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Based on the works [R1] - [R10], this thesis tackles various aspects of the dynamics
of interacting quantum many-body systems. Particular emphasis is given to the under-
standing of transport and thermalization phenomena in isolated (quasi) one-dimensional
quantum spin models. Employing a variety of methods, these phenomena are studied
both, close to equilibrium where linear response theory (LRT) is valid, as well as in far-
from-equilibrium situations where LRT is supposed to break down. The main results
of this thesis can be summarized as follows. First, it is shown that conventional hydro-
dynamic transport, i.e., diffusion, occurs in a number of (integrable and nonintegrable)
quantum models and can be detected by looking at different signatures in position and
momentum space as well as in the time and the frequency domain. Furthermore, the
out-of-equilibrium dynamics resulting from a realistic class of initial states is explored.
These states are thermal states of the model in the presence of an additional static force,
but become nonequilibrium states when this force is eventually removed. Remarkably, it
is shown that in some cases, the full time-dependent relaxation process can become in-
dependent of whether the initial state is prepared close to or far away from equilibrium.
In this context, a new connection between the eigenstate thermalization hypothesis and
linear response theory is unveiled. Finally, this thesis also reports progress on the de-
velopment and improvement of numerical and (semi-)analytical techniques to access the
dynamics of quantum many-body systems. Specifically, a novel combination of dynam-
ical quantum typicality and numerical linked cluster expansions is employed to study
current-current correlation functions in chain and ladder geometries in the thermody-
namic limit.
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I. INTRODUCTION

Nonequilibrium processes involving the collective
behavior of many degrees of freedom are omnipresent
in our everyday life. Examples include the mixing
of cold milk with hot coffee or, slightly more sophis-
ticated, the diffusion of oxygen from our blood into
the cells. Moreover, we know from experience that

such processes (in the absence of some force maintain-
ing the out-of-equilibrium conditions) evolve towards
a stationary equilibrium state at long times. This pro-
cess is called thermalization [12, 13].

Given a many-body system in thermal equilibrium,
statistical mechanics provides an exceptionally suc-
cessful framework to describe its macroscopic proper-
ties [14]. For instance, consider a gas which is initially
confined to the right half of a box. At some point in
time, the barrier separating the two halves of the box
is removed. After waiting for a sufficiently long time,
we then expect that the gas has thermalized, i.e., that
it homogeneously fills the entire volume. Remarkably,
for this new equilibrium state, statistical mechanics
allows to make accurate predictions for macroscopic
quantities, e.g., the pressure, without requiring pre-
cise knowledge about the positions or velocities of the
individual gas particles. Far away from equilibrium,
on the contrary, such a universal concept is absent.
Instead, describing the state of the gas in an out-of-
equilibrium situation usually requires to track the dy-
namics of each particle with respect to the underlying
microscopic equations of motion.

While thermalization is a common observation, the
opposite process is hardly ever encountered, i.e., af-
ter filling the whole volume, it seems inconceivable
that all gas particles spontaneously move back to
one half of the box. Speaking differently, thermal-
ization is an irreversible process. This apparent ir-
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reversibility is formulated in the second law of ther-
modynamics as the fact that the entropy of a system
can never decrease. In contrast, however, the laws
which govern the microscopic dynamics are symmet-
ric in time. In view of this fact, it seems almost para-
doxical why many-body systems reliably reach a ther-
mal equilibrium state. Bridging this gap between the
reversible microscopic equations of motion and the ir-
reversible nature of thermalization has a long history
(see e.g. [12, 13, 15, 16] and references therein). Rang-
ing back to ideas of Boltzmann, a notable concept to
explain thermalization in the case of classical mechan-
ics is ergodicity, which asserts that the time spent by a
classical trajectory in some volume of the phase space
is proportional to the size of this volume. Moreover, it
is now understood that the nonlinear equations of mo-
tion can cause the emergence of deterministic classical
chaos and the onset of thermodynamic behavior [17].
However, since the microscopic laws of nature fun-
damentally obey quantum mechanics, developing an
understanding for the occurrence of thermalization in
quantum systems is vitally important. In fact, inves-
tigating the out-of-equilibrium dynamics in quantum
many-body systems and studying their dynamical re-
laxation towards equilibrium is a central topic of this
dissertation, with particular focus on the dynamics of
so-called isolated systems.

Given an isolated quantum system, the time evolu-
tion of a pure state |ψ(t)〉 is unitary and generated by
the Schrödinger equation,

i∂t |ψ(t)〉 = H |ψ(t)〉 , (1)

where i is the imaginary unit, H denotes the system’s
Hamiltonian, and the reduced Planck constant ~ has
been set to unity. At first, one might be tempted to
ask why one should be concerned with such systems
at all, since, in the very end, no system can be per-
fectly isolated from the influence of an environment.
Not surprisingly, the study of open quantum systems
is an active area of research in its own right [18]. Nev-
ertheless, quantum many-body systems in strict isola-
tion have attracted continuously increasing attention
in recent years [19, 20]. This upsurge of interest is not
least due to major experimental advancements. New
experimental platforms such as cold atoms in opti-
cal lattices as well as systems of trapped ions offer
a high amount of control over many degrees of free-
dom, and open the possibility to explore the dynam-
ics of tailored Hamiltonians and initial states [21, 22].
Importantly, these systems can be very well isolated
from their environment such that the time evolution,
at least on short to intermediate time scales, is unitary
and given by Eq. (1). Motivated by these experimen-
tal achievements, there has been rejuvenated interest
also from the theoretical side to reconsider the (afore-
mentioned) long-standing questions on thermalization
in isolated quantum systems [12, 13, 17, 19, 20], which
have been addressed already in the early works by

von Neumann [23]. In the last decades, substantial
progress in this context has been made thanks to the
development of fresh theoretical concepts such as the
typicality of pure quantum states [24, 25, 26, 27, 28]
(see also Sec. II.D and [R7]), and the eigenstate ther-
malization hypothesis (ETH) [29, 30, 31], which pro-
vides a microscopic explanation of thermalization on
the basis of individual eigenstates (see Sec. II.C).

Generally, theoretical studies of interacting quan-
tum systems are challenging. While analytical solu-
tions are comparatively rare, numerical simulations of
quantum many-body dynamics are tremendously dif-
ficult as well. This is not least caused by the fact
that the dimension of the Hilbert space grows expo-
nentially in the number of degrees of freedom. Never-
theless, the ever-increasing amount of computational
resources and the availability of large-scale supercom-
puters have been ideally complemented by the de-
velopment of sophisticated numerical methods [32],
which, in combination, has lead to enormous progress
(see also Sec. II.D). Most of the results presented in
this thesis have been obtained from the implemen-
tation and application of state-of-the-art numerical
methods. Moreover, this thesis also contributes to
the development and improvement of numerical and
(semi-)analytical techniques to tackle the dynamics of
quantum many-body systems (see Sec. III.C).

Given an isolated quantum system with time-
independent Hamiltonian, the only possibility to in-
duce a nonequilibrium situation is the preparation of
suitable out-of-equilibrium initial states. To this end,
a common preparation scheme is a so-called quantum
quench [33]. In such a quench protocol, the system
is typically prepared in an eigenstate |ψ0〉 of an ini-
tial Hamiltonian Hi. At some point in time, say at
t = 0, some parameter (e.g. the interaction strength)
of Hi is suddenly varied such that |ψ0〉 is a nonequilib-
rium state and evolves in time with respect to the fi-
nal Hamiltonian Hf . Studying the out-of-equilibrium
dynamics resulting from sudden quench protocols is
one line of research in this thesis. In particular, while
the ETH explains the mere existence of thermaliza-
tion, much less is known on the full time-dependent
relaxation process prior to equilibration [34]. In this
thesis, we shed light on this route to equilibrium by
considering a realistic class of initial states which can
be prepared close to as well as far away from equilib-
rium. Here, a controlled point of reference is provided
by the theory of linear response, which is known to
describe the dynamics in situations close to equilib-
rium.

Linear response theory (LRT) constitutes a ma-
jor cornerstone of nonequilibrium statistical mechan-
ics [35]. As its name suggests, LRT states that for a
weakly perturbed system, the main contribution of the
system’s response is linear in the perturbation. More-
over, the response of the system in this case can be
remarkably expressed in terms of time-dependent cor-
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relation functions evaluated exactly at equilibrium. In
this thesis, LRT plays an important role. On the one
hand, for the quantum quench protocols mentioned
above, we scrutinize the validity range of linear re-
sponse theory in far-from-equilibrium situations and
analyze its interplay with the eigenstate thermaliza-
tion hypothesis. On the other hand, LRT also pro-
vides a convenient framework to study transport prop-
erties of quantum many-body systems, i.e., the dy-
namics and relaxation of local densities whose sum
over the whole system is a conserved quantity. In this
context, it is an intriguing question if and how con-
ventional hydrodynamic transport, i.e., diffusion, can
arise in isolated quantum systems undergoing unitary
time evolution [36].

Preliminary remarks and scope of this thesis

This cumulative dissertation is based on the pub-
lications [R1] - [R10]. While the dynamics of quan-
tum many-body systems is a vast field of research,
the present text does not attempt to provide an ex-
haustive overview. Instead, it should be understood
as a supporting document which helps to access the
content of the publications. Moreover, while citations
are kept to a minimum (≈ 100) throughout this text,
a more detailed list of references can be found in the
original publications [R1] - [R10].

This work is structured as follows. In Sec. II, an
overview is given of the theoretical background which
is used throughout Refs. [R1] - [R10]. Specifically, low-
dimensional quantum spin systems are introduced in
Sec. II.A as convenient models to investigate transport
and thermalization phenomena in quantum many-
body systems. Section II.B then discusses time-
dependent equilibrium correlation functions and their
connection to transport coefficients within the theory
of linear response. Moreover, Sec. II.C considers the
nonequilibrium dynamics of isolated quantum systems
and explains how the emergence of thermodynamic
behavior in such systems can be understood from the
eigenstate thermalization hypothesis. Eventually, in
Sec. II.D, different numerical methods to study the
dynamical properties of quantum many-body systems
are presented, where particular emphasis is given to
dynamical quantum typicality and numerical linked
cluster expansions.

The main results of this dissertation can be found
in Sec. III, which provides a guide to the publica-
tions [R1] - [R10]. In particular, the papers have
been grouped into the three categories (i) Transport
and the emergence of diffusion in quantum models, (ii)
Nonequilibrium dynamics close to and far away from
equilibrium, and (iii) Development of numerical and
(semi-)analytical approaches. While this classification
is certainly not unique and some papers may well fit
into multiple categories, the intention of this sorting is
to clarify the relationships of the papers among each

other. Finally, in Sec. IV, the results of this thesis are
summarized and an outlook on open questions and
future directions of research is given.

II. THEORETICAL BACKGROUND

A. Low-dimensional quantum spin models

Lattice models of interacting spins arguably repre-
sent one of the simplest classes of quantum many-body
systems. In these models, quantum spins are defined
on discrete lattice sites and interact, for instance, via
a Heisenberg exchange [37],

H =
∑
l,l′

Jll′Sl · Sl′ , (2)

where the couplings Jll′ between two sites l and l′ can
be either ferromagnetic (Jll′ < 0) or antiferromagnetic
(Jll′ > 0). Moreover, the Sl = (Sxl , S

y
l , S

z
l ) denote

three-component quantum spin-S operators fulfilling
the commutator algebra [Sxl , S

y
l′ ] = iSzl δll′ with cyclic

extensions. While the Hamiltonian (2) can in prin-
ciple be studied for arbitrary lattice geometries and
couplings, the present thesis is especially concerned
with (quasi) one-dimensional chain or ladder systems.
Specifically, a central model in this thesis is the one-
dimensional and anisotropic Heisenberg model, also
known as the XXZ chain,

HXXZ = J

L∑
l=1

(
Sxl S

x
l+1 + Syl S

y
l+1 + ∆Szl S

z
l+1

)
, (3)

where L is the number of lattice sites, ∆ is an
anisotropy in the z direction, and J > 0 from now
on denotes the antiferromagnetic coupling constant,
which here acts only between nearest neighbors. Note
that we often consider systems with periodic bound-
ary conditions where Sx,y,zL+1 = Sx,y,z1 .

With the exception of Ref. [R9], this thesis focuses
on models consisting of spin-1/2 degrees of freedom
(i.e. qubits). In this case, the local Hilbert space of a
single spin is spanned by the two basis vectors |↑〉 and
|↓〉. Moreover, the spin operators Sx,y,zl are defined in
terms of the Pauli matrices,

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (4)

where the operator Sx,y,zl in the full many-body
Hilbert space with dimension d = 2L has to be un-
derstood as (~ = 1 again)

Sx,y,zl = 12 ⊗ 12 ⊗ · · ·︸ ︷︷ ︸
l−1

⊗ 1
2σ

x,y,z⊗12 ⊗ · · · ⊗ 12︸ ︷︷ ︸
L−l

. (5)

Eventually, the Jordan-Wigner transformation pro-
vides an instructive mapping between spin-1/2 oper-
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ators and spinless fermions according to [38],

S+
l = c†l e

iπ
∑

j<l nj , (6)

S−l = cle
−iπ

∑
j<l nj , (7)

Szl = nl − 1
2 , (8)

where we have introduced the raising and lowering
operators S±l = Sxl ± iS

y
l . Moreover, c†l (cl) creates

(annihilates) a fermion at lattice site l, and nl = c†l cl is
the fermionic occupation number operator. The iden-
tification of spin-1/2 operators with spinless fermions
is rather plausible due to their identical local Hilbert-
space dimensions. As becomes evident from Eq. (8),
a spin-up state |↑〉 is associated with an occupied lat-
tice site, while a spin-down state |↓〉 corresponds to
an empty site. (Due to the Pauli principle, there can
only be one fermion per site.) Note that the phase
exp(±iπ

∑
j<l nj) in Eqs. (6) and (7) counts the num-

ber of occupied sites on the left of site l, and guaran-
tees that the fermions fulfill their appropriate anti-
commutation algebra, {c†l , cl′} = δll′ , whereas spins
on different lattice sites commute. Using the Jordan-
Wigner transformation (6) - (8), it is straightforward
to show that Eq. (3) can be written as [39]

HJW = J

L∑
l=1

[
1

2

(
c†l cl+1 + c†l+1cl

)
+ ∆

(
nl −

1

2

)(
nl+1 −

1

2

)]
. (9)

Remarkably, for the one-dimensional model with
nearest-neighbor couplings, the Jordan-Wigner phases
cancel out, and the spin-1/2 XXZ chain translates into
a tight-binding model of interacting spinless fermions.
In this representation, it also becomes obvious that
the xx and yy terms in Eq. (3) correspond to the
kinetic part of the Hamiltonian (i.e. the hopping of
fermions), while the zz terms represent the actual in-
teraction.

Eventually, let us note that low-dimensional spin
systems are not just toy models. In fact, spin chains
such as Eq. (3) are relevant to describe the proper-
ties of various Mott insulators, where (quasi) one-
dimensional structures are realized within the bulk
materials [40]. Moreover, despite their apparent sim-
plicity, those models can possess rich phase diagrams
and feature exotic physical phenomena [41]. In this
dissertation, low-dimensional spin models serve as
prototypical examples of interacting quantum many-
body systems and are used to study fundamental ques-
tions on the emergence of statistical mechanics in iso-
lated quantum systems.

Integrable and nonintegrable models

An important concept is the distinction between
integrable and nonintegrable models. In the case of

classical mechanics, a Hamiltonian system with N de-
grees of freedom is integrable if it has N independent
conservation laws which are mutually commuting un-
der the Poisson bracket [42]. Due to these conserved
quantities, the dynamics in such models is strongly
constrained and fails to explore the full phase space,
i.e., integrable models are nonergodic. On the con-
trary, if there are less conservation laws than degrees
of freedom, then a classical model is nonintegrable and
trajectories can become chaotic.

It might be fair to say that there is less agree-
ment on the notion of integrability in the quantum
realm [43]. First of all, given a Hilbert space of di-
mension d and some Hamiltonian H, there always ex-
ist d mutually commuting operators that also com-
mute with H, namely, the projections |n〉 〈n| on the
individual eigenstates of H. Nevertheless, not every
quantum system is called integrable.

From a practical point of view, quantum-
integrability often refers to the fact that the model
can, in some sense, be solved exactly. As a simple ex-
ample, consider the Hamiltonian (3) with ∆ = 0, i.e.,
the XX chain. In the Jordan-Wigner language, this
spin chain corresponds to a one-dimensional model of
free fermions which, by means of a Fourier transform,
cq =

√
1/L

∑L
l=1 e

iqlcl, can be easily diagonalized,

HXX =
∑
q

Eqc
†
qcq , (10)

where the eigenenergies are given by Eq = J cos(q),
and the sum runs over the full set of discrete lattice
momenta q.

Not only free models can be solved exactly (in
a similar sense). In fact, the XXZ chain (3) re-
mains integrable also for ∆ 6= 0 in terms of the so-
called Bethe ansatz [44]. Furthermore, for quantum-
integrable models such as the XXZ chain, it is possible
to construct an extensive set of (quasi) local conser-
vation laws [45], which is reminiscent of the definition
of integrability in the classical case. (Note that the
crucial aspect here is locality, whereas the aforemen-
tioned projections |n〉 〈n| are highly nonlocal objects.)

Eventually, another characteristic which is com-
monly used to distinguish between integrable and non-
integrable quantum models is the energy-level statis-
tics, i.e., the distribution of gaps between adjacent
energy eigenvalues En and En+1. Conceptually, this
idea dates back to works by Wigner and Dyson who
found that the eigenvalues of complicated Hamiltoni-
ans can be understood from the spectrum of random
matrices [46]. Specifically, given a real and symmet-
ric matrix with entries drawn from a Gaussian distri-
bution (the so-called Gaussian orthogonal ensemble),
the distribution P (s) of level spacings approximately
follows,

P (s) ∝ s exp(−αs2) , (11)

where α > 0 is a constant coefficient, and Eq. (11) is
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known as Wigner-Dyson distribution [13]. Later on,
it has been conjectured that the energy levels of quan-
tum systems with nonintegrable (i.e. chaotic) classical
counterpart are described by Eq. (11) [47], whereas
the level statistics of quantum models with integrable
classical counterpart follow a Poissonian distribution,
P (s) ∝ e−s [48]. An important difference between
these two distributions is the fact that eigenvalues of
chaotic models repel each other, i.e., P (s→ 0) → 0,
while level repulsion is absent in the case of inte-
grable models. Furthermore, it has been found nu-
merically that the above conjectures also apply to
quantum many-body systems where no classical coun-
terpart exists (such as, e.g., the low-dimensional spin
models considered in this thesis). For instance, start-
ing from the integrable XXZ chain (3), P (s) is found
to change from a Poissonian to a Wigner-Dyson distri-
bution upon adding an integrability-breaking pertur-
bation [49] (see also Fig. 2 of Ref. [R1]). As a conse-
quence, nonintegrable quantum models (even without
classical limit) are often called chaotic or ergodic [13].

In this thesis, it is a recurrent theme to contrast
integrable and nonintegrable models with respect to
their transport and thermalization properties. In this
context, the Hamiltonians (3) or (9) represent conve-
nient starting points for our analysis, and will often
be complemented by additional integrability-breaking
terms (details on these modifications are given in
Sec. III). Eventually, it is worth emphasizing that
although the XXZ chain is integrable and solvable by
the Bethe ansatz, this does by no means imply that
all its dynamical properties are known exactly.

B. Transport coefficients and correlation functions

Given the XXZ chain (3), it is easy to convince
oneself that the total magnetization Sz is a conserved
quantity,

[Sz,HXXZ] = 0 , with Sz =

L∑
l=1

Szl . (12)

In fact, all models considered in this thesis fulfill the
property (12). In other words, given an inhomoge-
neous distribution of Szl , it is not possible that excess
magnetization in some part of the system is simply
annihilated, while missing magnetization in another
part of the system is created. Instead, in order for the
system to reach thermal equilibrium, the magnetiza-
tion has to be transported through the whole system.
Since such transport processes are comparatively slow,
they are also relevant to the understanding of equi-
libration and thermalization time scales in quantum
systems [50]. Moreover, apart from these fundamental
issues, the proper theoretical understanding of trans-
port phenomena in low-dimensional spin systems is
also of importance in order to pave the way for poten-
tial spin-based technologies in the future [51].

There exist various approaches to analyze the trans-
port properties of quantum systems. In this the-
sis, the framework of linear response theory is used,
where transport coefficients are calculated from time-
dependent correlation functions evaluated in an equi-
librium ensemble [35]. For the sake of illustration, the
following discussion focuses on the transport of mag-
netization, where the spin current results from a gra-
dient of the magnetic field. (Generalizations to other
conserved quantities are in principle possible.) A cen-
tral result of LRT is the so-called Kubo formula, which
connects the (real part of the) frequency-dependent
conductivity to dynamical current-current correlation
functions [35],

Re σ(ω) =
1− e−βω

ωL
Re

∫ ∞
0

eiωt〈j(t)j〉eq dt , (13)

where β = 1/T is the inverse temperature and j(t) =
eiHtje−iHt is the time-evolved spin-current operator
in the Heisenberg picture. The brackets 〈•〉eq denote
the (canonical) equilibrium expectation value,

〈j(t)j〉eq =
Tr[j(t)j e−βH]

Z
, (14)

where Z = Tr[e−βH] is the partition function. Specif-
ically, the total spin current j =

∑
l jl is given by

the sum over local current densities jl, which fulfill a
lattice continuity equation [52],

d

dt
Szl = i[H, Szl ] = jl−1 − jl . (15)

In the case of the XXZ chain (3), j takes on the
form [52]

j = J

L∑
l=1

(
Sxl S

y
l+1 − S

y
l S

x
l+1

)
, (16)

which consists of a right-moving and a left-moving
contribution, i.e., the total current vanishes in ther-
mal equilibrium, 〈j〉eq = 0. Assuming that 〈j(t)j〉eq

is well-behaved such that the integral in Eq. (13) con-
verges (more details on this issue are given below), an
important quantity is the dc conductivity σdc, which
follows in the zero-frequency limit of the real part
of σ(ω),

σdc = lim
ω→0

Re σ(ω) . (17)

Generally, dynamical processes (such as transport)
depend on the time scales considered. In this con-
text, a useful quantity is the time-dependent diffusion
coefficient D(t) at formally infinite temperature [53],

D(t) =
1

χ

∫ t

0

Re 〈j(t′)j〉eq

L
dt′ , (18)

where 〈•〉eq reduces to Tr[•]/d at β = 0, and the
infinite-temperature susceptibility χ = Tr[(Sz)2]/L−
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Tr[Sz]2/L is equal to χ = 1/4. The time dependence
of D(t) can be understood as follows. In the simplest
case, the model under consideration is a perfect con-
ductor such that an initially induced current does not
decay, i.e., 〈j(t)j〉eq = const. (An example is provided
further below.) Then, it is easy to see from Eq. (18)
that D(t) ∝ t grows linearly in time. This ideal dissi-
pationless transport behavior is called ballistic. More
generically, however, one might expect that 〈j(t)j〉eq

is not conserved exactly, eventually starts to decay
and (approximately) vanishes at long times. Also in
this case, one finds that D(t) ∝ t grows linearly for
sufficiently short times (where 〈j(t)j〉eq has not signif-
icantly decayed yet). In other words, transport is bal-
listic below the mean-free time. For times above the
mean-free time, however, the contributions to the inte-
gral (18) become smaller and smaller, such that D(t)
eventually saturates to a time-independent plateau.
In this case, the long-time value D(t → ∞) = D be-
comes the diffusion constant which is related to σdc

by an Einstein relation,

D =
σdc

χ
, (19)

where the infinite-temperature dc conductivity should
be understood as σdc = limβ→0,ω→0 Re σ(ω)/β. How-
ever, there can also be cases where the dynamics of
〈j(t)j〉eq is more complicated and transport is neither
diffusive nor ballistic. Generally, the time-dependence
of D(t) might be written as D(t) ∝ tα, where trans-
port is called superdiffusive for 0 < α < 1 and subdif-
fusive for α < 0.

To proceed, more detailed information about the
transport properties can be obtained by studying the
correlation functions of local densities [54],

Cl,l′(t) = 〈Szl (t)Szl′〉eq . (20)

These spatio-temporal correlations can be understood
as the spreading of a single spin excitation, which
is created at lattice site l′ and moves with respect
to an equilibrium many-body background at a given
temperature. Furthermore, it is instructive to con-
sider the respective density modes Cq(t) in momen-
tum space (sometimes referred to as the intermediate
structure factor [54]), which are related to the real-
space correlations Cl,l′(t) by means of a lattice Fourier
transform,

Cq(t) = 〈Szq (t)Sz−q〉eq (21)

=
1

L

L∑
l=1

L∑
l′=1

eiqle−iql
′
Cl,l′(t) , (22)

where the discrete momenta take on the values
q = 2πν/L with ν = 0, 1, . . . , L − 1. Eventually,
another Fourier transform from the time to the fre-
quency domain yields the so-called dynamical struc-
ture factor,

Cq(ω) =

∫ ∞
−∞

eiωtCq(t) dt . (23)

Let us note that Cq(ω) is proportional to the scatter-
ing cross section measured in inelastic neutron scat-
tering experiments on, e.g., magnetic Mott insulator
compounds (see Ref. [55] for a comparison between
experiment and theory). This link between real-world
experiments and the theoretical framework of equilib-
rium correlation functions highlights the significance
of linear response theory.

A central aspect of this dissertation is to study the
transport properties for a variety of low-dimensional
quantum spin models within linear response theory.
In particular, it is demonstrated that the combined
analysis of the current autocorrelations 〈j(t)j〉eq and
the spatio-temporal correlations Cl,l′(t) provides a
comprehensive picture at all scales and allows to ex-
tract quantitative values of the transport coefficients.

Transport in the XXZ chain and the impact of integrability

As discussed in Sec. II.A, integrable models are
characterized by a macroscopic number of (quasi) lo-
cal conservation laws. These conservation laws can
have an impact on the transport properties, i.e., they
can protect currents from decaying. This can be con-
veniently exemplified for the case of the spin-1/2 XXZ
chain (3). To begin with, let us consider energy trans-
port in this model. Analogous to the continuity equa-
tion (15), it is possible to define the energy-current
operator jE , which takes on the form [52, 57]

jE = J2
L∑
l=1

[(
Sxl S

y
l+2 − S

y
l S

x
l+2

)
Szl+1

− ∆
(
Sxl S

y
l+1 − S

y
l S

x
l+1

) (
Szl−1 + Szl+2

)]
. (24)

As it turns out [57], jE is itself a conserved
quantity and commutes exactly with HXXZ for all
anisotropies ∆. Thus, the correlation function
〈jE(t)jE〉eq is time-independent and energy transport
in the XXZ chain is ballistic at all temperatures.

More complicated is the case of spin transport.
Here, the current operator j in Eq. (16) commutes
with HXXZ only for ∆ = 0, i.e., in the case of free
fermions. In contrast, for all ∆ 6= 0, one finds
[j,HXXZ] 6= 0, and 〈j(t)j〉eq can in principle decay.
In particular, the long-time average of 〈j(t)j〉eq can
be bounded from below by means of the Mazur in-
equality [56],

lim
τ→∞

1

τ

∫ τ

0

〈j(t)j〉eq dt ≥
∑
m

(j,Qm)2

(Qm, Qm)
, (25)

where the sum runs over a subset of orthogonal con-
served quantities Qm, with (A,B) = Tr[A†B]/d de-
noting the Hilbert-Schmidt inner product. The left
hand side of Eq. (25), i.e., the (potentially) nondecay-
ing part of the current-current correlation function,
is often referred to as the Drude weight [52]. Note
that a finite Drude weight directly implies ballistic
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transport (within LRT). At zero magnetization (i.e.
in the absence of a magnetic field), it has been real-
ized that the spin and the energy current are orthog-
onal, (j, jE) = 0, such that Eq. (25) with Qm = jE
cannot be used to infer that spin transport is ballis-
tic [57]. Later, however, a nonzero Drude weight has
been rigorously established for anisotropies |∆| < 1
thanks to a new class of quasi local conservation
laws [58, 59], confirming numerical studies in this pa-
rameter regime [60].

In contrast, for larger anisotropies ∆ > 1, the spin
Drude weight is expected to vanish and clean diffusive
transport has been numerically observed at high tem-
peratures [61, 62, 63]. Thus, while diffusion is gener-
ally not expected to occur in integrable models due to
the extensive number of conservation laws, it is worth
noting that integrability as such apparently does not
rule out the possibility of diffusion.

Eventually, at the isotropic point ∆ = 1, the na-
ture of spin transport has been the most controversial.
Based on a number of recent works [64, 65], it is now
widely accepted that high-temperature spin transport
is superdiffusive at ∆ = 1. In this thesis, we provide
further numerical evidence for the occurrence of su-
perdiffusion by analyzing the time dependence of the
diffusion coefficient D(t) (see Sec. III.C for details).

C. Thermalization in isolated quantum systems

What is thermalization?

Consider a quantum many-body system H, which is
weakly coupled to a macroscopically large heat bath at
temperature T = 1/β. Textbook quantum statistical
mechanics asserts that, after a sufficiently long time,
the state of the quantum system can be described by
a canonical density matrix of Gibbs form,

ρeq =
e−βH

Tr[e−βH]
. (26)

However, this thesis is concerned with the question
whether and in which way an isolated quantum many-
body system can approach thermal equilibrium, i.e.,
without invoking an additional external reservoir.
To this end, let ρ(0) be a (mixed or pure) out-of-
equilibrium initial state. In an isolated system, the
time evolution is unitary such that the state at time t
is given by

ρ(t) = e−iHtρ(0)eiHt . (27)

Clearly, ρ(t) will generally be different from ρeq, even
at very long times. While the unitary time evolu-
tion (27) preserves information about the specific ini-
tial state ρ(0), the equilibrium density matrix ρeq only
depends on the inverse temperature β = 1/T and on
the Hamiltonian H. This becomes even more obvi-
ous if ρ(0) = |ψ(0)〉 〈ψ(0)| is a pure state. Under

unitary time evolution, a pure state will always re-
main pure (i.e. the von Neumann entropy of ρ(t) is
time-independent), whereas ρeq is a mixed maximum-
entropy state.

While it is hard to understand thermalization based
on the state ρ(t) of the full isolated system, an im-
portant insight is to consider subsystems instead [74].
Namely, an isolated quantum system is called ther-
mal, if it is able to act as a heat bath for all its sub-
systems [74]. To be precise, let the whole system be
subdivided into a part A which comprises only a small
fraction of the total number of degrees of freedom, and
a larger part B which contains the rest of the system.
The reduced density matrix of ρ(t) on the subsystem
A then follows by tracing out the degrees of freedom
in B,

ρA(t) = TrB [ρ(t)] . (28)

The system is said to thermalize if, in the long-time
and large-system limit, the reduced density matrix
ρA(t) approaches a thermal equilibrium state [74],

lim
t→∞

lim
L→∞

ρA(t) = TrB [ρeq] , (29)

where the temperature of ρeq is fixed by the en-
ergy density of the initial state ρ(0). If Eq. (29)
applies, then the measurements of local observables
agree with the appropriate thermodynamic ensemble
average. Note that in contrast to ρ(t), the von Neu-
mann entropy of ρA(t) can increase due to the buildup
of entanglement with the environment B (see also
Fig. 10 of Ref. [R1]). While Eq. (29) can be used to
define what it means for an isolated quantum system
to thermalize, this definition is somewhat impractical.
Therefore, in the following, the time-dependent relax-
ation process towards thermal equilibrium is discussed
from another perspective.

The eigenstate thermalization hypothesis (ETH)

Instead of studying the time evolution of the sys-
tem’s state ρ(t), it is instructive to consider the
expectation-value dynamics of physical operators O,

〈O(t)〉 = Tr[ρ(t)O] . (30)

In contrast to the correlation function (14), the sub-
script “eq” has been omitted in Eq. (30) to indicate
that 〈O(t)〉 is a nonequilibrium expectation value.
Let ρ(0) = |ψ(0)〉 〈ψ(0)| now be a pure (out-of-
equilibrium) state written in terms of the eigenstates
|n〉 of the underlying Hamiltonian H, i.e.,

|ψ(0)〉 =

d∑
n=1

cn |n〉 , (31)

where the coefficients cn = 〈n|ψ(0)〉 denote the over-
lap between |ψ(0)〉 and |n〉, and d is the dimension
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of the Hilbert space. (While pure states are consid-
ered here for reasons of simplicity, it is straightforward
to generalize the following discussion also to mixed
states [13].) Moreover, let |ψ(0)〉 have an average en-
ergy Ē =

∑
n |cn|2En (where En are the eigenvalues

of H), with energy fluctuations

δE =
√
〈ψ(0)|H2 |ψ(0)〉 − Ē2 , (32)

that are macroscopically small compared to the full
spectrum of H. In the eigenbasis of H, the time evo-
lution of |ψ(t)〉 becomes,

|ψ(t)〉 =

d∑
n=1

cne
−iEnt |n〉 , (33)

where each of the coefficients cn simply acquires an ad-
ditional phase determined by the corresponding eigen-
value En. Given |ψ(t)〉, the out-of-equilibrium dynam-
ics 〈O(t)〉 in Eq. (30) can be written as [13]

〈O(t)〉 = 〈ψ(t)| O |ψ(t)〉 (34)

=

d∑
n=1

|cn|2Onn +

d∑
m,n=1
m 6=n

c∗mcne
i(Em−En)tOmn ,

where Omn = 〈m|O|n〉 are the matrix elements of O
in the eigenbasis of H. Assuming the absence of de-
generate energy gaps, the long-time average of 〈O(t)〉
then follows as

O = lim
τ→∞

1

τ

∫ τ

0

〈O(t)〉 dt =

d∑
n=1

|cn|2Onn , (35)

since the off-diagonal terms in Eq. (34) dephase at
long times and vanish upon taking the time aver-
age. Thus, one can think of O as the prediction of
a diagonal ensemble [31], i.e., O = Tr[Oρde] with
ρde =

∑
n |cn|2 |n〉 〈n|.

As a first criterion for thermalization, it is natural
to demand that the long-time value O has to (approx-
imately) agree with the microcanonical expectation
value Omc at the corresponding energy density,

O
!
≈ Omc , with Omc =

1

NĒ

NĒ∑
m=1

Omm , (36)

where the sum runs over all NĒ eigenstates |m〉 in the
microcanonical energy window Em ∈ [Ē−δE, Ē+δE].
Apparently, Eq. (36) is difficult to satisfy in general
(i.e. for all initial states |ψ(0)〉) since O explicitly de-
pends on |ψ(0)〉 in terms of the (exponentially many)
coefficients cn, whereas Omc is fixed by the average
energy Ē. The eigenstate thermalization hypothesis
provides a way to bridge this gap [29, 30, 31]. In
particular, the ETH states that the diagonal matrix
elements of local operators Onn in the eigenbasis of
generic (nonintegrable) Hamiltonians H are a smooth

function of energy (with fluctuations that vanish for
L → ∞) and agree with Omc. If this would be the
case, then the Onn in Eq. (35) can be pulled in front
of the sum and, with proper normalization of the ini-
tial state, it follows that O = Omc [13]. In hind-
sight, this result can also be understood from the
following thought experiment. If one requires ther-
malization for every possible initial state |ψ(0)〉, this
should also hold for the special case of |ψ(0)〉 = |n〉
being an exact eigenstate of H. In this case, how-
ever, the expectation value of O becomes time inde-
pendent, 〈O(t)〉 = 〈O(0)〉 = Onn. Thus, the individ-
ual state |n〉 already has to be thermal in order to
fulfill Eq. (36).

So far, the ETH ensures agreement between O and
the microcanonical ensemble average. However, any
practical definition of thermalization should further-

more require that the fluctuations σ2
O = 〈O(t)〉2−O2

around the long-time average are sufficiently small. It
is rather straightforward to show that σ2

O is controlled
by the off-diagonal matrix elements of O [13],

σ2
O = lim

τ→∞

1

τ

∫ τ

0

〈O(t)〉2dt−O2
(37)

= lim
τ→∞

1

τ

∫ τ

0

∑
m 6=n,p 6=q

OmnOpqc∗mcnc∗pcq (38)

× ei(Em−En+Ep−Eq)t dt

=
∑

m,n 6=m

|cm|2|cn|2|Omn|2 ≤ max |Omn| , (39)

where it has been used from (38) to (39) that con-
tributions only arise for the simultaneous index com-
bination m = q and n = p. Moreover, in (39), the
|Omn|2 have been bounded from above by their max-
imum and the normalization of |ψ(0)〉 has been used.
Thus, in order to guarantee that 〈O(t)〉 stays close to
its average O at almost all times, one has to demand
that the off-diagonal elements Omn are small.

Motivated by random-matrix theory, the following
matrix representation for the diagonal and the off-
diagonal part of local operators in the eigenbasis of
generic Hamiltonians has been proposed [66],

Omn = Fd(Ē) δmn+Ω(Ē)−
1
2 Fod(Ē, ωmn) rmn , (40)

where Ē = (Em +En)/2 and ωmn = Em −En. Here,
the functions Fd and Fod depend smoothly on their
arguments, with Fd coinciding with the appropriate
microcanonical expectation value at energy Ē. The
rmn are random numbers (within the constraint of
rmn = r∗nm), which are drawn from a Gaussian distri-
bution with zero mean and unit variance. Moreover,
these off-diagonal elements are weighted by Ω(Ē)−1/2,
where Ω(Ē) is the density of states. Since Ω(Ē) grows
exponentially in the size of the system, the fluctua-
tions σ2

O in (39) are strongly suppressed. The expres-
sion (40) is referred to as ETH ansatz.
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The ETH ansatz (40) also plays an important role in
the present thesis. Specifically, in Ref. [R6], we study
the nonequilibrium dynamics resulting from a realis-
tic class of out-of-equilibrium initial states. For these
states, we particularly scrutinize the off-diagonal part
of Eq. (40) and its impact on the full time-dependent
relaxation process prior to thermalization. Moreover,
in Ref. [R8], we are concerned with the question if the
ETH is indeed a physically necessary condition for the
occurrence of thermalization in realistic situations.

Breakdown of the ETH

While there is convincing numerical evidence that
Eq. (40) holds for a number of systems and observ-
ables [67, 68, 69, 70], rigorous conditions for the va-
lidity of the ETH are still missing, i.e., the ETH is
just an hypothesis. While it is believed to be valid
for generic quantum many-body systems and local ob-
servables [13], there are also classes of systems where
the ETH is clearly violated. The simplest example
is the case of integrable models. As a consequence
of their extensive number of conservation laws, inte-
grable models are not expected to thermalize to stan-
dard statistical ensembles such as Eq. (26). Instead, it
has been found that the long-time steady state in such
systems can be captured in terms of a so-called gener-
alized Gibbs ensemble [71], i.e., a maximum-entropy
state with respect to the additional conserved quanti-
ties [72].

Recently, disordered models have attracted a vast
amount of interest as another class of ETH-violating
systems. For sufficiently strong disorder, it is be-
lieved that these models can undergo a transition
from an ergodic phase where the ETH holds into a
many-body localized regime where the ETH breaks
down [73, 74, 75]. Many-body localization (MBL)
generalizes the well-known phenomenon of Anderson
localization to the presence of interactions and can
be understood in terms of an emergent set of local
integrals of motion [76, 77]. This emergent integrabil-
ity of the MBL phase also reflects itself in the level-
spacing distribution, which exhibits a crossover from
Wigner-Dyson to Poissonian statistics upon increas-
ing the disorder [78]. Connecting to the discussion in
the context of Eq. (29), one can say that many-body
localized systems fail to act as a heat bath for their
subsystems. The transport properties of disordered
systems and the eventual onset of many-body local-
ization are studied in Refs. [R2] and [R9] of this thesis
(see also Ref. [R11]).

D. Numerical methods for quantum many-body
dynamics

This Section provides a brief introduction to the
numerical methods which are employed in this the-

sis, namely, (i) exact diagonalization, (ii) dynamical
quantum typicality, and (iii) numerical linked cluster
expansions. It is important to note that this list is
by no means exhaustive and that there exist a vari-
ety of other sophisticated methods to study the dy-
namics of quantum many-body systems. Examples
include, e.g., quantum Monte Carlo methods [79] (see
also Ref. [R9]), dynamical mean field theory [80],
Krylov subspace techniques [81], as well as novel ap-
proaches based on machine learning [82]. Most no-
tably, the time-dependent density matrix renormal-
ization group, including related methods based on
matrix product states, have proven to be powerful
tools to study dynamical properties especially of one-
dimensional models [32, 83]. Since each of these meth-
ods has its own specific strengths and drawbacks,
it generally depends on the given physical problem
which method is to be favored.

Exact diagonalization (ED)

Exact diagonalization is arguably the simplest ap-
proach to study the properties of quantum many-body
systems. Given a finite dimensional Hamiltonian H,
the main idea of ED is to obtain all eigenvalues En
and eigenstates |n〉 which satisfy H |n〉 = En |n〉. The
knowledge of the En and |n〉 then allows to calculate
all static and dynamical properties. For instance, the
current autocorrelation function 〈j(t)j〉eq in Eq. (14)
can be written in a spectral representation,

〈j(t)j〉eq =

d∑
m,n=1

e−βEm

Z
ei(Em−En)t|〈m| j |n〉|2 , (41)

which can be evaluated for arbitrary time scales and
temperatures. Likewise, the out-of-equilibrium dy-
namics 〈O(t)〉 in Eq. (34) can be calculated for every
initial state |ψ(0)〉 and observable O.

However, since the Hilbert-space dimension of a
quantum many-body system grows exponentially in
the number of degrees of freedom, ED is generally
limited to rather small system sizes. As an example,
consider a spin-1/2 chain of length L = 20, where the
Hilbert space has dimension d = 220 ≈ 106. Storing
the full matrix representation ofH (with double preci-
sion) would require approximately 8.8 TB of memory,
which is clearly out of reach for standard workstations.
In practice, these enormous memory requirements can
be (at least partially) mitigated by exploiting the sym-
metries of the Hamiltonian such as, e.g., the conser-
vation of the total magnetization Sz, cf. Eq. (12). In
this case, the Hamiltonian can be decomposed into
smaller blocks which are solved separately [84]. How-
ever, despite exploiting this and other symmetries,
the calculation of (static and dynamical) properties
[e.g. Eq. (41)] by means of full ED is limited to spin-
1/2 systems of size L ≈ 20. Since such system sizes
are often too small to correctly describe the physical
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properties in the thermodynamic limit L → ∞, the
exponential memory requirements are a serious draw-
back of ED (not to mention the scaling of the runtime
with L).

Nevertheless, the importance of ED should not be
underestimated. On the one hand, ED of small sys-
tems is an indispensable tool to check the correctness
of results obtained by other more sophisticated meth-
ods. On the other hand, there can be situations where
ED is the only numerical method applicable. For in-
stance, in the context of thermalization, ED gives di-
rect access to the individual matrix elements Omn,
which is crucial to study the ETH ansatz (40).

Dynamical quantum typicality (DQT)

Loosely speaking, the concept of typicality states
that a single pure quantum state can imitate the full
statistical ensemble. In this context, typicality has
been put forward as an important building block to ex-
plain the emergence of thermodynamic behavior [25].
For instance, it is a central result of typicality that for
the overwhelming majority of pure states drawn from
a narrow energy shell, the reduced density matrix for
a small subsystem is essentially the canonical equilib-
rium state [26, 27]. Or to put it differently, nonequi-
librium quantum states are mathematically rare.

Interestingly, it has been shown that the concept of
typicality also carries over to the dynamics of quantum
expectation values (see also Ref. [R7] of this thesis).
Quoting from Ref. [85], dynamical quantum typical-
ity describes the fact that“the vast majority of all pure
states featuring a common expectation value of some
generic observable at a given time will yield very sim-
ilar expectation values of the same observable at any
later time”. Moreover, typicality arguments (also for
observables) have been successfully employed to pre-
dict the entire temporal relaxation process for some
quantum many-body systems out of equilibrium [34].
A more detailed presentation of the conceptual as-
pects of (dynamical) quantum typicality can be found
in, e.g., Ref. [25].

It is the aim of this Section to discuss how the con-
cept of DQT can be exploited as an efficient numerical
approach to quantum many-body dynamics. To this
end, let us again consider the current autocorrelation
function 〈j(t)j〉eq. From a practical perspective, the
main idea of DQT is to replace the trace over the
full many-body basis [cf. Eq. (14)] by a scalar prod-
uct with a single “typical” pure state. Specifically,
〈j(t)j〉eq can be rewritten according to [86, 87, 88],

〈j(t)j〉eq =
〈ψβ(t)| j |ϕβ(t)〉
〈ψβ(0)|ψβ(0)〉

+ ε , (42)

where ε is a statistical error (see discussion further
below), and the two auxiliary pure states |ψβ(t)〉 and

|ϕβ(t)〉 are given by

|ψβ(t)〉 = e−iHte−βH/2 |ψ〉 , (43)

|ϕβ(t)〉 = e−iHtj e−βH/2 |ψ〉 , (44)

with the reference pure state |ψ〉 being constructed as

|ψ〉 =

d∑
k=1

ck |k〉 . (45)

Here, the real and imaginary parts of the complex
coefficients ck are drawn at random from a Gaussian
distribution with zero mean, and the states |k〉 can de-
note any orthogonal basis of the Hilbert space with di-
mension d. In practice, a natural choice is the common
eigenbasis of the local Szl operators (also known as
the Ising basis), i.e., basis states of the form |↑↓↓ · · ·〉,
|↑↓↑ · · ·〉, . . . and so forth.

Since |ψ〉 is a random vector, the error ε in Eq. (42)
is a random variable as well. However, it is the im-
portant insight of typicality that the standard devi-
ation of ε scales as σ(ε) ∝ 1/

√
deff, where deff =

Tr{exp[−β(H−E0)]} is the effective dimension of the
Hilbert space and E0 is the ground-state energy of
H, i.e., deff is essentially the number of thermally oc-
cupied states. (For rigorous error bounds see, e.g.,
Refs. [85, 89, 90].) Thus, in the high-temperature
limit β → 0, one has deff = d, and σ(ε) decreases
exponentially upon increasing the system size L (re-
call that d = 2L for spin-1/2 systems). Actually,
σ(ε) decreases exponentially with L also at finite tem-
peratures β > 0, albeit slower compared to β = 0.
In any case, the accuracy of the typicality approach
can be further improved by averaging nominator and
denominator of Eq. (42) over a set of independently
drawn random states [86]. Especially for β = 0, how-
ever, such an averaging often turns out to be unnec-
essary, and a single pure state |ψ〉 is enough to ac-
curately reproduce the exact equilibrium correlation
function 〈j(t)j〉eq.

Eventually, let us note that analogous construc-
tions as in Eq. (42) are possible also for other equilib-
rium correlation functions such as Cl,l′(t) in Eq. (20).
Moreover, typical pure states allow to accurately ap-
proximate time-dependent expectation values 〈O(t)〉
[cf. Eq. (30)] for specific out-of-equilibrium initial
states as well (see Sec. III.B).

The main numerical advantage of DQT comes from
the fact that the matrix exponentials e−βH/2 and
e−iHt can be efficiently applied to pure quantum
states by iteratively solving the Schrödinger equation
in imaginary and real time, respectively. Specifically,
given the state |ψβ(t)〉 in Eq. (43) at some time t,
its time-evolved counterpart at time t+ δt is formally
given by

|ψβ(t+ δt)〉 = e−iHδt |ψβ(t)〉 , (46)

where δt is a small discrete time step. While the ex-
act evaluation of Eq. (46) would require the full diag-
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onalization of H, there exist a variety of approxima-
tion schemes which circumvent the necessity of ED. A
particular simple approach in this context is a fourth-
order Runge-Kutta (RK4) method which, in the case
of Eq. (46), simply reduces to a Taylor expansion of
the exponential e−iHδt [87, 88],

|ψβ(t+ δt)〉 ≈ |ψβ(t)〉+
4∑

n=1

(−iHδt)n

n!
|ψβ(t)〉 . (47)

Completely analogous, the temperature dependence
of |ψβ(0)〉 can be generated by a Taylor expansion of
e−βH/2. Importantly, the RK4 scheme (47) boils down
to the calculation of matrix-vector products, which
can be carried out comparatively memory efficient.
Namely, the memory requirements are essentially set
by the size of a few vectors and by the Hamiltonian H.
For local interactions, H typically has a very sparse
matrix structure and can either be kept in memory
as well, or its matrix elements can be calculated on-
the-fly when they are needed. Since the time and
the memory requirements only grow linearly in the
dimension of the Hilbert space [87, 91], correlation
functions such as 〈j(t)j〉eq can be evaluated for sys-
tem sizes and Hilbert-space dimensions substantially
larger compared to ED.

Note that while the RK4 scheme (47) yields very
accurate results if δt is sufficiently small [88], it vi-
olates the underlying unitarity of the original time
evolution (46). This shortcoming of RK4 is cured by
more sophisticated approaches such as, e.g., Trotter
decompositions [91], Chebyshev polynomials [92, 93],
as well as Krylov subspace techniques [94]. Analo-
gous to RK4, a unifying feature of all these meth-
ods is that they require the successive calculation
of matrix-vector products. However, since unitarity
is preserved, these methods can typically tolerate a
larger time step δt while maintaining a high accu-
racy [92].

Numerical linked cluster expansions (NLCE)

In comparison to ED and DQT, numerical linked
cluster expansions provide a means to study quan-
tum many-body systems directly in the thermody-
namic limit. Originally, NLCE have been introduced
to study thermodynamic properties such as the spe-
cific heat or the entropy for a variety a lattice mod-
els [95]. (For a review of NLCE, see also Ref. [96].)
Recently, NLCE have been successfully employed to
access the time evolution of observables resulting from
quantum quench protocols [97]. Here, let us discuss
that NLCE also yield an efficient method to calculate
time-dependent correlation functions.

Within NLCE, the value of an extensive quantity
per lattice site is calculated in the thermodynamic
limit as the sum of contributions from all connected
clusters which can be embedded on the lattice. The

notion of connected cluster here refers to a finite num-
ber of lattice sites which are coupled by the respective
Hamiltonian. Moreover, the contribution of each clus-
ter within the NLCE is evaluated numerically exact,
e.g., by means of ED. This is in contrast to related
high-temperature expansions, where extensive quan-
tities are perturbatively expanded in powers of the
inverse temperature [98]. As a consequence, NLCE
can yield converged results at considerably lower tem-
peratures.

To illustrate the basic idea of NLCE, let us once
again consider the (extensive) current autocorrelation
function 〈j(t)j〉eq, which is expanded according to

〈j(t)j〉eq/L =
∑
c

LcWc(t) , (48)

where the sum runs over all clusters c with multiplicity
Lc, i.e., Lc is the number of ways (per site) the clus-
ter c can be embedded on the lattice. Moreover, the
weight Wc(t) of a given cluster c is calculated using
the inclusion-exclusion principle,

Wc(t) = 〈j(t)j〉(c)eq −
∑
s⊂c

Ws(t) , (49)

where the weight Ws(t) of all subclusters s of c is

subtracted, and 〈j(t)j〉(c)eq denotes the current auto-
correlation function evaluated on the cluster c.

If all clusters are considered, then Eq. (48) by con-
struction yields the exact result for the quantity of
interest. However, for a given arbitrary lattice geom-
etry, the identification of all linked clusters (including
their multiplicities) can become a very difficult combi-
natorial problem. Specifically, the number of different
clusters comprising a fixed number of lattice sites N
typically grows exponentially with N . (Note that for
one-dimensional systems, the identification of clusters
becomes considerably simpler, see Sec. III.C.) Impor-
tantly, evaluating the weights in Eq. (49) by means of
ED is only feasible for small to intermediate sized clus-
ters. As a consequence, the sum in Eq. (48) eventually
has to be truncated to a maximum cluster size cmax

which can be treated numerically. Thus, while the
NLCE yields results in the thermodynamic limit and
a finite-size scaling becomes in principle unnecessary,
one has to check the convergence of the NLCE depend-
ing on the chosen cutoff cmax [96]. Typically, a larger
cmax extends the convergence down to lower temper-
atures (for thermodynamic quantities) [96], or up to
longer times (for time-dependent quantities) [97]. In
this thesis, we demonstrate that cmax can be signifi-
cantly increased by combining NLCE with dynamical
quantum typicality.

III. GUIDE TO PUBLICATIONS

In the following, an overview of the scope and the
main results of Refs. [R1] - [R10] is given. To this
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end, the papers have been grouped into the three
categories (i) Transport and the emergence of diffu-
sion in quantum models (Sec. III.A), (ii) Nonequilib-
rium dynamics close to and far away from equilibrium
(Sec. III.B), and (iii) Development of numerical and
(semi-)analytical approaches (Sec. III.C). Each of the
Secs. III.A - III.C starts by presenting the main re-
sults of the corresponding papers and by discussing
the relationships of the works among each other. Sub-
sequently, a brief individual summary of each paper is
provided, including additional comments on findings
beyond the main results. While Secs. III.A - III.C al-
ready contain some technical details, they should be
self-contained and comprehensible in view of the pre-
vious Sec. II. For a more detailed discussion, we refer
to the original works [R1] - [R10].

A. Transport and the emergence of diffusion in
quantum models [R1, R5, R9]

Integrability is rather the exception than the rule
and can be broken in numerous ways. While inte-
grable models can (but do not need to) exhibit bal-
listic transport (see Sec. II.B), one might expect that
for more generic (nonintegrable) models, normal diffu-
sive behavior emerges, e.g., due to quantum chaos [99].
Still, in view of the multitude of different integrability-
breaking perturbations, it is an open question if dif-
fusion is indeed a generic feature for the majority
of nonintegrable models (note that counterexamples
have been proposed [100]). To work towards an an-
swer of this question, Refs. [R1], [R5] and [R9], study
the infinite-temperature transport properties for a va-
riety of (quasi) one-dimensional spin models within
linear response theory.

Specifically, we take into account three differ-
ent mechanisms to break the integrability of the
XXZ chain. Namely, (i) an additional next-nearest
neighbor interaction, (ii) couplings between separate
chains, and (iii) a higher spin quantum number S = 1.
As a main result, it is shown in Refs. [R1, R5, R9] that
diffusive transport occurs for all integrability-breaking
perturbations considered (see the detailed discussion
of [R9] below for a possible exception). Our numerical
analysis is based on looking at different signatures in
real and momentum space as well as in the time and
the frequency domain, which can all be equally well
detected.

First, we study the spatio-temporal correlation
functions Cl,l′(t) introduced in Eq. (20). At infinite
temperature, different lattice sites are uncorrelated
initially, and the Cl,l′(t) realize a δ-peak profile at
time t = 0,

Cl,l′(t = 0) =

{
χ, l = l′

0, l 6= l′
, (50)

with the susceptibility χ = 1/4 at β = 0 and S = 1/2.

The build-up of correlations for times t > 0, i.e., the
broadening of this initial δ peak then serves as a diag-
nostic of the transport properties. The onset of diffu-
sive transport reflects itself in a Gaussian broadening
of the δ peak,

Cl,l′(t) ∝ exp

[
− (l − l′)2

2Σ(t)2

]
, (51)

which is observed in [R1], [R5], and [R9] with high
accuracy. In particular, the width of the Gaussians is
found to grow as

Σ(t) ∝
√
t . (52)

As a consequence of this Gaussian broadening, the
equal-site correlation function Cl,l′=l(t) exhibits a dis-
tinct power-law decay [R9],

〈Szl (t)Szl 〉eq ∝ t−1/2 . (53)

In addition to the real-space correlations, we also
analyze the transport properties in momentum space.
In the long-wavelength limit, i.e., for sufficiently small
momenta q, we find that the intermediate structure
factor Cq(t) [cf. Eq. (21)] decays exponentially,

Cq(t) ∝ e−q̃
2Dt , (54)

where q̃2 = 2[1− cos(q)]. In direct correspondence to
this exponential decay, the dynamical structure factor
Cq(ω) [cf. Eq. (23)] can be accurately described by
Lorentzians at such small q,

Cq(ω) ∝ 1

ω2 + q̃4D2
. (55)

The combined analysis of the signatures (51) - (55)
provides a comprehensive picture of the transport
properties and, at least for the integrability-breaking
perturbations considered by us, nicely confirms the
emergence of diffusion in these models.

From a practical perspective, it is moreover demon-
strated in Refs. [R1], [R5], and [R9] that dynami-
cal quantum typicality provides an efficient means to
study the spatio-temporal correlations Cl,l′(t) (as well
as the current autocorrelations 〈j(t)j〉eq) for long time
scales and comparatively large system sizes (up to
L = 40, i.e., d = 240 in [R5]).

Ref. [R1]: “Real-time dynamics of typical and untypical
states in nonintegrable systems”

In Ref. [R1], the spin-1/2 XXZ chain (3) is studied
in the presence of an additional next-nearest neighbor
interaction of strength ∆′, i.e., the total Hamiltonian
H reads

H = HXXZ + J∆′
L∑
l=1

Szl S
z
l+2 . (56)
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For this model, we analyze the real-time dynamics of
local magnetization densities, 〈Szl (t)〉, resulting from a
convenient class of nonequilibrium states |ψ(0)〉 which
feature a sharp initial density profile. Specifically, the
states |ψ(0)〉 are constructed as a superposition of all
Ising-basis states |k〉 with a spin-up state in the center
of the chain, i.e.,

|ψ(0)〉 = PL/2
2L∑
k=1

ck |k〉 , PL/2 = SzL/2 +
1

2
, (57)

where the ck are chosen to be either random, par-
tially random, or nonrandom. Since this class of initial
states allows for changing internal degrees of freedom
(e.g. the amount of randomness of the coefficients ck)
without modifying the initial density profile, we are
able to investigate whether and in how far such inter-
nal details influence the real-time broadening.

On the one hand, in the case of high internal ran-
domness (i.e. Gaussian distributed ck), it is shown
that the out-of-equilibrium dynamics 〈Szl (t)〉 can be
related to the spatio-temporal correlation functions
Cl,l′(t) by means of dynamical quantum typicality
(see also [101]), which enables us to study trans-
port in the framework of LRT. For strong interac-
tions (∆,∆′ > 1), signatures of diffusion, e.g., Gaus-
sian density profiles, are found to be of equal qual-
ity compared to earlier studies of the bare integrable
XXZ chain [101]. Moreover, for weaker interactions
(∆,∆′ < 1), we demonstrate that diffusive transport
emerges as long as integrability is broken.

On the other hand, for the specific choice of all ck
being the same, |ψ(0)〉 can be written as an unen-
tangled product state with a spin-up state |↑〉 in the
middle of the chain and a spin-up/spin-down super-
position at all other sites [101],

|ψ(0)〉 ∝ . . . (|↑〉+ |↓〉)⊗ |↑〉 ⊗ (|↑〉+ |↓〉) . . . . (58)

Although the density profiles are not distinguishable
at t = 0, the dynamics for times t > 0 is found to
strongly depend on whether |ψ(0)〉 is a “typical” state
with random ck or this “untypical” state where all ck
are the same (see also [101]).

In Ref. [R1], we provide an explanation of this dif-
ference by analyzing the local density of states and
the entanglement of |ψ(0)〉. Note that, in contrast
to the product state (58), |ψ(0)〉 is almost maximally
entangled for random ck [102]. In a nutshell, our re-
sults suggest that different initial conditions lead to
the same dynamical behavior if their local density of
states is similar. The initial entanglement entropy, on
the other hand, does not seem to be a crucial property.

Ref. [R5]: “Magnetization and energy dynamics in spin
ladders: Evidence of diffusion in time, frequency,
position, and momentum”

In Ref. [R5], we consider a quasi one-dimensional
spin-1/2 Heisenberg ladder described by the Hamilto-

nian H =
∑L
l=1 hl,

hl = J||

2∑
k=1

Sl,k · Sl+1,k +
J⊥
2

l+1∑
n=l

Sn,1 · Sn,2 , (59)

where J‖ (J⊥) denotes the coupling on the legs
(rungs). Note that H decouples into two integrable
Heisenberg chains for J⊥ = 0, whereas integrability is
broken for any J⊥ 6= 0.

While the focus of [R5] is on the isotropic model
with J⊥ = J‖, we show that the signatures (51) - (55)
of spin diffusion can be detected for a variety of cou-
pling ratios J⊥/J‖, as well as in the presence of an ad-
ditional magnetic field. Moreover, it is demonstrated
that energy transport in the spin ladder (59) is diffu-
sive as well.

As another interesting result, it is shown in Ref. [R5]
that the structure factor Cq(t) in the short-wavelength
limit q = π can be understood from a memory-kernel
approach [103]. In this approach, the exactly solvable
XX chain is chosen as a point of reference, where Cπ(t)
is known to be described by a Bessel function [54].
This Bessel function is then interpreted as being gen-
erated by an integro-differential equation comprising
a memory kernel K(t). The additional rung couplings
and zz terms in the spin ladder (59) are effectively
treated as a perturbation which gives rise to an expo-
nential damping of K(t). In Ref. [R5], we find that the
dynamics generated from this damped memory kernel
agrees very well with the exact Cπ(t) of the spin lad-
der. The good agreement can not only be observed in
real time, but also for the dynamical structure factor
Cπ(ω) in the frequency domain.

Ref. [R9]: “Magnetization dynamics in clean and
disordered spin-1 XXZ chains”

In Ref. [R9], the XXZ chain (3) is studied for a
larger spin quantum number S = 1. While the
spin-1/2 version is known to exhibit ballistic, superdif-
fusive, and diffusive spin transport depending on the
value of the anisotropy (cf. Sec. II.B), it is an in-
triguing question if normal diffusion generically occurs
(i.e. for all ∆) upon considering S = 1.

Studying the signatures (51) - (55), it is shown in
Ref. [R9] that high-temperature spin transport in the
S = 1 model is diffusive in the easy-axis regime ∆ > 1
(analogous to the spin-1/2 chain). Moreover, we pro-
vide evidence that the signatures (53) and (55) are
not exclusively restricted to the infinite-temperature
limit, but can persist at lower temperatures as well,
where we complement our results by additional quan-
tum Monte Carlo simulations of large systems.

In contrast, it is shown that in the case of an
isotropic chain, the signatures of diffusion are much
less pronounced or even entirely absent, which sug-
gests the existence of superdiffusion despite the non-
integrability of the spin-1 chain. While this finding
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is consistent with results from other works [104], it
has also been argued that normal diffusive transport
will eventually set in for larger system sizes and longer
time scales [105].

In addition to the clean model, Ref. [R9] also studies
the effect of disorder on the spin dynamics, i.e., the
Hamiltonian is modified according to

H = HXXZ + J

L∑
l=1

hlS
z
l , (60)

where the on-site magnetic fields hl ∈ [−W,W ] are
drawn at random from a uniform distribution, with
W ≥ 0 setting the magnitude of disorder. For spin
S = 1/2, the Hamiltonian (60) is a central model to
study the disorder-driven transition between a ther-
mal phase (W < Wc) and a many-body-localized
regime (W > Wc), where Wc is a critical disorder
strength [78]. Not least due to the higher computa-
tional requirements, the dynamics of disordered mod-
els with S > 1/2 has remained largely unexplored.

In [R9], we observe that sufficiently strong disorder
in the spin-1 chain leads to a breakdown of diffusion.
While we are unable to detect clean signatures of MBL
(at least for the largest values of W considered by us),
our results might be consistent with the presence of
a subdiffusive regime (analogous to numerical obser-
vations for the spin-1/2 chain at low to intermediate
disorder below the MBL transition [106]). While not
being discussed in detail in this guide to publications,
let us note that the effect of disorder has been studied
by us in quantum spin chains with even larger S = 3/2
and in chains consisting of classical spins [R11].

B. Nonequilibrium dynamics close to and far away from
equilibrium [R2, R3, R6, R7, R8]

While the ETH provides an explanation for the oc-
currence of thermalization at long times, much less is
known about the full time-dependent relaxation pro-
cess prior to equilibration. A central motivation of
Refs. [R2], [R3], [R6], [R7] and [R8] is to study this
route to equilibrium for a variety of nonequilibrium
scenarios.

To begin with, in Refs. [R2], [R3], and [R6], we
consider a quantum system H affected by an external
static force of strength ε, which gives rise to an addi-
tional potential O (conjugated to the force) within the
Hamiltonian. Moreover, let the system be (weakly)
coupled to a large heat bath at temperature T = 1/β,
such that at time t = 0 the system can be described
by the thermal density matrix

ρ(0) =
e−β(H−εO)

Tr[e−β(H−εO)]
. (61)

By removing both, the heat bath and the exter-
nal force, one can induce a nonequilibrium situation,

where ρ(0) is an out-of-equilibrium state of the re-
maining Hamiltonian H, and evolves according to the
von Neumann equation, ρ(t) = e−iHtρ(0)eiHt. In par-
ticular, ρ(0) can be prepared close to equilibrium (by
a weak static force) or far away from equilibrium (by
a strong static force).

On the one hand, for weak forces, it is clear that
the resulting expectation-value dynamics 〈O(t)〉 =
Tr[Oρ(t)] is well described by linear response theory,
i.e., 〈O(t)〉 is given by a suitable Kubo correlation
function [35]. In contrast, for strong forces beyond the
LRT regime, the dynamics can in principle be mani-
fold. As a main result, we unveil in [R2], [R3], and [R6]
that for high temperatures and certain classes of op-
erators O, the relaxation process 〈O(t)〉 can become
independent of whether or not ρ(0) is close to equi-
librium. Specifically, the dynamics in this case is gen-
erated by a single correlation function, even for far-
from-equilibrium situations.

To proceed, a different but related nonequilibrium
protocol is studied in Ref. [R8]. Here, the system is
initially prepared in thermal equilibrium, and out-of-
equilibrium conditions are dynamically generated due
to an external force acting for a limited time win-
dow. Similar to the previous situation considered in
Refs. [R2, R3, R6], this protocol allows to compare the
close-to-equilibrium regime where linear response the-
ory holds, and the far-from-equilibrium regime where
LRT is supposed to break down. More details on the
protocol and the results of Ref. [R8] can be found in
the individual summary below.

Concerning the numerical analysis, it is important
to mention that the different nonequilibrium scenar-
ios studied in Refs. [R2, R3, R6, R8] are amenable to
the concept of dynamical quantum typicality. Specif-
ically, the initial density matrix ρ(0) can be approxi-
mated by means of a typical pure state |ψ(0)〉 which
is constructed according to

|ψ(0)〉 =

√
ρ(0) |ψ〉√
〈ψ| ρ(0) |ψ〉

, (62)

where |ψ〉 is a random state drawn from the full
Hilbert space, cf. Eq. (45).

In contrast to the specific nonequilibrium situations
explored in Refs. [R2, R3, R6, R8], Ref. [R7] studies
the question of thermalization from a more abstract
point of view. Namely, Ref. [R7] extends the original
dynamical typicality scenario from Ref. [85] and con-
siders a class of out-of-equilibrium initial states which
exhibit a fixed measurement statistics of several com-
muting observables. For more details, see the sum-
mary of [R7] below.
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Ref. [R3]: “Relation between far-from-equilibrium
dynamics and equilibrium correlation functions for binary
operators”

While the preparation of the initial states (61) in
principle does not require a specific type of observ-
able, Ref. [R3] focuses on so-called binary operators,
O = c1(P + c2), where c1 and c2 are some real con-
stants, and all eigenvalues of P are either 0 or 1, i.e.,
P2 = P describes a projection. Binary operators are,
e.g., local fermionic occupation numbers [cf. Eq. (8)]
and local energy densities in the isotropic Heisenberg
spin-1/2 chain. (These two examples are considered
in the numerical simulations in [R3].) Furthermore,
while the initial states (61) can be studied for arbi-
trary T = 1/β, we here focus on the regime of high
temperatures. Specifically, in the limit β → 0 but
βε > 0, one has in good approximation ρ ∝ eβεO, i.e.,
the Hamiltonian becomes essentially irrelevant for the
initial state. Note that the subsequent dynamics, on
the contrary, significantly depends on H.

In Ref. [R3], we show that for this choice of high
temperatures and binary operators, the nonequilib-
rium dynamics 〈O(t)〉 = Tr[Oρ(t)] is generated by a
single correlation function evaluated exactly at equi-
librium. In particular, this statement holds true also
for states in the far-from-equilibrium limit, i.e., out-
side the “trivial” linear response regime. Our result
can be understood as a direct consequence of the
projection property P2 = P, since the initial state
ρ ∝ eβεP can then be written as

ρ ∝ 1 + βεP + 1
2β

2ε2P2 + 1
6β

3ε3P3 + . . .

= 1 + (eβε − 1)P . (63)

From Eq. (63), it follows that

〈P(t)〉 =
〈P〉eq + (eβε − 1)〈P(t)P〉eq

1 + (eβε − 1)〈P〉eq
, (64)

where only 〈P(t)P〉eq depends on time. Thus,
the nonequilibrium dynamics of binary operators,
〈O(t)〉 = c1(〈P(t)〉 + c2), is generated by the equi-
librium correlation function 〈P(t)P〉eq, irrespective of
the strength of the external force ε.

Ref. [R2]: “Sudden removal of a static force in a
disordered system: Induced dynamics, thermalization,
and transport”

In Ref. [R2], the real-time dynamics 〈nl(t)〉 of local
occupation numbers is studied for a one-dimensional
model of spinless fermions with quenched disorder,

H = HJW + J

L∑
l=1

µl(nl − 1
2 ) , (65)

where HJW has been introduced in Eq. (9), and
the on-site potentials µl are randomly drawn from a

uniform distribution µl ∈ [−W,W ]. The Hamilto-
nian (65) (or its spin-chain counterpart) is believed to
undergo a transition to a many-body localized phase
for strong disorder (see also summary of Ref. [R9] in
Sec. III.A).

As a follow-up result of our previous findings in
Ref. [R3], we show that for initial states of the
form (61), the induced dynamics 〈nl(t)〉 is again given
by a single correlation function at equilibrium, irre-
spective of the strength of the external force. In par-
ticular, this type of “universality” holds true in both,
the ergodic phase for small disorder and the many-
body localized regime for large disorder.

In Ref. [R2], two important consequences are dis-
cussed. First, the long-time expectation value of the
local densities is uniquely determined by the fluctua-
tions of their diagonal matrix elements in the energy
eigenbasis. Thus, the validity of the eigenstate ther-
malization hypothesis is not only a sufficient but also
a necessary condition for thermalization. Second, the
real-time broadening of density profiles is always given
by the current autocorrelation function at equilibrium
via a generalized Einstein relation. Moreover, in the
context of transport, we discuss the influence of disor-
der for large particle-particle interactions, where nor-
mal diffusion is known to occur in the disorder-free
case. Our results suggest that normal diffusion is sta-
ble against weak disorder, while they are consistent
with anomalous diffusion for stronger disorder below
the localization transition.

Ref. [R6]: “Impact of eigenstate thermalization on the
route to equilibrium”

In Refs. [R2] and [R3], we have found that for bi-
nary operators and high temperatures, the relaxation
process of 〈O(t)〉 can become independent of whether
the initial state ρ(0) in (61) is prepared close to or
far away from equilibrium. It is the motivation of
Ref. [R6] to generalize this finding to a wider class of
operators.

Focusing again on high temperatures, we recall that
ρ(0) essentially takes on the form ρ ∝ exp(βεO), such
that the expectation value 〈O(t)〉 = Tr[O(t)ρ] can be
written as

〈O(t)〉 =

∞∑
N=0

αN (ε)Tr[O(t)ON ] , (66)

where we have used a Taylor expansion of the expo-
nential function, and the αN (ε) are some ε-dependent
coefficients. From Eq. (66), it becomes clear that the
relaxation dynamics of 〈O(t)〉 is determined by the
correlation functions Tr[O(t)ON ] for all values of the
exponent N .

As a central result, we show in Ref. [R6] that the
correlations Tr[O(t)ON ] for N = 1, 2, 3, . . . approxi-
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mately fulfill the property,

Tr[O(t)ON ]

{
∝ Tr[O(t)O] , odd N
= 0 , even N

, (67)

given certain conditions on the matrix representation
of the operator O. Obviously, if Eq. (67) holds, then
the whole time dependence of 〈O(t)〉 follows from the
“standard” correlation function Tr[O(t)O], analogous
to the findings for binary operators in [R2] and [R3].

In [R6], we demonstrate that the conditions on the
operator O in order to fulfill Eq. (67) are closely re-
lated to the ETH ansatz (40). In addition to Eq. (40),
we demand as a main ingredient that the off-diagonal
function Fod varies only slowly with the average en-
ergy Ē. Moreover, Fod has to fall of sufficiently
quickly for larger energy differences |ωmn|. Interest-
ingly, the diagonal elements Omm do not need to be
smooth functions of Ē as claimed by (40), and varia-
tions that are uncorrelated with the off-diagonal ele-
ments leave Eq. (67) valid. In Ref. [R6], this modified
form of Eq. (40) is dubbed the rigged ETH.

Our findings exemplify that the ETH not only en-
sures thermalization at long times, but that it also has
an impact on the full time-dependent relaxation pro-
cess prior to equilibration. Moreover, we confirm our
derivations by numerical results for idealized models
of random-matrix type and more realistic models of
interacting spins on a lattice.

Ref. [R8] “Relaxation of dynamically prepared
out-of-equilibrium initial states within and beyond linear
response theory”

In Refs. [R2], [R3], and [R6], we have studied the
out-of-equilibrium dynamics resulting from the initial
state ρ(0) given in Eq. (61). In Ref. [R8], a slightly
different nonequilibrium protocol is considered, where
a quantum system at time t = 0 is in thermal equilib-
rium,

ρ(0) = ρeq =
e−βH0

Tr[e−βH0 ]
, (68)

and is suddenly subjected to an external force, which
acts for times 0 < t < t∗. (Note that for small ex-
ternal forces, i.e., in the linear response regime, this
nonequilibrium protocol can be related to the prepa-
ration scheme discussed in [R2, R3, R6].) Thus, the
full (time-dependent) Hamiltonian Ht of the nonequi-
librium protocol takes on the form

Ht =

{
H0 − αO , 0 < t < t∗

H0 , t > t∗
, (69)

and the initial equilibrium state ρ(0) evolves for t > 0
according to

ρ(t) =

{
e−i(H0−αO)tρ(0)ei(H0−αO)t , t < t∗

e−iH0(t−t∗)ρ(t∗)eiH0(t−t∗) , t > t∗
. (70)

Due to the external force, the system is driven out of
equilibrium and the expectation value 〈O(t)〉 acquires
a dependence on time. Upon switching off the force
at t = t∗, 〈O(t)〉 eventually equilibrates towards some
constant long-time value O∞ = 〈O(t→∞)〉.

In Ref. [R8], we find that this long-time value O∞
exhibits an intriguing dependence on the strength of
the external force for systems which violate the eigen-
state thermalization hypothesis. Namely, for small
external forces within the validity regime of LRT,
the system relaxes back to its original equilibrium
value, despite the ETH being violated. In contrast,
for stronger perturbations beyond linear response, the
quantum system relaxes to some nonthermal value
which depends on the previous nonequilibrium pro-
tocol.

These results exemplify that (apart from the LRT
regime) the ETH is indeed a physically necessary
condition for initial-state-independent relaxation and
thermalization in realistic situations. In particular,
we numerically demonstrate our findings by studying
the real-time dynamics of two ETH-violating quantum
spin models.

Ref. [R7]: “Dynamical typicality for initial states with a
preset measurement statistics of several commuting
observables”

In contrast to the specific nonequilibrium situations
studied in Refs. [R2, R3, R6, R8], Ref. [R7] considers
the question of thermalization from a more abstract
point of view and discusses an extension of the original
dynamical typicality scenario from Ref. [85]. Namely,
we consider a class of out-of-equilibrium initial states
ρ(0), for which the measurement outcomes of several
commuting observables exhibit certain preset expec-
tation values,

pn = Tr[ρ(0)Pn] . (71)

Here, the Pn (n = 1, . . . , N) denote the projectors
onto the N common eigenspaces of the commuting
observables with

∑N
n=1 pn = 1. A simple example

for a set of mutually commuting operators is given
by, e.g., the L local occupation number operators
nl [cf. Eq. (8)], where pn can be adjusted between
0 and 1. Note that the knowledge of the full mea-
surement statistics, i.e., fixing the values of the pn,
is still far from being sufficient to uniquely determine
the actual microscopic initial state ρ(0) of the system.

As a main result, it is shown in Ref. [R7] that the
expectation-value dynamics Tr[Aρ(t)] of a given ob-
servable A and a single initial state ρ(0) is practically
indistinguishable from the ensemble-averaged dynam-
ics over all ρ(0) fulfilling Eq. (71). This result helps
to better understand the well established fact that a
few macroscopic features are sufficient to ensure the
reproducibility of experimental measurements despite
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many unknown and uncontrollable microscopic details
of the system.

As an aside, Ref. [R7] also contains an introduction
to the numerical aspects of dynamical quantum typi-
cality, similar to the presentation in Sec. II.D. In this
context, the smallness of the statistical error ε within
the typicality approximation [cf. Eq. (42)] is demon-
strated for the specific case with a preset measurement
statistics of several commuting observables.

C. Development of numerical and (semi-)analytical
approaches [R4, R10]

In Sec. II.D, dynamical quantum typicality and
numerical linked cluster expansions have been intro-
duced as two efficient methods to tackle the dynam-
ics of quantum many-body systems. In Refs. [R4]
and [R10], we show that DQT and NLCE can in
fact be combined with each other. In particular, it
is demonstrated that this combination yields a power-
ful approach to evaluate time-dependent correlation
functions (i) in the thermodynamic limit L → ∞
and (ii) for time scales similar or even longer com-
pared to other state-of-the-art numerical methods. In
Refs. [R4] and [R10], the combination of DQT and
NLCE is particularly employed to study the spin-
current autocorrelation function 〈j(t)j〉eq in chain and
ladder geometries.

As a central result, we show in Ref. [R4] that the
time-dependent diffusion coefficient D(t) [cf. Eq. (18)]
in the isotropic and integrable Heisenberg chain di-
verges as a power-law at long times, D(t) ∝ t1/3.
This finding indicates that, in contrast to the noninte-
grable models considered in Sec. III.A, spin transport
is not diffusive but superdiffusive instead. Moreover,
the power-law divergence with the specific exponent
1/3 numerically confirms a recent prediction [65], and
is consistent with other studies which report that spin
transport in this model is described by the Kardar-
Parisi-Zhang universality class [107].

The determination of 〈j(t)j〉eq by means of DQT
and NLCE without finite-size effects plays an impor-
tant role also in Ref. [R10]. Here, the decay of the
current autocorrelation function is studied in noninte-
grable ladder models, where the interchain couplings
of the ladder are formally treated as a perturbation
to the otherwise uncoupled legs. In this context, the
precise knowledge of 〈j(t)j〉eq in the unperturbed sys-
tem (i.e. in chains) is crucial to perform perturbation
theory (PT).

As a main result, we show in Ref. [R10] that for
small to quite strong values of the interchain cou-
pling, the exact dynamics of 〈j(t)j〉eq in ladders agrees
very well with the prediction from lowest-order PT.
For small perturbations, for instance, the decay of
〈j(t)j〉eq is essentially given by an exponential damp-
ing of the dynamics in the bare chains.

Ref. [R4]: “Combining dynamical quantum typicality and
numerical linked cluster expansions”

As outlined in Sec. II.D, numerical linked cluster
expansions provide a means to study quantum many-
body systems directly in the thermodynamic limit.
However, due to numerical limitations, the full sum
in Eq. (48) has to be truncated to a maximum clus-
ter size cmax, which eventually results in a breakdown
of convergence (beyond a certain time). In [R4], we
demonstrate that cmax can be significantly increased
thanks to a combination of NLCE with dynamical
quantum typicality. Specifically, while the contribu-
tions of small clusters can still be obtained from di-
agonalization, larger clusters beyond the range of ED
can be evaluated by DQT.

As a proof of principle, Ref. [R4] studies the dynam-
ics of the current autocorrelation function 〈j(t)j〉eq in
the one-dimensional XXZ model. Importantly, it is
demonstrated that for such a one-dimensional geom-
etry, the identification of connected clusters becomes
easy and the NLCE simplifies significantly. In fact,
one can show that Eq. (48) reduces to

〈j(t)j〉eq/L = 〈j(t)j〉(cmax)
eq − 〈j(t)j〉(cmax−1)

eq , (72)

which is just the difference between the two largest
clusters. Despite its apparent simplicity, we unveil
that Eq. (72) yields a convergence towards the ther-
modynamic limit already for small cluster sizes, which
is substantially faster than in direct calculations of the
autocorrelation function for systems with open or pe-
riodic boundary conditions.

While the focus of Ref. [R4] is on the isotropic
Heisenberg chain at high temperatures (see discussion
of superdiffusion above), Ref. [R4] also considers other
anisotropies ∆ 6= 1, an integrability-breaking next-
nearest neighbor interaction, and lower temperatures.
While NLCE appears to work equally well for all pa-
rameter regimes, its advantage compared to standard
ED or DQT is most pronounced for integrable models
where finite-size effects are usually larger.

Ref. [R10]: “Exponential damping induced by random and
realistic perturbations”

In Ref. [R10] we consider a quantum many-body
systemH0, which is affected by a perturbation V, such
that the total Hamiltonian takes on the form

H = H0 + λV , (73)

where λ denotes the strength of the perturbation.
Moreover, 〈O(t)〉H0

= Tr[Oe−iH0tρ(0)eiH0t] denotes
the expectation-value dynamics of some operator O
with respect to the unperturbed system H0, where
ρ(0) is some out-of-equilibrium initial state. It is the
main motivation of [R10] to answer the question, how
this reference dynamics is altered due to the presence
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of the perturbation V, i.e., when ρ(t) evolves with re-
spect to the full Hamiltonian H instead of H0.

In Ref. [R10], we tackle this question by means
of the time-convolutionless (TCL) projection-operator
method [18]. While such projection-operator tech-
niques are well-established in the context of open
quantum systems, they can be applied to the dynam-
ics of isolated systems as well, see, e.g., Ref. [108].
Omitting in this guide the technical details (on the
choice of projectors and initial conditions), we restrict
ourselves to the lowest nonvanishing order in pertur-
bation theory, where the central object is the “damp-
ing rate”

γ2(t) =

∫ t

0

dt′
Tr{i[O,VI(t′)]i[O,V]}

Tr{O2}
. (74)

Note that the subscript I indicates that the time evo-
lution of VI has to be understood with respect to the
unperturbed system H0.

First, an idealized situation is considered where the
Hamiltonian H0 has a high and almost uniform den-
sity of states, and the perturbation V is essentially
a random matrix in the eigenbasis of H0. For this
situation, we show that the unperturbed dynamics is
exponentially damped according to

〈O(t)〉 = 〈O(t)〉H0
e−λ

2γt , (75)

where the value of γ can be obtained analytically
starting from the expression given in Eq. (74) and
agrees with Fermi’s golden rule.

In order to test whether these findings for random
perturbations are also relevant to realistic quantum
many-body system, we moreover study the decay of
the current autocorrelation function C(t) = 〈j(t)j〉eq

in spin-1/2 ladder systems, where the rungs of the lad-
der are treated as a perturbation to the otherwise un-
coupled legs. While the exact dynamics in chains and
ladders is obtained from the combination of NLCE
and DQT, the second-order prediction from the TCL
formalism reads

C(t) = C0(t) exp

[
−J2
⊥

∫ t

0

dt′γ2(t′)

]
, (76)

where C0(t) is the unperturbed dynamics in chains
(see [R4]). Moreover, the damping rate γ2(t) can be
evaluated by means of DQT for large systems. We find
that Eq. (76) agrees very well with the exact dynamics
for a wide range of interchain couplings J⊥. This con-
firms that the analytical derivations in the context of
Eq. (75) for ideal random matrices are also relevant to
realistic perturbations and quantum many-body sys-
tems.

IV. CONCLUSION

Summary and discussion

Based on the works [R1] - [R10], various aspects
of the dynamics of quantum many-body systems have
been addressed in this dissertation. Particular empha-
sis has been given to the understanding of transport
and thermalization phenomena in isolated (quasi) one-
dimensional quantum spin systems.

As a first line of research, Refs. [R1], [R5], and [R9]
have studied the transport properties for a variety of
nonintegrable models within the framework of linear
response theory. As a main result, the emergence of
genuine diffusive transport has been detected for all
integrability-breaking perturbations considered, i.e.,
next-nearest neighbor interactions, couplings between
separate chains, and a higher spin quantum num-
ber S = 1. While it might not be entirely surpris-
ing that generic nonintegrable models exhibit diffusive
transport at high temperatures, let us emphasize that
the qualitative characterization of transport proper-
ties and the quantitative extraction of transport coef-
ficients for microscopic models is a challenge to theory.
In this context, we have demonstrated that dynamical
quantum typicality provides an efficient method to ob-
tain time-dependent equilibrium correlation functions
for large systems and long time scales.

As a second line of research, Refs. [R2], [R3], [R6],
[R7], and [R8] have scrutinized the time-dependent
relaxation process of quantum expectation values
in different out-of-equilibrium situations. First, in
Refs. [R2], [R3], and [R6], we have considered a real-
istic class of initial states, which are thermal states of
the model in the presence of an additional static force,
but become nonequilibrium states after a sudden re-
moval of this force. Remarkably, it has been found
that for high temperatures and specific classes of op-
erators, the resulting relaxation process can become
independent of whether the initial state is prepared
close to or far away from equilibrium. Furthermore,
in Ref. [R8], a different but related quench protocol
has been studied, where out-of-equilibrium conditions
are dynamically generated due to an explicit time-
dependence of the Hamiltonian. Here, we have exem-
plified that the ETH is indeed a physically necessary
condition for initial-state-independent relaxation and
thermalization in realistic situations.

Finally, in Refs. [R4] and [R10], a combination of
dynamical quantum typicality and numerical linked
cluster expansions has been introduced as a powerful
approach to study quantum many-body dynamics in
the thermodynamic limit for comparatively long time
scales. We have employed this numerical tool to study
current autocorrelation functions in chain and lad-
der geometries. In this context, we have shown that
high-temperature spin transport in the integrable and
isotropic Heisenberg chain is superdiffusive with a di-
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verging diffusion coefficient D(t) ∝ t1/3. Furthermore,
we have demonstrated that for small to quite strong
interchain couplings, the decay of currents in ladders
can be understood within lowest-order perturbation
theory as an exponential damping of the original dy-
namics in chains. Based on analytical calculations for
idealized random-matrix models, we have argued that
the phenomenon of an exponential damping can ap-
pear in many perturbed quantum many-body systems
(see also Ref. [109]).

Outlook

While this thesis has already studied various ques-
tions within the vast field of quantum many-body
dynamics, some topics have naturally remained un-
touched. Therefore, based on the results of this disser-
tation, let us briefly outline some promising directions
of future research.

From a numerical point of view, a first obvious
step would be to apply the combination of DQT and
NLCE to questions on transport and thermalization
in other (more complicated) models beyond the ones
studied in this thesis. For instance, while we have so
far considered short-ranged models comprising near-
est and next-nearest neighbor terms only, models with
power-law interactions (i.e. with couplings decaying as
Jll′ ∝ 1/|l − l′|α) are relevant to describe the physics
of atomic or molecular systems, where dipolar or van
der Waals interactions can be present [110]. In addi-
tion, it would be interesting to extend the combination
of DQT and NLCE also to two-dimensional lattices,
where fewer numerical methods are available to reli-
ably simulate quantum many-body dynamics in real
time.

From a conceptual point of view, parts of our an-
alytical results presented in Refs. [R6] and [R10] re-
lied on the assumption that physical operators in the
eigenbasis of the underlying Hamiltonian can be de-
scribed in terms of random matrices, similar to the
ETH ansatz (40). While we have numerically demon-
strated that this assumption can in some cases hold to
very good quality, it is certainly questionable that a
unitary basis transformation of a nonrandom operator
yields entirely uncorrelated matrix elements. In fact,
it has been argued that correlations between matrix
elements are essential to explain the growth of cer-
tain four-point correlation functions (so-called out-of-
time-ordered correlators) [111]. Identifying the perti-
nent correlations between matrix elements and under-
standing their implications on our results in Refs. [R6]
and [R10] promises to be an interesting avenue of fu-
ture research.
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Rev. Lett. 122, 210602 (2019).
[108] R. Steinigeweg, J. Gemmer, H.-P. Breuer, and H.-J.

Schmidt, Eur. Phys. J. B 69, 275 (2009).
[109] L. Dabelow and P. Reimann, arXiv:1903.11881.
[110] M. Saffman, T. G. Walker, and K. Mølmer, Rev.

Mod. Phys. 82, 2313 (2010).
[111] L. Foini and J. Kurchan, Phys. Rev. E 99, 042139

(2019).

27





Acknowledgements

It is my pleasure to acknowledge support from the many persons who have impacted the

outcome of this thesis. First of all, I am truly grateful to Robin Steinigeweg. You have

been the ideal mentor since my undergraduate studies in Braunschweig, and I want to

thank you very much for giving me the opportunity to join your “one-man group” in

Osnabrück. During the last three years, you have taught me to write beautiful scientific

papers and how to navigate through the academic world. Thank you for always finding

the time when I needed some feedback or some brainstorming, for your constant interest

in the progress of my work, and for the possibility to visit many conferences and schools.

I would also like to express my gratitude to my “PhD grandfather” Jochen Gemmer. Your

profound knowledge of different aspects of physics has been invaluable for the success of

many publications, and I think that I have learned a lot from each discussion we had.

Moreover, your thoughts on science and on the world in general have made the daily coffee

breaks quite stimulative and entertaining.

This cumulative dissertation would have been impossible without my (other) coauthors

and colleagues. In particular, collaborations with the “Jülich gang” including Fengping

Jin, Hans de Raedt, and Kristel Michielsen have always been very pleasant and productive.

Moreover, I am thankful to Jacek Herbrych, not only for our collaborations, but also for

the fun times we had in Los Angeles and Boston. Many thanks go to the colleagues in

Bielefeld, especially Ben Balz, Christian Bartsch, and Peter Reimann. Furthermore, I

thank my former adviser Wolfram Brenig who supported my decision to take the step

from Braunschweig to Osnabrück. I also thank the other PhD students from the theory

groups in Osnabrück, namely, Lars Knipschild (who was there from the very beginning),

Tjark Heitmann, Robin Heveling, and Dennis Schubert (who all joined a little later), as

well as Mats Lamann. A special thanks goes to Christoph Schiel and Dominik Lips for

our great Chinatown experience in Boston. Last but not least, I am thankful to my good

friend Niklas Casper. I am glad that we have managed to work on a paper together, and

I wish you all the best for your own PhD.

I am indebted to my parents for supporting me throughout my studies, as well as for

providing guidance and stability whenever I needed some advice. Thank you that I

always could (and still always can) rely on you! Furthermore, I thank my brother Jan

whom I wish all the best on his way to become a fantastic physicist.

Finally, I am deeply thankful to Jana for being by my side, for being understanding even

when my mind was occupied with physics after hours and, at the same time, for reminding

me that there is a world outside of physics.

29





Preprint of Ref. [R10]

Jonas Richter, Fengping Jin, Lars Knipschild, Hans De Raedt, Kristel Michielsen,

Jochen Gemmer, and Robin Steinigeweg,

“Exponential damping induced by random and realistic perturbations”.

https://arxiv.org/abs/1906.09268

31





ar
X

iv
:1

90
6.

09
26

8v
1 

 [
co

nd
-m

at
.s

ta
t-

m
ec

h]
  2

1 
Ju

n 
20

19

Exponential damping induced by random and realistic perturbations

Jonas Richter,1, ∗ Fengping Jin,2 Lars Knipschild,1 Hans De Raedt,3

Kristel Michielsen,2, 4 Jochen Gemmer,1, † and Robin Steinigeweg1, ‡

1Department of Physics, University of Osnabrück, D-49069 Osnabrück, Germany
2Institute for Advanced Simulation, Jülich Supercomputing Centre,
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Given a quantum many-body system and the expectation-value dynamics of some operator, we
study how this reference dynamics is altered due to a perturbation of the system’s Hamiltonian.
Based on projection operator techniques, we unveil that if the perturbation exhibits a random-matrix
structure in the eigenbasis of the unperturbed Hamiltonian, then this perturbation effectively leads to
an exponential damping of the original dynamics. Employing a combination of dynamical quantum
typicality and numerical linked cluster expansions, we demonstrate that our theoretical findings are
relevant for the dynamics of realistic quantum many-body models. Specifically, we study the decay
of current autocorrelation functions in spin-1/2 ladder systems, where the rungs of the ladder are
treated as a perturbation to the otherwise uncoupled legs. We find a convincing agreement between
the exact dynamics and the lowest-order prediction over a wide range of interchain couplings, even
if the perturbation is not weak.

Introduction. Understanding the dynamics of interact-
ing quantum many-body systems is notoriously challeng-
ing. While their complexity grows exponentially in the
number of degrees of freedom, the strong correlations be-
tween the constituents often prohibit any exact solution.
Although much progress has been made due to the de-
velopment of powerful numerical machinery [1] and the
advance of controlled experimental platforms [2, 3], the
detection of general (i.e. universal) principles which un-
derlie the emerging many-body dynamics is of fundamen-
tal importance [4]. To this end, a remarkably successful
strategy in the past has been the usage of random-matrix
ensembles instead of treating the full many-body prob-
lem. Ranging back to the description of nuclei spectra
[5] and of quantum chaos in systems with classical coun-
terparts [6], random-matrix theory also forms the back-
bone of the celebrated eigenstate thermalization hypothe-
sis [7–9], which provides a microscopic explanation for the
emergence of thermodynamic behavior in isolated quan-
tum systems. More recently, random-circuit models have
led to new insights into the scrambling of information and
the onset of hydrodynamic transport in quantum systems
undergoing unitary time evolution [10–12].

Concerning the out-of-equilibrium dynamics of quan-
tum many-body systems, a particularly intriguing ques-
tion is how the expectation-value dynamics of some op-
erator is altered if the system’s Hamiltonian is modified
by a (small) perturbation. Clearly, the effect of such a
perturbation in a (integrable or chaotic) system can be
manifold. In the context of prethermalization [13–18],
the perturbation breaks a conservation law of the (usu-
ally integrable) reference Hamiltonian, leading to a sep-
aration of time scales, where the system stays close to
some long-lived nonthermal state, before eventually giv-

ing in to its thermal fate at much longer times. Moreover,
in the study of echo protocols, time-local perturbations
have been shown to entail irreversible quantum dynamics
[19], analogous to the butterfly effect in classical chaotic
systems. Furthermore, the observation that some types
of temporal relaxation, such as the exponential decay, are
more common than others can be traced back to their en-
hanced stability against perturbations [20].

In this Letter, we build upon the success of random-
matrix models and consider perturbations with a ran-
dom matrix structure in the eigenbasis of the unper-
turbed Hamiltonian. Based on projection operator tech-
niques, we unveil that, in such a case, the perturba-
tion effectively leads to an exponential damping of the
original expectation-value dynamics, similar to recent
results in Ref. [21] (see also the examples [22–25] dis-
cussed therein). Employing state-of-the-art numerics, we
demonstrate that our theoretical findings are readily ap-
plicable to realistic quantum many-body models.

Projection-operator approach. We consider a closed
quantum many-body system H0 which is affected by a
perturbation V , such that the total Hamiltonian reads
H = H0+λV , where λ denotes the strength of the pertur-
bation. Moreover, we study how the expectation-value
dynamics of some operator, 〈O(t)〉 = Tr[ρ(t)O], is altered
due to the presence of the perturbation (compared to its
bare dynamics under H0), where ρ(t) = e−iHtρ(0)eiHt,
and ρ(0) is a (mixed or pure) initial state. We tackle this
question by means of a projection-operator approach, i.e.,
the so-called time-convolutionless (TCL) method (see
[26, 27] for a comprehensive overview).

In order to simplify the following derivations, let us
assume that H0 has a very high and almost uniform
density of states Ω ≈ 1/∆ω, where ∆ω is the mean
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level spacing. Moreover, we shift the true eigenvalues
of H0 slightly, such that they result as Eω = ∆ω · ω,
with ω being an integer. For times t ≪ 2π/∆ω, the dy-
namics of this “shifted” H0 should be indistinguishable
from the original one. Furthermore, we define a Fourier
component of the operator O in the eigenbasis of H0,
Oω = 1/

√
zω

∑
η |η〉Oη,η+ω 〈η + ω| + h.c., with normal-

ization zω = 2
∑

η |Oη,η+ω|2, and construct a set of cor-
responding projection operators Pω, which project onto
the relevant part of the density matrix ρ(t), Pωρ(t) =
Tr[ρ(t)Oω]Oω. Note that, from the definition of Oω,
it immediately follows that 〈O(t)〉 =

∑
ω

√
zω〈Oω(t)〉,

which holds for any H, and in the special case λ = 0, we
can further write 〈O(t)〉H0

=
∑

ω

√
zω〈Oω(0)〉 cos(∆ω ·

ωt). In particular, the dynamics of Oω in the Schrödinger
picture and in the interaction picture (subscript I) are
related by Tr[Oωρ(t)] = Tr[OωρI(t)] cos(∆ω · ωt). Tac-
itly focusing on initial states with Pωρ(0) = ρ(0) [28],
the TCL framework then yields a time-local equation for
OI,ω(t) ≡ Tr[OωρI(t)], comprising a systematic pertur-
bation expansion in powers of λ,

ȮI,ω(t) = −γω(t)OI,ω(t) ; γω(t) =
∑

n

λnγω,n(t) , (1)

where the γω,n(t) are time-dependent rates of n-th or-
der. Since the odd orders of this expansion vanish
for many models, the leading-order term is γω,2(t) =∫ t

0
dt′Kω,2(t

′) =
∫ t

0
dt′Tr {i[Oω,VI(t

′)]i[Oω,V]}, where
VI(t) = eiH0tVe−iH0t, and the second-order kernel can

be rewritten as Kω,2(t) = K̃ω,2(t) + K̂ω,2(t), with

K̃ω,2(t) = Tr [−OωVI(t)OωV − VI(t)OωVOω] , (2)

K̂ω,2(t) = Tr [OωVI(t)VOω +OωVVI(t)Oω] . (3)

Let us now assume that V essentially is a random (and
possibly banded) matrix in the eigenbasis of the unper-
turbed systemH0. In this case, the terms in (2) consist of
sums in which each addend carries a product of two un-
correlated random numbers. If the random numbers have
mean zero, these sums should be negligible, K̃ω,2(t) ≈ 0.
In contrast, the terms in (3) do contribute, and we find

K̂ω,2(t) =
4

zω

∑

η,κ

|Vκ,η|2|Oη,η+ω|2 cos [(κ− η)∆ωt]

≈ 4Ωv2

zω

∑

η

∫ W

−W

|Oη,η+ω|2 cos(χt) dχ (4)

= 2Ωv2
∫ W

−W

cos(χt) dχ = 4Ωv2
sin(Wt)

t
. (5)

Several comments are in order. Since V is a random
matrix, we have approximated in Eq. (4) all squared
individual matrix elements by their averages v2, i.e.,
|Vκ,η|2 ≈ v2. Furthermore, we have used an index shift
κ → χ + η and converted the original sum over κ to

an integral, where W denotes the half-bandwidth of V.
From (4) to (5), we have exploited that sum and inte-
gral can be evaluated independently and used the defi-
nition of zω. Inserting (5) into the definition of γω,2(t)

then yields γω,2(t) ≈ 4Ωv2
∫ t

0
dt′ sin(Wt′)/t′ ≈ 2πΩv2,

for times t ≫ π/W . Thus, γω,2(t) is essentially a con-
stant (Fermi’s Golden Rule) rate, and we abbreviate
γ = 2πΩv2. Moreover, it follows from Eq. (1) that

OI,ω(t) = 〈Oω(0)〉e−λ2γt. Transforming back into the
Schrödinger picture and comparing the expressions for
〈Oω(t)〉 and 〈Oω(t)〉H0

[above Eq. (1)], we find

〈O(t)〉 = 〈O(t)〉H0
e−λ2γt . (6)

This exponential damping of expectation-value dynam-
ics induced by random perturbations is a central result
of the present Letter, and consistent with recent results
in Ref. [21]. While our derivations are rigorous up to
second order in the perturbation strength [28], the eval-
uation of higher order corrections is a daunting task in
practice [29] and, for random matrices, these corrections
are expected to be irrelevant [30, 31]. Hence, apart from
this truncation, the most crucial point is whether or not
a random-matrix description is indeed justified for real-
istic physical perturbations (see also [32–34]). Therefore,
let us exemplify that our findings are indeed applicable
to generic quantum many-body systems.
Numerical Illustration. As an example, we study a

(quasi-)one-dimensional spin-1/2 lattice model with lad-
der geometry [35–39], where the rung part of the ladder
is treated as a perturbation to the otherwise uncoupled
legs, i.e., the Hamiltonian reads H = J‖H0 + J⊥V, with

H0 =
L∑

l=1

2∑

k=1

Sl,k · Sl+1,k ; V =
L∑

l=1

Sl,1 · Sl,2 . (7)

Here, Sl,k = (Sx
l,k, S

y
l,k, S

z
l,k) are spin-1/2 operators, J‖

(J⊥) is the coupling constant on the legs (rungs), and
L denotes the length of the ladder. While, for J⊥ =
0, H consists of two separate Heisenberg chains and is
integrable, this integrability is broken for any J⊥ 6= 0.
Let us study the current autocorrelation function

C(t) = 〈j(t)j〉eq/L = Tr[ρeqj(t)j]/L [40], where ρeq =
e−βH/Z is the canonical density matrix, β = 1/T denotes
the inverse temperature, and j(t) = eiHtje−iHt. The
spin-current operator j follows from a lattice continuity
equation [43], and is given by j = J‖

∑
l

∑
k(S

x
l,kS

y
l+1,k −

Sy
l,kS

x
l+1,k). Importantly, j is independent of the pertur-

bation V. The correlation function C(t) is an important
quantity in the context of transport. Despite the integra-
bility of H0, the dynamics of C(t) is nontrivial even for
J⊥ = 0 [44]. While C(t) has been numerically studied
by various methods [38, 45, 46], we here rely on a power-
ful combination of dynamical quantum typicality (DQT)
[47–57] and numerical linked cluster expansions (NLCE)
[58, 59], recently put forward by two of us [60].
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On the one hand, the concept of DQT relies on
the fact that a single pure quantum state can imitate
the full statistical ensemble. Specifically, C(t) can be
written as a scalar product with the two pure states
|ψβ(t)〉 = e−iHtj |ϕβ〉 and |ϕβ(t)〉 = e−iHt |ϕβ〉, i.e.,
C(t) = 〈ϕβ(t)| j |ψβ(t)〉 /L 〈ϕβ |ϕβ〉 + ǫ [55, 56], where
|ϕβ〉 = e−βH/2 |ϕ〉, and |ϕ〉 is randomly drawn (Haar
measure [51]) from the full Hilbert space with dimension
D = 4L. Importantly, the statistical error ǫ = ǫ(|ϕ〉) van-
ishes as ǫ ∝ 1/

√
D (for β = 0), and the typicality approx-

imation becomes practically exact already for moderate
values of L. Since the time evolution of pure states can
be conveniently evaluated by iteratively solving the real-
time Schrödinger equation, e.g., by means of fourth-order
Runge-Kutta [55, 56] or a Trotter product formula [61],
it is possible to treat large D, out of reach for standard
exact diagonalization (ED).

On the other hand, NLCE provides a means to ob-
tain C(t) directly in the thermodynamic limit L → ∞.
Specifically, the current autocorrelation is calculated as
the sum of contributions from all connected clusters
which can be embedded on the lattice [58], 〈j(t)j〉eq/L =∑

c LcWc(t), where Wc(t) is the weight of cluster c
with multiplicity Lc. Moreover, the weights Wc(t) are
obtained by the so-called inclusion-exclusion principle,

Wc(t) = 〈j(t)j〉(c)eq −∑
s⊂cWs(t), where 〈j(t)j〉(c)eq denotes

the (extensive) current autocorrelation evaluated on the
cluster c (with open boundary conditions), and the sum
runs over all subclusters of c. In practice, this series has
to be truncated to a maximum cluster size cmax. This
truncation in turn leads to a breakdown of convergence
of C(t) at some time τ , where a larger cmax leads to a
longer τ , see also [60, 62]. Thanks to DQT, we can eval-

uate 〈j(t)j〉(c)eq on large clusters and obtain C(t) in the
thermodynamic limit for long times. While we here fo-
cus on β = 0, both DQT and NLCE allow for accurate
calculations of C(t) at β > 0 as well [56, 57, 60].

Unperturbed Dynamics. First, we study C(t) in the
unperturbed system H0, i.e., in the Heisenberg chain.
(L now denotes the length of a single chain.) In Fig.
1 (a), 〈j(t)j〉/L is shown for periodic boundary con-
ditions (PBC), obtained by ED (L = 18) and DQT
(L = 32, 34, 36) [56, 63]. While the curves for differ-
ent L coincide at short times, the ED curve starts to
deviate from the DQT data for t & 8. Moreover, for
t & 20, C(t) takes on an approximately constant value
which decreases with increasing L [56]. Next, Fig. 1 (b)
shows C(t) for open boundary conditions (OBC), and ad-
ditional system sizes L = 38, 39. Compared to the pre-
vious PBC data in Fig. 1 (a), the convergence towards
the thermodynamic limit is considerably slower for OBC,
and finite-size effects are more pronounced.

We now come to our NLCE results. In Fig. 1 (c), C(t)
is shown for various expansion orders cmax ≤ 39. For in-
creasing cmax, we find that C(t) is converged up to longer
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(a) PBC (L ≤ 36, no averaging)
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0.1
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FIG. 1. (Color online) C(t) for J⊥ = 0 at β = 0, obtained by
ED (L = 18) and DQT (L ≤ 39) for (a) PBC and (b) OBC. L
here denotes the length of a single chain. (c): C(t) obtained
by NLCE up to expansion order cmax ≤ 39. As a comparison,
we depict tDMRG data [38].

and longer times, until the expansion eventually breaks
down. As a comparison, we also depict data obtained
by the time-dependent density matrix renormalization
group (tDRMG) [38, 64]. As becomes evident from Fig.
1 (c), tDMRG and NLCE agree perfectly for times t . 27.
However, for the largest cmax = 39 considered, the NLCE
data actually is converged up to significantly larger times
t ≈ 40. This fact demonstrates that the combination of
DQT and NLCE provides a powerful numerical approach
to real-time correlation functions, and in comparison to
Fig. 1 (a), also outperforms standard finite-size scaling
on short to intermediate time scales. This determination
of the unperturbed dynamics is important for this Letter
and also extends earlier results presented in Ref. [60]. We
have checked that NLCE data of similar quality can be
obtained for other integrable models as well [32].

Perturbed Dynamics. Next, we come the actual discus-
sion of C(t) in spin ladders. While Fig. 2 (a) shows the
second-order kernel K2(t) = Tr{i[j,VI(t)]i[j,V]}/Tr{j2},
the respective decay rate γ2(t) =

∫ t

0
dt′K2(t

′) is shown in
Fig. 2 (b) for various L ≤ 15. On the one hand, for short
times t . 1, we observe a linear growth γ2(t) ∝ t. On the
other hand, for t & 2, we find that γ2(t) first decreases
slightly, but then starts to increase again. However, by
comparing γ2(t) for different L, the latter apparently is
a finite-size effect, and we expect the decay rate to be
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FIG. 2. (Color online) (a) and (b): Second-order kernel K2(t)
and decay rate γ2(t) for various L. (c): C(t) in spin ladders
with several interchain couplings J⊥ at β = 0, obtained by
DQT for two different L = 14, 15 (small and large symbols).
The curves indicate the prediction (8).

time-independent with γ2(t & 8) ≈ 0.67 for L→ ∞.
In Fig. 2 (c), C(t) is shown for several values of the

interchain coupling J⊥/J‖ = 1/5, . . . , 1, i.e., for weak
and also strong perturbations (vertically shifted for bet-
ter visibility). We find that data for two different system
sizes L = 14, 15 (symbols) perfectly coincide with each
other, i.e., finite-size effect are negligible in the nonin-
tegrable ladder. (For additional NLCE data, see [32].)
Let us now compare this temporal decay of C(t) to our
prediction of an exponential damping. To this end, the
unperturbed correlation function C0(t) as obtained by
NLCE [Fig. 1 (c)] is exponentially damped according to

C(t) = C0(t) exp

[
−J2

⊥

∫ t

0

dt′γ2(t
′)

]
, (8)

where we have manually set γ2(t ≥ 8) ≡ 0.67 (see discus-
sion above). Due to the linear growth of γ2(t) at short

times, Eq. (8) leads to a Gaussian damping ∝ e−aJ2
⊥t2 for

t . 1, and turns into a conventional exponential damping

∝ e−bJ2
⊥t for longer t. Remarkably, we find that Eq. (8)

agrees very well with the exact C(t) for all values of J⊥
shown here, even though the perturbation is not weak.
In particular, let us stress that there is no free param-
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FIG. 3. (Color online) Analogous data as in Fig. 2, but now
for the XX ladder.

eter involved. This is a central result and confirms our
theoretical arguments based on random matrices.
In order to corroborate our findings further, let us

study another but similar model. Namely, we consider
the dynamics of C(t) in the XX ladder, i.e., H0 and V
are almost identical to Eq. (7), but the Sz

l S
z
l′ -terms are

absent. Note that, in this case, j is exactly conserved in
the unperturbed system, [H0, j] = 0, and the decay of
C(t) is solely due to V. Analogous to Fig. 2, the second-
order kernel K2(t) and the decay rate γ2(t) are depicted
in Figs. 3 (a) and (b), respectively. Comparing data for
L = 9, 15, we observe that finite-size effects are negligible,
and γ2(t) ≈ 0.63 becomes essentially constant for times
t & 2 [65]. Next, Fig. 3 (c) shows C(t) for two differ-
ent system sizes L ≤ 18 (symbols), obtained by DQT for
J⊥/J‖ = 1/4, 1/2, 1 [66], as well as the the lowest-order
prediction (8) (curves). (Recall that C0(t) = const. in
this case.) Similar to Fig. 2 (c), we find that Eq. (8)
describes the decay of C(t) remarkably well, albeit the
agreement is certainly better for smaller J⊥/J‖.

Conclusion. How does the expectation-value dynamics
of some operator changes under a perturbation of the sys-
tem’s Hamiltonian? Based on projection operator tech-
niques, we have answered this question for the case of a
perturbation with random-matrix structure in the eigen-
basis of the unperturbed Hamiltonian. As a main result,
we have unveiled that such a (small) perturbation yields
an exponential damping of the original reference dynam-
ics, consistent with recent results in Ref. [21].
In addition, we have numerically confirmed that our

findings are readily applicable to generic quantum many-
body systems. In particular, we have illustrated that
even a truncation to second order in the perturbation still
provides a convincing description of the exact dynamics,
also in cases where the perturbation is not weak.
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Since an entirely random matrix structure of realistic
physical perturbations might be questionable, promising
directions of research include the identification of relevant
substructures, as well as a better understanding of the
pertinent correlations between matrix elements [32, 34].
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SUPPLEMENTAL MATERIAL

MATRIX STRUCTURE OF THE PERTURBATION

Let us study if the realistic physical perturbation from the main part of this Letter is indeed compliant with a
random-matrix description. Referring to Eq. (7), we have considered a spin-1/2 lattice model with ladder geometry,
where the rung part of the ladder is treated as a perturbation, i.e., the Hamiltonian reads H = J‖H0 + J⊥V, with

H0 =

L∑

l=1

2∑

k=1

Sl,k · Sl+1,k ; V =

L∑

l=1

Sl,1 · Sl,2 . (S1)

In Fig. S1, the matrix representation of V in the eigenbasis of H0 is illustrated, where we restrict ourselves to a single
symmetry subsector with magnetization Sz = −1, momentum k = 2π/L, and even parity p = 1. (Both H0 and V are
entirely real in this case.) Moreover, we employ a suitable coarse graining according to [S1]

g(E,E′) =

∑
mn |Vmn|2D(Ē)

D(E)D(E′)
, (S2)

where the sum runs over matrix elements Vnm in two energy shells of width 2δE, En ∈ [E − δE,E + δE] and
Em ∈ [E′ − δE,E′ + δE]. D(E), D(E′), and D(Ē) denote the number of states in these energy windows. This rough
structure of V is shown in Figs. S1 (a) and (b), both for the Heisenberg ladder and the XX ladder. In both cases, we
find that V exhibits a banded matrix structure with more spectral weight close to the diagonal. However, especially
in the case of the XX ladder, g(E,E′) is not homogeneous within this band, but rather exhibits some fine structure.

For a more detailed analysis, a close-up of 200× 200 matrix elements Vmn is shown in Figs. S1 (c) and (d). We find
that there is a coexistence between regions where the Vmn appear to be random, and regions where the Vmn vanish
(e.g. due to additional conservation laws). Moreover, in the case of the XX ladder, these regions are more extended.

−2

2

E
′

(a) g(E,E ′)
Heisenberg

−2 2E

−2

2

E
′

0 0.01 0.02

(b) g(E,E ′)
XX

0

200

m

() Re Vmn

Heisenberg

0 200n
0

200

m

−0.1 0 0.1

(d) Re Vmn

XX

FIG. S1. (Color online) Matrix structure of V in the eigenbasis of H0 in the symmetry subsector with magnetization Sz = −1,
momentum k = 2π/L, and even parity p = 1, both for the Heisenberg ladder (top) and the XX ladder (bottom). We have
L = 9 in all cases.
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Thus, the realistic V is certainly not an entirely random matrix. Nevertheless, as demonstrated in the main part,
our theoretical arguments still apply remarkably well and V causes to good quality a damping of the unperturbed
dynamics according to lowest-order perturbation theory. This can be understood due to the fact that bare randomness
is not necessarily crucial for a successful truncation within the TCL approach. Rather, V is required to exhibit a
so-called “Van Hove” structure [S2].

NLCE DATA FOR ANOTHER INTEGRABLE MODEL

In the main text, we have used a combination of DQT and NLCE to calculate the unperturbed dynamics of the
spin-current autocorrelation in the integrable spin-1/2 Heisenberg chain. This combination has allowed us to obtain
numerically exact information on rather long time scales, which cannot be reached in direct calculations in systems
with periodic or open boundary conditions, due to significant finite-size effects. To illustrate that this combination
of DQT and NLCE can yield also for other integrable models the reference dynamics with a similar quality, we show
additional data for the Fermi-Hubbard chain, described by the Hamiltonian H =

∑L
l=1 hl,

hl = −th
∑

s=↓,↑
(a†l,sal+1,s +H.c.) + U(nl,↓ −

1

2
)(nl,↑ −

1

2
) , (S3)

where the operator a†l,s (al,s) creates (annihilates) at site l a fermion with spin s, th is the hopping matrix element,
and L is the number of sites. The operator nl,s is the local occupation number and U is the strength of the on-site

interaction. For this model, we consider the particle current j =
∑L

l=1 jl,

jl = −th
∑

s=↓,↑
(ia†l,sal+1,s +H.c.) , (S4)

and summarize our numerical results for the corresponding autocorrelation and U = 4 in Fig. S2. Apparently, the
situation is like the one in Fig. 1 of the main text. On the one hand, in direct calculations with open or periodic
boundary conditions, strong finite-size effects set in at short times, even for quite large L. On the other hand, NLCE
for the largest expansion order cmax is converged to substantially longer times. Even though not shown explicitly,
we have checked that a good convergence is also reached for U = 8. We thus expect that a perturbative analysis, as
presented in this work, can be carried out for a wide class of quantum many-body systems, which we plan to do in
detail in future work.

NLCE DATA FOR NONINTEGRABLE MODELS

While it is certainly possible to use NLCE also for nonintegrable models, finite-size effects in direct calculations are
much less pronounced in these models, as evident from Figs. 2 and 3 of the main text. This is why we have not shown
corresponding NLCE data in these figures and instead relied on pure DQT data for systems with periodic boundary
conditions. To demonstrate that these DQT data are indeed in excellent agreement with NLCE data, we show in Fig.
S3 corresponding numerical results for the Heisenberg and XX ladder, in both cases for J⊥/J‖ = 1.
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