than two power injections ( >n 2). In this case, the feasibility 
region for power injection at n given nodes is an n-dimensional polytope with −n( 1)-dimensional hyperplanes 
confining it, and the set of coefficients βrs, = …r n1, , , = … −l N1, , 1, appearing in Eq. (3) define normal vectors 
to these planes, i. e. specify their orientations. For a transmission line kl[ ], a pair i j( , ) of the n injection nodes has a 
positive coupling, if β β−( )ki li  and β β−( )kj lj  have opposite signs, and negative coupling otherwise. One may ask 
then, for example, how strongly the character of node coupling changes with the addition of injection nodes and how 
far the combined effect of many nodes on the flow can be traced back to pairwise couplings.

The results of our work can help to reveal the influence brought by renewable energy sources on the electricity 
grid. For applications, it is also important to estimate costs and returns, and to develop optimisation strategies 
with respect to the expected gain. Such optimisations will depend also on specific objectives of an investor and 
hence should involve expertise from economists working in this field. To illustrate how the overload probabilities 
can enter corresponding optimisation problems, let us consider a simple approach, where we introduce two dif-
ferent kinds of costs, fixed costs, and maintenance costs that vary in time. The fixed costs λc ( )i i

(cu)  and λc ( )j j
(cu)  are 

due to construction or upgrading and depend on the parameters λ i and λ j controlling the farm sizes. The mainte-
nance cost per time unit will also depend on the farm sizes, and we denote them as λc ( )i i

(m)  and λc ( )j j
(m) . The total 

costs when implementing renewable sources at nodes i and j can then be defined as

λ λ λ λ κ λ λ λ λ τ= + + Π + +C c c c c( , ) ( ) ( ) [ ( , ) ( ) ( )] , (15)ij i j i i j j ij ij i j i i j j
(tot) (cu) (cu) (m) (m)

where τ is the time horizon for the investment. The term κ Πij ij is the average rate of overloads, with κij a propor-
tionality factor. This proportionality factor depends on the injection nodes due to the costs depending on the 
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overload lines kl[ ] forming the edges of the feasibility polygon, including an average over the respective lines kl[ ]. 
The overload probability Πij is given by Eq. (8), where now we state explicitly the dependence on the farm sizes, 

λ=g gij ij 0. Complementary to the total amount of costs, one has the expected return, which can be considered to 
depend on the total power production per unit time

λ λ τ λ λ= .¯R r g( , ) ( , ) (16)ij i j ij ij i j
(tot)

Both the total cost and the return can be determined from the sizes λ i and λ j of the nodes where power is injected 
in the grid. Accordingly from these functions one can calculate the gain

λ λ
λ λ

λ λ
Ω =

R

C
( , )

( , )

( , )
,

(17)
ij i j

ij i j

ij i j
(tot)

and optimize this with respect to the farm sizes. The best pair i j( , ) of nodes is the one with the largest Ωij. The full 
framework to account simultaneously for cost and overload probability could also be extended to incorporate an 
explicit time dependence of the maintenance costs as well as of the overload probability and the total power 
production.

Data Availability. The data that support the findings of this study are available from reference 22 and also at 
https://www2.ee.washington.edu/research/pstca/rts/pg_tcarts.htm.
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Abstract

We consider the evolution of scale-free networks according to preferential attachment schemes and show the conditions for which
the exponent characterizing the degree distribution is bounded by upper and lower values. Our framework is an agent model,
presented in the context of economic networks of trades, which shows the emergence of critical behavior. Starting from a brief
discussion about the main features of the evolving network of trades, we show that the logarithmic return distributions have bounded
heavy-tails, and the corresponding bounding exponent values can be derived. Finally, we discuss these findings in the context of
model risk.
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1. Introduction: a note on agent-models for social systems

Similarly to other fields in social sciences, most of the re-
search made in finance and economics has been dominated
by an epistemological approach, in which the behavior of the
economic system is explained by a few key characteristics
of the behavior itself, like the amplitude of price fluctuations
or the analytical form of the heavy-tailed return distributions
[1, 2]. These key characteristics motivated researchers to as-
sume such distributions as α-stable Lévy distributions or trun-
cated α-stable Lévy distributions [3]. The reason for this as-
sumption is given by the more general version of the central
limit theorem – sometimes not so well known – which states
that the aggregation of a growing number of random variables
converges to a α-stable Lévy distribution[4]. If these random
variables have finite variances then the resulting aggregation is
a 2-stable Lévy distribution, i.e. a Gaussian distribution. If the
variances are infinite – or of the order of the system size – then
α < 2 and the so-called heavy-tailed shape emerges as a result
of the aggregation. Further, non-Gaussian (heavy-tailed) distri-
butions are associated with correlated variables and therefore it

is reasonable to assume that measurements on aggregates of hu-
man activities will result in a α−stable Lévy distribution, since
humans are strongly correlated with each other. Henceforth, we
refer to α-stable Lévy distributions with α < 2 as Lévy distri-
butions and with α = 2 as Gaussian distributions.

Without leaving an epistemological approach, we could ad-
dress the study of the resulting distributions by ignoring the
previous arguments and construct a function that fits any set
of empirical data just by building up fitting parameters until the
plotted function fit the empirical data. Such approach would
be the best one, if economic processes were stationary. Unfor-
tunately they are not [5, 6, 7] and this means that we cannot
disregard the underlying mechanisms generating the data we
are analyzing.

Since heavy-tails are observed in the returns of economic
variables, one would expect that practitioners use Lévy dis-
tributions. The particular case of Gaussian distribution was
the first to be considered for modeling price of European op-
tions, through the well known Black-Scholes model[8] pro-
posed in 1973. This model ended a story started already in
1900 with Bachelier and his Theory of Speculation[9] where
Brownian motion was used to model stock price evolution. The
Black-Scholes model for option-pricing is however inconsis-
tent with options data, since stock-price behavior is essentially
not Gaussian. To overcome the imperfections of the Black-
Scholes model, more sophisticated models were proposed since
1980s and 1990s, which basically assume processes more gen-
eral than Brownian processes. These processes are called Lévy
processes[10] and the probability distributions of their incre-
ments are infinitely divisible, i.e. one random variable follow-
ing that probability distribution can be decomposed into one
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sum of an arbitrary integer number of independent identically
distributed random variables.

Still, despite considerable progresses on modeling financial
data with Lévy processes, practitioners continue to show a
strong preference for the particular class of finite moment’s dis-
tributions and there are good reasons for that. Assuming that
Lévy distributions are good representations of economic vari-
ables fluctuations, a model based on them is closed when one
fits the distribution to empirical data choosing properly the pa-
rameter values, which represent the valuable information for
financial insight and decision making. However, as said above,
fitting is no good when the series are not stationary: There is
no guarantee that today’s fitting will be the same as tomorrows.
Since working with a Gaussian curve is more straightforward
than working with a Lévy distribution and needs less parame-
ters for curve fitting, there is no practical gain in abandoning
Gaussian distribution to model the distribution of fluctuations
according to a prescribed mathematical model, even though it
is not entirely correct. In other words, if a Lévy distribution
is fitted to empirical data of a non-stationary process one will
carry basically the same model risk, as if a Gaussian distribution
is used.

On a more ontological approach, when modeling financial
and economic networks, random variables are translated into
agents. Agent-based models for describing and addressing the
evolution of markets has become an issue of increasing inter-
est [11] and appeals for further developments [12, 13, 14, 15].
They enable one to access three important questions[5]. First,
the system is able in this way to be decomposed into sellers
and buyers, a common feature of all finance systems. Second,
one enables non-stationary regimes to occur, as in real stock
markets. Third, by properly incorporating the ingredients of
financial agents and the trades among them one can directly in-
vestigate the impact of trades in the price, according to some
prescribe scheme.

In this paper we use an agent model for the individual be-
havior of single financial agents, at a microscopic scale, in
a way that the collective behavior generates an output in ac-
cordance with the observed curves of macroscopic variables,
namely the financial indices. Several of such bottom-up ap-
proaches were thoroughly investigated[16, 12]. The Solomon-
Levy model [17] defines each agent as a wealth function ωi(t)
that cannot go below a floor level, given by ωi(t) ≥ ω0ω̄(t)
where ω̄(t) is the agent average ω at instant t and ω0 is a proper
constant. The imposition of the floor based on the mean field
ω̄(t) means that on average 〈|ωi(t) − ω̄(t)|〉 ∼ N and, by ba-
sic statistics, var(ω(t)) ∼ N2. Consequently, the result of the
Solomon-Levy model, despite the interesting idea of the intro-
duction of a floor similar to what was done by Merton[18] in
the agent dynamics, will surely be a α-stable distribution with a
power law heavy-tail, i.e. α < 2. Percolation based models like
Cont-Bouchaud [19] or Solomon-Weisbuch [20], by the nature
of the phenomena, also brings up variations of the order of the
system size, leading also to Lévy-type distributions.

In our approach, we follow the above considerations, to ad-
dress the following question: what are the fundamental assump-
tions, common e.g. to all economic systems, that naturally lead

to the emergence of macroscopic distributions that are charac-
terized by heavy-tails? Taking an economic system as a proto-
typical example for the emergence of heavy-tailed distributions,
we argue that there are three fundamental assumptions.

First, agents tend to trade, i.e. to interact. Human beings
are more efficient in doing specialized labor than being self-
sufficient and for that they need to exchange labor. The us-
age of the expression ‘labor’ can be regarded as excessive by
economists, but we look at it as the fundamental quantity that
is common to labor, money or wage. Something must be com-
mon to all these quantities; if not, we wouldn’t exchange them.
The physicists can regard such fundamental quantity as an ‘eco-
nomic energy’.

Second, we only consume and produce a finite amount of
the overall product that exists within our environment. This as-
sumption justifies the emergence for each agent of a maximum
production and minimum consumption. If an agent transposes
that finite amount he should not be able to consume anymore.

Third, human agents are different and attract differently other
agents to trade. For choosing the way “how” agents attract each
other for trading, we notice that this heterogeneity should re-
flect some imitation, where agents tend to prefer to consume
(resp. produce) from (resp. to) the agents with the largest num-
ber of consumers (resp. producers). The number of producer
and consumer neighbors reflects, respectively, supply and de-
mand of its labor. With such observation its is reasonable to
assume that combining both kinds of neighbors should suffice
to quantify the price of the labor exchanged.

Heavy-tailed distributions have been subject to intensive re-
search activity till very recently, e.g. when addressing the for-
mation and construction of efficient reservoir networks[21],
which shows self-organized criticality with critical exponents
that can be explained by a self-organized-criticality-type model.
In this paper, we deal with heavy tails found in economic sys-
tems and show that heavy-tailed return distributions are due to
the economic organization emerging in a complex economic
network of trades among agents governed under the above three
assumptions. Further, the model reproducing empirical data is
also of the self-organized-criticality-type model, but its main
ingredients result from economical reasoning and assumptions.

Our central result deals in particular with the return distribu-
tion found in both data and model: we show that the power-
law tails are characterized by an exponent that can be measured
and is constrained by upper and lower bounds, which can be
analytically deduced. The knowledge of such boundaries is
of great importance for risk estimates: by deriving upper and
lower bounds, one avoids either underestimates, which enable
the occurrence of crisis unexpectedly, as well as overestimates,
which prevent profit maximization of the trading agents.

We start in Section 2 by describing the ubiquity of heavy-
tails in financial time-series, namely in stock indices. We will
argue that such heavy-tails result from the combination of a dy-
namical critical state in real economic systems and an underly-
ing scale-free topology. Applied to a real system such as the
financial market, such bounded behavior leads naturally to a
maximum and minimum value on risk evaluation, improving
the knowledge about the uncertainty of the market future evo-
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Figure 1: (a) Heavy-tails of stock indices cumulative distributions and (b) the
corresponding exponents. Distributions in (a) are shifted in the vertical axis
for easy comparison. Solid line in (b) (m ∼ 5/2) indicates the value obtained
with the numerical model introduced in Ref. [7], while dashed lines indicate
the bounding values of m for 2 < γ < 3 (see Eq. (3)).

lution. These bounding values will be derived in Sec. 3 based in
the assumptions listed above and an application to risk model is
discussed. Section 4 concludes this paper.

2. Critical behavior underlying return distributions

Heavy-tails are observed in return distributions of data in fi-
nance and economics. Figure 1 presents data from several stock
market indices. Figure 1a shows the probability density func-
tions (PDF) of the logarithmic returns of each index, symbol-
ized as x, where one can observe the heavy-tails. The expo-
nent characterizing the tails of these distributions are given in
Fig. 1b.

While the heavy-tailed shape of the return distributions was
already known and several times reported[22], the explanation
for their emergence, and in particular the values of the exponent
characterizing them, was up to our knowledge not so frequently
addressed.

The emergence of the heavy-tails of the return distribution
was recently reproduced with a simple model[7] which takes
one economic connection as an exchange of labor between two
agents, say i and j, dissipating an amount of energy Ui j, rep-
resenting the deficit of i that results from the labor exchange
between i and j. Agent i delivers an amount of labor Wi j to
agent j and gets a proportional amount of “reward” Ei j = αi jWi j

where αi j can be interpreted as a ‘exchange rate’ of labor. Fig-
ure 2 illustrates the economic connection between two agents.
Each agent can connect to several others, since every agent will
have the propensity to establish new economic links to get spe-
cialized labor from other agents. Consequently the “internal
economic energy” Ui at one single agent will sum up all dif-
ferences between labor units Wi j and the corresponding reward

Figure 2: Illustration of economical connections between economic agents.
Agent i transfers an amount of “labor” Wi j1 to agent j1 receiving in return
an amount Ei j1 = αi j1 Wi j1 where αi j1 measures how well the labor is re-
warded. For this trade “interaction” agent i establishes an outgoing connection
with (production to) agent j1, while agent j1 establishes an incoming connec-
tion with (consumption from) agent i. The balance of this interaction yields for
agent i an amount of “internal energy” Ui =

∑
jk Ui jk =

∑
jk (Wi jk − Ei jk ) that

can be summed up over all agents connections.

Ei j as explained in Fig. 2, weighted by the coefficient αi j. This
coefficient takes into account how many incoming and outgo-
ing connections the agent and its neighbors have, i.e. how much
demand and supply they have respectively[7].

Since the energy consumption is necessary to establish eco-
nomic connections, agents cannot leverage themselves to infin-
ity. To take this fact into account, each agent in the model is
not allowed to exceed its internal energy more than a maximum
fraction of its total amount of trades. We can regard this max-
imum fraction as a limit for default, as in credit risk modeling
[23]. For the particular case of financial systems, we recently
showed how unexpected results may appear when varying such
threshold[24].

Since trades are only regulated by supply and demand prin-
ciples, the system may lead one agent to eventually exceed its
maximum fraction of total amount of trades. This also occurs
in real economic systems in what one calls typically a case of
insolvency: the agent is no longer able to guarantee the “pay-
ment” Ei j of the corresponding labor units Wi j it consumes.
Therefore it stops to consume such labor units, i.e. the agent
loses its incoming connections (consumption links).

By losing its consumption links, the collapsing agent leads to
the breaking of some production links of its neighbors, chang-
ing also their consumed fraction of total amount of trades, even-
tually also exceeding the maximum fraction, and thus also lead-
ing to their collapse. Consequently, each collapse is able to
trigger a chain reaction originating a branching process as il-
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Figure 3: Illustration of a collapse chain reaction.

lustrated in Fig. 3. In the economic context, one chain re-
action is called a “crisis” whereas in the physical context its
is usually called “avalanche”, borrowing the illustrative ex-
amples of avalanches in the field of granular materials and
complexity[21].

The probability for an avalanche to involve exactly r agents
is given by Otter’s theorem [25, 26, 27, 28], which yields
P(r) ∝ r−

3
2 . This probability is observed as long as the underly-

ing topology enables a branching process in a critical state[26].
Still, the number of collapsed agents in a real network is diffi-

cult to recount for. What is measured when an avalanche occurs
in such a real network is the number of links destroyed during
the avalanche. This number of links accounts for a macroscopic
property of the system, namely the overall product UT which
sums up all outgoing product of all agents. Therefore, we want
to express P(r) in terms of the total number of destroyed links.

To that end we recall the third fundamental assumption
listed in the introduction above, which considers heterogeneity
among agents, where agents tend to establish trades with those
agents having already large number of trades, i.e. neighbors.
Some authors in Economics call this phenomenon imitation [5].
Physicists call it preferential attachment and it was introduced
by Simon [29] and developed later by Barabási [30] in several
other contexts.

The important consequence of this assumption is that the dis-
tribution of the number k of connections one agent has follows
a power-law

P(k) ∼ k−γ. (1)

The preferential attachment is applied to the “target” node only.
I.e. for each new trade-connection the node who is providing
the labor is randomly selected and the node to which it is con-
nected is selected according to Eq. (1). Therefore, the degree k
henceforth refers to the node in-degree.

Implementing the above ingredients altogether yields a net-
work of trades which evolves in time. Between two time-steps,
new connections and agents are introduced following the pref-
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Figure 4: The network evolution of economical trades in the model of Ref. [7]
(see text). (a) The observable UT together with the averaged main topologi-
cal properties, all of them as functions of the number of trades k (neighbors,
degree), namely: (b) The degree distribution P(k), (c) the degree-degree cor-
relations D(k), (d) the average shortest path length l(k) and (e) the clustering
coefficient C(k).

erential attachment scheme and old connections are partially
removed, through the collapse of some agents, both in such a
balance that the overall product fluctuates, as shown in Fig. 4a.
The increase of UT , corresponds to the inflow of agents and
connections – here, one at each time-step – while the decrease
of UT corresponds to a chain of collapses.

Simultaneously, at each time-step, the underlying network
topology also “fluctuates” around a “mean” structure. In
Figs. 4b-e we show four main properties for characterizing the
structure of the network of trades, averaged over time: the de-
gree distribution P(k), the degree-degree correlation D(k) giv-
ing the average degree of neighbors of agents with k neighbors,
the average shortest path length l(k) and the clustering coeffi-
cient C(k)[30].

It is interesting to observe that while the degree distribution
follows a power-law decay at least in the middle-range of its
k-spectrum (Fig. 4b), there are almost no correlations (Fig. 4c),
with D(k) ≡ ∑

k′ k′P(k′|k), typically between 6 and 7. In this
context, the model of Ref. [7] for economical trading systems
seems to belong to a general class of uncorrelated networks pre-
viously modeled[31]. Finally, the clustering coefficient is also
approximately constant in the full observed k-spectrum, similar
to other models[31] and for the average shortest path length one
observes a logarithmic decay, l(k) ∼ log k.

Important for our derivation in the next paragraph are the cor-
relations, that from Fig. 4c can be neglected. Since the full
structure shows no significant correlations, the correlations be-
tween the degree of collapsing agents in one single chain can
also be neglected.

As explained above, at the macroeconomic scale the size of
an avalanche is observed through the number of destroyed con-
nections which exactly corresponds to the r agents involved
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in the avalanche. Since the probability for this to occur is
P(r) ∝ r−3/2 the next question to answer is: taken the topo-
logical results plotted in Fig. 4, what is the amount of destroyed
connections measured? We first take KT as the average number
of destroyed connections corresponding to r agents and, since
D(k) ∼ 0 (Fig. 4c), one takes KT = r

∑
m k−γ+1

m with m running
over the different degrees. If all affected agents have the same
degree, that degree is itself proportional to KT and thus r ∝ Kγ

T .
If the affected nodes have different degrees, one may still take
this relation as an approximation by redistributing connections
among the r agents while keeping the total number KT . There-
fore, one estimates the probability for an avalanche to occur to

follow p(r) ∝ r−3/2 ∝ K−
3
2 γ

T . To stress that the variable that is
observed is the “number of agents” we, for convenience, write
henceforth P(KT ) instead of P(r).

So, the fraction of avalanches of size KT larger than s is given
by

P(KT ≥ s) ∝
∫ +∞

s
x−

3
2 γdx ∝ s−

3
2 γ+1 ≡ s−m. (2)

Equation (2) should hold for all types of trades and macroscopic
observables of the economic product in one economic network,
having a scale-free topology, which results from the third fun-
damental assumption presented above in the Introduction.

Equation (2) establishes the relation between the structure
of microscopic interactions (connections or trades) between
agents and the distribution of the returns of one macroscopic
quantity. The former is characterized by exponent γ of the de-
gree distribution, while the latter is characterized by exponent
m, which according to Eq. (2) satisfies

m = 3
2γ − 1. (3)

Figure 1b shows explicitly this relation for each stock market
index, comparing it with the agent model that yields m ∼ 5/2
and also the bounding values mmin and mmax corresponding to
the bounding values γ ∈ [2, 3].

The bridge between a network of trades and macroscopic ob-
servables is subtle. The value of a stock index is the result of
an aggregation of successive trades between single agents (buys
and sells). Similarly, the macroscopic variable UT accounts for
the aggregated summing up of trade connections weighted by
the exchange rate coefficient. Thus, one can take a stock index
as a particular case of UT . Taken as a stock index, the dropping
and growth periods of UT , are result of the underlying respec-
tive addition and removal of connections between economical
agents, taken as buys and sells. In this context, one can draw
conclusions for the evolution of stock indices by looking the
behavior of avalanches on such networks of trades. Next, we
will derive the γ bounding values.

3. Bounding values for the avalanche size distribution

All indices in Fig. 1b take values around the model prediction
m = 5/2, see Ref. [7], and lay within the range mmin ≡ 2 < m <
7
2 ≡ mmax. From Eq. (3), one concludes that the above range
of m-values corresponds to the range 2 < γ < 3, which is a

typical range of exponent values observed in empirical scale-
free networks specially in the economic ones like airports[32],
Internet[33] and international trade of products and goods[34].
With such observations we ask: What are then the topological
causes underlying the emergence of those bounding values? In
this section, we derive mmin and mmax, applying renormalization
methods[35] to the case of undirected networks.

The bounding values of m result directly from bounded val-
ues of γ (see Eq. (3)), and this latter values can be derived under
the assumption that the degree distribution if scale invariant.

Figure 5: Illustration of renormalization in complex networks. Starting at con-
nection ĀB between two clusters of agents, one scales down finding each cluster
composed by two sets of agents, A1 and A2 on the left and B1 and B2 on the
right connected again by ¯A1A2 and ¯B1B2 respectively. Each set of agents of this
new scale can also be decomposed in two connected sets and so on downscale.
For undirected networks, the number of probable states grows with N2

p, with
Np being the renormalized number of agents.

As mentioned above, links are either outgoing or incoming
and the probability for an agent to have k outgoing links – or
correspondingly k incoming links – depends on the scale one is
considering: at each scale p there is a fraction P(p, k) of agents
with k connections. Figure 5 illustrates three successive scales
p = 1, 2 and 3 for directed networks. When the connections
are directed, from one scale to the next there are N admissible
connections[35, 36]. Undirected networks can be regarded as
compositions of two directed networks, since the degree law
P(p, k) is the probability for a agent to have k start links or
k end links indistinctly. Consequently, when going from one
scale to the next, the renormalization generates N2 admissible
states leading to dN2P(p,k)

dp = 0.
Therefore, the self-similar transformation of the agent de-

gree, i.e. the number of links in a agent will be ruled by

N2P(k)dk = N2
pP(kp)dkp (4)

where k and kp symbolize, respectively, the total and renormal-
ized number of links and N and Np are the correspondent num-
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Figure 6: The bounding heavy-tails with mmin = 2 and mmax = 7/2 delimiting
the return distributions of the stock indices in Fig. 2a.

ber of agents.
The power-law in Eq. (1) is invariant under renormalization,

i.e. P(k) ∼ k−γ and P(kp) ∼ k−γp . Defining lp as the distance
between agents at a given scale p, as the average number of
links separating a randomly chosen pair of agents at a given
scale p, the fractal dimension dB of the network can then be
calculated using the box-counting technique [37, 35]:

Np = Nl−dB
p . (5)

Similarly, the number of links scale as

kp = kl−dk
p . (6)

And finally, substituting Eqs. (1), (5) and (6) in Eq. (4) yields

γ = 1 + 2
dB

dk
. (7)

This result retrieves a topological constraint for the value of
γ and, consequently, for the “weight” of the heavy-tail in the
degree distribution. It is known that whenever the above results
holds the corresponding degree distribution is invariant under
renormalization (see Supplementary Material of Ref. [36]). At
each scale the number of connections of each agent varies be-
tween two limit cases, one where each agent connects to only
one neighbor, and another where everybody is connected with
everybody else, within the same scale. In the first limit case,
each agent links to a single neighbor at each scale and con-
sequently the connections will scale like the agents, dk = dB,
yielding γ = 3. In the other limit case, agents should connect to
all neighbors at a each scale, i.e. for each set of Np agents we
find N2

p − Np ∼ N2
p links and thus dk = 2dB, i.e. γ = 2. Since

both limit cases yield a relation between dk and dB, the same
conclusion should hold even in non-fractal networks similar to
what is reported in Ref. [36]. Not all power-law degree distribu-
tions are invariant under renormalization. Still, it is reasonable

to expect that even in the case they are not strictly invariant,
the exponent characterizing their power-law degree distribution
should lie between these two limit cases of degree distributions.
It is therefore a general result as shown next for observed finan-
cial indices.

In a real network, at each scale each agent should have a typi-
cal number of connections between these two extremes, namely
one and N, resulting in an exponent γ between 2 and 3 and
in the corresponding two bounding values for m in Eq. (3),
mmin = 2 and mmax = 7/2. Figure 6 plots the cumula-
tive distributions for all indices together with the boundaries
Pmin(dx/x) ∼ (dx/x)−mmin and Pmax(dx/x) ∼ (dx/x)−mmax . This
is an important result since, independently of the network com-
plexity, the return distributions are characterized by heavy-tails
in a limited range of frequencies. Consequently, the amplitude
of the associated risk measure is also limited.

To finish this section we discuss possible applications from
these findings. Having such bounding values an important ap-
plication deals with risk evaluation. The ability to measure
risk is fundamental when we talk about any economic activ-
ity. When for instance banks lend people money to buy houses,
they must have a way of estimating the risk of those activities.
In short, what is the most one can lose on a particular invest-
ment? The financial property Value at Risk, or simply VaR,
provides an answer. Value at Risk evaluates the percentile of
the predictive probability distribution for the size of a future
financial loss. Mathematically, for a prescribe α degree of con-
fidence and within a time horizon ∆t the value at risk is defined
as the value x∗ such that

VaRα(x∗,∆t) ≡
∫ ∞

x∗
p(x)dx = 1 − α (8)

where p(x) is the PDF for the loss or the negative return of a
economic variable relevant for the intended investment. If one
is dealing with shares portfolio, the relevant variable would be
one such as the ones in Fig. 1, symbolized here as x. Value-
at-Risk framework was created by J.P. Morgan[38] based on
Gaussian returns but the framework is valid for other more gen-
eral continuous distributions of returns.

The confidence of the estimate given for VaRα(x∗,∆t) de-
pends therefore on the choice of the PDF p(x) for the losses
or returns. Since under the assumptions above we can take
the PDF p(x) as a Pareto distribution and since we can bound
the exponent value defining such a Pareto distribution, we get a
straightforward way for bounding any estimate of VaR. While
VaR is a measure of risk, i.e. a risk model for estimating how
much one can lose in a specific investment based in some func-
tional form of p(x), by bounding its value through the two
bounding exponent values deduced above we are able to eval-
uate how “risky” are such risk models and risk measures. By
“risky” we refer more specifically to the choice of p(x) when
evaluating the risk measure, in this case VaRα. In other words,
our bounding exponent values can provide us with a way to
evaluate the “model risk” of a particular model for risk evalua-
tion.
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4. Conclusion: towards a risk model

In this paper we derive a relation that bridges between basic
economic principles and features of the empirical return dis-
tributions, namely the values of the exponent describing their
heavy-tails. First, we show that three fundamental assumptions
in economics[39] suffice to explain the emergence of economic
links according to a power-law and relate the exponent of the
heavy-tails observed in the macroscopic variable with the expo-
nent of the degree distribution describing the underlying topol-
ogy of the network. Second, we show that this latter exponent
for the agents degree distribution assumes values in the range
between two and three, which combined with the first results
delimits the heavy-tails of return distribution between 2 and
7/2.

These findings help to solve the controversy about Mandel-
brot hypothesis [22] that the distribution of financial returns are
explained by Lévy distributions, and therefore would yield an
exponent smaller than 3. Some authors have argued against
Mandelbrot hypothesis, basing their positions [2] in empiri-
cal measures of the return distributions which yield exponents
larger than 3. In this paper we presented evidence that both
statements are in fact correct. Each one is considering a differ-
ent effect of the same phenomenon: though what we measure
in the time series of returns are links between agents, corre-
sponding to exponents larger than 3, the random variables be-
hind Lévy distributions are the agents, which corresponding to
the exponent γ which is limited by 2 < γ < 3.

Finally, since the exponent is bounded, the total risk associ-
ated with the process being observed is also bounded between
one lower and one upper boundary values, enabling one to ac-
tually measure the “risk” of a particular model for risk evalua-
tion. We described the particular case of risk measure, namely
the Value at Risk, but other approaches could be also taken,
for example the expected shortfall[40, 41], which considers the
average Value at Risk with respect to its confidence level α.

Acknowledgments
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Abstract. We address the problem of banking system resilience by applying off-equilibrium statistical physics to a
system of particles, representing the economic agents, modelled according to the theoretical foundation of the current
banking regulation, the so called Merton-Vasicek model. Economic agents are attracted to each other to exchange
‘economic energy’, forming a network of trades. When the capital level of one economic agent drops below a minimum,
the economic agent becomes insolvent. The insolvency of one single economic agent affects the economic energy of all
its neighbours which thus become susceptible to insolvency, being able to trigger a chain of insolvencies (avalanche).
We show that the distribution of avalanche sizes follows a power-law whose exponent depends on the minimum capital
level. Furthermore, we present evidence that under an increase in the minimum capital level, large crashes will be
avoided only if one assumes that agents will accept a drop in business levels, while keeping their trading attitudes and
policies unchanged. The alternative assumption, that agents will try to restore their business levels, may lead to the
unexpected consequence that large crises occur with higher probability.

1 Introduction

The well-being of humankind depends crucially on the finan-
cial stability of the underlying economy. The concept of fi-
nancial stability is associated with the set of conditions under
which the process of financial intermediation (using savings
from some economic agents to lend to other economic agents)
is smooth, thereby promoting the flow of money from where it
is available to where it is needed. This flow of money is made
through economic agents, commonly called ‘banks’, that pro-
vide the service of intermediation and an upstream flow of in-
terest to pay for the savings allocation. Because the flow of
money that ensures financial stability occurs on top of a com-
plex interconnected set of economic agents (network), it must
depend not only in individual features or conditions imposed
to the economic agents but also on the overall structure of the
entire economic environment. The role of banking regulators is
to protect the flow of money through the system by implement-
ing rules that insulate it against individual or localised breaches
that happen when a bank fails to pay back to depositors. How-
ever, these rules do not always take into account the impor-
tance of the topological structure of the network for the global
financial stability. In this paper, we will present quantitative ev-
idence that neglecting the topological network structure when
implementing financial regulation may have a strong negative
impact on financial stability.

The event of not paying back the money owed is called
‘default’. In order that downstream defaults do not generate
the default of a particular bank, each bank holds an amount

Send offprint requests to:

Fig. 1. Illustration of a bank ‘apparatus’ for money flow. A bank
lends money to debtors using money from depositors and also its own
money, the capital. In return debtors pay interest to the bank, which
keeps a part to itself and pays the depositors back.

of money as a reserve for paying back its depositors. In other
words, a part of the money one bank sends downstream is its
own money. This share of own money is called ‘capital’ (see
Fig 1). Looking to one single bank, if it has a large amount of
capital, one reasonably expects that the bank will also cover a
proportionally large debtor default, guaranteeing the deposits
made by its depositors. On the contrary, if the capital level of
the bank is small, a small debtor default is sufficient to put the
bank with no conditions for guaranteeing the money of all its
depositors. Loosing such conditions, the bank enters a situation
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called bankruptcy or insolvency. Usually, bank regulators base
their rules in such arguments.

In 1988, a group of central bank governors called the Basel
Committee on Banking Regulation unified the capital level rules
that were applied in each of the member countries and defined
a global rule to protect the banking system that was becoming
global at the time[21]. Roughly speaking, these rules imposed
a minimum capital level of 8% without any empirical reason.
A few years later the accord came under criticism from market
agents who felt that it did not differentiate enough between the
various debtors, i.e. between the entities whom the bank lends
money, and a second version of the accord[22] was finished in
2004 to become effective in 2008. In this second version, banks
were allowed to use the Merton-Vasicek model[31] based on
the Value-at-Risk paradigm(VaR)[10] to weight the amount of
lent money in the calculation of the necessary capital according
to the measured risk of the debtor. Thus the 8% percentage was
now calculated over the weighted amount and not over the to-
tal amount. This version of the accord become effective at the
beginning of the 2008 financial turmoil; with regulators under
severe criticism from governments and the media, in 2010 the
Committee issued a new version[23] tightening capital rules.

At the same time, since the beginning of the 2000s the aca-
demic community has been very critical of the capital rules,
particularly because the VaR paradigm, on which such rules
are based, assumes that returns are normally distributed and
“does not measure the distribution or extent of risk in the tail,
but only provides an estimate of a particular point in the dis-
tribution”[7]. In fact, there is a huge amount of evidence[2,
17,30,3] that the returns of economic processes are not nor-
mally distributed, having typically heavy tails. According to the
Central Limit Theorem[9], if returns are heavy-tail distributed,
then the underlying random variables have infinite variance or
a variance of the order of the system size [18]. In economic
systems, random variables are related to measurements taken
from economic agents. Thus, the infinite variance results from
long-range correlations between the economic agents. We will
argue that this single fact compromises the stability of the flow
and brings into question the effectiveness of capital level rules.

Physics, and in particular statistical physics, has long in-
spired the construction of models for explaining the evolution
of economies and societies and for tackling major economic
decisions in different contexts[29,11]. The study of critical phe-
nomena and multi-scale systems in physics led to the develop-
ment of tools that proved to be useful in non-physical contexts,
particularly in financial systems. One reason for this is that fast
macroeconomic indicators, such as principal indices in finan-
cial markets, exhibit dynamical scaling, which is typical of crit-
ical physical systems[19].

In this paper we will address the problem of the financial
stability using statistical physics models that explain the occur-
rence of large crises, in order to show that the resilience of the
banking system is not necessarily improved by raising capital
levels. Our findings have a concrete social importance, since
capital is the most expensive money a bank can provide to its
debtors. Capital belongs to the shareholders, who bear the risk
of the business and keep the job positions. So it must be re-
munerated above the money from depositors who do not bear
these risks. Consequently, more capital means more costs on

the flow of the money and, in the end, more constraints to eco-
nomic development.

We start in section 2 by describing an agent-based model[29]
which enables us to generate the critical behaviour observed in
economic systems. In section 3 we describe the observables
that account for the economic properties of the system, namely
the so-called overall product and business level[32]. Further-
more, the agent-based model as well as the macroscopic ob-
servables, are discussed for the specific situation of a network
of banks and their deposits and loans. One important property
in financial banking systems is introduced, namely the mini-
mum capital level, defined here through the basic properties
of agents and their connections. In section 4 we focus on the
financial stability of the banking system, showing that rais-
ing capital levels promotes concentration of economic agents
if the economic production remains constant and it destroys
economic production if that concentration does not occur. Fi-
nally, we present specific situations where each agent seeks the
stability of its economic production after a raise in capital lev-
els, leading to a state of worse financial stability, i.e. a state
in which large crises are more likely to occur. In section 5 we
draw the conclusions.

2 Minimal model for avalanches of financial
defaults

The model introduced in this section is based on a fundamen-
tal feature that human beings have developed in their individ-
ual behaviour, through natural selection, in order to be able
to fight environmental threats collectively. It is called speciali-
sation[16], and describes the tendency individuals have, when
living in communities, to concentrate on one, or at most a few,
specific tasks. Each individual does not need to do everything
to survive, just to concentrate on a few tasks that he/she can
do better for all the other individuals. Everything else he or
she will get from other specialised elements of the community.
Thus, specialisation leads to optimisation, enabling the entire
community to accomplish goals otherwise unattainable. How-
ever, it also implies that individuals now need to exchange what
they do, so that all have everything they need for survival. The
set of all task and product exchanges between individuals is
what we usually call Economy. Consequently, when building
an economic system, a reasonable approach is to take agents
which are impelled to exchange some product through a net-
work of trades between pairs of agents. In this scope, let us
assume that the economic environment is composed of elemen-
tary particles called agents and all phenomena occurring in it
result from the interaction of those particles. Let us also assume
that agents are attracted to interact, exchanging an observed
quantity that takes the form of money, labour or other effec-
tive means used in the exchange. This type of model where the
decision concerning an exchange is made by the exchanging
agents alone is called a “free-market economy”.

We represent these interactions or trades between agents
through economic connections, and call the exchanged quan-
tity ‘economic energy’. Though the “energy” used here is not
the same as physical energy, we will use the term in the eco-
nomical context only. Notice, however, that human labour is
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assumed to be “energy” delivered by one individual to those
with whom he/she interacts, which reward the individual with
an energy that he/she accumulates. The balance between the
labour (“energy”) produced for the neighbours and the reward
received from them may be positive (agent profits) or negative
(agent accumulates debt). For details see Ref. [6]. This analogy
underlies the model introduced in the following, where we omit
the quotation marks and consider entities more general than in-
dividual, which we call agents. Agent-based models of finan-
cial markets have been intensively studied, see e.g. Refs. [27,
29] and references therein.

Economic connections between two agents are in general
not symmetric and there is one simple economic reason for
that: if a connection were completely symmetric there would
be no reason for each of the two agents to establish an ex-
change. In several branches of Economics we have different
examples of these asymmetric economic connections like pro-
duction/consumption, credit/deposit, a labour relation, repos,
swaps, etc. In the next section, we will focus on a specific con-
nection, namely in credit/deposit connections.

Since each connection is asymmetric we distinguish the
two agents involved by assigning two different types of eco-
nomic energy. Hence, let us consider two connected agents,
i and j, where i delivers to j an amount of energy Wij and
receives an amount Eij 6= Wij in return. We call these con-
nections the outgoing connections of agent i. The connections
where agent i receives from j an amount of energy Wji and
delivers in return Eji we call incoming connections.

The energy balance for agent i in one single trade connec-
tion is, from a labour production point of view, Uij = Wij −
Eij . Having two different types of energy, we choose Wij as
the reference to which the other type Eij = αijWij is related
through the coefficient αij (see Eq. (2) below). Without loss of
generality, we consider that one connection corresponds to the
delivery of one unit of energy, Wij = 1, yielding:

Uij = 1− αij . (1)

In order to implement the model, we need to define the form
of the coefficient αij in Eq. (1), which is a connection property.
The amount of energy Eij that one agent i gets in return for a
delivered amountWij can be taken as a price which depends on
the rules of supply and demand. An agent delivering energy to
many neighbours tends to impose a higher price on them. Sim-
ilarly, an agent receiving energy from many other neighbours
will induce a reduction in the price imposed by its creditors.
These principles can be incorporated in a simple Ansatz as:

αij =
2

1 + e−(kout,i−kin,j)
(2)

where kout,i is the number of outgoing connections of agent i
and kin,j is the number of incoming connections of neighbour
j. For αij > 1 the energy provided by agent i to agent j is
‘paid’ by j above the amount of energy agent i delivers. Thus,
agent i profits from this connection and gains a certain amount
of energy, Ui > 0. For αij < 1 the opposite occurs. From
Eq. (2) one easily sees that αij is a step-function with average
value one and very small derivatives in the asymptotic limits
kin,j � kout,i and kin,j � kout,i. Furthermore, in this latter
limit kin,j � kout,i, the value of αij could in principle be any

finite value larger than one. However, to guarantee symmetry
between the situation when agent i profits from agent j, and
that when agent j profits from agent i, we consider the range
αij ∈ [0, 2], yielding αij = 2 for kin,j � kout,i.

Such energy transactions have an Economics analogue ac-
cording to basic principles[16]: a large (small) kin,j indicates
a large (small) supply for agent j and a large (small) kout,i in-
dicates a large (small) demand of agent i. Thus, the difference
kout,i − kin,j measures the balance between the demand of an
agent i and the supply of its neighbour j. αij saturates for large
positive and negative differences in order to guarantee the price
to be finite.

The definition of αij in Eq. (2) is not uniquely determined
by these economic requisites. Similar functions such as the arc-
tangent or the hyperbolic tangent have been used in this con-
text[26]. The main findings of this manuscript are not sensitive
to the choice of functional dependency of αij as long as it is a
step-function of kin,j − kout,i.

In the model described above, we disregard the economic
details of agents and connections, keeping the model as gen-
eral as possible. Still, this generalisation is not different in its
essence from the one accountants must use to provide a com-
mon report for all sorts of business, with the difference that they
use monetary units and we use dimensionless energy units.

Because each agent typically has more than one neighbour,
the total energy balance for agent i is given by

Ui =
∑

all neighbours
Uij =

∑

j∈νout,i

(1− αij) +
∑

j∈νin,i

(αji − 1)

(3)
where j runs over all neighbours of agent i, and νout,i and νin,i
are, respectively the outgoing and incoming vicinities of the
agent.

This total energy balance Ui is related to the well-known
financial principle of net present value (NPV)[28]: When an
agent holds a deposit he or she supposedly pays for it (by def-
inition) and most (but not all) accounting standards [14] as-
sume it as a negative entry on the accounting balance. Here,
we model deposits as a set of incoming connections from the
same agent in which all associated cash-flows were already dis-
counted. In this way, if we could think of a balance sheet totally
built with NPV’s we would be near Ui.

As we noted previously, economic energy is related to phys-
ical energy in the sense that the agents must absorb finite amounts
of physical energy from the environment to deliver economic
energy. Consequently, the economic energy balanceUi of agent
imust be finite. The finiteness ofUi for each agent is controlled
by a threshold value, below which the agent is no longer able to
consume energy from its neighbours, i.e. below which it loses
all its incoming connections. Furthermore, since this thresh-
old reflects the incoming connections, it should depend on how
many incoming connections our agent has. With such assump-
tions, we introduce the quantity

ci ≡
Ui∑

j∈νin,i
(αji − 1)

(4)

for ascertaining if the agent is below a given threshold cth
or not. We call this quantity ci the ‘leverage’ of agent i. Un-
like we did previously in Ref. [6], here Ui is divided by the
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total product of the incoming connections solely and not by
the ‘turnover’. This choice is made to be in line with the way
banking regulators define leverage. Still, this alternate defini-
tion does not change the critical behaviour observed in our
model and previously reported[6]. For the case that the mean-
field approximation αij ∼ 〈α〉 holds, the leverage ci depends
exclusively on the network topology, yielding ci =

kout,i

kin,i
−

1[6].
Leverage has a specific meaning in Economics, which re-

lated to the quantity ci: it measures the ratio between own money
and total assets[28]. Thus, each agent has a leverage ci which
varies in time and there is a threshold cth below which the agent
‘defaults’ or goes bankrupt, losing its incoming connections
with its neighbours. Since the bankrupted agent is connected
to other agents, the energy balances must be updated for ev-
ery affected agent j. Bankruptcy leads to the removal of all
incoming connections of agent i, reducing the consumption of
the bankrupted agent to a minimum, i.e. keeping one single
consumption connection, kin,i = 1. This situation implies that
agent i and its neighbours j should be updated as follows:

ci → kout,i − 1 (5a)
kout,j → kout,j − 1 (5b)

cj → cj −
1

kin,j
. (5c)

We keep the agent with one consumption connection in the
system also to avoid the divergence of ci as defined in the con-
text of financial regulation[21–23]. Such a minimum consump-
tion value has no other effect on the problem we will be dealing
with in the next section.

The bankruptcy of i leads to an update of the energy bal-
ance for neighbour j, which may then also go bankrupt, and so
on, thereby triggering a chain of bankruptcies henceforth called
an ‘avalanche’. See illustration in Fig. 2.

The concepts of leverage and leverage threshold are used by
R.C. Merton[20] and O. Vasicek[31] in their credit risk models,
which are the theoretical foundation for the Basel Accords[21–
23]. Namely, Merton assumed this threshold for pricing corpo-
rate risky bonds using a limit on debt-equity ratio and Vasicek
generalised it to a “debtor wealth threshold” below which the
debtor would default on a loan.

3 Macroproperties: overall product and
business level

Let us consider a system of L interconnected agents which
form the environment where each agent establishes its trades.
We call henceforth this environment the operating neighbour-
hood. We can measure the total economic energy of the sys-
tem by summing up all outgoing connections to get the overall
product UT , namely

UT =
N∑

i=1

∑

j∈Vout,i

(1− αij), (6)

where Vout,i is the outgoing vicinity of agent i, with kout,i
neighbours. The quantityUT varies in time and its evolution re-

Fig. 2. Illustration of a bankruptcy avalanche. Each arrow points to
the agent for which it is an incoming connection. Any agent in the
economic environment is part of a complex network (1), and is sus-
ceptible to go bankrupt, which will destroy its incoming connections
(2). Consequently, new energy balances must be updated for the af-
fected neighbours, whose leverage can go over the threshold(3). Since
these neighbours also have neighbours of their own, connection will
continue to be destroyed until all agents again have a leverage above
the threshold.

flects the development or failure of the underlying economy. In-
stead ofUT , we consider the relative variation dUT

UT
, also known

as ‘return’ in a financial context. We can also measure the av-
erage business level per agent, defined as the moving average
in time of the overall product:

Ω =
1

L

1

TS

∫ t+TS

t

UT (x)dx (7)

where TS is a sufficiently large period for taking time averages.
Similar quantities are used in Economics as indicators of indi-
vidual average standard of living[32]. In the continuum limit,
the time derivative of the business level Ω gives the overall
product uniformly distributed over all agents.

At each time step a new connection is formed, according
to the standard preferential attachment algorithm of Barabási-
Albert[1]: For each connection created one agent is selected us-
ing a probability function based on its previous outgoing con-
nections, expressed as

P (i) =
kout,i∑L
l=1 kout,l

(8)

and one other agent is selected by an analogous probability
function built with incoming connections. Such a preferential
attachment scheme is associated with power-law features ob-
served in the Economy long ago[24,13] and is here motivated
by first principles in economics that agents are impelled to fol-
low: an agent having a large number of outgoing connections
is more likely to be selected again to have a new outgoing con-
nection, and likewise for incoming connections.
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As connections are being created, a complex network of
economic agents emerges and individual leverages (see Eq. (4))
are changing until eventually one of the agents goes bankrupt
(ci < cth) breaking its incoming connections and changing the
leverage of its neighbours, who might also go bankrupt and
break their incoming connections and so on. See Fig. 2. This
avalanche affects the total overall product, Eq. (6), because the
dissipated energy released during the avalanche is subtracted.
This total dissipated energy is given by the total number of bro-
ken connections, and measures the ‘avalanche size’, denoted
below by s. Since the avalanche can involve an arbitrary num-
ber of agents, and is bounded only by the size of the system, the
distribution of the returns dUT

UT
will be heavy-tailed, as expected

for an economic system. See Fig. 5 below.
Until now we have been dealing with generic economic

agents that make generic economic connections between each
other. No particular assumption has been made besides that
they are attracted to each other to form connections by the
mechanism of preferential attachment and that the economic
network cannot have infinite energy. From this point onward,
we will differentiate some of these agents, labeling them as
‘banks’. To this end we fix the nature of their incoming and out-
going connections: The incoming connections are called ‘de-
posits’, the outgoing connections are called ‘loans’. We should
emphasize that we are not singling out this kind of agent from
the others. Banks are modelled as economic agents like any
other. We have only named its incoming and outgoing connec-
tions, which we could also do for all the remaining agents, as
consuming/producing, salary/labour, pension/contribution, etc,
to model every single business we could think of. We are choos-
ing this particular kind of agent because banks are the object of
banking regulation and the aim of financial stability laws.

The threshold leverage cth for one bank represents its ‘min-
imum capital level’. The capital of one bank is really an amount
of incoming connections, which are equivalent to deposits, be-
cause shareholders are also economic agents. This means that
the ‘minimum capital level’ in the model will be much higher
than in real bank markets because we are disregarding share-
holders and adding the remaining energy deficit to fulfill cth.
Therefore, we cannot map directly the levels obtained in the
model onto the levels defined in banking regulation. We can,
however, uncover the behaviour of economic agents in scenar-
ios difficult to reproduce without such a model.

4 Raising the minimum capital level

In this section we use the model described above in different
scenarios, i.e. for different sizes of the operating neighbour-
hood and different minimum capital levels. From Eq. (4) one
sees that the leverage of one agent is always larger than −1.
Since we deal with bankruptcy we are interested in negative
values of cth, which reduces the range of leverage values to
[-1,0]. Our simulations showed that a representative range of
values for both the threshold and the size L of the operating
neighbourhood is [−0.72,−0.67] and [500, 2000] respectively.
For each pair of values (L, cth) the system evolves until a total
of 1.5×106 connections are generated. We discard the first 105
time-steps which are taken as transient.

2000

3000

4000

5000

6000

U
T
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t
2e+05 4e+05 6e+05 8e+05

t

Fig. 3. (Colour online) Illustration of the effect of raising the mini-
mum capital level on the overall product UT , at constant L = 1500.
Raising cth from −0.71 (solid line) to −0.69 (dotted line) does not
significantly change the overall product.

Fig. 4. (Colour online) Illustration of the effect of raising the minimum
capital on the business level at constant L = 1500. Raising cth from
−0.71 (solid line) to −0.69 (dotted line) decreases the business level
from Ω = 2.88 to Ω = 2.75.

Figures 3 and 4 illustrate the evolution of the overall prod-
uct UT and business level Ω for a situation in which the min-
imum capital level is raised, while keeping the size of the op-
erating neighbourhood constant. The solid line shows the ini-
tial situation with lower minimum capital level and the dashed
line the final situation with higher minimum capital level. From
Fig. 3 we can see that if the size of the operating neighbour-
hood is kept constant, the quasi-stationary level of the overall
product does not significantly change.

Following this observation we next investigate the evolu-
tion of the return distribution for UT , considering an increase
of the minimum capital level at constant size L of the operat-
ing neighbourhood. To this end we compute the cumulative size
distribution of avalanches, i.e. the fraction Pc(s) of avalanches
of size larger than s. Numerically, the size s of an avalanche is
found by summing all connections destroyed during that avalanche.
The value ofPc(s) is then obtained by identifying the avalanches
whose size is greater than s.
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Fig. 5. Avalanche (crises) size distributions for different scenarios
of minimum capital level, keeping the operating neighbourhood un-
changed for each agent. The different distributions match at small
sizes, in the region where the Central Limit Theorem (CLT) holds,
and deviate from each other for larger crises (critical region). In the
critical region one observes (inset) that increasing the minimum capi-
tal level decreases the probability for a large avalanche to occur, which
supports the intentions of the Basel III accords. However, in this sce-
nario one assumes that each bank will have a simultaneous decrease
of their business level (see text and Fig. 4). A more natural scenario
would be one where each bank reacts to the rise in the minimum cap-
ital level in such a way as to keep its business level constant, which
leads to a completely different crises situation (see Fig. 8).

Figure 5 shows the cumulative size distribution of avalanches
for different minimum capital levels, keeping L = 2000. For
small avalanche sizes, the Central Limit Theorem holds[18]
and thus all size distributions match independently of the min-
imum capital level. For large enough avalanches (‘critical re-
gion’), the size distributions deviate from each other, exhibit-
ing a power-law tail Pc(s) ∼ s−m with an exponent m that de-
pends on the minimum capital level cth (inset). As expected[5],
the exponent found for the avalanche size distribution takes val-
ues in the interval 2 < m < 7/2.

As can be seen in the inset of Fig. 5 the exponent increases
in absolute value for larger minimum capital levels, indicating
a smaller probability for large avalanches to occur. However,
this scenario occurs only when the size of the operating neigh-
bourhood is kept constant and, as shown in Fig. 4, the increase
of the minimum capital level is also accompanied by a decrease
of the business level. This means that each agent has less eco-
nomic energy or, in current language, is poorer.

Assuming that agents do not want to be poorer despite reg-
ulatory constraints, and therefore try to keep their business lev-
els constant (Fig. 6), a natural reaction against raising the mini-
mum capital level is to decrease the number of neighbours with
whom the agent establishes trade connections, i.e. to decrease
the size of the operating neighbourhood (Fig. 7). In Economics
this is called a concentration process[8], which typically occurs
when the regulation rules are tightened up. In such a scenario
where the size of the operating neighbourhood is adapted so as
to maintain the business level constant, the distributions plot-

Fig. 6. (Colour online) Unlike in Figs. 3 and 4 it is possible to raise the
minimum capital level cth from −0.71 (solid line) to −0.69 (dashed
line), while keeping the business level constant. In the case plotted,
Ω ∼ 2.88
.

Fig. 7. (Colour online) Keeping the business level constant at Ω ∼
2.88 and raising the minimum capital level from −0.71 (solid line) to
−0.69 (dashed line) leads to a decrease of the operating neighbour-
hood, which is reflected in a lower overall product.

ted in Fig. 5 are no longer observed. In particular, the exponent
m does not increase monotonically with the minimum capital
level as we show next.

Figure 8a shows the critical exponent m and the business
level per agent Ω as functions of the minimum capital level cth
and the operating neighbourhood size L. For easy comparison,
both quantities are normalized in the unit interval of accessible
values.

The critical exponent shows a tendency to increase with
both the minimum capital level and the operating neighbour-
hood size. The business level, on the other hand, decreases
when the minimum capital level or the neighbourhood size in-
crease. Considering a reference state F0 with cth,0, L0 and Ω0

there is one isoline of constant minimum capital level, Γ 0
cth

, and
another of constant operating neighbourhood size, Γ 0

L, crossing
at F0. Assuming a transition of our system to a larger mini-
mum capital level at isoline Γ fcth while keeping L constant, i.e.
along the isoline Γ 0

L, one arrives at a new state FL with a larger
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Fig. 8. (Colour online) (a) Normalized critical exponent m̄ and busi-
ness level Ω as functions of the minimum capital level cth and sys-
tem size L. For an initial financial state F0, an increase of the mini-
mum capital level takes the system along one of the infinitely many
paths between the initial and final isolines at constant minimum cap-
ital level, Γ 0

cth and Γ fcth respectively. (b) If such a path follows the
isoline at constant system size, Γ 0

L, the critical exponent increases and
thus the probability for large avalanches decreases. Simultaneously
however, its business level decreases (Ωf < Ω0), which runs against
the natural intentions of financial agents. On the contrary, if the path
is along the isoline at constant business level, Γ 0

Ω , as one naturally
expects the financial agents would do, the critical exponent does not
change significantly, meaning that large financial crises may still occur
with the same probability as before (see text).

critical exponent, which means a lower probability for large
avalanches to occur, as explained above. However in such a sit-
uation the new business levelΩf is lower than the previous one
Ω0.

On the contrary, if we assume that the transition from F0

to the higher minimum capital level occurs at constant business
level, i.e. along the isoline Γ 0

Ω , one arrives to a state FΩ on the
isoline Γ fcth for which the critical exponent is not necessarily
smaller than for the initial state.

From economical and financial reasoning, one typically as-
sumes that, independently of external directives, under unfavourable
circumstances economical and financial agents try, at least, to
maintain their business level. This behaviour on the part of
agents leads to a situation which contradicts the expectations
of the Basel accords and raises the question of whether such
regulation will indeed prevent larger avalanches from occurring
again in the future. To illustrate this, Fig. 8b shows a close-up
of the m-surface plotted in Fig. 8a.

For the reference stateF0 one finds an exponentm = 2.97±
0.18. An increase of the minimum capital level at constant op-
erating neighbourhood size (state FL) yields m = 3.34± 0.09,
while increasing the minimum capital level at constant business
level (state FΩ), yields m = 2.79 ± 0.09, which corresponds
to a significantly higher probability that large avalanches will
occur.

5 Discussion and conclusion

In summary, raising the minimum capital levels may not nec-
essarily improve banking system resilience. Resilience may re-
main the same if banks go after the same business levels, as
one should expect, according to economic reasoning. Indeed,
since business levels are part of the achievement of any eco-
nomic agent that enters a network of trades, each agent will
try, at least, to maintain this level, independently of regulatory
constraints.

Furthermore, our findings can solve the apparent contradic-
tion between the credit risk models that serve as the theoretical
foundation for bank stability accords and the definition of cap-
ital levels. In fact, bank stability accords impose on banks an
adapted version of Merton-Vasicek model[31] in which it is as-
sumed that each agent has a leverage threshold above which it
defaults on credit. The assumption of this threshold combined
with a first principle of Economics – that the Economy emerges
from the exchanges between agents – naturally leads to an in-
terplay between agents that can propagate the effect of one de-
fault throughout the entire economic system.

Economic systems have long-range correlations and heavy-
tailed distributions that are not compatible with a linear as-
sumption that raising individual capital levels will lead to stronger
stability. Because of the interdependency, this assumption is
probably valid only in two situations: when it is impossible
for an individual to default; and when individuals behave in-
dependently from each other (random trade connections). Both
situations do not occur in real economic systems.

These findings can inform the recent governmental mea-
sures for dealing with the effects of the 2008 financial crises.
In particular, governments have shown[23] a tendency for im-
posing a higher capital investment from banks. If the threshold
is increased, while the total amount of trade remains constant,
there will be fewer trade connections between the banks and
their clients, which leads to smaller avalanches in the evolution
of the financial network. On the other hand, if the total amount
of trade is assumed to grow, following the rise in minimum
capital, the probability of greater avalanches will also increase
to the level where it was before or even to a higher level.

The scale-free topology of the economic network plays a
major role in the determination of the size distribution of the
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avalanches. At the same time, the scale-free topology emerges
naturally from the rules introduced, which are motivated by
economic reasoning, namely the principles of demand and sup-
ply. Still, one could argue that for bank regulation purposes, a
different (imposed) topology for the connections between fi-
nancial agents would help to prevent large crises. For exam-
ple, if the economic network is structured as a random Erdös-
Rényi network[33], in which every economic agent has the
same probability of being chosen to form an economic connec-
tion, the system would not have avalanches. In such a model,
since connections are equally distributed throughout the sys-
tem, all agents would have statistically the same balance. In
other words, for each bankruptcy the expected number of child
bankruptcies in the avalanche would have either zero size or
the size of the system. Thus, with Erdös-Rényi topology, one
expects still the danger of triggering such a large chain of in-
solvencies able to collapse the entire system.

Directives more oriented to the connection topology emerg-
ing in the financial network could be a good alternative. Inter-
estingly, although controversial, our claims point in the direc-
tion of IMF reports in November 2010[25], where it is argued
that rapid growth in emerging economic periods can be fol-
lowed by financial crises, and also to recent theoretical stud-
ies on the risk of interbank markets[15,12]. Indeed the recent
IMF Memorandum on Portuguese economic policy[4] already
includes directives that reveal IMF’s concern not only with tun-
ing capital buffers and other local properties but also with mon-
itoring the banking system as a whole, and in particular keep-
ing track of the financial situation of the largest banks in the
network. We believe that such global networking measures are
much more trustworthy than local ones.
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We present a framework for describing the evolution of stochastic observables having a non-stationary dis-
tribution of values. The framework is applied to empirical volume-prices from assets traded at the New York
Stock Exchange, for which several remarks are pointed-out from our analysis. Using Kullback-Leibler diver-
gence we evaluate the best model out from four biparametric models standardly used in the context of financial
data analysis. In our present data sets we conclude that the inverse Γ-distribution is a good model, particularly
for the distribution tail of the largest volume-price fluctuations. Extracting the time-series of the corresponding
parameter values we show that they evolve in time as stochastic variables themselves. For the particular case
of the parameter controlling the volume-price distribution tail we are able to extract an Ornstein-Uhlenbeck
equation which describes the fluctuations of the largest volume-prices observed in the data. Finally, we discuss
how to bridge from the stochastic evolution of the distribution parameters to the stochastic evolution of the
(non-stationary) observable and put our conclusions into perspective for other applications in geophysics and
biology.

PACS numbers: 89.65.Gh, 02.50.Fz, 05.45.Tp, 05.10.Gg,
Keywords: Non-stationary systems, Langevin equation, Stochastic evolution, New York Stock Exchange

I. INTRODUCTION AND MOTIVATION

When assessing the behavior of one complex system, such
as the ones described by stochastic time series, one typ-
ically tries to uncover the non-linear interactions and the
strength of fluctuating forces by means of extracting an evo-
lution equation from the data[1]. When the underlying value-
distributions of the observables are stationary, such approach
is, in principle, possible[2]. However, in real systems the dis-
tributions are often either non-stationary or at least it is not
possible to ascertain how reasonable the assumption of sta-
tionarity is.

In this paper we address the evolution of non-stationary
value-distributions of stochastic observables and describe a
framework that enables one to derive their evolution directly
from measurements of empirical data recordings. We apply
our framework to financial asset volume-prices, though the
framework is general enough for many other systems as we
also discuss in the end. In particular, we show that volume-
price distributions evolve in a non-stationary way, but follow
a typical functional shape, properly parameterized. By keep-
ing track of the series of parameter values at each time-step,
we show that they follow a well defined stochastic evolu-
tion equation, which helps to establish the evolution of the
non-stationary distribution. It is known that even power-laws
may be derived from stochastic equations driven by Gaussian
noise[3]. Further, we show how to use these findings for deriv-
ing possible distribution tail boundaries that enable to estimate
risk measures. Finally, we put our results in perspective and
propose a framework for fully describe the stochastic dynam-

ics of a non-stationary variable under a few weak assumptions.

The choice of considering volume-prices distributions as an
example is not arbitrary. There is an old Wall Street adage
which says that ”It takes volume to move price”[4]. This
adage holds still today. Indeed, if one considers volume or
price separately from each other, one fails to grasp the behav-
ior of the capital exchanged which combines both variables.
Therefore we consider here both variables combined, namely
the volume-price, which measured the total capital exchanged,
providing information about the entire capital traded in the
market.

Several articles have been written about stochastic volatility
models [5–7] in order to attempt to characterize the dynam-
ics of the stock prices returns. Such models have emerged
due to the well established non-Gaussian character of finan-
cial time-series[8]. For instance, asymptotic behavior consis-
tent with a power-law decay can not only be found in price
fluctuations but also in trading volumes[4, 9]. Here, we find a
strong competition or coexistence between a Gaussian model
(log-normal) and heavy-tails (inverse-Γ). For computing ac-
curate tail parameters, there is already a established panoply
of tools[10–12] that can be used. Here we focus on a different
approach to model the dynamics of the distribution tail and
how it can be used for assessing associated risk of gain and
loss due to such large fluctuations.

We start in Sec. II by introducing four different bi-
parametric models that are typically used in finance to fit the
empirical data. In Sec. III we investigate which models suit
the best, for explaining the empirical distributions, introduc-
ing one variant of the Kullback-Leibler divergence. In Sec. IV
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we uncover the time evolution of the non-stationary distribu-
tion of the volume-price based in a framework that enables
one to extract a stochastic motion equation for the distribu-
tion parameters. This approach was used in the financial con-
text recently[13] when accessing clustering states of the stock
market[14]. In Sec. V we use our results to derive the evolu-
tion equations for the original non-stationary variable. Finally,
in VI, we put our approach in perspective and discuss possible
application in other situations, before summarizing the main
conclusions of this paper.

II. NON-STATIONARY MODELS FOR STOCHASTIC
VARIABLES

Some of the most typical statistical models for stochastic
variables in different fields, ranging from physics[15, 16] and
biology[17, 18] to finance[19] , medicine[20, 21] and even
sociology among other fields[22], are biparametric. More-
over they account for a range where a polynomial Ansatz
dominates and another which behaves exponentially. Four
of the most used of such biparametric distributions are the
Γ−distribution,

pΓ(s) =
sφΓ−1

θφΓ

Γ Γ[φΓ]
exp

[
− s

θΓ

]
, (1)

the inverse Γ-distribution,

p1/Γ(s) =
θ
φ1/Γ

1/Γ

Γ[φ1/Γ]
s−φ1/Γ−1exp

[
−θ1/Γ

s

]
, (2)

the log-normal distribution,

pln(s) =
1√

2πθlns
exp

[
− (log s− φln)2

2θ2
ln

]
, (3)
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FIG. 1: (Color online) The four biparametric distributions in
Eqs. (1)-(4): (a) the Γ-distribution, (b) the inverse Γ-distribution,
(c) the log-normal distribution and (d) the Weibull distribution. For
each model, a graphic illustration of its parameters is sketched.
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FIG. 2: (Color online) Illustration of the time-series of the volume-
price s of one company listed in the NYSE during a period of ap-
proximately three days. Here, (I) highlights the eight-hour period of
normal trading and (II) the after-hours trading period (after closing),
which is discarded from our analysis. During the night (non trading
period) we set s = 0 .

and the Weibull distribution

pW (s) =
φW

θφWW
sφW−1exp

[
−
(

s

θW

)φW ]
. (4)

Next, we consider all these four distributions as candidate
models for our data.

In each case one has two parameters, here represented by φ
and θ, with a specific meaning. In the Γ-distribution φΓ char-
acterize the left power-tail and θΓ accounts for the decaying
time of the right-hand side as indicated in Fig. 1a. In the in-
verse Γ-distribution φ1/Γ characterize the right power-tail and
θ1/Γ accounts for the decaying time of the left-hand side of
the distribution as indicated in Fig. 1b. In the log-normal dis-
tribution φln accounts for the mean and θln for the standard
deviation of the variables logarithm, as indicated in Fig. 1c. In
the Weibull distribution φW characterizes the left power-tail,
when the exponential term goes to one and θW accounts for
the decaying of the right side of the distribution as indicated
in Fig. 1d.

In the following we will analyze the volume-price (s) se-
ries of around 2000 companies having listed shares in the New
York Stock Exchange (NYSE), with a sampling frequency of
ten minutes, during a total of 976 days, which, after remov-
ing all the after-hours trading and discarding all the days with
recording errors[23], contains around 1.8 × 104 data points.
See illustration in Fig. 2. All the data were collected from the
website http://finance.yahoo.com/ and more de-
tails concerning its preprocessing may be found in Refs. [23–
25]. Also note that in Fig. 2 it is possible to observe a ”U”-
pattern, typically found in intraday volume time series[26].

In order to fit the empirical distribution of volume-price we
use the maximum likelihood scheme. The maximum likeli-
hood scheme was applied to the probability density function
above, Eqs. (1)-(4). Since in the case of stock market volume-
prices the tail in the range of large values is associated to the
largest fluctuations, i.e. the largest gains and losses, we con-
centrate our analysis on the tail of the volume-price distribu-
tion. Therefore, we use the parameters obtained from the the
maximum likehood scheme to the PDFs, to fit the correspond-
ing empirical cumulative density function (CDF) of each one
of the four models above.
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FIG. 3: (Color online) Illustration of the volume-price s distribu-
tion at one particular ten-minute snapshot: (a) Probability density
function (PDF) and (b) cumulative density function (CDF). Differ-
ent colors correspond to different models used to fit the empirical
data (circles).

Figures 3a and 3b show respectively the probability and cu-
mulative density function of each model (lines) that fit the em-
pirical distribution (bullets) at one particular ten-minute snap-
shot.

In the case one considers the distributions in Eqs. (1) to (4)
to be stationary, the parameters of each distribution are taken
to be constants. In the following we introduce a different as-
sumption: while we take a constant functional shape, i.e. one
of the particular forms above, the corresponding parameters
are allowed to vary in time, between two successive ten-
minute snapshots. In other words, we assume that for the gen-
eral case of a non-stationary distribution or density function,
the parameters φ and θ of the four models above are in fact
variables of the distribution itself that include all the time de-
pendency. In Fig. 4, we have a representation of the resulting
time-series of each parameter, φ and θ, characterizing the four
models (1-4), obtained from the maximum likelihood scheme.
The corresponding errors σθ̂ and σφ̂ of the parameter estima-

tors θ̂ and φ̂ respectively, are given in Tab. I. Typically, the rel-
ative errors are below 10%, 0.01 . max (σθ̂)

〈θ̂〉 ,
max (σφ̂)

〈φ̂〉 < 0.1.
Large errors, such as the one of φΓ, indicate that the underly-
ing distribution is probably not a good model for the empirical
volume-price distribution.
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FIG. 4: (Color online) Time series of the two parameters character-
izing the evolution of the cumulative density function (CDF) of the
volume-price s: (a) Γ-distribution (b) inverse Γ-distribution, (c) log-
normal distribution and (d) Weibull distribution. Each point in these
time series correspond to ten-minute intervals. Periods with no ac-
tivity correspond to the period where market is closed, and therefore
will not be considered in our approach. In all plots, different colors
correspond to different distributions. Each parameter shows a typical
daily pattern, which supports the detrending considered in Fig. 6 (see
text).

max (σφ̂) max (σθ̂)

Γ-distribution 0.5 3.4× 105

Inverse Γ-distribution 0.51 8.3× 105

Log-normal 0.05 0.04

Weibull 0.07 2.3× 105

TABLE I: Maximum values of the standard errors σ(φ̂) and σ(θ̂) of
each estimator parameters φ̂ and θ̂ for the different models, obtained
using the maximum-likelihood estimation. Compared to the typical
values of the parameters shown in Fig. 4 one can see that typical
relative errors, are typically between 1% and 10%.

III. SEARCHING FOR AN OPTIMAL MODEL OF
VOLUME-PRICE DISTRIBUTIONS

In this section, we ascertain which model described previ-
ously is the best for the empirical set of volume-prices. To
that end, we evaluate how accurate is the fit of each model
using a “distance” between the empirical distribution and the
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FIG. 5: (Color online) What is the best model? Ranking of the four
distributions in Eqs. (1-4) used to fit the empirical tails in two cases:
(a) using the Kullback-Leibler divergence D(p), i.e. F (si) = P (si)
in Eq. (5) and (b) weighting the extreme events stronger, with a dif-
ferent distance D(1/p) with F (si) = 1/P (si). Rank 1 indicates the
best model.

modeled one, which we define as:

D(F )(P |Q) =

∫ smax

smin

F (s) ln

(
P (s)

Q(s)

)
ds ,

∼
∑

i

F (si) ln

(
P (si)

Q(si)

)
∆si , (5)

where i labels a succession of bins, covering the region of
volume-price values [smin, smax], si and ∆si represent re-
spectively the mean value and the width of bin i, P (si) is the
empirical distribution, Q(si) is the modeled PDF and F (si)
is a weighting function. The region within which the distribu-
tion are compared is accounted by the values of i in the sum,
and can cover the entire state-space or a delimited subregion
of it. In our case, we consider the tail solely, i.e. the values of
i larger than the median of the empirical distributions.

The sum in Eq. (5) is weighted by the function F (si). For
F (si) = P (si) one obtains the standard Kullback-Leibler
divergence[27], where the values occurring with higher fre-
quency have larger weights than the ones occurring rarely (ex-
treme events). Figure 5a shows the rankings of all four mod-
els, evaluated according to the Kullback-Leibler divergence in
Eq. (5). As we can see, the best fit is the inverse Γ-distribution
almost always. In rank 2 one finds the log-normal distribution
with only a slightly larger average distance (see Tab. (II)).

Because of the choice for the weighting function F (si) =
P (si), the Kullback-Leibler divergence accounts for a good fit
in the central region, which is heavier weighted than the tails.
Of course, that standard case stems from Information Theory
where the divergence is interpreted directly from the informa-
tion entropy: it is the difference between the cross entropy of
P and Q and the entropy of P [28].

However, to focus on modeling the extreme events in a
given empirical distribution, one needs to weight the events
occurring more rarely with heavier weights, and a different
weight function would be a better choice. In the following,
we choose the function F (i) = 1/P (i) to account for these
weights.

Figure 5b shows the ranking for this divergence D1/p. The
results are now significantly different: the best models are the
log-normal and the inverse Γ-distributions. When considering

D(P ) D(1/P )

Average Std Dev. Average Std Dev.

Γ-distribution 0.80 0.03 2.39 2.45

Inverse Γ-distribution 0.68 0.02 0.51 0.36
Log-normal 0.70 0.02 0.51 0.54
Weibull 0.73 0.03 1.40 1.51

TABLE II: Average and standard deviation for Kullback-Leibler di-
vergence D(p) and for the tail distance D(1/p). The inverse Γ model
was chosen for further analysis (see text).
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FIG. 6: (Color online) Illustration of the time-series of (a) φ (red) and
(b) θ (blue), both parameters of the inverse Γ-distribution in Eq. (2).
In (c) and (d) the corresponding detrended time-series, φ∗ and θ∗,
are plotted (see text). In this figure we plot approximately 12 trading
days, cutting out the after-hours and closing periods.

the tails, there is therefore a coexistence of log-normal and
inverse-Γ.

Table II shows the mean value and standard deviation of the
value distributions of the Kullback-Leibler divergence D(p)

and of the tail distance D(1/p) for all 10-minute time-spans.
The rank 1 is dominated by the inverse Γ-distribution, fol-
lowed by the log-normal distribution when considering the
usual Kullback-Leibler function. When the variant D(1/p)

is chosen, one observes a codominance between log-normal
and inverse Γ distributions. Furthermore, the inverse Γ-
distribution is parameterized in a way that one single param-
eter, φ1/Γ, controls the tail of the largest values (see Eq. (2)
and Fig. 1b). For all these reasons, we choose henceforth the
inverse Γ-distribution as our model for the evolution of the
volume-price distribution tail.

IV. STOCHASTIC EVOLUTION OF THE DISTRIBUTION
TAILS

In this section we extract the stochastic evolution of the
distribution tail, choosing the inverse Γ-distribution as model.
For simplicity we will only write φ and θ for the parameters
φ1/Γ and θ1/Γ .

For the analysis we will first study the average time-
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FIG. 7: (Color online) Average over all trading days of parameters
φ and θ. Here we see that both φ̄ and θ̄ seem to follow cubic law.
In the fitting function φ̄(td) the coefficients have the value: aφ =
3.4 × 10−5 u−3, bφ = −1.7 × 10−3 u−2, cφ = 3.5 × 10−2 u−1

and dφ = 1.5. In the fitting function θ̄(td) the coefficients have the
value: aθ = 3.9× 102 u−3, bθ = −1.4× 104 u−2, cθ = 5.7× 104

u−1 and dθ = 3.0× 106 (see text), all in units of u= 10 minutes.

evolution of each parameter during one single day. Indeed, as
we can see from Fig. 6a and 6b, there is clearly a daily pattern
φ̄ and θ̄, which after removed from the original series, yields
the detrended data series of fluctuations, φ∗ and θ∗, shown
in Figs. 6c and 6d respectively. Our Ansatz is therefore de-
fined by the decomposition of the original parameter series
into their daily pattern and their fluctuations:

φ(t) = φ̄(t) + φ∗(t) , (6a)
θ(t) = θ̄(t) + θ∗(t) . (6b)

Since the series is non-stationary, we consider average daily
patterns for a set of 20 days. The series of fluctuations were
extracted by removing the 20-day moving average pattern
from the original series. This was made by centering the win-
dows in each point of the original series and subtracting the
average of the points on ten days before and after that event.

Figure 7 shows the daily pattern of each parameter, approx-
imated as cubic polynomials of time:

φ̄(td) = aφt
3
d + bφt

2
d + cφtd + dφ , (7a)

θ̄(td) = aθt
3
d + bθt

2
d + cθtd + dθ , (7b)

where td = (t (mod 144))− 54 in units of u = 10 minutes.
Note that the market is only open for normal trading during
6h30min (39× 10min). Outside of the normal trading period
we define the φ̄ and θ̄ to be zero. From the average pattern of
φ it is clear that large volume-prices of NYSE tend to concen-
trate in the beginning of the day (low φ̄ values).

Figures 8a and 8b show the marginal probability density
functions (PDF) of the variables φ and θ, which can be com-
pared with the detrended variables separately (Figs. 8c and
8d). Clearly, the detrending does not have a significant ef-
fect on the shape of the PDF of these two parameters. Figure
8e shows the joint PDF of φ∗ and θ∗, from which one sees
that the two parameters can be assumed as being independent
from each other. Since the observed fluctuations of θ do not
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FIG. 8: (Color online) Probability density function (PDF) of the fit-
ting parameters (a) φ and (b) θ, before the detrending, compared to
the PDFs of their fluctuations (c) φ∗ and (d) θ∗, after detrending (see
text). In (e) one plots the joint PDF of both detrended variables af-
ter proper normalization, φn = (φ∗ − φmin)/(φmax − φmin) and
θn = (θ∗− θmin)/(θmax− θmin): both detrended variables can be
taken as independent from one another (see text).

play a significant role in the distribution tail, we approximate
parameter θ by its daily pattern, θ(t) ∼ θ̄(td) .

Under these assumptions, to fully derive the evolution equa-
tions of both parameters (Eqs. (6)) one only needs to define
additionally the fluctuations φ∗(t) which will be modeled ac-
cording to the Langevin process

dφ∗ = D1(φ∗)dt+
√

2D2(φ∗)dWt . (8)

where D1(φ∗) and D2(φ∗) are the so called drift and diffu-
sion coefficients respectively and dWt is one Wiener process
satisfying 〈dWt〉 = 0 and 〈dWtdW

′
t 〉 = δ(t− t′) .

A necessary ingredient of this approach is that φ∗-series
must be Markovian. In order to test the Markov property

288



6

2 1 0 1 2

x1/σ

2

1

0

1

2

x
2
/
σ

(a)

3 2 1 0 1 2 3
x2/σ

0.002

0.006

0.010

0.014 ave−0.4σ

(b)

3 2 1 0 1 2 3
x2/σ

0.002

0.006

0.010

0.014
ave+0.4σ

(c)

FIG. 9: (Color online) (a) Contour plots of the conditional PDF
p(x1, τ1|x2, τ2) (solid lines) and p(x1, τ1|x2, τ2;x3 = 0, τ3)
(dashed lines) for τ1 = τmin, τ2 = 5τmin and τ3 = 10τmin, with
τmin = 10 min. The dashed vertical lines at 〈x1〉 ∓ 0.4 standard
deviations indicates the cut shown in (b) and (c) respectively.

2 4 6 8 10 12 14 16 18 20

τ (x10 min)

0.8

1

1.2

1.4

1.6

1.8

2

t-
v

a
lu

e
/t

0
-v

a
lu

e

τ
M

FIG. 10: Wilcoxon test to verify the Markovian property of φ∗ time-
series, showing the Markov length of τM = 50 minutes.

we compute the transition probabilities p(x1, τ1|x2, τ2) and
p(x1, τ1|x2, τ2;x3 = 0, τ3). In Fig. 9a we show the contour
plot of these two probabilities for τ1 = τmin, τ2 = 5τmin

and τ3 = 10τmin, with τmin = 10 minutes. The proxim-
ity of the contour lines suggest that the Markovian property
holds. Moreover, in Fig. 9b and 9c, two cuts through the con-
ditional probability densities are provided for fixed values of
x1, namely at 〈x1〉 ± 0.4 standard deviations of the one-point
distribution p(x1), which also seems to support this statement.

In order to create a quantitative understanding of whether
or not the two conditional probabilities p(x1, τ1|x2, τ2) and
p(x1, τ1|x2, τ2;x3 = 0, τ3) are equal, the Wilcoxon rank-sum
test[29] is employed. The value of t-value/t0-value = 1 indi-
cates that the process is Markovian. As we can see in Fig. 10,
this test seems to further confirm that a proper Markov length
is τM = 50 minutes, can be reasonably assumed.

For a Markovian stochastic process, the evolution of the
associated stochastic variable is defined by the two functions
in Eq. (8), namely D1 and D2 given by:

Dk(φ∗) = lim
τ→0

Mk(φ∗, τ)

k!τ
∼ Mk(φ∗, τl)

k!τl
, (9)
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FIG. 11: Conditional moments extracted from the time-series of φ∗.
(a) First conditional momentM1 and (b) second conditional moment
M2, both as functions of τ in units of 10 minutes.
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FIG. 12: Here we see that (a) the drift coefficient is linear in φ∗ while
(b) the diffusion coefficient is a quadratic function of the stochastic
variable φ∗. See Eqs. (11). These two coefficients characterize the
stochastic evolution of the parameter φ that describes the tail of the
inverse Γ-distribution.

for k = 1, 2 and where the conditional moments Mk(φ∗, τ)
are defined as:

Mk(φ∗, τ) =
〈

(Xt+τ −Xt)
k
〉
Xt=φ∗

. (10)

In Figs. 11a and 11b we represent the conditional moments
M1 and M2 respectively, as a function of τ . By computing
the slopes of M1 and M2 for each bin in variable φ yields a
complete definition of both the drift D1 and the diffusion D2

coefficients for the full range of observed φ∗ values.
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Figures 12a and 12b show the drift and diffusion respec-
tively. The drift is linear on φ∗ with a negative slope, while
the diffusion is a quadratic polynomial of φ∗:

D1(φ∗) = −γφ∗ , (11a)
D2(φ∗) = α(φ∗)2 + βφ∗ + δ , (11b)

with γ = 1.9 × 10−4 s−1 and α = 1.9 × 10−4 s−1, β =
2.4× 10−6 s−1, δ = 3.3× 10−6 s−1. Therefore the evolution
of φ∗ follows Eq. (8) with the functions as defined in (11).

V. ACCESSING THE EVOLUTION OF THE
NON-STATIONARY VOLUME-PRICE

To end this paper, we present two possible applications of
our framework. The first is specifically aimed for the dynam-
ics of volume-price tails, where we provide a simple quanti-
tative measure of the expected bounded values of the tail pa-
rameters also discussed in other contexts[30]. The second is
to suggest a broader perspective, developing a framework that
provides the full statistics of a non-stationary variable, based
in the dynamical model of all its moments.

The first remark deals with the evolution of the original
(non-detrended) φ parameter, following the assumption that
the inverse-Γ distribution is the best model for the tail at
the largest volume-prices. Indeed, from the results shown in
Fig. 12 and Eqs. (11) the evolution of the fluctuations φ∗ is
governed by:

dφ∗ = −γφ∗dt+
√

2(α(φ∗)2 + βφ∗ + δ)dWt , (12)

where γ = 1.9 × 10−4 s−1 is the inverse response time from
the market to perturbations in the largest range of fluctuations.
Notice that γ corresponds to a response time 1/γ = 5.3×103

s, i.e. about one hour and thirty minutes, a value of the
same order as the Markov length τM calculated in the pre-
vious section: The market responds to perturbations at a time-
scale close to the time-scale at which parameter φ experiences
stochastic variations.

As Fig. 13 indicates, the autocorrelation of φ∗ does not
follow a simple exponential decay, but presents two distinct
short-term and long-term regimes, one at ∼ 30 minutes, asso-
ciated to the trading operations, and another at ∼ 4.5 hours,
which completes approximately one trading day. The Markov
analysis captures an intermediate regime, reflecting a mix-
ture of both time-scales simultaneously and avoiding the non-
Markovian properties of the short-time scale, which has an
autocorrelation time of ≈ 1/γ, compatible with the stochastic
process in Eq. (12).

According to Eq. (6a) we can now write the evolution equa-
tion for the tail parameter φ, according to dφ = dφ̄ + dφ∗,
which, from Eq. (12) reads:

dφ = −γ(φ− φf )dt+

√
2D̃2(φ)dWt , (13)

where D̃2(φ) is also a quadratic function of the argument φ,
of course with different coefficients, and φf is a fixed point
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FIG. 13: Autocorrelation of φ∗ as a function of delay τ . A short-term
and a long-term regime exist, with autocorrelation times of τs ' 0.5
hours and τl ' 4.5 hours, respectively, with dotted lines indicat-
ing corresponding exponential fits. At the time scale of our Markov
modeling, an intermediate scale τi = 1/γ ' 1.7 hours compatible
with the time-scale of the stochastic process modeled by Eq. (13),
the continuous line representing its time scale.
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FIG. 14: In the NYSE, while the average tail-slope, φ̄, varies cubi-
caly within one day, the corresponding fixed point φf (see Eq. (14))
varies mostly quadratically, since its cubic coefficient is vary small
compare to the other terms in the polynomial. Such findings lead to
insight about the average volume-price behavior in NYSE.

depending only on the average tail slope φ̄ :

φf = φ̄+
1

γ

dφ̄

dt
. (14)

From Eq. (14) it is clear that φf depends exclusively on
the time of the day, td, since it is completely defined by the
daily pattern φ̄. From the coefficients of φ̄ (see Fig. 7 and
Eq. (14) one sees that the drift term is larger in the beginning
and end of each trading-day. At the market opening, the strong
drift reflects the strong herd reaction from the market, accu-
mulated during the night, and pushing the distribution tail to-
wards the median value of φ̄. As stated above, the cumulative
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buy and sell demands during the night also explains the lower
average tail slope, i.e. the larger volume-prices observed in
the corresponding distribution tail. At the closing, a stronger
drift occurs again reflecting the pressure of buyers and sellers
to match the present state and tendency of the market before
closing. Notice that all together the drift term in Eq. (14) is
typically positive only because of the average pattern whose
dynamics is ruled by the large term in φf , namely 1

γ
dφ̄
dt . See

Fig. 14.
It is also important to notice that the standard deviation σ

of the distribution of observed φ-values can be estimated from
and compared with

σ2 =

∫ ∞

0

(φ− φf )2Pstat(φ)dφ, (15)

where Pstat(φ) is the stationary distribution of φ, in the sense
that there exists a stationary distribution when averaged over
multiples of the one-day periods, for given drift and diffusion
functions. In our approach drift and diffusion are defined in
Eq. (13) with φ given in Eq. (12), the average φ̄ defined by the
cubic polynomial in Eq. (7a) and the fluctuation φ∗ governed
by drift and diffusion in Eqs. (11).

As shown in Appendix A, the integral in Eq. (15) exists if

γ

α
> 1, (16)

which is intuitive: the standard deviation of the φ-distribution
only exists when the drift is strong enough, i.e. when the slope
−γ (see Fig. 12a) is steep enough to dominate the diffusion
(γ > α). In the case of NYSE this is not the case: α = γ
within numerical accuracy. Therefore, we may claim that for
the highest range of volume prices in NYSE, an estimate of
the risk associated to the predictions of the distribution tail is
doubtful.

The second remark deals with the description of the (non-
stationary) evolution of the original stochastic variable, in this
case the volume-price s. As we saw, while for the large-values
tail the inverse-Γ model yields a good and simple descrip-
tion of its evolution, the log-normal distribution is found to
be a good model for the tail as well. In this case, both pa-
rameters of the distribution in Eq. (3), must be considered to-
gether. In general, the distribution changes in time, due to
the fluctuations of φ and θ, but still we can assume that all
time dependency is incorporated in the distribution parame-
ters: Pln(s, t) ≡ P (s, φ(t), θ(t)).

If one is able to write all the moments of s as a function of
the distribution parameters φ(t) and θ(t) one is able to fully
characterize the non-stationary evolution of s. Indeed, the mo-
ments of s can be generally written as

〈sn〉 =

∫ +∞

0

snP (s, φ(t), θ(t))ds ≡ Fn(φ(t), θ(t)) , (17)

in case the integral exists. In the most general case, both
parameters can be taken as stochastic variables coupled to
each other, and therefore obeying the Langevin system of
equations[2, 31]:

dφ = h1(φ, θ)dt

+g11(φ, θ)dW1 + g12(φ, θ)dW2 , (18a)

dθ = h2(φ, θ)dt

+g21(φ, θ)dW1 + g22(φ, θ)dW2 , (18b)

where (h1, h2)(T ) = D1 and ggT = D2. Deriving function
F in Eq. (17) one extracts the evolution equation of all sta-
tistical moments by differentiating Eq. (17) using Itô-Taylor
expansion and incorporating the Eqs. (18), namely[31]

d〈sn〉 = An(φ(t), θ(t))dt+Bn(φ(t), θ(t))dW1

+Cn(φ(t), θ(t))dW2 (19)

with

An(φ(t), θ(t)) =
∂Fn
∂φ

h1 +
∂Fn
∂θ

h2

+
∂2Fn
∂φ∂θ

(g11g21 + g12g22)

+
1

2

∂2Fn
∂φ2

(g2
11 + g2

12)

+
1

2

∂2Fn
∂θ2

(g2
21 + g2

22) , (20a)

Bn(φ(t), θ(t)) =
∂Fn
∂φ

g11 +
∂Fn
∂θ

g21 , (20b)

Cn(φ(t), θ(t)) =
∂Fn
∂φ

g12 +
∂Fn
∂θ

g22 . (20c)

Equation (19) is a non-homogeneous stochastic differential
equation with “drift” and “diffusion” functions which depend
on time.

VI. DISCUSSION AND CONCLUSIONS

In this paper we study the stochastic evolution of the
volume-price distributions of assets traded at the New York
Stock Exchange as a prototypical example of non-stationary
distributions of stochastic variables. We have shown that these
distributions are non-stationary, in the sense that the parame-
ters characterizing the distribution are themselves stochastic
variables. In order to find the best fit for the volume-price
distribution we tested four bi-parametric models commonly
used in modeling the price of financial assets[19], namely: the
Γ-distribution, inverse Γ-distribution, log-normal distribution
and the Weibull distribution.

To weight each value in the volume-price spectrum accord-
ing to some density function we use the Kullback-Leibler
divergence and one new variant, Eq. (5), that accounts for
extreme events, and present evidence that the inverse Γ-
distribution is at least a very reasonable choice for modeling
the region of the spectrum of highest values.

Moreover, attending to the fact that in the inverse Γ-
distribution the two parameters decouple, we focus our study
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on the parameter φ, which characterizes the large fluctua-
tions of volume-price distribution. By applying the frame-
work in Ref. [2], we are able to extract a stochastic differ-
ential equation that describes the evolution of this parame-
ter, Eq. (13). In general, taken together with previous inves-
tigation, e.g. agent-based models for studying transition be-
tween different regimes of trading in a financial network[32],
will eventually permit the derivation of risk measures for the
largest fluctuations. However, for the specific case of the
NYSE, we provided evidence that diffusion of the volume-
price tail is too large for enabling bounded values of its slope
fluctuations. Thus, risk estimates associated to the tail distri-
bution are, at the most, difficult and perhaps doubtful or not
possible.

We also provided a framework for deriving the stochastic
evolution of a non-stationary variable, under the assumption
that it follows a biparametric model whose parameters are
themselves stochastic variables in time incorporating all the
time dependency of the non-stationary process. By computing
all the moments as a function of these distribution parameters,
one is able to fully characterize the non-stationary evolution
of the stochastic variable. In particular, this approach may be
helpful in other situations and applications, such as in biology,
when accessing the evolution of heart interbeat intervals or in
energy sciences to address non-stationary measurement series
in energy power production of wind turbines.

Finally, the tail alone of one distribution can alternatively
be modelled through a generalized Pareto distribution (GPD),
which yields three parameters (location, shape and scale).
While in this work we have shown a model for the funda-
mental dynamics of volume-price distribution tails using one
single parameter, in a step foward approach, GPD could be
used yielding a three-dimensional system of coupled stochas-
tic equations for the evolution of all three parameters. While
such an approach increases considerably the complexity of
our approach, that reduces the fundamental dynamics of the
distribution tail, to the stochastic modelling of one single pa-
rameter, new insight could be extract from this more gener-
alized model and add criticism to the commom models used
for volume-price distribution and dynamics. These issues will
also be considered in forthcoming studies.
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Matemática e Aplicações Fundamentais for financial support
during the time of development of this project and Deutscher
Akademischer Austauschdienst for the intership fellowship
through IPID4all from University of Oldenburg. PR and JPB
thanks Faculdade de Ciências da Universidade de Lisboa for
providing working accommodation. FR thanks Fundação
para a Ciência e a Tecnologia (FCT) for the fellowship
SFRH/BPD/65427/2009. PGL thanks German Environment
Ministry for financial support. PGL and FR thank Deutscher

Akademischer Austauschdienst (DAAD) and FCT for support
from bilateral collaboration DRI/DAAD/1208/2013.

APPENDIX A: IS THERE A RISK ESTIMATE FOR THE
TAIL OF NYSE VOLUME-PRICE DISTRIBUTIONS?

As sketched in Fig. 15, having φf in Eq. (14) and σ in
Eq. (15), one can establish upper and lower bounds for the tail
of the empirical distribution, namely −φf − σ and −φf + σ
respectively, which may be helpful to derive risk measures for
large fluctuations. In this appendix we will derive explicitly
in integral in Eq. (15) that, for our NYSE data, no standard
deviation exists.

We first, write the drift and diffusion functions in Eq. (13),
which follow directly from substituting φ∗ = φ − φ̄ in
Eqs. (11), yielding

D̃1(φ, td) = −γ(φ− φf ), (A1a)

D̃2(φ, td) = α(φ− φ̄)2 + β(φ− φ̄) + δ

= α̃φ2 + β̃φ+ δ̃, (A1b)

with

α̃ = α, (A2a)

β̃ = β − 2αφ̄, (A2b)

δ̃ = αφ̄2 − βφ̄+ δ, (A2c)

all coefficients now depending on the time of the day td.
It is known[1] that the stationary probability density func-

tion Pstat(φ) of a non-linear Langevin process φ(t), governed
by drift D1(φ) and diffusion D2(φ) is given by

Pstat(φ) =
N

D2(φ)
exp

(∫

φ

D1(φ′)
D2(φ′)

dφ′
)
, (A3)

where N is a normalization constant. Thus, substituting
Eqs. (A1) into A3 yields:
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FIG. 15: (Color online) We have an harmonic restoring force mech-
anism due to the linear drift coefficient in the stochastic differential
equation characterizing the evolution of the parameter φ.
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Pstat(φ) = N(α̃φ2 + β̃φ+ δ̃)−
γ

2α̃−1 exp


 2φf√

α̃δ̃ − β̃2

arctan


 2α̃φf + β̃√

α̃δ̃ − β̃2




. (A4)

Notice that the radicals in the expression above exist always, since the randicands are positive, i.e. D̃2 has always negative
discriminant.

Finally, substituting Eq. (A4) in Eq. (15) yields

σ2 = N

∫ ∞

0

(φ− φf )2

(α̃φ2 + β̃φ+ δ̃)
γ

2α̃+1
exp


 2φf√

α̃δ̃ − β̃2

arctan


 2α̃φf + β̃√

α̃δ̃ − β̃2




dφ. (A5)

Clearly, the exponential function is limited in the range of
integration. Thus, the integral exists and σ has a finite value if
the difference of the degrees of each polynomial is larger than
one: 2( γ

2α̃ + 1)− 2 > 1, yielding the condition in Eq. (16).
While for the specific case of the NYSE there is a diverging

standard deviation, it may be the case that similar stochastic
processes governing the distribution tail of volume-price in
other stock markets have a stronger drift force or a weaker
diffusion, enabling to estimate bounding values for the slope
of the distribution tail as sketched in Fig. 15.
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We model non-stationary volume-price distributions with a log-normal distribution and collect the

time series of its two parameters. The time series of the two parameters are shown to be stationary

and Markov-like and consequently can be modelled with Langevin equations, which are derived

directly from their series of values. Having the evolution equations of the log-normal parameters,

we reconstruct the statistics of the first moments of volume-price distributions which fit well the

empirical data. Finally, the proposed framework is general enough to study other non-stationary

stochastic variables in other research fields, namely, biology, medicine, and geology. Published by
AIP Publishing. https://doi.org/10.1063/1.5010613

While several methodologies are available for modelling

stationary processes, nature and complex processes in now-

adays society is typically non-stationary. Examples range

from the most fundamental turbulent fluids, weather

dynamics, and wind energy systems to human mobility, the

brain signals, and finance. In this paper, we encounter the

problem of modelling non-stationary stochastic variables,

addressing the specific example of financial volume-prices.

We introduce a framework to model the evolution of non-

stationary time series, applying it to the specific case of the

volume-price of financial assets from 1750 companies at the

New York Stock Exchange, collected from Yahoo database

every 10 min during more than two years. Since the

volume-price is typically a non-stationary stochastic vari-

able but follows the same functional distribution, we assume

that all time dependence of the variable is incorporated in

time fluctuations of the distribution parameters, which are

themselves stationary and evolve as coupled variables.

I. INTRODUCTION

When addressing stochastic processes in nature, one of the

fundamental assumptions is its stationary or non-stationary

character. One common way for defining stationarity is to state

the constancy of its probability density function: If the process

is stationary, there is a probability density function associated

to it, which does not change in time. In this case, the laws

underlying series of measurements from the process can be

assessed through proper averaging and computations of value

series within finite size time-windows. However, the typical

case found in nature is to observe processes whose probability

density function changes also with time, making the derivation

of the underlying laws more difficult.

In this paper, we address a concrete example of a non-

stationary stochastic process and show how to reproduce its

statistical features, assuming not the strong condition of hav-

ing time-invariant probability densities but only that all asso-

ciated probability densities have a fixed functional form. In

other words, having defined the function that best fits the

probability density functions, its parameters are function of

time. In particular, we will show that the parameters vary

stochastically in time and follow a stationary process, which

enables one to recover the non-stationary statistical moments

characterizing the original process.

The framework here introduced is related to the so-called

superstatistics approach introduced by Beck in the early nine-

ties.1 Superstatistics is a branch of statistics aimed to the study

of non-linear and non-equilibrium systems. Complex systems

often show a behavior which can be regarded as a superposi-

tion of different dynamics.1 We study the specific case of

volume-price distributions in the New York Stock Exchange

(NYSE), collected directly from Yahoo Finance.

More precisely, the data were collected from the website

http://finance.yahoo.com/ with a sample rate of 0.1 min�1

starting in January 27, 2011 and ending in April 6, 2014, a

total of 976 days, corresponding to �105 data points.

Weekends, holidays, after-hours, and nights were filtered

out, yielding a total of �17 708 data points in time-steps of

10 min for each one of a sample of 1750 companies.

Furthermore, each register refers to one specific enter-

prise and is composed by several fields, namely, the com-

pany name, last trade price, volume, day’s highest price,

day’s lowest price, last trade date, 20-moving average, and

average daily volume. Since there is no access to the instan-

taneous trading price of each transaction made, one considers

henceforth the last trading price as the estimate of the price

change on each set of ten-minutes trading volume.

While the asset price shows how valuable the asset is

and volume accounts for the corresponding market liquidity

for that asset, the volume-price incorporates the interaction

between both financial quantities, retrieving the total capital-

ization being transitioned in the market. Figure 1 shows the

overview of the framework here proposed, with Fig. 1(a)

illustrating the time-series of the price and volume of one

single company. Volume and price data are provided directly

by Yahoo. The volume-price was derived by multiplying

volume and price at each time and for each asset. As one

sees from Fig. 1(a), while prices show small fluctuations, the
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volume fluctuates considerably. Consequently, the volume-

price follows closely the behavior of the volumes alone.

We start by assuming the log-normal distribution as the

model for fitting each volume-price distribution from

Yahoos’ database. We have shown that the log-normal is bet-

ter than other models commonly used for financial data.2,3

An example of the log-normal volume-price distribution is

shown in Fig. 1(b). The dots represent the empirical proba-

bility density function of the logarithm of the volume-price

time series and the solid line is the theoretical log-normal

distribution that best fits the data. Since the volume-price is

non-stationary, the volume-price distribution varies in time,

i.e., the two parameters defining the log-normal fit are time

dependent, as illustrated in Fig. 1(c). The probability density

function (PDF) of the log-normal is

p/;hðsÞ ¼
1

s
ffiffiffiffiffiffi
2p
p

h
exp �ðlog s� /Þ2

2h2

" #
; (1)

and is one of the common models in finance data.2,3 Here, s
symbolizes the volume-price. Parameter / accounts for the

mean and h for the standard deviation of the logarithm

volume-price series and they take different values for each

10-min frame. Compared with other models to fit volume-

price distributions,2 the log-normal distribution yields

Kullback-Leibler distances between its fit curve and the

empirical distribution typically 5% to 15% shorter than with

other models, namely, the C-distribution and Weibull distri-

butions. Typical standard errors of the parameter estimators

are r/̂ ¼ 0:0460:01 and rĥ ¼ 0:0360:01 for / and h,

respectively, values obtained using the maximum likelihood

estimation method.2

We then study the evolution of both parameters, consid-

ering that the two parameters include all the time depen-

dency of the volume-price variable, and decompose the

evolution of each parameter, into two separated additive con-

tributions: an average behavior [Fig. 1(d)] and the corre-

sponding stochastic fluctuations around it [Fig. 1(e)].

The original time series of / and h parameters are

decomposed into the sum of their average daily patterns, �/
and �h, with the respective fluctuations, /0 and h0, around the

average patterns:

FIG. 1. We start with the price and volume series of 1750 companies. In (a), we can see the volume and price series for just one of the companies. Multiplying

the two series yields the volume-price series which follows a log-normal distribution with parameters / and h. In (b), we can see the empirical density repre-

sented by the dots and the adjusted log-normal to the data, solid line, for a particular window of 10 min. Each 10-min window yields a log-normal with differ-

ent parameters. Thus, we will have (c) a time series for the parameter / and another one for h. Each time series can be decomposed in (d) a daily averaged

pattern (see text) and (e) fluctuations around this pattern. We will describe the evolution observed in (c) by analyzing this components separately. The closing

hours are not plotted.
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/ ¼ �/ þ /0; (2a)

h ¼ �h þ h0: (2b)

The average pattern in Fig. 1(d) is computed from the 20-

day moving average pattern from the original series,2 i.e.,

�xðtdÞ ¼
1

20

X20

k¼1

xðt� 144kÞ; (3)

where x represents one of the two parameters and td
¼ ðt� 54Þ ðmod144Þ in units of u¼ 10 min. The fluctua-

tions, /0 and h0, are computed by subtracting from the original

series the corresponding value of the daily pattern [see Eq. (2)].

The interval of 20 days for the moving average is kept

for the data source, as described above. Moreover, the values

of 144 and 54 in Eq. (3) are needed due to the fact that we

have time series with time-steps of 10 min and both t and td
are taken in units of u¼ 10 min. One day has 1440 min and

therefore 144 values taken every 10 min and the New York

Stock Market opens at 9:00 am, 540 min after midnight

(00:00). Since we only consider values of t during the open-

ing period, td is always positive.

The average behavior shows an approximate daily peri-

odicity, which is the cause for the non-stationary behavior

present in the original data. As we will see later, the fluctua-

tions around this average pattern are stationary. While the

average behavior is modelled with a polynomial in time for

the time span of one day, the fluctuations are modelled

through a system of two coupled stochastic differential equa-

tions.4 In particular, by knowing how the fluctuations of both

parameters evolve in time, we will be able to retrieve the

non-stationary evolution of the volume-price in the NYSE,

namely, the evolution of its statistical moments. Finally, in

Sec. V, we summarize the main conclusions and discuss pos-

sible applications of this work to other fields of study.

II. LOG-NORMAL MODEL FOR VOLUME-PRICES

In the following, we analyze the volume-price series of

1750 companies having listed shares in the New York Stock

Exchange (NYSE), with a sampling frequency of 0.1 min�1.

After removing all the after-hours trading and discarding all

the days with recorded errors, our dataset contains 17 708

data points for each company covering a total period of

976 days. Figure 1(a) shows an illustrative example of the

price and volume series of one specific company. All the

data were collected from the website http://finance.yahoo.-

com/ and more details concerning its preprocessing may be

found in the references of Rocha and co-workers.2,5,6

In the previous works, it was shown that the log-normal

distribution properly models the distribution of volume-price

in each 10-min frame.2 Consequently, fitting the volume-

price distributions with Eq. (1) at each 10-min lag for the full

976-day period yields two data series of values, one for /
and another for h.

A. Average behavior of the volume-price distribution

In Fig. 2, one sees the average patterns, �/ and �h, from

which one can extract insight concerning the typical

behavior of trades during the opening time, as follows. In

Fig. 2(a), the average pattern of parameter /, i.e., �/, is plot-

ted. One notices that trading is heavier, i.e., larger values of
�/, at the beginning and end of the day compared with the

rest of the day. Such feature reflects the fact that the opening

and the closing of the NYSE are very peculiar times. In the

beginning of the day, the volume-price series has high val-

ues, because it concentrates the information of the traders

during the precedent closing period when traders postpone

their next buy or sell to the next opening moment. After the

opening, one observes an approximately linear decrease of

the trading activity, which in the second half of the day

increases cubically. This higher rate in the end of the day

may happen because traders react against a deadline, the

closing time.

Close to the end of the day, volume-prices start to grow

again, since traders try their last chance to buy and sell

according to the market present state in a sort of herd

behavior. This herd behavior can also be derived from the

daily pattern of parameter �h plotted in Fig. 2(b). In the

beginning of the day, there is a large variance in our data

(large �h), due to the different perceptions the traders have

following a closing period where decisions were taken fol-

lowing different strategies and based in different alternative

sources of information (e.g., open exchange markets else-

where in the world). After that it decreases monotonically

reflecting the tendency of traders to behave in the same way

(small volume-price variance), since they based their deci-

sions in the same real time prices of the NYSE, attaining a

minimum at the closing time. Furthermore, during the day,

the standard deviation relaxes, showing a more constant

value around noon. This value of �h in the middle of a (typi-

cal) day, being less sensitive to the opening and closing

moments, defined through an inflection point, should

be characteristic of the specific stock exchange we are

analyzing.

For both parameters, a visual inspection of the empirical

average patterns indicates that the lowest-order polynomial

that fit them is a cubic polynomial. Therefore, we fit both

average patterns, through a standard mean-square fit, by

cubic polynomials of time, namely,

FIG. 2. The parameter average patterns over 20-trading days [see Eq. (2)]:

(a) �/ (circles) and (b) �h (squares), with the corresponding fitting cubic poly-

nomials (dashed lines).
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�/ðtdÞ ¼ a/t3
d þ b/t2

d þ c/td þ d/; (4a)

�hðtdÞ ¼ aht3
d þ bht2

d þ chtd þ dh; (4b)

where td ¼ ðt� 54Þ ðmod144Þ in units of u¼ 10 min, and

a/ ¼ 8:2� 10�5, b/ ¼ �2:3� 10�3, c/ ¼ �2:0� 10�2, d/

¼ 13:52, ah ¼ �1:0� 10�5, bh ¼ 5:6� 10�4, ch ¼ �1:3
�10�2, and dh ¼ 1:79. With the qualitative explanations

above concerning the shape of the average patterns, one

should expect similar cubic fits. Still, while the order of the

fitting polynomial should not vary significantly, at least with

the daily cycle, the herd behavior can sometimes be

“stronger” than cubic7 which may increase the order of the

polynomial or change the dominant coefficients in Eq. (4).

Moreover, one should also take into account some of the par-

ticularities of NY Stock Market, namely, its floor trading and

the significantly large number of entry registrations done

before closing.

Note that the market is only open for normal trading

during 6 h 30 min (39� 10 min). Outside the normal trading

period, we consider �/ and �h to be zero. These cubic models

for the average daily pattern, depend on the data set being

analyzed, i.e., on the stock market, and typical maxima and

minima values of both parameters, as well as their inflection

points can be straightforwardly estimated.

B. Modelling stochastic fluctuations of the parameters

The fluctuations around the patterns in Fig. 2 were

obtained by subtracting the 20-day moving average pattern

[Fig. 1(d)] from the corresponding parameter [Fig. 1(c)],

yielding the fluctuations /0 and h0 illustrated in Fig. 1(e).

Important for the modelling of the fluctuations is to sepa-

rate them from all periodic modes of the time variation of

each parameter. Figures 3(a) and 3(b) show the power

spectrum of the original parameters (black lines) and the cor-

responding fluctuations (colored points). As one clearly sees,

the periodic peaks, observed for the original parameter, are

not present in the spectra of their fluctuations, showing that

the periodic behavior is properly detrended. The removal of

such peaks is done through the subtraction of the 20-day mov-

ing average pattern, as explained above in Sec. I [see Eq. (3)].

Since the fluctuations are now longer influenced by the

daily average trend, they can be very weakly correlated in

time or show some typical correlation lengths. To ascertain

how large are the time correlations of the parameter fluctua-

tions, we plot in Figs. 3(c) and 3(d) the autocorrelation func-

tion a for the fluctuations /0 and h0, respectively, showing a

clear exponential decay which is modelled as

a/0;ðh0ÞðsÞ ¼ b/0;ðh0Þ exp � s
n/0;ðh0Þ

� �
; (5)

which is, as usual, computed from the data as

aXðsÞ ¼
hðXðtþ sÞ � �XÞðXðtÞ � �XÞi

r2
X

; (6)

with X ¼ /0 or X ¼ h0 depending which parameter fluctuation

is being considered, h�i stands for the average over time t and
�X and rX are, respectively, the average and standard deviation

of the parameter fluctuation. The coefficients in Eq. (5) were

estimated through the least square method. For /0, one obtains

n/0 ¼ 520:8 min and log ðb/0 Þ ¼ �0:8496, while for h0 one

obtains nh0 ¼ 757:6 min and log ðbhÞ ¼ �0:7776. The corre-

lation lengths of these fits show that while the parameter fluc-

tuation /0 loses memory beyond one daily cycle of the stock

market (open during 9 h, i.e., 540 min) the fluctuation of log-

normal variances shows a memory beyond the closing of the

stock market, probably incorporating information from after-

FIG. 3. (a) Power spectrum of the /
time series and (b) of the h series, both

detrended (see text). (c)

Autocorrelation function (circles) and

linear function fitted to the data

(dashed lines) in a log-lin scale for the

/ time series and (d) for the h time

series.
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hour tradings. Such long-time correlations may be related to

the floor trading of the NY Stock Market mentioned above.

To end this section, we show that both fluctuations, /0

and h0, are stochastic variables with a joint Gaussian distribu-

tion and anti-correlated with each other.

Figures 4(a) and 4(b) show the marginal PDF of the fluc-

tuations /0 and h0, respectively (colored symbols), compared

with the respective Gaussian, having the same mean and var-

iance (dashed lines). The central region of the marginal PDF

of h0 is in good agreement with the Gaussian function, pre-

senting deviations at the most outer regions. From visual

inspection, one sees that the Gaussian approximation for /0

presents considerable deviations from the empirical distribu-

tion at both the tails and central region, being not as good as

the Gaussian approximation for h0. However, the deviations

from the Gaussian functional shape of the marginal distribu-

tion of h0 is due to the fact that both parameter fluctuations

are correlated as can be seen in Fig. 5.

Indeed, computing the covariance matrix

R ¼ R/0/0 R/0h0

Rh0/0 Rh0h0

� �
¼ 0:0619 �0:0036

�0:0036 0:0039

� �
;

with each element defined as

RX;Y ¼ hðXðtÞ � �XÞðYðtÞ � �YÞi; (7)

with X ¼ /0 or X ¼ h0 defined similarly as in Eq. (6). Being

a non-diagonal matrix, the covariance matrix shows a non-

negligible cross-element R/0;h0 ¼ Rh0;/0 ¼ �0:0036, indicat-

ing that both parameter fluctuations are anti-correlated.

Thus, both parameter fluctuations should be analyzed as a

coupled system. The joint distribution qð/0; h0Þ of both corre-

lated parameters can be well fitted with a two-dimensional

Gaussian distribution of correlated variables as8

qð/0; h0Þ ¼ 1

2p
ffiffiffiffiffiffi
jRj

p exp � 1

2
ðx� lÞTR�1ðx� lÞ

� �
; (8)

where x ¼ ð/0; h0Þ; jRj ¼ R/0/0Rh0h0 � R2
/0h0 is the determi-

nant of the covariance matrix R and l ¼ ðl/0 ; lh0 Þ is the

two-dimensional vector of the means of both parameter

fluctuations. Since we are addressing the joint distribution of

fluctuations of both parameters around their average pattern

l � 0. In Fig. 5(a), one sees the joint histogram of both

parameter fluctuations, while in Fig. 5(b) the joint density

function in Eq. (8) with the same covariance matrix R and

means l is shown. From the respective contour plots in Fig.

5(c), one identifies a reasonable match. Moreover, one noti-

ces that both contour plots lean towards the left, indicating a

negative correlation, i.e., R/0h0 < 0.

Being correlated, the parameter fluctuations must be

modelled as a pair of coupled variables. The model for the

pair of parameter fluctuations is described in the Sec. III.

III. THE STOCHASTIC EVOLUTION OF LOG-NORMAL
PARAMETERS

For modelling the two fluctuations, /0 and h0, we con-

sider them as stochastic variables that evolve coupled to

each other according to a two-dimensional Markov process

with two independent stochastic Gaussian white noise sour-

ces. The conditions that enable us to settle down such

assumptions will be addressed in the end. Even in the case

that the conditions do not hold rigorously, it is possible to

apply this framework, as discussed previously in Ref. 2 and

below. For simplicity, in this section, we are going to sup-

press the prime symbol noticing that we only address the

fluctuations.

FIG. 4. Marginal probability density function (black) and Gaussian adjusted

PDF (red) of the parameter fluctuations (a) /0 and (b) h0. See Eq. (2).

FIG. 5. (a) Joint PDF of the empirical time series and (b) a multivariate nor-

mal distribution with mean vector and covariance matrix equal to the ones

of our empirical data. (c) Contour plot of both empirical and theoretical joint

PDFs in (a) and (b), respectively.
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Our model is given by a system of two coupled

Langevin equations, namely,

d/ðtÞ
dhðtÞ

" #
¼ D/

ð1Þð/; hÞ
Dh
ð1Þð/; hÞ

" #
dt

þ
g//ð/; hÞ g/hð/; hÞ
gh/ð/; hÞ ghhð/; hÞ

" #
dW
ð1Þ
t

dW
ð2Þ
t

" #
; (9)

where, for either X ¼ / or X ¼ h,

D
ð1Þ
X ð/�; h�Þ ¼ lim

s!0

1

s
h Xðtþ sÞ � XðtÞð ÞiXðtÞ¼/�;YðtÞ¼h� ; (10)

with h�i meaning the average over all pairs ðXðtÞ; YðtÞÞ of the

parameter pair ð/; hÞ, respectively, and where ggT ¼ Dð2Þ with

Dð2Þ ¼
D
ð2Þ
// D

ð2Þ
/h ;

D
ð2Þ
h/ D

ð2Þ
hh ;

2
64

3
75; (11)

such that, for the component ½XY� in matrix Dð2Þ, one has

D
ð2Þ
XY ð/�; h�Þ ¼ lim

s!0

1

2s
h Xðtþ sÞ � XðtÞð Þ

� Yðtþ sÞ � YðtÞð ÞiXðtÞ¼/�;YðtÞ¼h� : (12)

Here, /� and h� label one specific bin.

The two stochastic contributions, dW
ð1Þ
t and dW

ð2Þ
t , are

two independent Wiener processes, i.e.,

hdW
ðnÞ
t i ¼ 0; (13a)

hdW
ðnÞ
t dW

ðmÞ
t0 i ¼ dmndðt� t0Þ; (13b)

with n;m ¼ 1; 2. Symbol dmn states for Kronecker delta,

whereas dðxÞ symbolizes the Dirac delta.

The Kramers-Moyal coefficients of order n are defined by

D
ðnÞ
XkYn�kð/�;h�;tÞ¼

1

n!
lim
s!0

1

s

D
X tþsð Þ�X tð Þ
� �k

� Y tþsð Þ�Y tð Þ
� �n�k

E
X tð Þ¼/�;Y tð Þ¼h�

; (14)

for k ¼ 0; 1;…; n. The time derivative of the join probability

density wðx; y; tÞ of the random vector ðXðtÞ; YðtÞÞ can be for-

mally expanded as a series9

@w

@t
x; y; tð Þ ¼

X1
n¼1

Xn

k¼0

� @

@x

� �k

� @

@y

� �n�k

� D
ðnÞ
XkYn�kðx; y; tÞw x; y; tð Þ

h i
: (15)

This expansion is called the Kramers-Moyal expansion.

Truncating the series at order two, one obtains the Fokker-

Plank equation

@w

@t
x; y; tð Þ ¼

X2

n¼1

Xn

k¼0

� @

@x

� �k

� @

@y

� �n�k

� D
ðnÞ
XkYn�kðx; y; tÞw x; y; tð Þ

h i
: (16)

According to the so-called Pawula theorem, if the

moments of order n¼ 4 of ðXðtÞ; YðtÞÞ are zero, then all

moments of order n � 3 are zero and w is a solution of the

Fokker-Plank equation (16).

In practice, if the moments of order n¼ 4 are small com-

pared with the moments of order n¼ 1, 2 (and, in theory,

slow variant) then the Fokker-Plank equation gives what is

known as the diffusion approximation to w.

The drift vector ðD/
ð1Þ;Dh

ð1ÞÞ and the diffusion matrix

Dð2Þ can be straightforwardly obtained from the sets of data

using a recently package implemented in R and available as

an open source at CRAN platform.10

In Fig. 6, we plot the drift vector and the diffusion

matrix Dð2Þ obtained with this package. The empirical results

(bullets) of all drift and diffusion functions are compared

with their polynomial fit (surfaces), linear forms for the two

drift functions, and quadratic forms for the diffusion func-

tions. The derivation of matrix g from the diffusion matrix is

described in detail in Ref. 11: since the diffusion matrix

yields Dð2Þ ¼ ggT and has components fitted by quadratic

forms of / and h, matrix g can also have entries given by

higher-order polynomials. Our results have shown that poly-

nomials of degree one to the functions composing the drift

vector and polynomials of degree two to the functions com-

posing matrix g yield good results

Dð1Þð/; hÞ 	 aþ b/þ ch ; (17a)

gð/; hÞ 	 aþ b/þ chþ d/2 þ e/hþ fh2: (17b)

In Table I, we show the values of all polynomial coeffi-

cients as well as the R2 value of each fit in Eq. (17), repre-

sented in Fig. 6. Red symbols are the numerical values of the

Kramers-Moyal functions, Dð1Þð/; hÞ and Dð2Þð/; hÞ, which

are computed directly from the conditional moments, using

the open source code available at the CRAN platform.10 The

set of red symbols is then used to fit the surfaces in Eq. (17)

using the least square method. In each plot of Fig. 6, the grid

of ð/; hÞ values is composed by 21� 21¼ 441 points.

The drift functions appear to depend linearly with

respect to both parameter fluctuations: the fluctuations are

subjected to a restoring force proportional to their amplitude.

The restoring force for / fluctuations is stronger than the one

for h fluctuations, indicating a faster relaxation of the

dynamics towards the equilibrium value of the logarithmic

mean, /0, compared with the relaxation of the logarithmic

variance, which can be associated to a measure of volume-

price volatility. Notice that, as already mentioned above

when introducing Eq. (1), parameter / is the mean of the

logarithmic volume-price, while h is the corresponding

variance.

In what concerns the diffusion matrix, considering that

/ fluctuations are typically three time larger than h fluctua-

tions (see range of values in Fig. 4), one can detect a domi-

nance of the quadratic term in h for both diagonal terms in

matrix g, while a similar dominance of the quadratic term in

/ is only valid for the diffusive /-term, g//. It seems that

the variance of both fluctuations is governed mainly by the

value of the logarithm variance itself. This makes sense since
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the variance of the fluctuations is responsible for the variance

of the volume-price.

In Figs. 7(a) and 7(b), we compare the empirical distri-

bution of the fluctuations /0 and h0, respectively, with the

corresponding modelled distribution obtained by integrating

Eq. (9). Within a range of fluctuations beyond one standard

deviation, the modelled distribution fits well the empirical

distributions. The drift and diffusion functions were derived

as described, adjusting them afterwards to optimize the R2 of

the distributions in Figs. 7(a) and 7(b) without deviating sig-

nificantly from the least square fits of the surfaces in Fig. 6.

IV. APPROACHING NON-STATIONARITY

In Secs. II and III, we introduce our framework to

extract a model for the quantities / and h parameterizing the

log-normal distribution fitting the volume-prices at each 10-

min frame. As mentioned above, we have assumed that all

time dependency is incorporated in the two parameters and

that they are decomposable into an average pattern and fluc-

tuations. In this section, we show that, with such a frame-

work, one is able to fully characterize the non-stationary

time series of the volume-price.

To that end, we first deduce the formula of all moments of

the log-normal distribution in Eq. (1), for all integer n, namely,

hsni ¼
ðþ1
�1

snp/;hðsÞds ¼ en/þn2h2

2 
 Fnð/; hÞ: (18)

It is a well-known statistical result8 that, if one has all the

moments of a distribution, one can deduce its probability

density function using a Fourier transform. Since the

distribution is defined by two parameters that vary in time,

all statistical moments are also functions of time.

These time series of empirical moments, hsni, can be

directly extracted from the series of / and h values, by

substituting these latter in the expression of Fnð/; hÞ in Eq.

(18). In Figs. 7(c)–7(f), we plotted the empirical and theoret-

ical probability distributions of the series of the first four

moments, hsni; n ¼ 1;…; 4. Our model shows a good agree-

ment between the empirical four moments (solid line) and

the respective modelled distribution (dashed line).

To model the distribution of volume-price statistical

moments, hsni, we develop the procedure recently suggested

in Ref. 2, assuming that, similarly to / and h, the statistical

moments of the volume-price are also separated into an aver-

age pattern and fluctuations around it

hsni ¼ hsni þ ðhsniÞ0: (19)

The “average” n-order moments of the volume-price, h�sni, is

here approximated by the expression in Eq. (18), using the

average patterns �/ and �h instead of / and h, respectively, at

each time of the day.

As for the fluctuations of the volume-price moments,

ðhsniÞ0, one assumes that they follow also the expression in

Eq. (18), with the respective fluctuations /0 and h0 instead of

/ and h, respectively, at each time of the day. Since the

parameter fluctuations follow the system of Langevin equa-

tions given in Eq. (9) and can be derived through the Itô

expansion11 when differentiating the expression in Eq. (18)

with respect to time, yielding2

dhsni ¼ Anð/ðtÞ; hðtÞÞdtþ Bnð/ðtÞ; hðtÞÞdW1

þCnð/ðtÞ; hðtÞÞdW2; (20)

where all primes are again omitted and with

Anð/ðtÞ; hðtÞÞ ¼
@Fn

@/
h1 þ

@Fn

@h
h2

þ @2Fn

@/@h
ðg11g21 þ g12g22Þ

þ 1

2

@2Fn

@/2
ðg2

11 þ g2
12Þ

þ 1

2

@2Fn

@h2
ðg2

21 þ g2
22Þ ; (21a)

FIG. 6. (a) Drift function of the / component, D/
ð1Þ and (b) drift function of the h component, Dh

ð1Þ. The three components of the diffusion matrix: (c) func-

tion D
ð2Þ
//, (d) function D

ð2Þ
hh , and (e) function D

ð2Þ
/h .

TABLE I. Coefficients for the drift vector Dð1Þ and matrix g, obtained by the

Langevin analysis. Each function was fitted according to Eq. (17) using least

square method. For each fit, one also gives the R2 value of the corresponding

least square fit.

1 / h /2 /h h2 R2

D
ð1Þ
/ -0.0085 -0.7143 0.2812 — — — 0.78

D
ð1Þ
h -0.0031 0.0293 -0.5023 — — — 0.67

g// 0.2185 0.0918 0.2255 0.4850 0.2925 4.0541 0.93

ghh 0.0360 0.0174 -0.0128 0.0210 0.0245 1.5197 0.92

g/h -0.0111 -0.0051 -0.0158 -0.0134 0.2936 -0.1835 0.93

113106-7 Estevens et al. Chaos 27, 113106 (2017)

302



Bnð/ðtÞ; hðtÞÞ ¼
@Fn

@/
g11 þ

@Fn

@h
g21 ; (21b)

Cnð/ðtÞ; hðtÞÞ ¼
@Fn

@/
g12 þ

@Fn

@h
g22 ; (21c)

@Fn

@/
¼ nFnð/; hÞ; (21d)

@Fn

@h
¼ n2hFnð/; hÞ; (21e)

@2Fn

@/2
¼ n2Fnð/; hÞ; (21f)

@2Fn

@h2
¼ n4h2Fnð/; hÞ; (21g)

@2Fn

@/@h
¼ n3hFnð/; hÞ: (21h)

Equation (20) is a non-homogeneous stochastic differential

equation with “drift” and “diffusion” functions depending on

time. Notice that, while Eq. (18) is the solution of Eq. (20), it

is only an implicit solution, expressing the volume-price

moments as a stochastic variable function of two other sto-

chastic variables, namely, the two parameters of the log-

normal distribution.

In order to apply a Langevin model, it is usually neces-

sary that the fluctuations time series, /0 and h0, are

Markovian. To test the Markov property of the data series,

one typically computes the transition probabilities

pð/1; h1; t1j/2; h2; t2; /3; h3; t3Þ and compares it with the two

point conditional probabilities pð/1; h1; t1j/2; h2; t2Þ. In this

case, the good match between both these condition probabil-

ity functions is already included in the match of the volume-

price distributions, shown in Figs. 7(c)–7(f).

V. DISCUSSION AND CONCLUSIONS

The main goal of this paper was to model the non-

stationary time series of the volume-price. By assuming that

the log-normal had the best fit to the data in each 10-min

window, this goal resumes to the one of studying the param-

eters / and h of this distribution, which are themselves sto-

chastic variables. We were able to show that we can describe

FIG. 7. (a) Comparison between the PDFs of the empirical fluctuations of / (dashed line) and the modelled increments (solid line) in a lin-log scale. (b) Same

comparison is shown for h. (c)-(f) PDFs of the time series of the n-order moments hsni for n ¼ 1; 2; 3; 4. The dashed line represents the empirical PDF and the

solid line is the PDF obtained from our model. Each series is composed by 16 918 points.
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the time series of these parameters by decomposing the vari-

ables as a sum of two terms: one accounting for the daily pat-

tern and another regarding the fluctuation around that

average pattern. The fluctuations are modelled using a sys-

tem of Langevin equations whose defining functions we

retrieved from our empirical data. From here, we proposed a

framework to reconstruct the evolution of all the moments of

the volume-price distribution.

This work leaves some open questions to be answered.

It is true that we achieved a good model to the / fluctuations,

but we could not match this result to the h fluctuations. One

possible explanation is related with the outliers: we removed

all the points which did not lie in a 5r interval from the

mean. However, when we plotted the time series without the

outliers, there were still some extreme values that look more

like measurement errors than fluctuations. We chose to use

the 5r criterion because we tried to minimize the number of

points taken from our sample in order to let our data as close

as possible to the original one. However, if one prefers to

choose a stricter criteria, like using a 3r interval, then the

time series would have lesser outliers and maybe the results

would be more easily modelled. Some optimization adjust-

ments were also needed when reproducing the distribution of

the values of the four distribution moments varying in time.

Probably associated to these deviations is the non-zero fourth

Kramers-Moyal function, which indicates possible deviation

when assuming the Fokker-Planck truncation. Addressing

again the more general case where the truncation of the

Kramers-Moyal expansion introduced above, it is important

to mention that the reminder of the expansion in the right-

hand side of Eq. (15) beyond Fokker-Planck expansion is

related to the emergence of fat tails of the density function,

which may reflect possible contribution from associated

jump processes. If one cannot neglect this reminder term,

then additional contribution from jump-diffusion processes

(L�evy process) must be added to the differential evolution

equation.

There are many models in the literature that enable us to

study and to model stochastic time series such as autoregres-

sive models,12 moving-average models, and autoregressive

integrated moving average models.13,14 One may ask, why

did we choose the Langevin model instead of all the others.

One strong argument in favor of this model is that it not only

allows us to describe the evolution of our time series but it

may also give us an equation, Fokker-Planck equation, to

describe the evolution of the volume-price distribution.

Further work should be done in trying to extract such an

equation from the equations we already have. If one is able

to do this, then we would have much more information about

the volume-price evolution and we could apply this informa-

tion to the computation of the Value at Risk or other risk

measures.15 A possible open issue related to this point is the

modelling of data based in stochastic partial differential

equations.

A comparison between our model and the classic models

that have been used for studying time series would be an

interesting work to develop in the future. It is true that our

model has the advantage of being able to produce an equa-

tion to the evolution of the distribution of the volume price.

A possibility would be the Heston model with stochastic vol-

atility, defined for the return S, which follows the equation:16

d log Sð Þ ¼ l� V

2

� �
dtþ

ffiffiffiffi
V
p

dW 1ð Þ
t ; (22)

with V also stochastic, given by

dV ¼ k m� Vð Þdtþ r
ffiffiffiffi
V
p

dW 2ð Þ
t ; (23)

with correlated Wiener processes W
ð1Þ
t , W

ð2Þ
t , variable V is

the variance of the process and l, k, and r are constants. In

our case, we would have

d log sð Þ ¼ /dtþ hdWt (24)

for the capitalization s, but now we have two additional sto-

chastic equations, one for h and another for /, Eq. (9).

Parameter h plays the role of the variance V and parameter

/, substitutes l in the Heston model, and instead of constant

is now a stochastic variable also. Notice that, beside the dif-

ferent dimensionality of both frameworks, the financial vari-

ables S and s are not the same observables, which difficult a

direct comparison between both models.

There is, however, a methodological difference between

our approach and other such as the Heston model: models

like the Heston model are constructed apriori, their adequacy

to the “real world” are to be found aposteriori. On the other

hand, the approach followed here allows a more direct con-

struction of stochastic contributions from the real data of the

markets. In this sense, one may argue that the framework

here presented is a possible alternative in the context of

financial stochastic modelling.

Finally, this work gave us important insight in the study

of non-stationary time series and we have proposed here a

methodology that we believe is useful in numerous fields.

Though in our work we dealt with a very special non-

stationarity, a periodic one on a daily rhythm, the framework

can be extended to any other situations, where the non-

stationarity is not reflected in the functional form of the dis-

tribution of the non-stationary variable. In such case, one

needs to further assume that the respective parameters defin-

ing the functional form of the distribution are, themselves,

stationary stochastic processes. Thus, this framework is gen-

eral enough to be applied to other markets besides the NYSE

and also to other fields of study like physiology, when we

are trying to study the heart interbeat intervals or geology, in

order to study seismic time series.
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Abstract. We describe and develop three recent novelties in network research
which are particularly useful for studying social systems. The first one concerns
the discovery of some basic dynamical laws that enable the emergence of
the fundamental features observed in social networks, namely the nontrivial
clustering properties, the existence of positive degree correlations and the
subdivision into communities. To reproduce all these features, we describe a
simple model of mobile colliding agents, whose collisions define the connections
between the agents which are the nodes in the underlying network, and develop
some analytical considerations. The second point addresses the particular feature
of clustering and its relationship with global network measures, namely with
the distribution of the size of cycles in the network. Since in social bipartite
networks it is not possible to measure the clustering from standard procedures,
we propose an alternative clustering coefficient that can be used to extract an
improved normalized cycle distribution in any network. Finally, the third point
addresses dynamical processes occurring on networks, namely when studying
the propagation of information in them. In particular, we focus on the particular
features of gossip propagation which impose some restrictions in the propagation
rules. To this end we introduce a quantity, the spread factor, which measures the
average maximal fraction of nearest neighbours which get in contact with the
gossip, and find the striking result that there is an optimal non-trivial number of
friends for which the spread factor is minimized, decreasing the danger of being
gossiped about.
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1367-2630/07/010228+17$30.00 © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft

312



2 DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

Contents

1. Introduction 2
2. Modelling social networks: an approach based on mobile agents 3
3. Particular measures for social networks 7
4. Spreading phenomena in social networks 12
5. Discussion and conclusions 15
Acknowledgments 16
References 16

1. Introduction

Contrary to what may be perceived at a first glance, social and physical models have been
brought together several times during the last four centuries. In fact, not only Maxwell and
Boltzmann were inspired by the statistical approaches in social sciences to develop the kinetic
theory of gases, but one can even cite the English philosopher Thomas Hobbes, who already in the
seventeenth century, using a mechanical approach, tried to explain how people’s acquaintances
and behaviours may contribute to the evolution towards a stable absolute monarchy [1, 2]. More
than making a historical perspective if these approaches were successful and correct or not, it
is almost unquestionable that, at a certain level, there are social phenomena that could be more
deeply understood by using approaches of statistical and physical models. Recently [3]–[5], this
perspective gained considerable strength from the increased interest in the—in several senses
successful—network approach, where one describes complex systems by mapping them on a
graph (network) of nodes and links and studies their structure and dynamics with the help of
some statistical and topological tools from statistical physics and graph theory [6, 7].

When addressing the specific case of a social system, nodes represent individuals and the
connections between them represent social relations and acquaintances of a certain kind. Social
networks have been studied in different contexts [8]–[14], ranging from epidemics spreading and
sexual contacts to language evolution and election voting. However, although they are ubiquitous,
social networks differ from most other networks, yielding a still broad spectrum of unanswered
questions and improvements to be done when studying their statistical and topological properties.
In this paper, we will address three fundamental open questions related to the typical structure
and dynamics associated with social networks.

The first open question has to do with the modelling of social networks. The recent broad
study of empirical social networks has shown that they have three fundamental features common
to all of them [15]. Firstly, they present the small-world effect [16] with small average path lengths
between nodes and high clustering coefficients meaning that neighbours tend to be connected with
each other. Secondly, they have positive correlations: the highly (poorly) connected nodes tend
to connect to other highly (poorly) connected nodes. Thirdly and last, invariably one observes an
organization of the network into some subsets of nodes (communities) more densely connected
between each other. Although there are arguments pointing out that all these features could result
from one another [15], the modelling of specific social networks reproducing quantitatively all
these features has not been successful. Using a recent approach to construct networks, based
on a system of mobile agents, it is possible to reproduce all these features. In section 2, we
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will further show that the degree distributions characterizing social networks typically follow a
specific one-parameter distribution, a so-called Brody distribution.

The second question is related to the intrinsic nature of the nodes. For certain social networks
there are intrinsic features of the individuals which must be considered in the analysis. For
instance, the gender in networks of sexual contacts [14] or the hierarchical position in a network
of social contacts inside some enterprise. From the network point of view this distinction means
to introduce multipartivity in the network, biasing the preferential attachment between nodes
that tend to connect with nodes of a certain type. When there are two types of nodes, e.g. men
and women, and the connections between them is strongly related to this type, e.g. men can
only match women and vice-versa, the standard measures to analyse network structure fails.
In particular, the standard clustering coefficient [16], is unable to quantify the connectedness
of broader neighbourhoods that typically appear in multipartite networks. In section 3, we will
revisit some of the clustering coefficients used to study clustering in bipartite networks, and
show how the combination of both clustering coefficients can yield good estimates of normal-
ized cycle distributions. Moreover, we will discuss a general theoretical picture of a global
measure of increasing order of clustering coefficients according to some suitable expansion.

The third open question has to do with the heterogeneity of nodes in what concerns their
influence in the connections and therefore in the propagation phenomena on social networks. In
rumour propagation [17], for instance, one usually treats all connections equally in the spread of
some signal (opinion, rumour, etc). This is a suitable assumption for situations like the spread of
an opinion which is equally interesting to all nodes in the network, for example political opinions
in some election. However, there are also several social situations where the signal is not equally
interesting to all nodes, such as the case of spreading of some gossip about some common friend.
In these cases there are connections which will be more probably used to spread the signal than
others, since not all our friends are also friends of the particular person who is being gossiped
about and therefore, either we tend not to tell the gossip to them or they tend not to spread it even
if they hear it. In section 4, we will present a simple model for gossip propagation and describe
some striking features. Namely, that there is an optimal number of friends, depending on the
degree distribution and degree correlations of the entire network, for which the danger of being
gossiped about is minimized.

Finally, in section 5, we make final conclusions, giving an overview of future questions
which could be studied in social networks arising from the topics studied throughout the paper.

2. Modelling social networks: an approach based on mobile agents

Since the study of social networks is mainly concerned with topological and statistical features
of people’s acquaintances [8, 9], the modelling of such networks has been done within the
framework of graph theory using suitable probabilistic laws for the distribution of connections
between individuals [3]–[5], [7]. This approach proved to be successful in several contexts, for
instance to describe community formation [18, 19] and their growth [20].

However, they present two major drawbacks. Firstly, the graph approach may be suited
to describe the structure of social contacts and acquaintances, but it does not give insight into
the social dynamical laws underlying the structure. Secondly, these models seem to be unable to
reproduce all the main features characteristic of social networks, at least at the fundamental level.
In this context, it was pointed out that [21]–[23] dynamical processes based on local information
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Figure 1. Illustration of the two-dimensional mobile agents system. Initially there
are no connections between nodes and nodes move with some initial velocity v0

in a randomly chosen direction (arrows). At t = 1 two nodes, P1 and P2 collide
and a connection between them is introduced (solid line), velocities are updated
increasing their magnitude and choosing a new random direction. At t = 2 two
other collisions occur, between nodes P2 and P4 and between nodes P1 and P3.
In this way a network of nodes and connections between them emerges as a
straightforward consequence of their motion (see text).

should be also considered when modelling the network. Our recent proposal to overcome these
shortcomings was to construct networks, from a system of mobile agents following a simple
motion law [13, 14]. Mobile agents represent the nodes (persons) of the social network and the
connections between pairs of nodes are ‘generated’by the collisions occurring among the agents.
With such an approach, one is able to construct a network, whose topology naturally emerges
just from the collision law chosen for the agents. In other words, no global information is needed
to address connections between pairs of nodes. In this section, we briefly review this model and
further present the analytical expression that fits the obtained degree distributions. In particular,
we show that the degree distribution typically follows a Brody distribution [24].

The model is given by a system of particles (agents) that move and collide with each
other, forming through those collisions the acquaintances between individuals. Consequently,
the network results directly from the time evolution of the system and is parameterized by
two single parameters, the density ρ of agents characterizing the system composition and the
maximal residence time T� controlling its evolution. Each agent i is characterized by its number
ki of links and by its age Ai. When initialized, each agent has a randomly chosen age, position
and moving direction with velocity v0 and one sets ki = 0. While moving, the individuals follow
ballistic trajectories till they collide. As a first approximation, we assume that social contacts
do not determine which social contact will occur next. Therefore, after collisions, the total
momentum should not be conserved, with the two agents choosing completely random new
moving directions. Figure 1 sketches consecutive stages of the evolution of such a system of
mobile agents.
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Figure 2. Bridging between real social networks with average degree 〈k〉 and the
system of mobile agents that reproduce their topological and statistical features.
In (a) the normalized maximal residence time of agents is plotted as a function of
the average degree, while in (b) one plots the collision rate λ which is a unique
function of the residence time, and scales with 〈k〉.

Assuming that large numbers of acquaintances tend to favour the occurrence of new contacts,
the velocity should increase with degree k, namely

�v(ki) = (v̄kα
i + v0)�ω, (1)

where v̄ = 1m s−1 is a constant to assure dimensions of velocity, �ω = (�ex cos θ + �ey sin θ) with
θ a random angle and �ex and �ey are unit vectors. The exponent α in equation (1) controls the
velocity update after each collision. Here, we consider α = 1. Further, the removal of agents
considered here is simply imposed by some threshold T� in the age of the agents: when Ai = T�

agent i leaves the system and a new agent j replaces it with kj = 0, vj = v0 and a randomly
chosen moving direction. The selected values for T� must be of the order of several times the
characteristic time τ between collisions, in order to avoid premature death of the nodes. Too large
values of T� are also inappropriate since in that case each node may on average collide with all
other nodes yielding a fully connected network.

Similarly to other systems [25, 26], this finite T� enables the entire system to reach a
non-trivial quasi-stationary state [13]. In fact, only by tuning T� within an acceptable range of
small density values can one reproduce networks of social contacts. In figure 2(a) one sees
the normalized residence time T�/τ as a strictly monotonic function of the average degree
〈k〉. From the residence time it is also possible to define a collision rate, as the fraction
between the average residence time T� − 〈A(0)〉 = T�/2 and the characteristic time τ, namely
λ = T�/(2τ) = 〈v〉T�/(2v0τ0), where τ0 is the characteristic time of the system at the beginning
when all agents have velocity v0. Figure 2(b) shows clearly that λ = 2〈k〉.

By looking at figure 2 one now understands the main strength of the mobile agent model
here described: when taking a real network of social contacts and measuring the average degree
〈k〉 the correspondence sketched in figure 2 straightforwardly returns the suitable value of T� that
reproduces the topological and statistical features.

It has already been reported [13, 27] that empirical networks extracted from a survey among
84 American schools are easily reproduced with this mobile agent model, as far as the degree
distribution, second-order correlations, community structure, average path length and clustering
coefficient are concerned. As an illustration, figure 3 shows the degree distribution P(k) of nine
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Figure 3. Degree distributions of nine different schools (symbols) from an in-
school questionnaire involving a total of 90 118 students which responded in a
survey between 1994 and 1995. Each school comprises a number N of interviewed
students and from their questionnaires an average number 〈k〉 of acquaintances is
extracted. With solid lines, we represent the fit obtained with a Brody distribution,
equation (2), whose parameter value is computed in figure 4.

such schools (symbols). Such distributions are well fitted by Brody distributions (solid lines)
defined as [24]:

PB(k̄) = 1

B
(β + 1)ηk̄β exp

(−ηk̄β+1
)
, (2)

with k̄ = k/〈k〉 and

η = 


(
β + 2

β + 1

)β+1

(3)

and B a normalization constant. Roughly, the Brody distribution in equation (2) is, apart from
some special constants, the product of a power of k with an exponential with a negative exponent
proportional to a higher power of k. For the particular case β = 0, the Brody distribution reduces
to the exponential distribution having always a non-positive derivative.

The distributions in figure 3 were obtained with values of β slightly above zero, namely
between zero and one as shown in figure 4. In this case one is able to obtain the nontrivial
positive slope which is typically observed for small k values in the degree distribution of such
social networks. Interestingly, figure 4 also shows a linear trend between the average degree 〈k〉 in
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Figure 4. The linear dependence between the parameter β of the Brody
distribution in equation (2) with the average number 〈k〉 of connections. Each
bullet corresponds to one of the schools whose degree distribution is plotted in
figure 3. The solid line yields the fit β = 0.094〈k〉 + 0.078.

the network and the corresponding value of β which fits the degree distribution. This guarantees
that distribution in equation (2) has indeed one single parameter.

To understand how this model of colliding agents moving in a two-dimensional space is
some form of mapping of the dynamics of social systems, three last remarks remain to be clarified.
Firstly, we point out that the two-dimensional space where nodes move is not the physical space,
but represents a projection of a highly dimensional Euclidean space whose metric is related to
what is called the social distance [28, 29]. This social distance can be regarded as a measure of
both the geographic distance between nodes together with their affinities. In this context, one
easily understands that the smaller the social distance the more probable it is to establish an
acquaintance, i.e. to collide.

Secondly, the residence time T� and the density ρ, as the two parameters of our model are
closely related with the parameters of the social network, namely the average degree 〈k〉 and the
clustering coefficient C. Increasing T� increases the average number 〈k〉 of connections, while
increasing the density confines the accessible region of agents thus promoting the occurrence of
collisions among them which are more confined in space, and therefore increases the clustering
coefficient.

Thirdly, from both these first two remarks one then understands that the velocity of a given
agent may be regarded as a measure of the region accessible to it. Therefore, increasing at each
collision, the velocity illustrates the increasing ability of a person to establish new acquaintances.
A deeper discussion of these points is given in [27].

3. Particular measures for social networks

To measure ‘the cliquishness of a typical neighbourhood’ in a network, Watts and Strogatz [16]
introduced a simple coefficient, called the clustering coefficient, which counts the number of pairs
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of neighbours of a certain node which are connected with each other, forming a cycle of size s = 3.
While such a tool enables one to access the structure of complex networks arising in many systems
[4, 7], helping to characterize small-world networks [16], to understand synchronization in scale-
free networks of oscillators [30] and to characterize chemical reactions [31] and networks of social
relationships [32, 33], there are other situations where this measure does not suit. Namely, when
the network presents a multipartite structure. For instance, when there are two different kinds
of nodes and connections link only nodes of different type, the network is bipartite [32]–[34]
and the bipartite structure does not allow the occurrence of cycles with odd size, in particular
with s = 3.

Bipartite networks are quite common for social systems [34, 35] where the two different
kinds of nodes represent e.g. the two genders. While the standard clustering coefficient in such
networks is always zero, they have in general non-vanishing clustering properties [33]. When
the nodes are of completely different nature (e.g. actors and movie networks or collaboration
networks composed by papers linked to the corresponding authors) one simple way to overcome
this shortcoming is to project [9] the bipartite network into a monopartite network, composed
of only one kind of nodes, whose connections link those nodes connected to a common node
of the other kind. However, there are also several situations where bipartite and monopartite
counterparts may co-exist, and comparisons between them should not take any projection. It
is for instance the case for networks of sexual contacts [14] where some of them have two
genders (bipartite) and some of them consider only homosexual contacts. For these situations,
more appropriate quantities to access such networks have been proposed, namely coefficients
counting larger cycles [14, 33]. In this section, we will discuss how these different clustering
coefficients are related to each other and how one can use them to improve the knowledge of the
network structure.

The standard clustering coefficient C3 is usually defined [16] as the fraction between the
number of cycles of size s = 3 (triangles) observed in the network out of the total number of
possible triangles which may appear, namely

C3(i) = 2ti

ki(ki − 1)
, (4)

where ti is the number of existing triangles containing node i and ki is the number of neighbours
of node i, yielding a maximal number ki(ki − 1)/2 of triangles.

To access the cliquishness in bipartite networks a clustering coefficient C4(i) has been
proposed [21, 33, 34, 36], sometimes called the grid coefficient [36], defined as the quotient
between the number of cycles of size s = 4 (squares) and the total number of possible squares.
Explicitly, for a given node i with two neighbours, say m and n, this coefficient yields [21]

C4,mn(i) = qimn

(km − ηimn)(kn − ηimn) + qimn

, (5)

where qimn is the number of common neighbours between m and n (not counting i) and
ηimn = 1 + qimn + θmn with θmn = 1 if neighbours m and n are connected with each other and 0
otherwise.

After averaging over the nodes, the coefficients C3 and C4 characterize the contribution
of the first and second neighbours, respectively, for the network cliquishness. In order to be a
suitable quantity to measure the cliquishness of bipartite networks compared to their monopartite
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counterparts, C4 must behave the same way as C3 when the network parameters are changed, as
is indeed the case for 〈C4〉 computed from equation (5). See [21] for details.

One should notice that in most m-partite networks, it is always possible to have cycles of size
s = 4, indicating that C4 is in some sense a more general clustering measure than C3. However,
it could be the case that for a larger number of partitions forming the network, the contribution of
larger cycles increases. This is the case, for instance, of trophic relations in an ecological network
of different individuals from different species, where large cycles tend to be abundant, namely
the ones ranging from the higher predators to the plants at the lowest trophic level. In such cases,
a general clustering coefficient counting the fraction of possible cycles of arbitrary size n may
be needed. The generalization is straightforward yielding a clustering coefficient Cn = En/Ln,
where En is the number of existing cycles with size n, Ln the maximal number of such cycles
that it is possible to attain and n = 3, . . . , N for a network of N nodes.

Having Cn for the required values of n, one is able to introduce a general clustering measure
of the network, given by the sum of all these contributions, namely

C =
N∑

n=3

αnCn =
N∑

n=3

αn

En

Ln

, (6)

where αn is a coefficient that weights the contribution of each different clustering order n
and obeys the normalization condition

∑N

n=3 αn = 1. A general expression for En and Ln in
equation (6) may be easily derived using the correlation degree distribution q(k1, k2), which gives
the fraction of connections linking a node with k1 neighbours to a node with k2 neighbours. In fact,
since one expects to have NP(k1) nodes with k1 neighbours, the value NP(k1)q(k1, k2) gives an
estimate of the number of those nodes that are connected to nodes with k2 neighbours. Summing
over k2 gives then the total number of connections connecting a node with k1 neighbours.
Assuming that these connections are part of at least one cycle composed by n edges, one considers
a similar estimate for each one of those edges, yielding

En =
∑

k1,...,kn

NP(k1)q(k1, k2)NP(k2)q(k2, k3) . . . NP(kn)q(kn, k1). (7)

where P(k) is the fraction of nodes with k neighbours. As for the total number of possible paths
in the network one may simply estimate it as the total number of permutations of sets of n nodes
out from the total network, yielding

Ln = N!

(N − n)!
= BN

n n!, (8)

where BN
n is the total number of combinations of n elements out of N.

From equation (7) one can assume approximately that En ∼ (〈P〉〈q〉N)n with 〈P〉 and 〈q〉
the average fractions of P(k) and q(k1, k2) respectively. Since Ln increases also as Nn, a possible
suitable choice for α would be a constant, namely α = 1/(N − 2) obeying the normalization
condition above. Having presented this general scenario, we now concentrate on the two first
clustering coefficients, C3 and C4, to address the cycle size distribution.

We first show an estimate introduced in [37], which considers only the degree distribution
P(k) and the distribution of the standard clustering coefficient C3(k). One starts by considering
the set of cycles with a central node, i.e. cycles with one node connected to all other nodes
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(a) (b) (c)

Figure 5. Illustrative examples of cycles (size s = 6) where the most connected
node (◦) is connected to (a) all the other nodes composing the cycle, forming four
adjacent triangles. In (b) the most connected node is connected to all other nodes
except one, forming two triangles and one sub-cycle of size s = 4, while in (c)
the same cycle s = 6 encloses two sub-cycles of size s = 4 and no triangles (see
text).

composing the cycle, as illustrated in figure 5 (a). The central node composes one triangle with
each pair of connected neighbours. Due to this fact, the number of cycles with size s can be easily
estimated, since the number of different possible cycles that can occur is n0(s, k) = Bk

s−1
(s−1)!

2 ,
for a central node with k neighbours and the corresponding fraction of these cycles which is
expected to occur is p0(s, k) = C3(k)

s−2, yielding a total number of s-cycles given by

Ns = Ngs

kmax∑
k=s−1

P(k)n0(s, k)p0(s, k), (9)

where gs is a factor which takes into account the number of cycles counted more than once.
The estimate in equation (9) is a lower bound for the total number of cycles since it

considers only cycles with a central node. Further, this estimate only accounts for cycles up
to size s � kmax + 1, with kmax the maximal degree and is not suited for bipartite networks where
C3(k) = 0 for all k. Bipartite networks are typically composed of a set of nodes like that illustrated
in figure 5(c), where no central node exists.

By using additionally the coefficient C4(k) in a similar estimate, one is now able to take
into account several cycles without central nodes. One first considers the set of cycles of size s

with one node connected to all the others except one, as illustrated in figure 5(b). Assuming that
this node has k neighbours, s − 2 of them belonging to the cycle one is counting for, one has
n1(s, k) = Bk

s−2(s − 2)!/2 different possible cycles of size s. The corresponding fraction of such
cycles which is expected to occur is given by p1(s, k) = C3(k)

s−4(c)4(k)(1 − C3(k)). Writing
an equation similar to equation (9), where instead of n0(s, k) and p0(s, k) one has n1(s, k) and
p1(s, k) respectively and the sum starts at s − 2 instead of s − 1, one has an additional number
N ′

s of estimated cycles which is not considered in estimate (9).
To improve the estimate further one repeats the same approach, taking out each time one

connection to the initial central node, increasing by one the number of elementary cycles of size
s = 4. Figure 5(c) illustrates a cycle of size s = 6 composed of two elementary cycles of size 4.
In general, for cycles composed by q sub-cycles of size 4 one finds nq(s, k) = (s−q−1)!

2 Bk
s−q−1

possible cycles of size s looking from a node with k neighbours and a fraction pq(s, k) =
C3(k)

s−2q−2(c)4(k)
q(1 − C3(k))

q of them which are expected to be observed.
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Figure 6. (a) The fraction Ns/Ngs of the number of cycles estimated from
equations (9), dashed lines, and (10), solid lines, compared with (b) the exact
number of cycles as a function of the size for the pseudo-fractal network [38].
From small to large curves one has pseudo-fractal networks with m = 2, 3, 4, 5
generations (see text). In (c) one sees the comparison between both estimates in
a scale-free network with degree distribution P(k) = P0k

−γ with P0 = 0.737 and
γ = 2.5, and coefficient distributions C3,4(k) = C

(0)
3,4k

−α with C
(0)
3 = 2, C

(0)
4 =

0.33 and α = 0.9.

Summing up over k and q yields our final expression

Ns = Ngs

[s/2]−1∑
q = 0

kmax∑
k = s−q−1

P(k)nq(s, k)pq(s, k). (10)

where [x] denotes the integer part ofx. In particular, the first term (q = 0) is the sum in equation (9)
and the upper limit [s/2] − 1 of the first sum is obtained by forcing the exponent of C3(k) in
pq(s, k) to be non-negative.

The estimate in equation (10) not only improves the estimated number computed from
equation (9), but also enables the estimate of cycles up to a larger maximal size [21], namely up
to s = 2kmax where kmax is the maximal number of neighbours in the network.

The estimate in equation (10) has also the advantage of being able to estimate cycles in
bipartite networks. Since for bipartite networks C3(k) = 0, all terms in equation (10) vanish
except those for which the exponent of C3(k) is zero, i.e. for s = 2(q + 1) with q an integer,
which naturally shows the absence of cycles of odd size in such networks.

For highly connected networks, both estimates should nevertheless yield similar results,
since in that case there is a very large number of both triangles and squares. For instance, the
so-called pseudo-fractal network [38] is a deterministic scale-free network, constructed from
three initial nodes connected with each other (generation m = 0), and iteratively adding new
generations of nodes such that in generation m + 1 one new node is added to each edge of
generation m and is connected to the two nodes joined by that edge. For these networks, the
exact number of cycles with size s can be written iteratively [39] and can be directly compared
to the one obtained with the two estimates above. Figure 6(a) shows the two estimates, while
in figure 6(b) the exact number is computed. We notice that both the real number Ns of cycles
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and the normalized value Ns/(Ngs), though different, yield the same shape. Thus, although the
estimates above are not able to explicit the geometrical factor gs, the corresponding normalized
distributions agree very well with the real one. However, while in this simple situation both
estimates are similar, in general they can deviate significantly, as illustrated in figure 6(c). In
such cases, the estimate (10) is closer to the real distribution of cycle sizes [21].

4. Spreading phenomena in social networks

In the previous section, we show how the study of network structure can be addressed by
using tools such as the clustering coefficient and first and second degree distributions. However,
although the ability to communicate within a network of contacts is favoured by the network
topology [40], to study dynamical phenomena occurring on the network other measures are
necessary. Here, we focus on novel properties that help to ascertain the broadness and speed of
propagating phenomena through the network. We will describe two helpful quantities to study
propagation in a network. As we will see these tools are particularly suited for a simple model of
gossip propagation, that yields a striking result: in real social systems it is possible to minimize
the risk of being gossiped about, by choosing an optimal number of friendship acquaintances.

We start by introducing the additional quantities in the context of gossip propagation. As
opposed to rumours, gossip always targets details about the behaviour or private life of a specific
person. Some information of a specific piece of gossip is created at time t = 0 about the victim
by one of his neighbours. Since typically the gossip tends to be of interest to only those who
know the victim personally, we consider first that it only spreads at each time step from the
vertices that know the gossip to all vertices that are connected to the victim and do not yet know
the gossip. Our dynamics is therefore like a burning algorithm [41], starting at the originator
and limited to sites that are neighbours of the victim. The gossip will spread until all reachable
neighbours of the victim know it, yielding a spreading time τ.

To measure how effectively the gossip spreads or more generally the amount of informa-
tion attained by the neighbours of the starting node (victim), we define the spreading factor f
given by

f = nf/k, (11)

where nf is the total number of the k neighbours who eventually hear the gossip in a network
with N vertices (individuals). Although similar in particular cases, the spreading factor f and the
clustering coefficient are, in general, different because the latter one only measures the number
of bonds between neighbours giving no insight about how they are connected.

In figure 7 one sees how the spreading time τ depends on the degree k of the starting node.
TheApollonian (APL) network [42] is illustrated in figure 7(a), while the case of Barabási–Albert
(BA) networks is given in figure 7(b). In both cases τ clearly grows logarithmically,

τ = A + B log k, (12)

for large k. In the case of the Apollonian network, one can even derive this behaviour analytically
as follows. In order to communicate between two vertices of the n-th generation, one needs up
to n steps, which leads to τ ∝ n. Since for the Apollonian network one has [42] k = 3 × 2n−1,
one immediately obtains that τ ∝ log k.
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Figure 7. Semi-logarithmic plot of the spreading time τ as a function of the
degree k for (a) the Apollonian (n = 9 generations) and (b) the BA network with
N = 104 nodes for m = 3 (circles), 5 (squares) and 7 (triangles), where m is the
number of edges of a new site, and averaged over 100 realizations. In the inset of
(a) we show a schematic design of the Apollonian lattice for n = 3 generations.
Fitting equation (12) to these data, we have B = 1.1 in (a) and B = 5.6 for large
k in (b).

For the Apollonian network all neighbours of a given victim are connected in a closed path
surrounding the victim, as can be seen from the inset of figure 7(a), yielding f = 1. This stresses
the fact that the spread factor f is rather different from the clustering coefficient which in this
case is C = 0.828 [42].

Next, we will show that for these two features to appear one needs the existence of degree
correlations between connected nodes, as usually observed in real empirical networks. In figure 8
we plot the results of gossip spreading on an empirical set of networks extracted from survey
data5 in 84 US schools. Here, the logarithmic growth of τ with k, shown in figure 8(a), follows
the same dependence of the average degree knn of the nearest neighbours [43], as illustrated in
the inset. As in the case of the BA networks, we also find for the schools a characteristic degree
k0 for which f and therefore the gossip spreading is smallest. The inset of figure 8(b), however,
gives clear evidence that the school networks are not scale-free. Since the same optimal degree
appears in BA networks, one argues that the existence of this optimal number is not necessarily
related to the degree distribution of the network, but rather to the degree correlations.

However, the relation between degree correlations, measured by knn, and the logarithmic
behaviour of the spreading time is not straightforward. While in the empirical network we found
the same distribution for both knn and τ, in BA and APL networks knn follows a power-law
with k (not shown). As for the spread factor f, a mean field approach can be derived, yielding
an f-rate equation which depends in general on P(k) and two and three-point correlations of
the degree. In the case of uncorrelated networks, two- and three-point correlations reduce to

5 Add Health program designed by J R Udry, P S Bearman and K M Harris funded by National Institute of Child
and Human Development (PO1-HD31921).
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Figure 9. Distribution P(τ) of spreading times τ for (a) the APL network of eight
generations, and (b) the real school network (circles) and the BA network with
m = 9 and N = 1000 (solid line).

simple expressions of the moments of the degree distribution. Therefore, f is independent of the
degree, similarly to what is observed for the density of particles as derived by Catanzaro et al
[44] in diffusion–annihilation processes on complex networks. For correlated networks, such as
the empirical network here studied, the analytical approach is not straightforward and will be
presented elsewhere.

Another quantity of interest is the distribution P(τ) of spreading times, which clearly decays
exponentially for the Apollonian network, as illustrated in figure 9(a). This behaviour can also
be obtained analytically by considering that P(τ)dτ = P(k)dk and using equation (12) together
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with the degree distribution, P(k) ∝ k−γ , to obtain

P(τ) ∝ eτ(1−γ)/B, (13)

for large k. The slope in figure 9(a) is precisely (1 − γ)/B = −0.17 using B from figure 7(a) and
γ = 2.58 from [42]. For the school network, P(τ) follows also an exponential decay for large
τ, but with a 3.5 times smaller characteristic decay time, and has a maximum for small τ, as
seen in figure 9(b) (circles). Compared to the P(τ) of the BA network with m = 9 (solid line),
the shapes are similar but the BA case is slightly shifted to the right, due to the larger minimal
number of connections.

Many other regimes of gossip and of propagation phenomena can also be addressed with
these two quantities. Namely, a more realistic scenario could be addressed by enabling each node
to transfer information with a probability 0 � p � 1. Further, the assumption that the person to
which a gossip did not spread at the first attempt will never get it, yields a regime similar to
percolation conditional to the neighbourhood of the victim. Differently, if at each time-step the
neighbours which already know the gossip repeatedly try to spread it to the common friends,
one observes the same value of f measured for q = 1, and the spreading time scales as τ ′ ∼ τ/q,
where τ is measured for q = 1. Finally, other possible regimes comprehend the situation where
the gossip spreads over strangers, i.e. over nodes which are not directly connected to the victim.
Such cases are being studied in detail and results will be presented elsewhere [45].

5. Discussion and conclusions

In this paper, we presented and developed recent achievements in social network research,
concerning the modelling of empirical networks, and specific mathematical tools to address
their structure and dynamical processes on them.

Concerning the modelling of empirical networks, we described briefly a recent approach
based on a system of mobile agents. Further developments were given, namely in what concerns
the analytical expression which fits the typical degree distributions observed in empirical social
networks. We gave evidence that such distributions follow a Brody distribution which depends
on a single parameter that scales with the average degree of the network. A question which now
remains to be answered is how to derive such a distribution from an analytical and meaningful
approach.

Showing that the usual clustering coefficient is, in general, inappropriate when addressing
the clustering properties of social networks, we described a suitable measure to access these
properties and presented its additional applications for estimating the distribution of cycles
of higher order. This additional clustering coefficient was also put in a general framework
with other different higher-order coefficients, that could be useful for particular situations of
multipartite networks. An expansion combining all possible coefficients was also proposed,
motivated by previous works [4], which depends only on the degree distribution and degree–
degree correlations. However, computational effort to compute such coefficients increases
exponentially with their order and therefore it is not yet clear how useful such an expansion
may be.

Finally, to study dynamical processes in social networks, in particular the propagation of
information, two simple measures were introduced. Namely, a spread factor, which measures
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the maximal relative size of the neighbourhood reached, when the information starts from a
local source (node), and a spreading time, which gives the number of sufficient steps to reach
such maximal size. These two measures gave rise to introduction of a minimal model for gossip
propagation, which can be seen as a particular model of opinions. Within this specific model, the
spread factor was found to be minimized by a particular nontrivial degree of the source, which
is related to the degree–degree correlations arising in the network. Whether such a possibility
of minimizing the danger of being gossiped can be tested in a real situation and which other
implications these findings have in other situations—e.g. in internet virus propagation—remain
open questions for forthcoming studies.
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In this manuscript we have provided a set of developments in stochastic modelling for specific physics
problems as well as applications to interdisciplinary topics, which were motivated in the introductory
chapters and addressed in Parts III to VIII. At this stage, we ask: what natural steps in stochastic mod-
elling research should follow from these contributions?

While there are several different new problems raised at the end of each contribution, here we settle
three key words that summarize the most important directions: energy, finance and the brain. Though
these three application topics may seem disconnected at first, from the stochastic modelling perspective
they intersect each other both theoretically and computationally.

In what concerns energy, it is known that to guarantee a sustainable energy supply, sun and wind
are the best candidates as renewable energy sources for covering the growing need of clean energy.
Fundamental research on photovoltaics is widely accepted as a priority research field to be developed.
The same happens with wind energy systems, particularly in recent years where the typical size of wind
turbines and wind farms has become significantly larger. Stochastic modelling is of particular importance
when dealing with the analysis of data that can now be collected for characterizing the statistical features
of wind. Of particular interest are the non-Gaussian stochastic features of wind energy data, including
wind speed as well as series of measurements of turbine power production, instantaneous loads or tower
vibrations. How to develop methods in stochastic modeling suited for general non-Gaussian processes?

Non-Gaussian processes are quite relevant, when addressing fluctuations of wind energy produc-
tion in situations when it is accounted in combination with solar energy production (Tabar et al., 2014).
However, non-Gaussian processes may show non-trivial properties, e.g. long-range correlations. More-
over, to derive underlying stochastic equations with non-Gaussian contributions is more difficult than the
Langevin-like processes considered throughout this manuscript. The methodology here applied is based
in numerical approximations for deriving the two first coefficients from the corresponding conditional
moments. For situations where the stochastic contributions have non-Gaussian features (e.g. Poisson
processes, jump processes and telegraphic noise) a larger panoply of coefficients is needed correspond-
ing to higher-order conditional moments. In particular, these higher-order moments imply more accurate
approximations, as derived in Appendix B.

An additional question is related to the application of the stochastic methods here presented to multi-
variate data. If one is able to derive a multidimensional model of several stochastic “units” that co-evolve
coupled with each other, knowing in particular their coupling terms, it should in principle be possible to
reproduce the evolution of the full multidimensional system only by following one single “unit”. Such
a framework will be useful for stochastic modelling of wind energy data taken at the newest generation
(large) wind turbines: while wind speed measurements at wind turbines are typically single-point mea-
surements (from e.g. cup anemometers), the size of wind turbines is nowadays to large for neglecting the
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Figure IX.1: (a) Average vertical wind speed profiles at FINO I (North Sea) and corresponding
distribution of wind speed measurement at cup anemometers placed at eight different heights
between 30 m and 100 m. Measurements were collected between September 2015 and April
2017 with a sample frequency of 1 Hz. (b) Comparison between the average wind speed profile in
(a) and an instantaneous profile at FINO I.

influence of wind speed profiles on the rotor. Moreover, while the average wind profiles are known to be
well fitted by logarithm or power-law models (Wagner et al., 2011), the short-time fluctuations around
this average profile influence significantly the cumulative loads on large wind turbines (see Chapter 15)
and have been up to now almost disregarded when estimating loads on wind turbines.

To illustrate the importance of wind profiles in large wind turbines, we plot in Fig. IX.1 the wind
speed profile at the FINO 1 platform. In Fig. IX.1(a) one sees the average wind profile together with
the distribution of wind speed measurements collected at eight different heights from 30 to 100 meters.
These heights correspond approximately to half the diameter of a rotor of a 5000 kW wind turbine. Still,
as shown in Fig. IX.1(b), not only the average wind profile (bullets) varies by 1 m/s from the lowest to
the highest level, but also instantaneous profiles (squares) deviate considerably from the average profile
at short-times, which induce strong non-uniform loads on the blades.

The stochastic modeling of wind profiles would be based in stochastic differential equations that
couple wind velocities at different heights. Through that coupling, it will be possible to reconstruct
the statistical features of short-time wind profile fluctuations based in single-point measurements, eas-
ily extracted, e.g. with cup anemometers at the lowest height level. Knowing the stochastic equations
governing the wind profile at one wind turbine, the output could be used to improve the estimate of an
“effective” wind speed on the rotor for modeling the corresponding power production.
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Figure IX.2: Illustration of the two first Kramers-Moyal coefficients of the EEG signal, measured
at distinct anatomical parts of the brain of an anonymous patient (University Lisbon, Portugal,
2016).

There are two additional research problems that follow from the contributions in Part VI. First,
stochastic methods based on multipoint statistics, similar to the approach in Chapter 7, may also be
useful for properly modelling the stochastic evolution of wind speed increments (acceleration) through
different time-lags. Second, the stochastic features of wind power production are reflected at different
spatial scales, from single wind turbines, to wind farms and countries with several wind farms. Some
recent works (Raischel et al., 2014a, Anvari et al., 2016a, Anvari et al., 2018) have uncover already some
non-trivial aspects, such as the long-range correlation between wind turbines up to several thousand of
kilometers, but a more systematic investigation still lacks.

The research in wind energy modelling has its own objectives and aims, but has also connections to
other fields, namely finance and society, appealing for interdisciplinary approaches. In this scope, one
may also investigate how to apply these new methodological developments to other practical applica-
tions and scientific fields. The theoretical aspects of the inhomogeneous embedding problem presented
in Chapter 1 may e.g. be applied to finance data to explore how far it can be an alternative to other
approaches, e.g. the ones developed in the contributions of Chapters 20 and 21.

The embedding problem may also be used as in (Lencastre et al., 2015) for determining if specific
sets of rating matrices - or transition matrices in general - are spoiled by artifacts that prevent the series
to be associated with a “natural” continuous process. In other words, such an approach could uncover if
discrete transition matrices are fake or not.

In addition, the topic of extreme events as treated for Rogue waves (see Chapter 7) may also be
translated to the financial context for assessing the ubiquity of large fluctuations in particular financial
indices.
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Finally, in the scope of neurosciences, two further issues are here stressed. First, in case of having a
set of signals from single neurons in a tissue, it may be possible to extract the underlying functional net-
work through which signals propagate, by combining signal analysis with complex network topologies.
A previous work based in Granger causality methods has already shed some light into this problem (Pires
et al., 2014) with empirical measurements in tissues of astrocytes. Such an approach could be applied
to e.g. functional magnetic resonance imaging and investigate if it is possible to extract the functional
network of neurons underlying the screened brain region.

Second, the methods developed above for assessing non-Gaussian stochastic processes were recently
applied to electroencephalography (EEG) data (Anvari et al., 2016b). For the particular topic of epilepsy
diagnosis, some preliminary work (Bentes et al., 2017) with physicians at the University of Lisbon have
shown the ability for the Kramers-Moyal coefficients to properly distinguish between EEG signals at
different spots of the brain. Figure IX.2 illustrates the different functional shape of the two first Kramers-
Moyal coefficients of the intra-cranial EEG signals measured in an anonymous patient at University of
Lisbon. In case such stochastic methods will become able to provide insight, otherwise hidden in the
EEG data series, several possibilities will be open for novel diagnostic procedures of specific structural
and functional mal-functions by inspection of the two (or more) Kramers-Moyal coefficients.
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Appendix A

From ARIMA models to stochastic
differential equations

In this appendix we derive the condition for which a stochastic differential equation underlies an empir-
ical ARIMA model.

We start by rewriting Eq. (ii.25) in a more appropriate form, namely

q∑

k=0

θkwt−k +

p∑

j=0

φj∆
dXt−j = 0 , (59)

with φ0 = −1 and θ0 = 1. Under the change of variable

Yt = ∆dXt (60)

we can map any ARIMA model (p, d, q) in a model (p, 0, q)

q∑

k=0

θkwt−k +

p∑

j=0

φjYt−j = 0 . (61)

In general, considering the delay operator B, that operates as BYt = Yt−1, each n-order difference
can be written as

∆nYt = (1−B)nYt =

n∑

k=0

(
n

k

)
(−B)kYt =

n∑

k=0

(−1)k
(
n

k

)
Yt−k . (62)

The main point in our derivation is to notice that the auto-regressive term
∑p

j=0 φjYt−j in Eq. (61)
can be regarded as a function F (Yt, Yt−1, . . . , Yt−p) that can also be expressed as a linear combination
of differences of several orders, namely

F (Yt, Yt−1, . . . , Yt−p) =

p∑

j=0

φjYt−j =

p∑

l=0

βl∆
lYt, (63)
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where the new coefficients βl must be chosen in order to fulfill the relation (see Eq. (62))

φj =

p∑

l=0

βlAkl, (64)

with Akl is an element of a [(p+ 1)× (p+ 1)]-matrix A (k, l = 0, . . . , p) defined as

Akl =

{
0 ⇐ k > l,

(−1)k
(
l
k

)
⇐ k ≤ l. (65)

In a vector form ~φ = (φ0, . . . , φp) we can write the coefficients ~β with the inverse matrix of A as

~β = A−1~φ. (66)

Similarly, the moving average term
∑p

k=0 θkwt−k in (61) can be regarded as a function

G(wt, wt−1, . . . , wt−q) =

q∑

n=0

γn∆nwt, (67)

where the vector of new coefficients ~γ = (γ0, . . . , γq) is given by

~γ = B−1~θ, (68)

with B being a [(q + 1)× (q + 1)]-matrix with elements

Bmn =

{
0 ⇐ n > m,
(−1)n

(
m
n

)
⇐ n ≤ m, (69)

where m,n = 0, . . . , q.
Therefore the ARIMA model in Eq. (59) can be written as

p∑

l=0

β̃l
∆l+dXt

(∆t)l+d
+

q∑

n=0

γ̃n
∆nwt
(∆t)n

= 0, (70)

with

β̃l = (∆t)l+dβl = (∆t)l+d
p∑

k=0

(A−1)lkφk (71a)

γ̃n = (∆t)nγn = (∆t)n
q∑

m=0

(B−1)nmθm. (71b)

We know that the quotients of finite differences in (70) converge to the time derivative of the respec-
tive order when the time step ∆t vanishes

lim
∆t→0

∆l+dXt

(∆t)l+d
=

dl+dX

dtl+d
, (72a)

lim
∆t→0

∆nwt
(∆t)n

=
dnw

dtn
. (72b)
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If, for the same limit of the time-step, the coefficients in Eqs. (71) is finite, which means that

lim
∆t→0

βl ∼
1

(∆t)l+d
, (73a)

lim
∆t→0

γn ∼ 1

(∆t)n
, (73b)

then we can assume that there is a differential equation underlying the ARIMA model.
In practice, the limit of in Eqs. (73) can be tested by plotting βl and γn for multiples of the smallest

time step ∆t in the series. In case the log-log plots retrieve a linear regression with slopes respectively
−(l + d) and −n, one may assume that the ARIMA model is a finite difference version of a stochastic
differential equation underlying the series of measurements.
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Appendix B

Higher-order corrections of
Kramers-Moyal estimates

Generally, Kramers-Moyal coefficients are taken as linear approximations of the corresponding condi-
tional moment. In this appendix, we derive second-order corrections of all Kramers-Moyal coefficients
in one-dimensional stochastic time series associated to a Kramers-Moyal equation of the form

∂

∂t
p(x, t+ τ |x′, t) = LKM p(x, t+ τ |x′, t), (74)

where LKM is called the Kramers-Moyal operator(Risken, 1984) defined as

LKM =

∞∑

m=1

(
− ∂

∂x

)m
Dm(x), (75)

where Dm(x) is the Kramers-Moyal coefficient of order m. The conditional moments will be expressed
as sums and products of all Kramers-Moyal coefficients and their derivatives. Neglecting the terms
including derivatives of Kramers-Moyal coefficients, enables one to express the nth Kramers-Moyal
coefficient as a function of conditional moments up to order n − 1. In this way, we provide a general
formula for improving the estimates of Kramers-Moyal coefficient.

An important practical purpose of this correction is that, for deriving stochastic equations with drift,
diffusion and Poissonian terms one typically needs the first six Kramers-Moyal coefficients. Below,
explicit expressions of all these six coefficients are given.

The approximation of arbitrary order of the conditional moments is derived from the formal solution
of Eq. (74), namely

p(x, t+ τ |x′, t) = exp (τLKM)δ(x− x′) =

∞∑

k=0

(τLKM)k

k!
δ(x− x′), (76)

that is then introduced in the definition of conditional moment

Mn(x′, τ) =

∫ ∞

−∞
dx(x− x′)np(x, t+ τ |x′, t) . (77)
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For the first-order approximation of conditional momentsMn, we substitute in Eq. (77) the first order
approximation of the exponential operator, namely

exp (τLKM) ∼ 1 + τLKM, (78)

yielding

Mn(x′, τ) ∼
∫ ∞

−∞
dx(x− x′)n(1 + τLKM)δ(x− x′)

=

∫ ∞

−∞
dx(x− x′)nδ(x− x′) + τ

∫ ∞

−∞
dx(x− x′)n

[ ∞∑

m=1

(
− ∂

∂x

)m
Dm(x)

]
δ(x− x′)

= 0 + τ

∞∑

m=1

(−1)mDm(x′)
∫ ∞

−∞
dx(x− x′)n

(
∂

∂x

)m
δ(x− x′). (79)

To solve the last integral in Eq. (79), we make use of the following auxiliary integral:

I1 =

∫ ∞

−∞
dx (x− x′)n

(
∂

∂x

)m
δ(x− x′)

=

[
(x− x′)n

(
∂

∂x

)m−1
]∞

−∞
−
∫ ∞

−∞
dxn(x− x′)n−1

(
∂

∂x

)m−1

δ(x− x′)

= 0−
∫ ∞

−∞
dxn(x− x′)n−1

(
∂

∂x

)m−1

δ(x− x′)

=





(−1)n(n!)
∫∞
−∞ dx

(
∂
∂x

)m−n
δ(x− x′) ⇐ m ≥ n

(−1)m n!
(n−m−1)!

∫∞
−∞ dx(x− x′)n−m−1δ(x− x′) ⇐ m < n

= (−1)n(n!)δnm .

Making use of I1, Eq. (79) reduces to

Mn(x′, τ) ∼ (n!)τDn(x′). (80)

This approximation is the one used in (Anvari et al., 2016b) and in most of the contributions in this
manuscript.

For the second-order approximation of conditional moments Mn, we substitute in Eq. (77) the
second-order approximation of the exponential operator, namely

exp (τLKM) ∼ 1 + τLKM +
τ2

2
LKMLKM, (81)

yielding

Mn(x′, τ) ∼
∫ ∞

−∞
dx(x− x′)n(1 + τLKM +

τ2

2
LKMLKM)δ(x− x′)
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= (n!)τDn(x′)

+
τ2

2

∫ ∞

−∞
dx(x− x′)nLKMLKMδ(x− x′)

= (n!)τDn(x′)

+
τ2

2

∫ ∞

−∞
dx(x− x′)n



∞∑

p=1

(
− ∂

∂x

)p
Dp(x)



[ ∞∑

m=1

(
− ∂

∂x

)m
Dm(x)

]
δ(x− x′)

= (n!)τDn(x′)

+
τ2

2

∞∑

p=1

∞∑

m=1

∫ ∞

−∞
dx(x− x′)n

(
− ∂

∂x

)p
Dp(x)

(
− ∂

∂x

)m
Dm(x)δ(x− x′)

= (n!)τDn(x′)

+
τ2

2

∞∑

p=1

∞∑

m=1

(−1)p+mDm(x′)
∫ ∞

−∞
dx(x− x′)n

(
∂

∂x

)p
Dp(x)

(
∂

∂x

)m
δ(x− x′).

(82)

The last integral in Eq. (82) can be derived as follows

I2 =

∫ ∞

−∞
dx(x− x′)n

(
∂

∂x

)p
Dp(x)

(
∂

∂x

)m
δ(x− x′)

=

∫ ∞

−∞
dx(x− x′)n

p∑

s=0

(
p

s

)[(
∂

∂x

)p−s
Dp(x)

][(
∂

∂x

)m+s

δ(x− x′)
]

=

p∑

s=0

(
p

s

)∫ ∞

−∞
dxG(x)

(
∂

∂x

)m+s

δ(x− x′) , (83)

with

G(x) = (x− x′)n
(
∂

∂x

)p−s
Dp(x). (84)

The last member of Eq. (83) is computed in a similar way as integral I1, yielding

I2 =

p∑

s=0

(
p

s

)
(−1)m+s

[
dm+s

dxm+s
F (x)

]

x=x′

=

p∑

s=0

(
p

s

)
(−1)m+s

m+s∑

q=0

(
m+ s

q

)[
dm+s−q

dxm+s−q (x− x′)n
]

x=x′

[
dp−s+q

dxp−s+q
Dp(x)

]

x=x′
. (85)

If m+ s− q > n, the derivative of (x− x′)n is zero; if m+ s− q < n, the derivative of (x− x′)n is
proportional to (x− x′)n−m−s+q which also vanishes for x = x′. Thus, the only term in the sum in (85)
which is not zero is the one for which m+ s− q = n. The integral I2 is given by

I2 =

p∑

s=0

(
p

s

)
(−1)m+s

(
m+ s

m+ s− n

)
(n!)

[
dp+m−n

dxp+m−n
Dp(x)

]

x=x′
. (86)
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Introducing I2 in Eq. (82) yields

Mn(x′, τ) ∼ (n!)τDn(x′)

+
τ2

2

∞∑

p=1

∞∑

m=1

(−1)p+mDm(x′)
p∑

s=0

(
p

s

)
(−1)m+s(n!)

(
m+ s

m+ s− n

)(
d

dx′

)p+m−n
Dp(x

′)

= (n!)τDn(x′)

+
τ2

2

∞∑

m=1

Dm(x′)



∞∑

p=1

p∑

s=0

(−1)p+s
p!(m+ s)!

s!(p− s)!(m+ s− n)!

(
d

dx′

)p+m−n
Dp(x

′)


 .(87)

The last derivative within parenthesis is of a non-negative order, i.e. p ≥ n − m. Moreover fac-
torials are of non-negative integers, i.e. s ≥ n − m. With both these conditions one arrives to a final
approximation of each conditional moment as a function of KM coefficients and their derivatives, namely

Mn(x′, τ) ∼ (n!)τDn(x′)

+
τ2

2

∞∑

m=1

Dm(x′)

( ∞∑

p=p0

p∑

s=s0

(−1)p+s
p!(m+ s)!

s!(p− s)!(m+ s− n)!

(
d

dx′

)p+m−n
Dp(x

′)

)
,

(88)

with p0 = max (1, n−m) and s0 = max (0, n−m). Equation (88) yields the equations (13a) and
(13b) in Ref. (Gottschall and Peinke, 2008) for n = 1 and 2 respectively.

Equation (88) holds a set of equations relating the conditional moments as functions of the KM coef-
ficients and their respective derivatives. In practice, one computes numerically the conditional moments
and from it estimates the KM coefficients. However, inverting Eq. (88) is not feasible, and a further ap-
proximation is required. Similarly to what was done for the second-order correction of the first two KM
coefficients (Gottschall and Peinke, 2008, Rinn et al., 2016), we approximate Eq. (88) neglecting terms
having derivatives, which implies p+m−n = 0, i.e. p = n−m. Furthermore, since p ≥ max (1, n−m)
and p ≥ s ≥ max (0, n−m), one has additionally m ≤ n− 1 and s = n−m respectively. Introducing
these conditions in Eq. (88) yields our final approximation

Mn(x′, τ) ∼ (n!)τDn(x′) +
(n!)τ2

2

n−1∑

m=1

Dm(x′)Dn−m(x′). (89)

Notice that the approximation of the conditional moments as given in Eq. (89) has the practical
advantage of expressing the conditional moment of order nth from the KM coefficients up to order
n, which enables to compute recursively the KM coefficients from the numerical computation of the
conditional moments.

For jump processes we will need to estimate the first six KM coefficients(Anvari et al., 2016b),
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which, from Eq. (89), read

M1(x, τ) = τD1(x) (90a)

M2(x, τ) = 2τD2(x) + τ2D2
1(x), (90b)

M3(x, τ) = 6τD3(x) + 6τ2D1(x)D2(x), (90c)

M4(x, τ) = 24τD4(x) + 12τ2
(
2D1(x)D3(x) +D2

2(x)
)
, (90d)

M5(x, τ) = 120τD5(x) + 120τ2 (D1(x)D4(x) +D2(x)D3(x)) , (90e)

M6(x, τ) = 720τD6(x) + 360τ2
(
2D1(x)D5(x) + 2D2(x)D4(x) +D2

3(x)
)
. (90f)

For practical purposes we will compute slopes of proper functions Fn(x, τ) for estimating the KM
coefficient at each x-value, namely

Dn(x) ∼ Fn(x, τ)

τ
. (91)

Inverting Eqs. (90), functions Fn for n = 1, . . . , 6 are given by

F1 = M1, (92a)

F2 =
1

2

(
M2 −M2

1

)
, (92b)

F3 =
1

6

(
M3 − 3M1M2 + 3M3

1

)
, (92c)

F4 =
1

24

(
M4 − 4M1M3 + 18M2

1M2 − 15M4
1 − 3M2

2

)
, (92d)

F5 =
1

120

(
105M5

1 − 150M3
1M2 + 30M2

1M3 + 45M1M
2
2 − 5M1M4 − 10M2M3 +M5

)
,(92e)

F6 =
1

720

(
−945M6

1 + 1575M4
1M2 − 300M3

1M3 − 675M2
1M

2
2 + 45M2

1M4

+180M1M2M3 − 6M1M5 + 45M3
2 − 15M2M4 − 10M2

3 +M6

)
. (92f)

The coefficients of these functions can be related to so-called Faà di Bruno coefficients bridging cumu-
lants and raw moments.

A more accurate approximation is possible, by combining Eqs. (88) and (89). More precisely, the
steps to solve numerically Eq. (88) are the following ones. Start by solving Eqs. (92) introducing the
conditional moments, extracted directly from the data, up to order N , and derive the KM coefficients
Dn(x) as in Eq. (91). Then, compute the derivatives up to orderNd (see discussion below) and introduce
the derivatives of KM coefficients and the empirical conditional moments in Eq. (88), solving it with
respect to the KM coefficients. Repeat the previous step till the KM coefficients converge within a
pre-given numerical accuracy.

Notice that, since the KM coefficients are typically polynomials of lower order, not larger than five
or six, the order Nd of the derivative is a finite number, which leads to a simplification of Eq. (88).
Namely, the derivative in the sum obeys 0 ≤ p + m − n ≤ Nd. Thus, p0 ≤ p ≤ Nd + n − m.
Since p0 = max (1, n−m) one has Nd + n − m ≥ 1 and therefore the sum over m is bounded by
1 ≤ m ≤ Nd + n − 1. Since Nd > 1, p0 = 1 and therefore the sum over p is also bounded by
1 ≤ p ≤ Nd + n−m.
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Durán, O., Schwämmle, V., Lind, P., and Herrmann, H. (2011). Size distribution and structure of barchan
dune fields. Nonlinear Processes in Geophysics, 18:455–467.

350



Pedro G. Lind BIBLIOGRAPHY
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Rinn, P., Heißelmann, H., Wächter, M., and Peinke, J. (2012). Stochastic method for in-situ damage
analysis. The European Physical Journal B, 86:1–5.
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